Canad. Math. Bull. Vol. 17 (3), 1974

THE LOCAL GROWTH OF POWER SERIES:
A SURVEY OF THE WIMAN-VALIRON
METHOD

BY
W. K. HAYMAN

CONTENTS

1. Introduction and terminology 317
1.1 Densities 318
1.2 The basic results 319
2. Construction of the comparison sequences 321
2.1 Estimates for the terms of integral functions 322
3. The truncated series 324
3.1 Estimates for the terms far from the maximum term 326
3.2 Similar estimates for functions of order (log r)? 328
3.3 Functions of order (logr)?, when p<2 328
4. Maximum modulus and maximum term 330
4.1 The main results 333
5. The minimum modulus of functions of small growth 334
6.  Behaviour near the local maximum 336
6.1 Statement and proof of the main results 338
6.2 Behaviour of derivatives 341
6.3 A generalization of Picard’s theorem 343
7. Two Counter-examples: The sigma function 345
7.1 How large must k and 7 be? Another example 347
8. Maximum and minimum of the real part 349
8.1 Proof of Theorem 15: preliminaries 350
8.2 Completion of proof of Theorem 15 353
8.3 Proof of Theorem 16 354
9.  Conclusion 357

References 357

1. Introduction and terminology. Suppose that

(1.1) f(2) = % a,z" =u+iv

is a transcendental integral function. In this article we develop the theory initiated
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by Wiman [22, 23] and deepened by other writers including Valiron [18, 19, 20],
Saxer [15], Clunie [4, 5] and K&vari [10, 11], which describes the local behaviour
of f(z), near a point where |f(z)] is large, in terms of the power seriest of f(2).
The theory leads in particular to a good account of the relation between the maxi-
mum modulus

1.2) M(r, f) = Iszlllprl f@)\,

and the maximum term
(1.3) u(r) = sup |a,| r* = ayr¥
say. Here N=N(r) is called the central index. If there are several maximum terms,

which can only happen for isolated values of r we define N(r) to be the largest of the
corresponding indices. The theory also allows us to compare

1.4 A(r) =infu(z) and B(r) = sup u(z)
|z]=r |z|=r
with M(r).
We recall that log M(r) is an increasing convex function of log r. Thus

(1.5) a(r) = r—d- log M(r), and b(r) = r-i a(r)
dr dr

exist except for isolated values of r and a(r) increases with r, while b5(r)>0.
We note that N(r) is an increasing function of r and N(r)—co with r. If

(1.6) N(r)=N for ry<r<ryg,
we see that
W) r;%logy(r) =N=N(), ry<r<ryg.

Since u(r) is continuous at the points ry, we deduce that

r
(1.8) tog () = logutr+ [ MOL, 0 <y <r < oo
To

Thus log u(r) is also a convex increasing function of log r.

1.1. Densities. In order to develop our results we shall need various kinds of
measures and densities for sets of points on the positive axis. Let E be such a set
and let E[a, b] denote the part of E for which a<r<b. The linear and logarithmic
measures of E are defined to be

m(E) =Ldr and Im(E) = f dr

E(1,o) I

respectively. These may be finite or infinite. We also define the lower and upper

1 For an extension of the theory to functions in a finite disk see [12].
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densities of E by

densE=ﬁr§M
e r

and the upper and lower logarithmic densities of E by
Tog dens E = fm \MEWLT)
row logr
The definition (1.3) only tells us that the term with index N equal to the central
index is larger than any of the others in the power series (1.1). The key result of the
Wiman-Valiron Theory allows us to obtain a definite inequality for

lan| "
w(r)
when n is unequal to N, which is valid for all » and ‘most’ values of r in a certain
sense and shows that the terms for which [n— N|>k are negligible compared with

u(r) if for instance k>N"***_ This reduces the local behaviour of f(2) essentially
to that of zN—kP(z), where P(z) is a polynomial of degree at most 2k.

1.2. The basic results. We now introduce the comparison series. Let «,, n=0
to oo be a sequence of positive numbers such that «,,,,/«, decreases with increasing
n. Let p, be a sequence of numbers such that

[ *, o
(19 0<p <=, *2<p,<—, n21

o %y, i1

so that p, increases with increasing n. We shall say that a value r is normal (for
the sequences a,, p, and «,) if we have for some N

o n
(1.10) lagl 7" < layl V22X p = 0to oo
EANPN

It follows from the definition of pj that for n#N

(L.11) =N
xN

so that if (1.10) holds, N=N(r) is necessarily the central index of f(z). It turns
out that, the more rapidly «, tends to zero, the stronger on the whole is the infor-
mation contained in (1.10), but the smaller is the set of normal r. The set of r
which are not normal will be called exceptional.

The following result gives us information about the size of the set of normal r
in different situations.

THEOREM 1. Suppose that ry, is defined by (1.6) and that p  satisfies (1.9). Then
() If py is bounded above the set of exceptional r has finite logarithmic measure;
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Gi) if

then the set of exceptional r has upper logarithmic density at most 9.
(iii) If py/ry—0 as N—oo, the set of normal r has infinite logarithmic measure.

If N(r) jumps from N to N4k as r increases through the value ry.,,;, we define
INp1=TNye="" =y With this definition we see that

N+k N
layiel TNGE = lan] T

so that
lay an
layzl == = >
g TN+1 TN " " T
an
layl
@+l S;v——, 1<v»<Lk
N+1
Thus we always have
layl 1
|a,l Ny Iy

On the other hand we deduce from (1.9) that

o, Zi

%y Pn

so that
o 1
%o P1P2" "7 PN

(ﬂ_V)lle (@ﬂ...&)lhv_,o a8 N> o
%N %oy Ty Iy

In particular

even under the weakest hypothesis (iii) of Theorem 1. Thus if any of the hypotheses
(i), (ii) or (iii) of that theorem hold, and we set

a
AN= _N

b

Ay
it follows that

F(z) = i A,z"

is an integral function. It follows that for 0< p < o0, F(z) has a maximum term for
|z|=p, and if M=M(p) is the central index of F(z) for |z|=p, we deduce that

A.p" < Ayp™, n=0to .
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The inequality can be written as

la.l (ppaD)™ _ %nPly
la (PPM)M “DIP%

in view of (1.11). Thus if we set r=pp,,, it follows that N(r)=M, and the inequality
(1.10) holds. Thus r is normal if r takes this form, i.e. if we can write r=pp,,, where
M is the central index of F(z) for |z|=p.

Let (R,, R,;1) be the interval in which the central index of F(z) is n, so that
R, is defined for F(z) as r, is defined for f(z) by (1.6). Then the intervals
(R,.Prs Rny1py) are normal so that the exceptional values of r are contained in
the complementary intervals of the form (R,p,-1, R,p,). Let Ey be the set of
these complementary intervals for n=1 to N. Then

(1.12) <1, n#N

N R, p,
mED <3 [ = r0g By,
n=1 JRup, 1 ¢ Po
Also the exceptional r for r <Ry, py are contained in Ey.

Next we recall that the central index of f(z) is # in the interval (p,R,, p,R,11),
so that r,<p,R,. Thus if r,<r<r,,;, we deduce that r<p,, R, s, so that the
exceptional ¢ in (0, r) are contained in E,,; and so have logarithmic measure
at most log(p,..1/po). Thus if E is the set of exceptional ¢, we have

Im(E(1, ») < log 222 | 7 < r <o

Po

Now Theorem 1 follows at once. If p, is bounded above then so is Im(E(1, r))
as r—o0, so that E has finite logarithmic measure. If (ii) holds then

Im(E(, 1) _ 198 pria $0() _ 108 pasa +O()
logr logr logr,

< d4+0(1), as n— oo,

so that our conclusion follows again. Finally if (iii) holds then

lm(E(la r'n+1)) S IOg P'n+1+0(1)’
so that if E’ is the set of normal r, we have

Im(E'(1, rpy) > log 222 40(1) > o0, as n— oo.
Pat+1
Thus in this case E’ must have infinite logarithmic measure. This completes the
proof of Theorem 1.

2. Construction of the comparison sequences. We now proceed to give a general
method due to Kovari [11], for constructing the sequences «,, which makes it
easy to estimate the quantities occurring on the right hand side of (1.10). Such
estimates are fundamental to the Wiman-Valiron method.
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Suppose then that «(z) € C1[0, o) and that «'(r)<0 there. We set

(VR)) «, =K exp{fo"oc(t) dt}, pn = exp{—a(n)},

where K is a positive constant. Then for n>1

o, n 1 1 %ty
log—=f oc(t)dt>ocn=log—>f a(t) dt =log——,
Pn n

%1 n—1 n

and the right hand inequality remains valid for n=0. This proves (1.9). Again

= g = exo [ a0 —a(a0) a

= exp{f (n—t)a'(t) dt}.
M
Thus we deduce that for [n— M| >k, we have

o

(2.2) = pﬁZM < exp{—%kzmM,k},
9.7

where

(2.3) %= min |&'(t)].

| M—t] <k

2.1. Estimates for the terms of integral functions. By specialising the function
o(?) we can obtain a number of results adapted to particular situations.

THEOREM 2. If f(2) is any integral function we have for normal r and n=k+N,
where N=N(r) is the central index of f(z),

@4 L2277 exp(—3b(1kI+ )R,

(1)
wheret b(N)*=KNlog N - - - log, N(log,,, N)'*°, K>0, log, x iterated denotes
the | times iterated logarithm, 6 >0 and the set of exceptional r has finite logarithmic
measure.

If we have some more information about the size of f(z) we can obtain (2.4)
with a larger value of b(|k|4N). We give two further examples.

THEOREM 3. Suppose that f(z) has finite order p. Then for c<l1[p (2.4) holds
with b(N)=c[N. The corresponding set of exceptional r has upper logarithmic
density at most cp.

t This function is not to be confused with that defined by (1.5). If b(r) is defined by (1.5) this
will always be stated explicitly. Somewhat more general test functions were used by Kovari

[11].
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THEOREM 4. Suppose that for some constants p>2 and ¢>0, we have

— log M(r,
i Jog M(r. f)
r= (log T)D
and take o so that d=o0(cpe)'’ " V<1. Then for normal r we have (2.4) with
b(N)=0o(p—1)INEP/1 gnd the set of exceptional r has upper logarithmic

density at most 0.

A corresponding result for p<2 can be deduced but turns out to be less useful.
The above results can all be deduced from (2.1) and (2.2) with a suitable choice
of the function «.(t). For Theorem 2 we take

1
Ktlogt: - - log, t(logy,, t)**®’

w(f) = — t> 1

“’(t) = “I(to)s t < to

where ¢, is a sufficiently large positive number and set

(1) =J:oc’(1') dr.

Then «(?) is negative decreasing and bounded below as #—co. Thus we can apply
Theorem 1 and note that the exceptional set of r has finite logarithmic measure.
Also |o'(t)| decreases with #, so that

aya= min /()] = —o(M+IK]).

| M—t| <k
Now (2.4) follows from (1.10), (2.2) and (2.3).
Next in the case of Theorem 3, we choose

a'(t)=‘76, t>1,

() = —¢c, t<L1,
so that a(f)=—clog ¢, t>1, and then (2.1) with a suitable K gives

pn=n°% a,= exp{—cf log ¢t dt} = (e/n)", n2>1.
0

Also by our hypotheses we have for p;>p

r\1
tog M. /) < (1", 7> n
and so we have by (1.8),

 N(t) dt

Ny <) = <logpler)

r

<log M(er) < rfy, r > ry
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so that ry>N1/°1, This gives for all sufficiently large N

log pnia <e log(n+1)
logr, ! logn

b

and since p, may be chosen as near p as we please, we may apply Theorem 1 case
(ii) with d=cp. Thus the set of exceptional r has upper logarithmic density at
most cp.

We now note that |a'(z)]| decreases for >0 so that we have

% 2 |/ (M) = c/(M+]k]).

Now Theorem 3 follows from (1.10), (2.2) and (2.3).

Finally we suppose that f(z) satisfies the hypotheses of Theorem 4. We set
k=1+p~, and deduce that for ¢'>c and r large, we have,

(k—DN(log r < f NO Y < tog et

< log M(r*) < c’k?(log r)”.
Thus

N(r) < ¢'p(1+p~)*(log )"~ < cep(log r)*™
if ¢’ is sufficiently near c¢. Thus
ry > exp(N/cpe)/ 2,
We now assume that o(cpe)l/®V=4§<1, and set
oc(t) = __O,tl/(p~l),
so that (2.1) gives

log PN = O_Nll(zz—l)’
and we deduce that

—1
Tim 08 Pn+1 < o‘(cpe)ll(p*n = 5.

N-« logry
We can then apply (2.2) with (2.3). Also, since p>2, |«'(#)| decreases with in-
creasing p, and so we have again

oar = |o'(M k)],
and we deduce Theorem 4.

3. The truncated series. We proceed to show that for normal |z| and large
| f(z)| only a few terms in the neighbourhood of the maximum term are of genuine
significance in the power series development of f(z). We need first a general lemma
on the growth of increasing functions.

LeMMA 1. Suppose that N(r) is a positive increasing function of r for r>r,.
Then if >0, and |h|<N(r)=*, we have

3.1) IN(ré")—N(r)| < aN(r)

JSor all r outside a set of finite logarithmic measure.
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We shall assume that N(r) is continuous on the right. For otherwise we may
achieve this by altering N(r) at a countable set of 7 and this will not affect the truth
of (3.1) at other points.

For each r>r,, we define A(r)=N(r)~*. We then define sequences r,, r, induc-
tively as follows. Let r, be the quantity of Lemma 1. If r,, has already been defined
we define

=T, exp h(r,), 1, = r,exp h(r,),

and r,,, to be the least numbert (if any) such that r,,>r, and
N{r 1 exp h(r 1)} 2 (1+0)N(r ).
Evidently we have for n>1, if r,, is defined,
N(rn) 2 (14 @) Nirp) > (14 o) N(rp) 2 .. 2 (1 + o)™ N(ry).
Thus

glog (:—Z) =2 ?‘ h(r,) =2 ? N(r,)™

<23 (14PN ™ < oo,

HMS

so that the union E, of all the intervals [r,, r,] has finite logarithmic measure.
Let E; be the complement of E, in (ry, o) and suppose that r € E,. Then either
r, is undefined for large », in which case we have for all sufficiently large r

(3.2) N{rexp h(r)} < (14+a)N(r);
also if r'=r exp A(r), we have

r exp—h(r') > r' exp—h(r) = r,
so that for all large r’ we have

N{r exp—h(r')} = N() > ﬁ N() > (1—a)N().

Thus in this case (3.1) holds for all sufficiently large r.
Alternatively suppose that r, is defined for all n, and let r be a point of E,.
Then we have r, <r<r, ., for some n, so that (3.2) holds. Also suppose that

(3.3) N(re ™) < (1—a)N(r).
Then if p=r exp (—#h(r)), we have

Peh(ﬂ) Z Peh(r) =r,
so that

N(pe"®) > l—i—a N(p) > (1+0)N(p).

1 The fact that the lower bound is attained follows from the continuity on the right of N(r).
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Thus p must lie in one of the intervals [r,, ry] and so

r=p” < pt™ < ri™ = p,

so that r lies in E, contrary to hypothesis. Thus (3.3) must be false and so (3.1)
holds for r in E; and h=FA(r). Since N(r) increases with r, (3.1) also holds for
[h|<A(r) and Lemma 1 is proved.

From now on we shall call normal those values of r which satisfy (3.1) for a
suitable constant « as well as (1.12). Since the exceptional set in (3.1) has finite
logarithmic measure, the conclusions of Theorem 1 to 4 will remain with this re-
stricted notion of normality.

3.1 Estimates for the terms far from the maximum term. Our main result in
this section is

LeMMA 2. Suppose that r is normal in the sense of Theorems 2 or 3 or the case
p>2 of Theorem 4. We write N=N(r) and suppose that (3.1) holds with a suitable
«. Suppose that y is a positive constant and write

1 V2
(3.4) k= [{—y— log —| }
bN) - b))
where [x] denotes the integral part of x. Further suppose that
[log(p/r)| < 2k, and write wuo(p) = |layl p.
Then we have for any fixed real q and y,; <y

(3.5) S na,| p" = o{uy(p)Nb(N) 21~/

|n—N|=k

uniformly as p and r tend to infinity subject to the above inequalities.

Let 7 be a constant, 0<% <4, and assume first that n>(1+#)N. We choose a
fixed «<%7 in Lemma 1 and write

p1 = rexp(N™°).
Let M be the central index for p,, so that we have by Lemma 1

N<ML(A4+9N, and |a,l|pf < layl e
Thus n—M >%nn. Also

jaul 2" _1aal " _ 14l p" lagl ¥ (@

wlp)  layl P layl p layl N \r r
p1 M—-n Pn—N
< (B (G < expl—pmN -t og (o)

From the hypotheses of Lemma 2 it follows that
llog(p/r)| < 2k™ < of N7V4
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with the hypotheses of Theorem 2 and 3 and

k= O{N(2~D)/[3(?-—1)]}
in the case of Theorem 4. By choosing
1p—2
3.6 o®=—-—, oOor a:l’
(3.6) 3p—1 27
we can thus ensure that when r and N are large
9. p < exp{_ nn N_a}'
)20 6
We now set t= exp(—7N—*/6) and deduce that for large normal r

S nlan] " = Of(p) 3 ne") = O (1-0)

n> (141N
N = O(u PN )
for every positive f.
Suppose next that n<(1—n)N. In this case we write
p1 = rexp(—N™%)
and proceed as above. We deduce that (1—a)NSM <N and
|2, p"
#olp)

< exp{—{N""},
if « is given by (3.6) and N is large. Thus

nla,| p" = o[ug(p)N'* exp(—1nN"")] = o[uy(p)N’],
a<(1-nN
for every positive . Thus
X)) S n%a,l p" = o{u(p)N?}

|n—N|>nN

< exp{—4N - N"*+N |[log(p/r)|}

for every positive .
Given ¢>0, we now choose 7 so small that
b(N+Ipl) > (1—)b(N) for [|p| <N, and (1—n)1% <1+
which is always possible under the hypotheses of Theorems 2, 3, 4. We also suppose
that re* < p<re’, where t=2k~. Then (2.4) yields for nr=N+p, |p|<nN,
n®la,| p"
to(p)
Thus if k satisfies (3.4) we deduce from this and (3.7) that

< (14N"" where b = 3(1—e)b(N).

3.8 z‘>knq la,| p" < 2(1+8)quuo(P){§eﬂt—bpz_l_o(N—ﬁ)}'

|n—N p=k
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Our hypotheses ensure that, for large r, N is large and b is small, so that ¢ is small
compared with bk in view of (3.4). Thus e?**#* decreases with increasing p, and

- e@t—bio2 <f°° etm—bx” dx.
Ek Tk
We set y=xb'/2—1[(2b'/?), yo=(k—1)b*/2—1[(2b'/?), and deduce that

? to-ba? e @) | vt
e dx = b~ e dy,
Y

k-1 0
and

2 2 2
© e f © ¥ e Yo
eV dy = _— _— dy ~ —,
J;o Y 2y, vo 2)’2 2y,
Thus in view of (3.4) we deduce that
} _ {exp[%?(l —s&)log b(N)]
b(N)*[log 1/b(N)]**

since y; <y and ¢ may be chosen as small as we please. Now Lemma 2 follows from
(3.9).
We note in particular that

2
0

g P9 — 0{ e

— (1/2)y1—(1/2)
3. o } _ opwomn-aim)

2 laal ™ = o{u(n)}
N

|n—N|=
if k> (1+e){b(N)'log 1/b(N)}*/2, for some £>0, for we can then take y;=1 in
(3.5).
3.2 Similar estimates for functions of order (logr)®. If p=2 in Theorem 4 we
obtain a simpler and stronger result. This is

LemMA 3. If p=2 in Theorem 4 and k is a fixed positive integer then

2 la,r" < Ao, k),
|n—N|=%
where

A0, B) =23 W’

n=p

We note that if p=2 in Theorem 4, then that result yields for n=N+4k

jaal 7" < urexp (— 2 1),

outside set r of upper logarithmic density at most J, provided that 6=20ce<1.
Thus

0
> lagrL2un Y o~ 1/2at’
|n—N|2k A

and this proves Lemma 3 in this case.
3.3 Functions of order (log r)?, when p<2. If p<2 we use a different technique
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due essentially to Valiron [21, p. 42]. The following result due to Barry [1] will
be useful in the sequel, although it is less precise than Lemmas 2 and 3.
LeMMA 4. Suppose that f(z) is an integral function such that
m log log M(r) _
o loglogr
Then if 0<n<2—p, we have

> la,| r* < u(r)exp{—(log r)"}
n# N

p<2

outside a set of r of logarithmic density zero.

We choose ¢>17, and ¢>p, such that e<2—gq. Then it follows from our hypoth-
eses that we have for all sufficiently large r

log u(r) < 1(log r)".
Also since <2, we deduce that

2
.
; t
Noyog r <[ N2 < log 0" < d10g r < (g Y,
so that
log ry > NV N > N,.
We now define k, by the equation

log ky = 2(log ry)°
and call the set of r for which

r
N r<kyry
ky

for some N exceptional. We proceed to show that the set of exceptional r has loga-
rithmic density zero. To see this, suppose that

'n N+1
— <L rg =
ky ka1
Then the total logarithmic measure of the exceptional p, such that 1<p<r is
at most
N
> 2logk, < 2N log ky < 4(log ry)* ™+ = o(log ry) = o(log r),
n=1

as required.
Suppose next that r is normal, so that

"'N+1

kNrN< r<

N+1
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for some N, and write r/ry=c;, ry.,/r=c,. Then we have for n<N

la,| % < ayry,
so that

r n—N B
laa] 1 < lay] ™ (—) = S Nu(),
N
so that

Sl <pn St < X
n<N k=1 ¢;—1
for large r. Similarly,

S la] < 20

n>N 62_‘1

[September

From the fact that r is normal and the definition of ky, we deduce that

1+1

Cl_l C2—

N = O{exp—(log r)*} = o{exp—(log r)"},

and Lemma 4 follows.

4. Maximum modulus and maximum term. It follows from Lemmas 2 to 4
that in the series for f(z) we can neglect those terms whose index is not near N(r).
By summing the estimates for the remaining terms we obtain a bound for M(r) in

terms of u(r). We start by investigating the test functions.

LeMMA 5. Suppose that F(r) is any one of the test functions used for the purpose
of proving Theorems 2, 3 and the case p>2 of Theorem 4. Then if u,(r) denotes the
maximum term and N=N,(r) the central index of F(r), and if b(N) is defined as in

Theorems 2 to 4, we havet

. F(r) ~ ‘ul(r){qu/b(Nl(r))}l/z, r— .
We write

(=]
Fir)=3Yoa,"
0
and note that as in Lemma 2 we have
4.1 > art=o{u(r}, as r— o,

|n—N|=Ek

if k is given by (3.4) with a suitable constant y. In all these cases k(N)=0(N).

Thus if r=py, we have for all the test functions

&'(t) = (140(1))x'(N), as N,t— co, while [t—N|<k.

Thus in this case, (2.2) can be sharpened to

= o = exp{—Hn— N (N)(1+o(1)}, In—N| < k.
N

T For a different class of functions satisfying a similar inequality see [7].
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Hence, given ¢>0, we see that for all sufficiently large N

> a,(py)" lies between
In-N| <k

apl} 3 exp{ia(N)(1F0).
Here B
“4.2) a’(N) = —b(N).
We write c=c(N)=—34«'(N)(1F¢), and note that with our hypotheses c is
small if N is large. Thus
kv ¢
1+0(1) .

\/C —k+/ ¢

z exp( ct?) = (1+o(1))f ~o" gy = dy

= (1+o(1)(w[c)"?,
since in view of (3.4) k \/ ¢c—0, as N—o0. Since ¢ can be chosen as small as we
please, we deduce that

E %, (pn)" ~ “NPN{27T/ b(N )}1/2

|n—N|<k

Also if pN_lgrgpNH, and [t|<k, we see that

2
e ()
Pw
o, r" > a.py

N
|n—N|<k ~ |n—NI<rk ~ {27T/b(N)}1/2.
oy anpi

Further if py<r<py41, the central index of F(r) is either N or N+1, and for all
our test functions b(N)~b(N+1). Thus

S o~ (N {2m[b(N)}

|n—N|<k

PN
PN—1

< k|log ~ ka'(N)—>0, as N— oo.

Thus

and in view of (4.1) we deduce Lemma 5.

It is sometimes of interest to have an expression for N, and hence 5(N) in terms
of u,(r). This can be deduced from (1.8), (2.1) and (4.2). Thus we have in the case
of Theorem 2,

b(N) = —o/(N) = {KN log N - - - (logys, NY"**} %,

1 _
a(N) = &(IOng N) J"‘Cb

1 .
PN = C2 CXP{— g’k(lo&ﬂ N) 6},

where ¢y, ¢, * - - denote positive constants.

2
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We denote by e;(x) the / times iterated exponential functions. Then for
pn<r<pys1, We deduce

N ~ N = em{cf—"ﬂ—)},

(c2— r)l/a
and this in turn yields on integrating by parts

tog ) = [ N &+orn
7o
~¢;N{logN -+ -log, N - - - (log,; )7,

Thus in this case Lemma 5 yields
4.3) F(r) ~ csp(r)(log ,u("))l/2 log, fu(r) *  * 10841 p(r)(log; .o p(r))**.
In the case of Theorem 3, a much simpler analysis yields

a'(N) = —b(N) = —c|N

a(t) = —clog t+cg
Pn = C7n%
N(r) ~ cgrt’e,
log u(r) ~ ¢N(r) = c*[b(N).

Thus in this case we obtain from Lemma 5

1
(4.4) Fr) ~ = p(n{2m log m(n}'".
Finally in the case of Theorem 4

«'(N) = —b(N) = — g N @)/ (p-1)
p—1 ’
a(N) = —gNV&D

Pn = Cq exp{o‘Nl/(”—l)},

N(@r) ~ (i log r)p_1

log u(r) ~ l N(P)log r ~ [ (N(r))”/(”—l).
P p

Thus in this case Lemma 5 yields
“.5) F(r) ~ cyopa(r){log py(r)} =220
where

(4.6) C1o = (2m)/2pP=2/ )y _{Y1/2500~9)]p,
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4.1 The main results. Using (1.12) we can easily deduce from Lemma 5 and
(4.3) to (4.5) corresponding inequalities for general functions when r is normal.
We have in fact.

THEOREM 5. With the hypotheses of Theorems 2, 3, and 4 when p>2, we have,
given >0,

4.7 Mrf) <@ +s)y(r){

for all sufficiently large normal r.
If p=2 in Theorem 4, we have with the notation of Lemma 3 for |z|=r

b(N )}1/2

(4.8) u(r)(1—A(o, 1)) < ()] < w(r)(1+A4(o, 1))
and if p<2 and >0, we have
(4.9) |f)] = p(r){1+o[exp—(log r)**~*]}.

Since (4.8) and (4.9) follow immediately from Lemma 3 and 4 respectively it is

enough to prove (4.7). Let F(r) be the appropriate test function for which r is
normal. Then for normal r we deduce from (1.10) that

lan 1" _ %np
4.10 el g PN
*10) w(r) < ta(py)

and summing from O to co, we deduce that

/2
(4.11) ( f) s zlan| rt 2 npN F(PN) ( 2 )1 ,

o u(r) o ui(pn) /‘1(PN) b(N)

which yields (4.7).

It is not difficult to deduce from (4.5) inequalities in terms of u(r) alone. For
this purpose we assume that g,=1. This result may be achieved by adding a
constant to f(z) which evidently does not alter any of our asymptotic relations.
Then we may put n=0 in (4.10) and deduce that

1 %

u® = mlpy)’

so that
(4.12) talpw) < otou(r).
Using the asymptotic relations (4.3) to (4.5) and (4.12), which shows that
(4.13) log uy(pn) < log u(n+0(1),
we obtain

THEOREM 6. We have for large normal r with the hypotheses of Theorem 2

(4.14)  M(r) < u(r)(log p(r))""* log, p(r) - - - log, pu(r)logys w(T+.
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With the hypotheses of Theorem 3 we have
1

4.15 M 201 1/2
(4.15) () < MR log sy,
and with those of Theorem 4 with p>2
(4.16) M(r) < (cyot+o(1)u(r)(log u(r)) =2/,

where ¢, is defined by (4.6).
To prove (4.15) for instance, we note that (4.11) and (4.4) yield

M(r, f) < F(pn) < 1 {27 log Ml(PN)}l/Z
wr)  plpy) — eto(1)
and using (4.13) we deduce (4.15). The other two inequalities follow similarly.
It follows from Theorem 3, that we may take for ¢ any quantity less than p=*
in (4.15). If p">p, we choose ¢ so that p<c'<p’, and deduce from (4.15) and
Theorem 3 that we have

(4.17) M(r) < p'u(r){2m log p(r)}*

on a set of lower logarithmic density at least 1 —cp. Letting c~* tend to p’, we deduce
that the set where (4.17) holds has lower logarithmic density at least 1—p/p’.
On the other hand (4.4) shows that if p’<p the set where (4.17) holds may be

bounded.
The inequality (4.14) is also best possible in the sense that § cannot be replaced

by zero. This can be shown by taking
a(f) = —log,., (1)
for large ¢. The corresponding test function is an integral function for which
w'(t)y= —{tlogt---log,t}* = —b(1),

so that

N(r) ~e,(r), logu(r) ~ N(r){log N(r) - - - log, N(r)} ™%,
and so Lemma 5 yields for the corresponding test function F(r)

F(r) ~ p(r)(2m)"*(log u(r)'/* og, p(r) = - - 1ogy4y p(r).

The inequalities (4.14) and (4.15) were proved by Wiman [22] to hold for some
arbitrarily large r. Valiron [19] showed that (4.14) holds outside a set of finite
logarithmic measure. The argument for deducing (4.15) for normal r and hence on
a set of positive lower logarithmic density is implicit in the work of Clunle [4].

5. The minimum modulus of functions of small growth. We proceed to prove
the following result which goes back to Valiron [21, p. 42].

THEOREM 7. Suppose that f(z) is an integral function, such that

e M) . L

5.1
-1 o (logr)? 4e
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Then if
m(r,f) = inf @),

and 0<4ec <0< 1, we have outside a set of upper logarithmic density at most §

m(r, f) 1-22+
5.2 —= > K(J, ¢) = ———
¢2) Mo KOO =T00
where = exp{—d/(4ce)}.
We define o by d=2ceo, so that ¢>>2. Then Lemma 3 shows that
m(r,f)  1—4(o, 1)
M(r,f) — 14+A(0, 1)

for a set of r of lower logarithmic density at least 1—4. Also

Ao, 1) = 2ze—(1/2)an=___ 21_(1+1_3+1_8+ )

k=1

where T=e~1/2, In particular, since ¢>2, we see that

—8
Ao, 1)527(1+e‘3+ - -1) —2100---7
Thus
m(r.f) § 1=227
M(r,f) — 14227
as required.
A corresponding result for arbitrary positive , ¢ was proved by Barry [1] with
*e(2—4
(5.3) K, ¢) = exp—{’—’—i%——)}.

However this beautiful result in which the constant #2 is best possible is proved by
a quite different method and so we omit the proof. Barry [1] also obtains rather
sharper estimates than (5.2) for a sequence of » when c is small, but at the cost of
density.

We also note the following result of Barry [1] which follows easily from Theorem
7.

THEOREM 8. If (5.1) holds with c=0, then
m(r.f)
M(r, f)
as r—oo on a set of logarithmic density 1.

In fact it follows from (5.2) in this case that for every positive ¢ the set E(s) on
which
mrf) o g,
M(r, f)
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has logarithmic density one. For given d<1, we may choose ¢ so small that
K(d,c)>1—¢ in (5.2) so that the complement of E(s) has upper logarithmic
density at most d, and so this density must be zero. Since this is true for every ¢,
Theorem 8 follows. (For details see Barry [1, p. 477].)
If p<2 we can prove considerably more. In fact Lemma 4 yields at once
THEOREM 9. If f(2) is an integral function such that
im log log M(r)
r~o loglogr
then if 0<7n<2—p we have
m(r)
M(r)

outside a set of logarithmic density zero.

=p<2

> 1—exp{—(log )"}

6. Behaviour near the local maximum. The Wiman-Valiron Theory can be
used to obtain very precise estimates for the behaviour of the function near points
on |z|=r, where | f(z)| is maximal or nearly maximal, when r is normal. In order to
develop this theory we first establish a result on the behaviour of a regular function
near a point of maximum modulus. Our result is

LEMMA 6. Suppose that f(z) is an integral function and that |zy|=r,
|fz)|=M(r, f). Then we have except possibly for isolated values of r

6.1) 2L log(2) = a(), (z ‘—z—z)glogf(Z) < b(n)

for z=z,, where a(r), b(r) are defined by (1.5).

We set zo=re®. Then since | f(zy)| is maximal, we deduce that

a 0 f (ZO)

6.2) 20 log |f(re”)] =Im z of( ) = 0.
Thus z, is one of the finite number of points on |z|=r, where zf'(2)/f(z) is real.
In a neighbourhood, ry—e<r<ry+e, of a fixed ry, the different values of
log| f(re“’)l at the corresponding points 0,(r) satisfying (6.2) are either identical
or distinct, except for isolated values of ro. Hence, except for such values of r,
for all r sufficiently close to r, the maximum modulus is attained at points re*",
where 0(r) is the solution of (6.2) which coincides with a fixed solution 6(r,)=0,,
when r=r,, provided that r, exp(ifl,) is a point of maximum modulus.

We now write z=z,¢"

(6.3) log f(z) = ¢() = $(0)+ar+(B+iy)r*+ -
where the expansion is valid for small +. In view of (6.2) it follows that
f (z9)

f(zo)
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is purely real. Next we choose r=0+i0, where 6="0(r,e”)—0,, so that z is a point
of maximum modulus. We assume that the maximum modulus curve does not
touch |z| =r at z,, which is true except for isolated values of r. Then it follows from
(6.3) that

Mire) _ o | 1G)

1
8 M(ry) f(z)

= ao+0(d%),

so that
f (Zo)
f(zo)’

which is the first conclusion of (6.1). To obtain the second inequality we assume
that %0, which is true except for isolated values of r and choose 0=—7y0d/8,
r=0+i0. Since f=—(0/30)og | f(r,e)|>0 in any case. we may thus assume
p>0. Taking real parts in (6.3) we deduce

a(ry) = -‘i Iog M(rye®) = o = zy——=

log M(ree”) 2 log | f(zee)| = log 1f(zo)| + ao+p(0*—6%)—2y06+0(")

— log M(ry)+a0 + 222 21 0(o9).
‘We deduce that
d 2 2 2 2 . 2 '
b9 = (1) o8 (e > 2 > 2844

= (z i)ﬁogf(z)

at z=z,. This proves the second inequality in Lemma 6 and completes the proof
of that Lemma.
We need some more subsidiary results.

LemMA 7. Suppose that P(z) is a polynomial of degree m, and |P(z)| <M, for
|z|<r. Then if R>r, we have

PG| SM, 2l < R.

In fact it follows from a classical result of Bernstein [2, see also 13 p. 221]
that the result holds without the factor e. However this does not greatly affect our
results and we can give a simple proof of Lemma 7.

We note first that P(z)/z™ remains regular at co and so we can apply the maximum
principle to this function in |z|>r and deduce that

IP(z )ISM(' V, po> .
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Now we apply Cauchy’s inequality and deduce that for [z] <R, A=R/m
, 1 M m _ MmR™1 1"
IPE) < max [POI <0 Rk = MRy LYY

h |g—z]<n hr™ rm m

This yields the required result. We deduce

LemMA 8. With the hypotheses of Lemma T if |z5|<r, |P(zg)|>nM, where
0<n<1, then we have
3 [P(z9)l < |P(2)] < 5 |P(z0)l
Sor [z—z,| < nr[(8m).

We deduce from Lemma 7 that for |z—z| < nr/(8m)

m~1
1P'(z)] < MM eMm ’”‘1(1 n ) < 4mM.
rm 8m r

Thus in this range

|P(2)—P(20)| = sz'(E) ds‘" <Pmy. 2ol < §Mn < 3 [P(z)]-

6.1 Statement and proof of the main results. We can now state and prove our
first result on local behaviourt

THEOREM 10. Suppose that f(z) is an integral function and that r is normal in the
sense of one of the Theorems 2, 3, 4, provided that p>2 in the latter case. In this
case we also set y=10(p—1)/(p—2), while in the other cases we set y=10. We
write N for N(r), suppose that |zg|=r and

(6.4 [f(zo)] = nM(r,f) where N2 <n <1,

and define k by (3.4). Then if

(6.5) z =zpe’, and |7] < n/(30k)

we have

6.6) Io ff(”) (N+$d7+ o™+ 8(6),

where

6D 141 <TASkm), j=12 and 18] < 4(18keln)

We apply Lemma 2 with y defined as in Theorem 10. Then we have for y, <y
and |z|=p, where [p—r|<r/k

f(@) =§:0n2"+0{,Lto(p)b(N)(1/2’71—‘1/2’},

+ Similar results which are however not quite correct in the dependence of = upon 7 were
obtained by Clunie [4, Theorem 5 and 5, Theorem 9].
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In the case of Theorems 2 and 3, we have

b(N) = O(N7Y,
so that taking y,=9, we deduce

ot N+k N+k
68)  f()= 3 a.Ho{u(N '} = X a,"+o{M(p, HNCY )
In the situation of Theorem 4, we have

b(N) — O{N(z—p)/(p—l)}

so taking y;=9(p—1)/(p—2), we again deduce (6.8), so that (6.8) holds in all
cases.
Thus if | f(2)| >M(p, f)N(r)™, we have

(A+o(1)f(2) = ¥ *P(2),
where P(z) is a polynomial of degree at most 2k. To this polynomial we apply
Lemma 7. We deduce from (6.8) that we have for |z|=r

12V7*P(2)] < (1+o(D)M(r, f),

so that if ¢ is a fixed positive number and

M,y = (1+e)r"YM(r, f),
we have, when r is sufficiently large
(6.9) |P(2)] < My, |z| =r.
Also (6.4) and (6.8) show that

f(z0) = 2V7P(z0) +o{M(r, IN(r)™*} = 2*P(z0)+0{f (20)}

so that for large r

rN7F[P(zo)l 2 (1—8) | f(20)| = (1—e)pM(r, f).
Thus

1—¢
p > —nM,.
| (Zo)l 2 1+87] 0
Hence we deduce from Lemma 8 that

3 1—¢ nr
6.10) 1|P(zp)| < |P(2)| < =|P(z for |z—z,| < —
(6.10) % |P(z9)| < |P(2)] 2l(o)l |z—2o] Fe 6k
Also for this range of z we have (6.8) so that

jlz_). . ‘_P(_Z) + 0{&:)(75’) N(r)—4} P( ) + o{aNN—4}

zN z*

g {CI {MW) N-4} P() +0{M0}=<1+o(1)P<z»,

Zk Zk rkN4 Zk
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since for large k

k k k
(i) < =12l (e ) <55
15 16k Zo 16k,
Using this and (6.10) we deduce finally that
(6.11) @] = 1ol | 2] (),
Zy
where

3
H =, for
||<5 or |z— ZO|<17k

We now consider

) ) $(r) = log f(zee") — N7 — log f(zo)
in the disk

ITISTo—f;-I;

Then if ¢(r)=u+iv, and r is large, so that k is large, we deduce from (6.11) that

lul <log$ <1 [7] <7
Also ¢(0)=0. Hence if
é() = Z bat", 7] < 7o,

we deduce from subordination [see e.g. 13, p. 221] that

(6.12) (bl s To ,

so that
© N ﬂ' lTla
"23957. < wry(re—|7])’

In particular we deduce that

9[’(”') = ¢17'+ ¢272+5(7),

where
10 (|7 s
(6.13) [6(7)] < — (TO) for |7] < 37y = o0

On combining (6.12) and (6.13) we have Theorem 10.
In view of Lemma 6 we also deduce

THEOREM 11. If |f(zy)|=M(r,f), so that n=1 in Theorem 10, we have
N@)+d,=a(r), || <1b(r) in Theorem 10 where a(r), b(r) are defined as in (1.5).
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Theorem 10 asserts in particular that f(z)#0 for [log(z/z,)| <n/(30k). If f(z)
has finite order p it follows from Theorem 3 that we may take b(N)=c,/N, and
so k=c,(N(log N))*/2 where ¢,, ¢, are constants depending on p. Also the smaller
we take ¢; and so the larger we take c,, the smaller does the density of the excep-
tional set of  become.

6.2. Behaviour of derivatives. The Wiman-Valiron theory also permits us to give
good estimates for the derivatives of f(z), when |z] is normal. We proceed to provet

THEOREM 12. Suppose that f(z) and r satisfy the hypotheses of Theorem 10,
that y and k are defined as in that Theorem and that

1
1— {4+
r( 40k) <p<r( +40k)

Then if q is a fixed nonnegative integer we have for |z|=

(6.14) (ﬁ)"f‘“’(z) =f<z)+0(§) M(p, ).

In particular if log(p[r)=o0(k™), then

6.15) M(p, /@) = (Ng)) [1+0(N'z ))}M@,f) (%) (2 ) MG, f).

We write
N+k

(6.16) f@= NZkanZ"+ $(2) = zVP(2) + (2).
Thus we have by Lemma 2
P =| 3 anmn=1)---(r—g+Dz"
|n—N|Zk
< 3 nla,l p = o{u( NI,

|n—N|>k
for any y, <vy. We again choose y;="9 y and deduce just as in the proof of Theorem
10, that
b(N)1/2Y1—1/2 — O(N_4),

so that
(6.17) P16 (2)| = o{us(p)N*"*}.

Again repeated application of Lemma 7 shows that if P(z) is the polynomial
occurring in (6.16) then for any fixed »>0, and |z|=p, we have

[PM(2)] = O(k[r)"M,,

1 A result of this type is (not quite correctly) stated and proved by Clunie [5, Theorem 8].
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where M, is the quantity in (6.9). Thus
q a —k)!
(i) ZN—kP(Z) — z (‘1) (N k) ZN—k—a+vP(v)(z)
dz v=0\Y/(N—k—q+»)!

_ (N—=Kk)!
~ (N—k—g)!

= O OGN+ 0 M)
in view of (6.16) and (6.17). Now

BN < M(p N = 0 (&) M. .

(6.18) ZN -9 P(2) + O(k/N)My}

Also
M, = (1+¢) (f)N—kM(r,f) —0 (E)NMo,f).

Thus combining (6.16), (6.17) and (6.18) we deduce that
ar(a) — (N—k)! .li (B N(E
6.19) =) (N_k_q)!{f(ZHO(N) M. +0 () () 1)
Next we chose z, so that |f(z))|=M(r,f) and take n=1, r=Ilog(p/r). Then
(6.6) gives

tog |7 (% )| = log 7 Gol+ Nr+0(1),
= 0()/k,
so that
log M(p, f) > log M(r, f)+N log £ + o(),
and hence ’

p\V
(;) M(r, f) = O{M(p, )}.
Thus (6.19) yields

@y — N=R)! k — N¢ k
() = (O @0 (1) MG, 0] = Ne{s@+0 (&) Meo.)
which is (6.14).

We chose z in (6.14) in turn so as to make |f(z)| and [f9(z)| maximal and
deduce that

M. 1) 2 {140 (%) | (%)QM(p, f

and

M. f®) < {140 (ﬁ)}(f)mp N
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so that
M(p, @) = (%){HO(%) |MGo. 1.

To complete the proof of (6.15) it remains to show that

log M(p, f) = log M(r, f)+N log £ + o(1).
r
To see this we note that (6.16) and (6.17) yield for our range of p

log M(p, f) = (N—k)log p + log M(p, P)+o(1).
On the other hand it follows from Lemma 7, that

M(p, P) = M(r, PY{1+O(k(p—7r)[r)} ~ M(r, P)

if k log(p/r)=0(1), and now the second inequality of (6.15) also follows and the
proof of Theorem 12 is complete.

6.3. A generalization of Picard’s Theorem. We can use the preceding results
to prove a result which generalizes Picard’s Theorem. This is

THEOREM 13.1 Suppose that f(z) is a transcendental integral function. Then
f(2) assumes every value with at most one exception infinitely often and, if such an
exceptional value exists, all the derivatives f'?(z) assume every value except possibly
zero infinitely often.

We note that if f(z)=e"+a, then f(z)#a, ‘9 (z)#0 for any g>1. We suppose
that the equation f(z)=0 has only a finite number of roots and deduce that for
any ¢>0, the equation @ (z)=1 has infinitely many roots. This is equivalent to
the stated result since if the equations f(z)=a, f‘?(z)=>b have only a finite number
of roots, where b#a, if g=0, and b0, if >0, we may consider (f(z)—a)/(b—a)
or (f(z)—a)/b instead of f(z).

Suppose then that f(z) has only a finite number of zeros. Then

f(@) = P(2)e’?,

where P(z) is a polynomial and g(z) an integral function. Suppose first that g(z)
is a polynomial. Then it is elementary to show that f(z) assumes all values except
zero infinitely often [see e.g. 17, p. 279]. Since f*)(z) takes a similar form, we also
deduce that f?)(z) assumes all values except zero infinitely often in this case.

Suppose next that g(z) is a transcendental integral function. Then we apply
Theorem 2 and its consequences with b(N)=N-'(log N)~3, so that we may take
in (3.4) and subsequently

k = 10[N"*(log N)?3],

T The case =1 appears to be due to Pélya-Saxer [15, p. 210] and the general case to Bureau
Bl
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where N=N(r) is the central index. We note that

f(z) = (P'+Pg)e’, f"=(Pg"+2P'g'+Pg"+P")é,
and prove by induction that
92 = 0()¢’,
where Q(z) is a polynomial of degree ¢ in g’(z) and its derivatives, with coefficients
that are polynomials in z, and the leading term of Q(z) is Pg’?.

It now follows from Theorems 10 and 12 that if r is normal, z, is so chosen that
|gz)|=M(r, g), |2o|=r and if [log z/z,|=0(N-) where N(r) is the central index

of g(z), we have
@ ~ (2] s = of (T mer o).

Thus
P@)g () ~ P(2) (g)qg(z)q.
On the other hand °
(6.20) NG) = r £ log u(r) < {log u()} < (log M)

outside a set of finite logarithmic measure. In fact if E is the set in [r,, o] where
(6.20) is false, we have in view of (1.7)

J‘Q‘ N(r) drZS N(r) dr2= 1 <o
ET £ rlog u(r) ro rlogu(r)*  log u(ry)

Thus we assume that r is outside this exceptional set and then

02) ~ P(2) (Zﬂ)"g(z)",

0
since the other terms in the polynomial for Q(z) only contribute terms of the order
M(r, g)*1*2. We have shown that
log (5-)
Zo

h(z) = log f(2) = g(z)+q log 3’ + qlog g(z) + log P(2)+o(1) ~ g(2)

0

F9(2) ~ P(2) (N—“Q)qeﬂ‘”, for = |7| < 10/N
Z

0

say. We deduce that in the same disk

in view of (6,20). Hence in this range, if we set H(z)=log 4(z), we deduce that with a
suitable choice of H(z,) we have

H(z) = log g(z)+o(1) = H(zo)+N7+0(1)
in view of Theorem 10.
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We now apply Rouché’s theorem and deduce that if |[w—H(z,)| <5, then the
equation H(z)=w has a root for [N7| <10, i.e. |log (z/z,)| <10N—. We may choose
w of the form w= log(2nl)4(2m+%)=i, for some integers / and m,. In fact let
H(zy)=U,+iV,, so that U, is large and positive. Then we may choose / so that

|llog27l)—Uy| <1, and msothat |[Cm+dH7r—V,| < =,

and this gives |[w—H(z,)| <5 as required. Thus there exists z;, such that H(z,)=w,
h(z,)=ev=2mil, f**)(z,)=exp(h(z,))=1. Since there are infinitely many such points
z,, Theorem 13 is proved. It is worth stating that more precise results applying also
to meromorphic functions can be obtained by means of Nevanlinna Theory [8,
Theorem 3.5] but the present approach is probably more elementary. It also shows
that for functions of infinite order the roots are located near the points of maximum
modulus. This is false in general for functions of finite order as f(z)=e? shows.

7. Two Counterexamples: The sigma function. To test the sharpness of the
results obtained we consider two examples.

ExaMpLE 1. Let o(z) be the sigma function with zeros at all the lattice points
2, n=m-+ni. Then

p(z) = — (diz)zlog o(z) = 27+ m { (z_imm)z B zfi}

and the dash denotes the fact that the term for m=n=0 is to be omitted. Then
p(2) is clearly doubly periodic with periods 1 and i.
Also integrating we deduce that

o)

{2) = o)

satisfies

{z+D—=U2) = 4, {(z+)—-{32) = — 4,
where A4 is a real constant. The second equation follows from the first, since by
inspection

Uz) = i +2 {z_l,,,,,, " z:}

satisfies {(iz)=—1i{(2).
Integrating again we deduce that

log EED _ 4,08 10g 2D _ _iinc
a(z) a(z
Also
2
o(z) =zexp [T’ (1 -z )exp{ Z 4 22 }
m,n m.n Zm,n 2zm.n

is clearly an odd function. So setting z=—}%, —3}i, we deduce that
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B 1 L0 g

b

so that
o(z+1) = _eA(z+1/2)O.(z)’ o(z+i) = —-e—A“‘H'i/Z)o'(z).

We now deduce
LeEMMA 9. If zy=z,+m-ni, where m, n are integers then
lo(z2)| 2418 = [o(z))] e /241,

Write z,=x+1iy, zz=x+1+iy. Then
9(22)
a(z,)

Similarly if zy=2z,+i

= IeA(z;—l—l/Z)l = eA(a:+1/2) — e1/2A(|z3|2_|zl‘z)

9(z,)
o(zy)

Thus we see that |o(z)| exp(—$4|z|?) is invariant, if z is increased by a primitive
period and so by any period.

If z=2z, is an arbitrary point in the plane we can always choose z,=x,+iy,,
so that [x,| <%, |y,| <3. Then |z,] is the distance from z to the nearest zero of ¢(z),
and if we denote this distance by d, we see that there exist positive constants 4,
A, such that

= | il o pAHD) oL/24z1 =211

Ad < |o(zp)] 4% < 4.
Thus

4,de 41" < |o(2)] < AydeH 4,

where d is the distance from z to the nearest zero.
It is clear that A>0, since otherwise ¢(z) would be constant by Liouville’s
Theorem.t Thus o(z) has order 2 mean type, and in fact

log M(r) = ;i‘ r40(1),

A
log u(r) ~~ r,

N(r) ~ Ar®.

For all values of z, on |z,|=r there is a zero in |z—z,| <1 /\/2, whereas Theorem 10
asserts that there is no such zero in

|z—2z4] < cr{N(r)log N(r)}—llz

Thus the index § in (3.4) and in the corresponding estimate for 7 in (6.5) cannot
be replaced by any smaller quantity.

T In fact an application of Jensen’s formula shows at once that 4=m/2.
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Theorem 10 also shows that if | f(z,)|> 7 exp(34r?) then f{(z) has an asymptotic
formula and so f(z)#0 for |z—zy|<cn/(logr)'/?, where ¢ is a constant. This
gives the right result apart from the factor (logr)~/2. Clunie [4, 5] had stated
Theorems of the type of Theorem 10 but with |7|<4/k instead of || <%/(30k),
where A4 is a constant. The above examples show that no Theorem of this kind
can be true. However Clunie’s argument correctly yields Theorem 10 for functions
of finite order.

To see the size that 77 may take in Theorem 10 for this example we investigate
the minimum modulus of ¢(z), or what is the same thing, the distance of an arbi-
trary circle |[z|=r>1 to the nearest lattice point. Given r, let x be the fractional
part of r% Then if z=m+in is any zero |r?—|z|?|>min(x, 1 —x), so that for most
r, (r—|z[)>c/r for all zeros, where c is a positive constant and so #>c*N(r)"'/2 in
Theorem 10. On the other hand if we choose for m the largest integer, such that
m?<r?, and then for n the largest integer such that m2+n2<r?, we see that

rP—m? < 2m+1 = 0(r), r*—m*—n®< 2n+1=0(@"?),

so that if z=m+in, (r—|z|)=0(r"*/%). Thus we can always find a point on |z|=r,
where

1) = O{M(r, f)r2} = OM(r, YNG4}

Thus 7 can take any value between c¢N(r)~*/ and 1, for any positive r, and for
any such 7, the estimate for the disk in which an asymptotic expansion holds, is
sharp, apart from a possible factor (logr)~/2,

7.1. How large must k£ and 7 be? Another example. It is natural to ask whether
the factor {—log b(N)}'/2 which occurs in the definition of & in (3.4) and so in
(6.5) is really necessary. We proceed to give an example to show that this is the case.

For this purpose we set

7.1 oa'(t) = —Zt, t>1, /()=-2, t<L1
in the construction of section 2, and then, with a suitable choice of K we have

(7.2) a(f) = —2(log t+1), t>1, p,=én’ a,=n2" n>1,
in (2.1), and b(N)=2/N. We now set

(13) BD =3 0" $D) = S,

where the sum Y’ is taken over certain indices which will now be described. We
define a sequence 4, inductively by

(7.4) Iy = A, +[B(A, log A)2], »>1, A4 =4,

8
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where [x] denotes the integral part of x. We then sum >’ in (7.3) over all those
powers n for which, for some »>1, we have

A <n < A4 orn = A,F[e(3, log )],
where ¢ is a positive constant, which we take to be small. We write

d, = [e(4, log lv)llzL A=A+d,, N =2A,—d,.

Then it follows from the analysis of section 1.2 that, for
(7.5) AL r L el
the central index N, (r) of ¢,(z) is either A, or A,. Also, if u,(r), us(r) are the maxi-
mum terms of ¢,(z), Ps(2), then p,(r)<us(r). Further if r lies in the range (7.5)
then the central index Ny(r) of ¢,(2) satisfies
(7.6) A SN LA
Now the analysis of section 2 shows that if
(1.7) A< n LA+
and r lies in the range (7.5) so that N,(r) satisfies (7.6) we have

o, " (n—N)?
= exp{~(1+o()) =,
pa(T) N
where N=N,(r). Thus if we sum over the range (7.7) and r is sufficiently large,

we deduce that

> -

e, A2 ex{ 6k2}
Ho(1) 4 P 5N

where k=N—A4,. Thus

Eanrn > '}i/f exp{_s(z'v-l-l—z’v)z}
ur ~ 4 4,
Yk —5log 2
v v At/s,
> 4 exp{ 16 } >

when v is large. Thus for r in the range (7.5), we see that the terms in the range
(7.7) are much larger than u,(r) and a fortiori than u, ().

A similar analysis holds for the range (7.7) with » replaced by »+1. The sum of
these terms is also much larger than u,(r). On the other hand the remaining terms
of ¢,(z) can be shown to be small compared with these so that for  in the range
(7.5) we have

(7.8 (1+0(1)$y(r) = Zyor,r"+Zper, 1",
where in ; we sum over the n satisfying (7.7), while in >, we sum over the n

satisfying (7.7), with (v+1) instead of ». The indices in >, and Y, satisfy respec-
tively

n < N(r) — §N(r)1/2 log NOY%, n > N(r) + §N(r)1/2(1og N()2).
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Thus for r satisfying (7.5) we cannot neglect both these ranges of terms in computing
é,(r). Also the logarithmic density of all the ranges (7.5) is

log(e®4,?) — log(e®A)) - (1—4e)%*log 4,
v log(e®A2,) — log(e®A?) o  A¥%log i,
This can be chosen as near 1 as we please, by choosing ¢ small enough. Thus
Lemma 2 fails if =1, and y is sufficiently small.
Clearly ¢,(z) always attains its maximum modulus on the positive real axis.

It is not difficult to see that if D>;, >, are defined as in (7.8) then in the range
(7.5) we have for z=re*

e,z" = (1 4o(1)Za,r",

1—4e.

if 7=0(15"?), while

3,,2" = e 17(14-0(1)) Sy, "
Thus provided that one of these sets of terms dominates the other a formula of the
type given in (6.6) holds, but with 1, or 4,,, instead of N(r). The difference is
significant unless (4,,,—4,)7—0, i.e. unless 7=0{N log N}~/2, which is the order
of magnitude for £~ implied by (3.4) in this case. This limitation for the validity
of (6.6) is therefore sharp, when =1 in Theorem 10.

8. Maximum and minimum of the real part. We finish the paper by investigating
the functions A(r) and B(r) of (1.4) in their relation to the maximum modulus
M(r). The following classical result is an immediate consequence of Theorem 10.

THEOREM 14 [Wiman, 23]. If f(2) is a transcendental integral function and A(r),
B(r), M(r) are defined by (1.4) and (1.2) respectively then we have
8.1) —A(r) ~ B(r) ~ M(r)
as r—co outside an exceptional set of finite logarithmic measures.

We apply Theorem 10 with =1 taking b(N)={N(log N)?}7, k=N/2(log N)*/2.
Then (6.6) yields for |7|<2aN—1, z=zy€"
3/2
log 1@ _ Nt + Ollog Ny~ fV)
f(zo) N2
Suppose that z, is chosen so that f(z))=M exp(iA), where M=M(r,f) and
—7<LA<Lm. We choose 7=—iA[N and obtain for z=z, exp(ir)
log f(z) = log M+o0(1),
so that

f(2) = u(2)+iv(z) = (1+o(1))M
and hence

B(r) 2 (1+o(1))M.
Similarly by choosing r=i(7—A1)/N, we obtain for z=zye"

log f(2) = (=1+o(1))M
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so that
A(r) < (—1+o(1)M.
Since clearly |4(r)|<M, B(r)<M, we obtain (8.1). Also in view of Theorem 2
we see that the exceptional set of r has finite logarithmic measure. This proves
Theorem 14.
If we are prepared to admit a larger exceptional set we can obtain a much more
precise result. This is

THEOREM 15.1 Suppose that f(z) is a transcendental integral function and set

8.2) Iil—nlOg log M(r) _
o loglogr
Then given ¢>0, we have on a set of r of positive upper logarithmic density
2 2
8.3) B(r) > M 1—M’)—+—E)), —A() > M (1_77_(“@19))
@3 B0y > (r)( 2 log M(r) > MO\ = e M
where a(p)=0if p<2, a(p)=(p—1)[p, if 2<p< 0, a(p)=1 if p=c0.
In the opposite direction we have

THEOREM 16.1 For any p, such that 2<p< o, there exists f(z) satisfying (8.2)
and such that we have as r— o

B() = M@), —A() = M) (1 - ”—————2(“(1’”"(‘»).

2 log M(r)
Clearly by considering —f{(z) instead of f(z) we obtain a corresponding example
with —A(r) and B(r) interchanged.

8.1. Proof of Theorem 15: preliminaries. We apply the preceding theory with

b(N)™ = N(log N)?, k = N"*(log N)*".
Then the set of exceptional r has finite logarithmic measure and if 7 is normal, and
if |20l =, f(zo)=M exp(iA), M=M(, [), Theorem 11 yields
log f(z4¢") = log M+i(3-+0a(r))— bs0*+O{I60F N(¥*}

for every positive ¢ and |6]=o(k™). By comparing Theorems 10 and 11 we also
deduce that

N(@r)~a(r) as r— oo for normal values.

We now choose 0=h/a(r), where |h|<w. Then the above asymptotic formula
certainly yields

h2
a(r)®

log f(ze¢") = log M+i(A+h)— ¢, —— + O(a(r)™/**).

T Not previously published.
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We may suppose that [A| <. Then if we choose A=—A1, we obtain

log f(z,e™®) = log M — ¢, —— ( )2 + O(a(r)/2+).

Thus if f(zoew)=u+ iv

utiv=M exp{—g{) + O(a(r)‘”“”)}

a(r)*
so that
B(r) > u(z) > M{l - M&I + O(a(r)_m”)}
a(r)
(8.4)

(140(1)=*b(r)
2a(r)?
in view of Theorem 11. By choosing h=n—A4, if A>0 and A=—n—1 if 1<0,
we obtain a similar inequality for —A4(r).
To complete the proof we proceed to estimate the quantities occurring in (8.4).
We have first

> mt + 0a() )

LeMMA 9. Let f(x) be a positive increasing and convex function of x for x>x, and
suppose that

. log f(x) 10gf( x)
8.5) g Tog x <p "<’m_.oo ogx ’ where p > 1.

Let a(p)=(p—D|p if p<oo; a(p)=1, if p=co. Suppose that a, K are constants
such that K>1, and a<a(p). Then if E is the set of all x such thatt

FE)f'(x)
[y

we have dens E>(K—1)/K.
Suppose first that p is finite. Then we choose p,, p, such that p;<p<p, and
a(p,)>a. Then by hypothesis we can choose x; as large as we please such that

(8.6) JF(x) > x

Let C be a large positive constant and suppose that

3.7 ), > P , for Cx; < x < x,.
X

f(x)

< K«(p), and f'(x) > f(x)’,

Then we deduce that

(8.8) Flxg) > f(Cx1)< 1) > o ”1("2)"2.

X1

T Since f(x) is convex, f“(x) exists almost everywhere. We define f(x) to be the right deriva-
tive of f(x), so that f’(x) is increasing for all x> x, and continuous outside a countable set.
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In view of (8.5) this inequality must be false for some arbitrary large x,. Thus we
choose x, maximal subject to (8.7), and deduce that

8.9) L) o <2, w>ox,
f (xz)

and also that we have
(8.10) f(x) 2 C72x", x; < x < X,

We next note that f’(x) increases so that

fx)=f (xo)+fmf (1) dt < f(xo)+(x—x0)f"(x) < 2xf'(x)
when x is large enough. Thus we deduce from (8.10) that

f (x) c™

f(x)
provided that x; is large enough. Also (8.9) holds.

If p is infinite, we choose p; so that a(p;)>a. We may then still choose x; as
large as we please to satisfy (8.6) and in this case we set x,=Cx; and deduce that

orse Zf()( ) S0 m<x<x

f(x) 2 x1 2> C7ix%, x < x < Xy,
and this in turn leads to
8.11) ') > (%)% x < x < x,.
Thus we deduce that in all cases we can find x; as large as we please and x,> Cx;
such that (8.11) holds and in addition (8.9) holds if p is finite with any p,>p.
We now note that if
1O e iy = L)
(%) f'(x)

almost everywhere. Also for x>x,, h>0, we have, since f”(f) increases

$(x) = x —

ey o[ LIQEH G _ f60)
fle+h) f(X+h) fx+h) 7 f(x)
Thus ¢(x) is non-decreasing. Suppose now that E; is the subset of [x;, x,] in E

and let E, be the rest of the interval [x,, x,]. Then we have almost everywhere
in E,

+ h

f®f(x)
[

since (8.11) holds in E,. Since ¢(x) increases with x we deduce that

¢'(x) =———~>> Ka(p)

$od—d00 2 [ g ar> fE $(0) dt > Ke(pm(Ey),
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so that
m(E,) < Ko(p)
If p= 0, this gives
Xo
(8.12) m(E;) < X + 0(1).

If p< o0, we may apply (8.9) and deduce that

By < (1 - pi) %2 = a(P)%e

2.
Thus in this case we deduce that

m(Ey) < I"{‘Z;)) x3+0(1).

Thus we have in this case

m(E) = (xa—x)—m(Ey) > x2(1 _up) 1 n QQ))

Ka(p) C  x,
This is true for some arbitrary large x, and hence
GemE>1—22) 1
Ka(p) C

Since we may choose C as large as we please and p, as near p as we please we deduce
that dens E>1— K. The same conclusion follows from (8.12) if p= o0, and this
completes the proof of Lemma 9.

8.2 Completion of the proof of Theorem 1S5. We suppose first that p>3 in
(8.2). In this case we set r=e”, and apply Lemma 9 with
f(x) =log M(e®), f'(x)=a(e®), f"(x)= b(e),
choose a so that $<a<1—1/p and let E be the set of r for which
b(r)log M(r)
a(r)?®

Then, by Lemma 9, E has upper logarithmic density at least 1 —K~. Also for normal
r on E we have, in view of (8.4),

< Ka(p) and a(r) > (log M(r))".

K=%«(p) o(1) )
2log M(r) log M(r)

provided that § is chosen so small that ((3/2)—d)a>1. Given K;>K, we deduce
that

(8.13) B(r) > M(r)(l -

{ - Klwga(p))

B 2 M(r)( log M(r)
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on a set of upper logarithmic density at least 1—1/K. Since we may choose K as
near K; as we please, Theorem 15 follows.

Suppose now that 2<p<3. Then we may apply Theorems 10, 11 as before but
now we can use the better estimate for k£ and hence 7, which follows from Theorem
4, with any p,;>3 and 6=0. In particular we may choose b(N)>N-1/2-%, for any
0>0, and so k<N'/4*é for any 6>0. When we apply this to Theorem 10 we see
that we obtain the improved error term

(3(7_) — 0(7.3N3/4+35) — O{N—9/4+36} — O(a(r)—9/4+36)

in (8.4). We can now apply Lemma 9 again, but with a so chosen that a<},
9a/4>1, and we again obtain (8.13). Since the set of non-normal r has zero loga-
rithmic density the conclusion again holds on a set of upper logarithmic density
at least (K—1)/K.

Finally suppose that 1<p<2. In this case we apply Lemma 4. We suppose that
r is a quantity satisfying the conditions of that Lemma with some n<2—p, and
deduce that

M(r) < u(r){1 + exp(—(log r)")}.
We also choose 6 so that if z=re® then ayz” is real and positive. Then

B(r) > ayz"— ZN!anZ"l > u(r){1 — exp(—(log 1)}
n#*
Thus if r is large

M(r)—B(r) < 2u(r)exp(—(log r)") < 2M(r)exp{—log M(r)""?},

for any 7’ <7, and this result is stronger than (8.13). This completes the proof of
Theorem 15.

8.3. Proof of Theorem 16. We proceed to construct our examples. Suppose
first that p=co. In this case we set f(z)=e*. We have for z=re’®

u = exp(r cos f)cos{r sin 6}.

Choose 0=4[r, where [0]|<w. Then we have uniformly for 0 in this range as
r—00

U= e'[l — za—j + O(r‘s)}cos{6+0(r‘2)}.

To make —u as large as possible |6] must be near to 7. Thus we have throughout
this range

(8.14) —u< e'(l _ %)

and for #/r<|60| <, we have evidently

—u < exp(r cos 0) < exp(r cos 7/r).
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Thus (8.14) holds uniformly as r—oo for [0] <, and we deduce that

- (1 — 272'*‘_0(1)) _ { _ _772_"‘@_}
s (1 2 ) MO T e M)
By taking 0=m/r, we deduce that
2
—A(r) > exp(r cos 7fr) = e’(l —_ L'l_z';‘l(__l_)) .

Evidently B(r)=M(r)=e", so that Theorem 16 is proved in this case.
Suppose next that 2< p< co. In this case we set

1o =1I (1+ Pi)
where

(8.15) pn = exp{n/* ™}, p>2; p,=exp{nflogn}, p=2.

It is evident that | f(re"o)] attains its maximum for given r when 6=0 and d;—
creases steadily with increasing |0] for 0<|0]| <. To obtain an estimate for f(re'o)
when 0 is small, we proceed as follows. We write

2 «© d
by(z) = (z d—‘i) log /(z) = 3. (—%)—2, a\(z) = = - log (2)

Suppose first that z=py, and set n=N+k. Then for p>2, |[k|<IN

N(2-—D)/(D—1)

+ O(kzN(s—zp)/(w-l))} .

P _ exp{(N 4+ k) >V — N1} = exp{
PN

We set
N2/ (1)

CN= N

p—1
and deduce that for k=o(N)

L - exp{—key(1+o(1))}.
PN
This leads to

Qs 1/2kc y\—2 ® dx 1
b et/ o 4 g~/ %ken) = L =
n(PN) Nkzzw( + ) ~ . (eI/ZcNm+e~1/20Nm)z cx

Since p,/p,1—>1, as n—co, we deduce that for p,<p<p,.1
by(p) ~ by(pn) ~ (p—Dn /" ~ (p—1)(log p)*~%,
and integrating twice with respect to log r yields

1 v
ay(p) ~(log ", logf(p) ~ ("—if’)— .
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It is not difficult to see that the above asymptotic expressions for b,(p), a,(p)
and log f,,(p) remain valid when we set p=z, and allow z to be complex, provided
that |arg z| <m—¢ for some positive 6. For instance a straightforward estimate
shows that in this range

[b,(2)] = O(log |z])*~%,

and now we can use Montel’s theorem to show that

b,(2)

—p—1, as|z|]—>
(log z)** P I

uniformly for |arg z| <7—4§, for any fixed 6. From this we can deduce that for
|7|<m[2, say and p real and positive, we have

log f,(pe") = log f,(p)+ira,(p)—37"b,(p)+O |7I° |b,(p)I.
If we set f,(pe’")=u+iv, this gives for r real and || |a,(p)| <=

u = f(p)(1—1°b,(p)+0 I7|* by(p))cos(ra,(p) +0 I7[* by(p)),
and we deduce that for # to have its minimum value in this range we must have
[7] a,(p)~m. Thus for |r|<7[a,(p)

u> —f,,(p)[l - %’Q(Hoa»} - —f,,(p)(l

for m/a,(p)<H<Lm, we have
[u(pe®)| < 1f,(pe)| < |fy{plexp imfa,(p)}]

(*+o(D)p—1)
560 20108 £,(p) )

_ (ﬂ2+0(1))(p—1)) .
2plogf(p) /1’

Thus we deduce that

A(r, u) = —f,{p exp(im/a,(p))} +o{f,(p)/log f,(p)}

= _ _ (m+o(1)a(p)
Hie ){1 2 1o f,(p) }

When p=2 the above argument has to be modified slightly, since an asymptotic
formula for b(p) only holds if p,,,/p,—1. We have

pn = exp(nflog n)
from (8.15) and then the argument goes through essentially as before, with
oy = ngl_N’ b(pw Ni = log N,
so that
by(p) ~loglog p,  as(p) ~log ploglog p,
log fy(p) ~ 4(log p)* log log p.
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We again deduce that if 4,(r) is the minimum of the real part of f,(z), then

2 by
—Ay(r) = f3(r) (1 — —————(1;;:((:))2 (r))
724+0(1)
=01 - Irog‘fm)

so that Theorem 16 holds when p=2. This completes our proof.

9. Conclusion. The foregoing results represent some of the main achievements
of Wiman-Valiron theory. Its development in the present form is due to many
people, but the principal credit after the original authors is probably due to
Clunie [4, 5], who sharpened the form of the error term and also introduced the
notion of density in connection with the theory, as it occurs for instance in
Theorem 3, and to K&vari [11], who developed the very nice form of comparison
sequences in section 2. This has made the basic theory much less formidable than
it used to be.

A number of developments have been left out. For instance Theorem 5 lends
almost immediately to a relation between the maximum modulus and charac-
teristic of functions with Picard values [cf. 9]. Another subject to which the theory
has been successfully applied is that of power series with gaps [see e.g. 6, 10, 11,
16]. However it seems to me that many of the latter applications, which deal
with terms well away from the central index, can be obtained by means of more
elementary methods, such as Cauchy’s inequality combined with growth Lemmas
similar to Lemma 1.

The theory as it stands seems dependent on upper growth, since in the develop-
ment of section 1.2 the comparison sequences «, have to be larger than |a,| for
all n. Recently this disadvantage of the theory has to some extent been overcome
by Sons [16] who has obtained results for functions of finite lower order but with-
out conclusions about density. Some extensions of this general nature would
seem to be desirable in order to replace upper logarithmic density by lower loga-
rithmic density or alternatively to replace the upper limit by the lower limit in the
statement of Theorem 15.

The Wiman-Valiron theory can be extended to functions in the unit disk (see
e.g. [12]) but Kovari feels that the probabilistic technique of Rosenbloom [14] is
generally more successful here.

I am most grateful to the referee for carefully reading through the whole of
this paper and correcting some errors.
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