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Chapter 8.1: Preliminaries

In this chapter we work in R", n = dimension.

m = Lebesgue measure on R", LP(E) = LP(E, dm).

If U € R" is open, C*(U) = functions with & continuous partial derivatives.
C®(U) =N, CHU).

C.(F) = continuous functions with compact support contained in .

LP = [P(R"), C* = C*(R), C* = C>(R), ...

Ty =D o Tk, || = VT



o) €N




Taylor series:

f(.fl?) Z(aaf@:())(a _Oé!l’())a_l_Rk(x)’ lim |R(/€($>|

= e

= 0.

Product Rule:
*(fg)= D Bmaﬁfxaw

B+y=a



C* functions of compact support:

fexp((af2 = 1)) ifla] <1
wie) = {0 if]z] > 1

Schwarz space, §: (' functions which, together with there derivatives,
tend to zero at oo faster than any power. A TVS given by the finiteness of the

seminorms:
[fllna = sup (1 + |2[Y)]0% f(z)] < oo.

reR"

Example: exp(—|z|*)z?,



Laurent Moise Schwartz (1915-2002)


https://mathshistory.st-andrews.ac.uk/Biographies/Schwartz/

Prop 8.2: § is a Fréchet space with the topology defined by the norms ||-||(xq)-

Proof. Only nontrivial part is completeness. If {fi} is Cauchy, then ||f; —
fillara) — 0 for every norm. Thus every 0°f converges to some continuous

function g,. Let e; be the jth unit coordinate vector. Then

fr(x + te]-) — filz) = /0 0jfk(:zz + sej)ds

As k — oo we have fr — go and (0°fx) = ga, so by uniform convergence,

'
go(x +tej) — go(z) = / ge; (T + sej)ds
0



By the Fundamental theorem of Calculus we must have g.. = d;go. Then use

induction of |a| to prove g, = 0“gy for all a. Then
| fe = goll vy = sup(L+[z[*)|0(fi — g0)
= sup(1 + |20 1. — g4l
sup(1 + |z[")|0° fr — lim 0° f|
J

< supsup(l + |z|")|0% fi — 0" f|
>k

< sup || fr = fill v
j>k

and the last line tends to 0 as k " oo because { f;} was Cauchy. ]



Prop. 8.3: If f € C™then f € Siff 2°9°f is bounded for all a, 3 iff 0%(2” f)
is bounded for all a, 5.

Proof. Let N = |8|. Then
sup |70 f| < (1+2™)[0 fI[| fll (v,
so f € S then [x*0 f]| is bounded.



Conversely, |z and S0, |2V are both homogeneous of order N (f(A\z) =
MY f(z)) and both are bounded and bounded below on the (compact) unit sphere

in RY so

M
o[V <Oy laY
k=1

for some C' < oo. Thus (using 2" = 1)
1 fllvay = sup(L + |2|")]0° f]

N
< sup(1+ Y |z ™)[0°f]
k=1

< sup > |zil’[0°f].

|B|<N

Second equivalence follows using product rule: 9%(z” f) is a linear combination
of terms of form z7° f, each of which is bounded iff f € S. ]



Defn: if f is a function on R" and y € R", the translation operator

Tyf(x) — f(:lj‘ - y)
T, 1s an isometry onL” and with respect to the uniform norm.

Defn: a function f is called uniformly continuous if |7, f — f|l. — 0 asy — 0.

Lemma 8.4: If f € C. then then f is uniformly continuous.

Proof. Given € > 0 , for each x € supp(f) there exists d, > 0 such that

yl<de = |fe—y)-fl)l<s

Since supp(f) is compact, it is covered by a finite collection of balls B; =
B(zj,d,;). In fact, {z : dist(z,supp(f)) < 1} is also compact, so assume that
is covered by the balls B;.



Set 0 = inf d,;. Then if |y| < 4, and x € B;,
[f(@—y) = flo)] < [fle—y)— fle)l+ [ f(z)) — flo)]

Since x € Bj, we have |x — ;| < §; so settingy = —x; we have x =z, — y

with [y| < ., and hence

[f(z)) = f(@)| = | flz;) = flz; —y)| <e

To bound | f(z —y)— f(x;)| we use the fact that x € B; implies |x—x;| < d;,/2
and |y| < 0., to write

r—y=z;,—(x;—x+y) =x—2
where |z] < 4y, s0

f(zj) = flz—y)| < |f(z)) — flz; —2)| <e



This gives the estimate if x € B; for some j. Otherwise, x is outside the support
of fand f(x) = 0. If dist(x,supp(f)) > 1, and |y| < 1, then

[f(z) = flz—y)| =10-0]=0,

so we are done. []



Prop 8.5: If 1 < p < oo, translation is continuous in the L? norm.

Proof. We want to show that if f € L”

lim |7, = 7.l = 0.

Since 7,4, = T,T,, by replacing f by 7. f it suffices to assume that z = 0.
If g € C.and |y| <1, supp(r,g) C K, for some compact K. By Lemma 8.4,

u/mg—meéHwa—wﬁmK%%O

If f € LP, by Proposition 7.9 there exists g € C, with ||g — f|, < €/3, so

2
Iy f = Fllp < Im(f = 9llp + 1759 = gllp + llg = fllp < 5e+ lImyg — gl

and we already showed the last term is small if |y| is small enough.

Proposition 8.5 is false for p = 00: [ = X[0.00).



Defn: a function f on R" is periodic if f(z+ k) = f(x) for all x € R" and all
kel

Every periodic function is thus completely determined by its values on the unit

cube Q = [—1, )"

272

Periodic functions may be regarded as functions on the torus T" = R" /Z".



Chapter 8.2: Convolutions

Defn: The convolution of f and g is

fxglx /f:v— y)dy,

for all « for which the integral exists

Fact: if f is measurable on R” then K(x,y) = f(z — y) is measurable on
R™ x R" (Exercise 5).

Prop. 8.6: Assuming all the integrals exist,
a. frg=gx*f,
b. (f*g)xh=fx(gx*h),
c. For z e R" 7.(fxg) = (1.f) xg = f % (1.9),
d. If A= closure of {z+vy : x € supp(f),y € supp(y)} then supp(f*g) C A.



Proof. Proof of a: Use Fubini’s theorem and set z = — vy

:/f(a:—y)g(y)dyz/f(z)gf@_fz)dy:g*f(ﬂf)-

Proof of b: Use Fubini again,

(f xg)*h(z //f g(x — 2z —y)h(z)dydz
//f g(x —y — 2)h(2)dzdy

x (g *h)(x



Proof of c:

and by (a)
([ * g)(@) = (g * [)(x) = (1.9) * f(x) = [ = (1.9)(@).

Proof of d: if x ¢ A and y € supp(g) then x — y & supp(f). So for all y one
of the two terms in f(x — y)g(y) is zero. Thus f * g(x) = 0. []



Young’s inequality: If f € L' and ¢ € LP, 1 < p < 00, then f * ¢ exists
forae x, fxge LPand ||f*gl, < || fll1- llgll,.

Proof. One can use Minkowski’s inequality for integrals:

1f*gllp = | / gl — y)dyll,

< /\f |79l

= [[fllx - [Imgllp-

Also can think of this as a Banach space valued integral.



William Henry Young (1863-1942)


https://mathshistory.st-andrews.ac.uk/Biographies/Young/

Grace Chisholm Young (1868-1944)


https://mathshistory.st-andrews.ac.uk/Biographies/Chisholm-Young/

Prop. 8.8: If p and q are conjugate exponents, f € L? | and g € L4, then

a. fxg(x ) exists for every z,

b lf * gl < [ £1lp - llglla,

c. f * g is uniformly continuous,
d. If 1 <p,q < oo then fxg e Cy(R").

Proof. Proof of a and b: Holder’s inequality:.

Proof of c: If 1 < p < o0,
7y (f*g) = [ xgllu= 7 = F) % gllsc = [I7.f = Fllpllgllg:

which tends to zero as y — 0.

Proof of d:
Choose sequences { f,}, {g.} of compact support converging to f, g in LP, L4
respectively. Then f,, * g, € C. by Prop 8.6.d and

1f %9 = fox gullu < I = Fallp - lgnllallFllp - lgn = gllg = 0.

This proves d since C is closure of C.. in uniformly topology. [



Defn: weak-L? is space of functions so that

flp = (Sup o'm({z | f(z)| > a}))l/p.

a>0

For the sake of completeness we state also the following.

Prop 8.9: Suppose 1 < p,q,r < o0 and}%—Fé:%—F 1.

a. (Young’s Inequality, General Form) If f € L, g € L? then f*xg € L" and
and [[f + gl < [[fllpllgllq-

b. Suppose also that p > 1, ¢ > 1, and r < oco. If f € LP and g € weak-L9,
then fxg e L"and || f x g/, < Cyll fllplgls- where Cp, is independent of f, g.

c. Suppose that p=1andr =¢ > 1. If f € L' and g € weak-L?, then f * g
is in weak-L? and [f * g], < C|| f]]1.

Proof. See Folland.



f % g is at least as smooth as f or g is.

O“(f xg) = 0" / flx —y)gly)dy = /(9‘“1‘(:6 —y)g(y)dy = (0°f) * g

How do we justify interchanging differentiation and integration?

Prop. 8.10: If f € L', and g € C}, and 0%g is bounded for |a| < k then
fxgeCfand 0°(f * g) = f * (0°9).

Proof: Immediate from Theorem 2.27.



Prop 8.11: If f,g € Sthen fxg € S.

Proof. First, f x g € C,y by Proposition 8.10. Since
L+ o) <14z —yl+lyl <A+ |z —yDA+yl)

we have

(14 [a)¥]0°(f  9)(@)] < / 1+ | — )™ F@ — (L + )™ g()dy

< 1l - 19l v ms e - / (14 Jyl) "y
< o0. Ul



Convolutions of functions on the torus T" are defined just as for functions on

R™.
All of the preceding results remain valid, with the same proofs.

Notation:

if ¢ is any function on R” and ¢ > 0, we set

Oi(x) =t "p(x/t).
This has same L! norm as ¢ but is more “concentrated” around zero if ¢ is small;

more “dispersed” if ¢ is large.



Theorem 8.14: Suppose 7w € L' and [ ¢pdz = a.

a. If fe Ll 1<p<oo, then f*x¢ — af in the L” norm as t — 0.

b. If f is bounded and uniformly continuous, then f % ¢ — af uniformly.

c. It f € L* and f is continuous on an open set, then f * ¢; — af uniformly
on compact subsets of U.

Proof of a: Setting y = tz, we have

Frola) —af(@) = [1f(e=v) - S@low)dy
— [rle = t2) - s@loe)dz = [ Irofla) - fallol)dz

so by Minkowski’s inequality for integrals

1fér — afll, < / It — Fllolé(2)ldz.

Now ||1..f — fll, is bounded by 2|| ]|, and tends to zero as ¢ — oo for each 2
by Prop. 8.5. Thus (a) follows by the dominated convergence theorem.



Proof of b: The proof of (b) is exactly the same, with L” norm replaced by the
uniform norm. The estimate for |7, f — af||, is obvious, and ||, f — fllu — 0

by uniform continuity:.

Proof of c: Given € > 0 let us choose a compact £ C R" such that
Jrel@ldm < €. Also, let K be a compact subset of U. If ¢ is sufficiently
small, then, we will have x — tz € U for all x € Ki and z € FE, so from the

compactness of K it follows as in Lemma 8.4 that

wp | fle —t2) - f(z)] < e
reK zeF
for small £. But then
sup|f 5 la) —af(@)] < s [ + [ [fla—t2) - @)

reK e K
phi(z)|dz

< c / 6]+ 201 f et



If we impose slightly stronger conditions on ¢, we can also show that f x ¢,

converges to af pointwise almost everywhere for f € LP.

The device in the following proof of breaking up an integral into pieces corre-

, 2/€+1]

sponding to the dyadic intervals [2" and estimating each piece separately

is a standard trick of the trade in Fourier analysis.

Detn: Lebesgue set of f is

1
L= - 11
A B )

Lé(ﬂﬂw—f@ww=0}

Theorem 8.15: Suppose ¢(z)| < C(1+|z|)~"  for some C' < 00, € > 0 (this
implies ¢ € L')and [¢ =a. If f € LP| 1 < p < oo then fx¢i(x) — af(z) for
every x in the Lebesgue set of f; in particular at almost every x, and everywhere

f is continuous.



Proof. It © € Ly, then for any 6 > 0 there is a 7 > 0 so that
| 1)~ sy < o
for r < n. We claim
h= [ 1=y = Sy < 45

and

I - / @ —y) — f(2)] - |¢uly)ldy — 0
ly|>n

[f we can prove these claims, then

limsup [ f * ¢y(x) — af(x)| < Ad,
t—0
for any 0 > 0, so
limsup | f * ¢y(x) — af(z)| = 0.

t—0



Proof of Claim 1: Let K be the integer so that 28 < n/t < 28+ ifn/t > 1
and K =0ifn/t < 1.

Cut the ball {|y| < n} into annuli

Ap={27"n < |yl < 2"}
and a ball

B = {2ly| <27"n}.
On A, we have )
o)l < Ot e < oy
and on the ball B we have
[Pe(y)| < Ct.



Then

Thus

K

< Y ot/ If(fv—y)—f(wldy

k:

e ”/\fx— ~ f(y)ldy.

I < 052@ )"t /AT 4 Cot (2 )"
k=1

I

2"Co(n/t)” § 2k L o527 En/t)"
k=1
(E+1)e _ 9e

26 — 1

2"Co(n/t)" "
2"CoC, + Co.

+Co2 B/t

VANIRVA



Proof of Claim 2: Let p’ be the conjugate exponent to p and let x be the
characteristic function of {|y| > n}. By Holder’s inequality

I < / Fla— )|+ 1f@)] - o)y
ly|>n

< [[fllplixelly + 1f () llx s,
so it suffices to show for ¢ = 1 and ¢ = p’ that

X®tlly — 0,
ast — 0

If ¢ = oo this is easy
IXGilloe < CE(1+ (n/t)] "~ = Ctft + "~ < Oyt



If ¢ < o0,

Ixdllt = / oy
y|=n

_ gl / 6(2))'d=
ly|>n/t

< tn(lq)/ 7an—l—(the)da
n/t

< Cgtn(l_Q) [n/t]n—(nJre)q

< Cyt" = 0 [



If a = 1 in the previous result, we call |phi; an approximate identity, as it
furnishes an approximation to the identity operator on LP by convolution oper-

ators.

This construction is useful for approximating LP functions by functions having

specified regularity properties. For example,

Prop. 8.17: C (and hence also S) is dense in LP 1 < p < oo and in Cj.

Proof. Given f € LP ande > 0, there exists ¢ € C, with ||f — ¢||, < € by
Proposition 7.9. Let ¢ be a function in C2° such that [ ¢dx = 1. Then

g* ¢ € C* and ||g — g * ¢l|, is small.

The same argument works for the uniform norm. [



The C*° Urysohn Lemma: If X C R" is compact and U is an open set
containing K, there exists f € C2° such that 0 < f <1, f =1 on K , and

supp(f) C U.

Proof. Let 0 be the distance from K to U, which is positive since K is compact.
Let V ={z: p(z, K) < §/3}. Choose a nonnegative ¢ € C'° so that [ ¢da =
land ¢(x) =0if |x| > /3. Set f =xy*¢. Then fe C* 0< f <1, f=1
on K and supp(f) C {z: p(z,V) <2§/3} C U. O



Chapter 8.3: The Fourier transform
Defn: a unitary character of a group G is a homomorphism G — T. For

(G = R a character satisfies

flz+y)=flz) fly)

In harmonic analysis on groups we often try to write general functions as sums

of characters.

Theorem 8.19: If pR"T is a measurable function and ¢(z + y) = ¢(x)o(y),
then ¢(x) = exp(iz¢) for some ¢R™. A similar result holds for functions on T”.



Proof. First consider n = 1. Let a € R be such that fo t)dt # 0; there is

such an a or Lebesgue differentiation implies ¢ = 0.

Set A= ([, ~1. Then

/¢ /¢x+tdt / P(x + t)dt.

Thus ¢ is continuous (even Lipschitz since its derivative is bounded). Moreover

¢(x) = Ald(x +a) = o()) = A(dla) — ¢(1))p(x) = Bo(x).
Thus (e 5%¢(x))" = 0 so this function is constant C, sogp(z) = CeP*. Since ¢

takes values in T and ¢(0) = 1, we have C' = 1 and B is imaginary.



If {e;} is the standard basis for R" then the argument above shows

Ui(t) = o(te;) exp(x - 2mi€;)

SO

() = gb(z Tie;) = H o(x,e5) = H exp(x; - 2mi&;) = exp(x - 27E).

For T" we must also have & € Z".

]



The idea now is to decompose more or less arbitrary functions terms of the

exponentials. In the case of T" this works out very simply for L? functions.

Theorem 8.20: Let F.(z) = exp(2mik - ). Then {F,} is an orthonormal
basis of L?(T™).

Proof. Verification of orthonormality is an easy exercise in calculus; by Fubini’s
theorem it boils down to the fact that fol exp(2mikt)dt equals 1 if kK = 0 and

equals 0 otherwise.

Next, E, - B\, = E, ) so the set of finite linear combinations is an algebra.
[t separates points so contains all continuous functions by Stone-Weierstrass,
hence is dense in L?. Hence the linear span is complete and so these functions

form a basis. L]



Defn: for f € L*(T) its Fourier Transform is
s ={f,E) = | flx)exp(=2miri - x)do
Tn

> fRE,,

KEZLT

and

is the Fourier Series of f.

The Fourier transform is an isometry from L*(T") to £*(Z") and the Fourier

series converges in the L? norm.

We mentioned earlier in the course that the Fourier series of a continuous func-

tion need not converge pointwise to the function.
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Jean Baptiste Joseph Fourier (1768-1830)


https://mathshistory.st-andrews.ac.uk/Biographies/Fourier/

The Hausdorff-Young Inequality: Suppose that 1 < p < 2 and q is the
conjugate exponent to p. If f € LP(T"), then f € £4(Z") and || f]l, < I|f|l,.

Proof. Since || fllse < £k IIfll2 < [|f]]2 this follows from the Riesz-Thorin

interpolation theorem. ]

M. Riesz-Thorin interpolation theorem: If 7' is a linear map from
LPY + P2 to L1 4 L2 50 that

ITfllgy < Ml fllpe N fllg < Maf[ £y,

Then T 1s bounded from LP* to L% where
1 1—t t 1 1—t
— = +—, — = +—.0<t<t
Pt D1 P2 q; q1 q2

with norm M < M, "M,

Thus if T is bounded L? — L? and L' — L™, then it is bounded L? — L4 for
1 <p < 2and q = conjugate of p.



Olof Thorin (1912-2004)



https://kirj.ee/public/proceedings_pdf/2008/issue_1/proc-2008-1-2.pdf

Situation in R” is more intricate since f € L? does not imply

| f@yesplia - s

exists. Need to restrict to f € L.

Defn: for f € L! define the Fourier Transform of f as
FFE) = f(&) = /R F() exp(—2mi€ - 2)da.
Clearly || fllu < gl £



Theorem. 8.22: Suppose f,g € L'(R").

a. (1,f)(&) = exp(—Zwiﬁ-y)f(ﬁ) and Tn<f) — h where h = exp(2min-x) f(x).

b. If T is an invertible linear transformation of R" and S = (Tx)~! is its
inverse transpose, then (foT) = |detT|™*f o S. In particular, if T is a
rotation, then (f oT) = foT. If Tz = x/t then then (f o T)(&) = t"f(t).
and f(§) = f(t€).

c. fxg.= f@

d. If 2°f € L* for |a| < k then f € C* and 8°f = [(—2miz)*f]".

e. If f e CFovf e L for |a] < k and 9* € O for |a] < k — 1, then

AN

(0°F)"(€) = (2mE)* f(£).
f. (The Riemann-Lebesgue Lemma) F(L') C .



Proof of a:

(Tyf)A<§)

Proof of b:

(foT)™(E) =

= /f(:l? — y) exp(—27i§ - x)dx

= /f(a:) exp(—2mi& - (x + y))dx
— exp(—2mi - yf(£).

/f(T:E) exp(—2mi& - x)dx

det T’

det T’

det T’

1/f(x) exp(—2mi€ - T 'a)dx

1/f(x) exp(—2miSE - x)dx
(Dg).



Proof of c:

(f % g) //fx— y) exp(—2mi€ - x)dydz
[ [ o= vexpl=2ric - (x ~ y))gly) expl~2ric - yidyda

ie / (y) exp(—2ni€ - y)dy
Fe)a(e)

Proof of d: By induction on |a|,
U f(€) = 8?/]” x) exp(—2mi - x)dx
/f —27x)" exp(—2mi& - x)dx
—oma) f(&).



Proof of e: Since f € () we can use integration by parts:

/f’ z) exp(—2mi - x)dr = f(x)exp(—2mi§ - x)|*

/f —27E)" exp(—2mi& - x)dx
= = 2mi¢ f(€).

General case follows from induction on |«.

Proof of f: If f € C' N C. then |§|f(§0 is bounded, so f € C,. This set is

dense in L' and Cj is closed in the uniform norm so FL' C C.



Corollary 8.23: F is a continuous map of S to itself.

Proof. f € S implies 2°9° f € L' N O} for all a, 3, s0
(2707 f)" = (=1)*1(27d) 1= 10")E |,
SO (‘9%:5]2 is bounded for all a, 8. Thus f cS.
(07 f)"Mlu < 207 fln < O+ [a])" a7 f ]l

so JF is continuous as a map between TVSs.



Prop. 8.24: If f(z) = e~ X" ¢ > (0 them f= a"/le-mlal/a

Proof. First we consider dimension n = 1. Since

_ 2 _ 2
<€ mTax )/ — —27TCL£E€ TZX 7

we have

[f follows that
f(é-) _ C«e2w§2/a7
for some constant C'. To find C', set £ =0

£(0) = /e_medaz =

Sl -



This formula is Prop 2.53 and is proven with a famous trick using polar coordi-

p
(/ eMQdaj) = //e“<x2+92)2dajdy
R R JR
2 00 5
:/ / re” " drdf
21
:/ / re= " drdf

— 7T Ze_ar |O

nates

T

a

The n > 1 dimensional case follows using Fubini’s theorem

= H/exp(—ﬂaazi — 2m&pxy ) dxy,
k=1

T [ expl—ne/a

k:1
= a " exp(—mlé[;/a).






Lemma 8.25: If f,g € L' then [ f-gde = [ f- gdu.

Proof. Both integrals equal

/ / f(x)g(€)e ™ dudui.



The Fourier Inversion Theorem: If f € L' and f € L' then f agrees

AN

almost everywhere with a continuous function fy and (f)Y = (fY)" = fo.

Proof. Given t > 0 and x € R", set

o(&) = exp(2miledota — wt*[€]?)).
By Theorem 8.22a and Proposition 8.24,
Oly) =t " exp(—m|z — y[*/t*) = gilx — y),
where g(xz) = exp(—m|z|*), and the subscript t has the meaning in (8.13),
dilating in L.

By Lemma 8.25,

/ eIl Q2milr {6 e = / fo= / fo=fxaq).

Since [ gdx = 1, by Theorem 8.14 we have f * g;f in the L' norm as t — 0.

On the other hand, since f c [', the dominated convergence theorem yields

iy [ ey = [ T f)de = (1))

t—0



AN

It follows that f = (f)¥ a.e., and similarly (f¥)* = f a.e. Since (f)¥ and
(fY)" are Fourier transforms of L' functions they are continuous and the proof

is complete. L]



Cor 8.27: If f € L' and f = (0 then f =0 a.e.

Cor 8.28: If F is an isomorphism of § to itself.

Proof. We already know that F is continuous from & into itself. By the Fourier
inversion theorem, f — f¥ where f¥(z) = f(—z) is a continuous inverse, so F

is an isomorphism. L]



The Plancherel Theorem: If f € L' N L? then f c L? and F restricted

to L' N L? extends to a unitary isomorphism on 2.

Proof. Let X = {f € L : f e L'}. Since f c L' implies f is bounded, we

have X C L?. X is dense in L? since it contains S and S is dense.

Given f,g € X, let h = §. By the inversion theorem,

iL(f) _ /6_27”696%6&6

— /e2mfaj

Thus
[ o= [sh= [ 1= [
so F preserves the inner product on L?. Thus it preserves norms (take g = f).

Since F(x) = X by the inversion theorem, F extends to an unitary isomorphism

of L?



It remains only to show that this extension agrees with F on all of L' N L.
But if f € L' N L? and g(x) = exp(—m|z|*), we have f * g; € L' by Young’s
inequality and (f % g¢)" € L because

(f % 9" (&) = e T f(E)
and f is bounded. Hence f x g, € X. By Theorem 8.14 f % g; — f in both
L' and L? norms. Thus (f * g;)" — £ in both L? and uniform norms. This

completes the proof. [



We have thus extended the domain of the Fourier transform from ! to L' + L.
Just as on T", the Riesz- Thorin theorem yields the following result.

The Hausdorff-Young Inequality: Suppose that 1 < p < 2 and q is the
conjugate exponent to p. If f € LP(R"), then f € LI(R") and || f|l, < ||,

If ftf € L' the inversion formula says f can be written as a superposition of

the complex exponential functions

fla) = [ flopeerie

This is the Fourier integral representation of f.

This formula remains valid in spirit for L?, although the integral (as well as
the integral defining f ) may not converge pointwise. The interpretation of the

inversion formula will be studied further in the next section.



Theorem 8.31: If f € L'(R"), the series
s

converges pointwise almost everywhere and in L' to a function P f such that
|Pflli < ||f]li. Moreover, for k € Z", (Pf) (k) = f(k), i.e., the Fourier series
of the periodic function P f equals the Fourier transform of f restricted to the

integer lattice.

Proof. Let Q = [—%, %)” Then R" is disjoint union of integer translates of @),

SO

/QZ\ r—k dx—Z/ r)|dx

L Q+k

|f(z)[dz.
Rn

Now apply Theorem 2.25 (if { fr} € L' and >_ || fe||1 < oo then > fi. converges
a.e. to f € L'). This implies > f(x — k) converges a.e. and in L' to a function



Pf e L' such that |Pf|l1 < ||f]|1. Moreover,
P1Y#) = [ 3 fla— b
Q

L Q+k

— f<x>€—2m'k-xdx
L Q+k

_ f<x>€—27rik-xdx



[f we impose stronger conditions on f we get a better conclusion.

The Poisson Summation Formula: Suppose f € C'(R") satisfies | f(z)| <
C(1+|z|) ™ “and |f(z)] < C(1+|x|)~" € for some C' < oo and € > 0. Then

D flat k)= flk)em .
f k

where both series converge absolutely and uniformly on T". In particular, taking

x =0,

> flk)y =) fk).
f k

Proof. The absolute and uniform convergence of the series follows from the fact
that >, (1 + k)"~ < oo, which can be seen by comparing the latter series to
the convergent integral [(1+ |x|™"“dx. Thus the function P| =3, f(z—k)is
continuous on T", hence bounded and in L?. so Theorem 8.31 implies that the
series Y f (k)e?™ = converges in L? to Pf. Since it also converges uniformly,

its sum equals P f pointwise. L]



Poisson’s summation formula appears in Ramanujan’s notebooks and can be
used to prove some of his formulas, in particular it can be used to prove one of

the formulas in Ramanujan’s first letter to Hardy:.



Siméon Denis Poisson (1781-1840)


https://mathshistory.st-andrews.ac.uk/Biographies/Poisson/

Method of images: In partial differential equations, the Poisson summation
formula provides a rigorous justification for the fundamental solution of the heat

equation with absorbing rectangular boundary by the method of images.

Statistical study of time-series: if f is a function of time, then looking
only at its values at equally spaced points of time is called "sampling.” In ap-
plications, typically the function f is band-limited, meaning that there is some
cutoff frequency such that the Fourier transform is zero for frequencies exceed-
ing the cutoff. The summation information guarantees that no information is
lost by sampling, since f can be reconstructed from these sampled values, then,
by Fourier inversion, so can f. This leads to the NyquistShannon sampling

theorem.

Ewald summation: Computationally, the Poisson summation formula is
useful since a slowly converging summation in real space is guaranteed to be

converted into a quickly converging equivalent summation in Fourier space.



Lattice points in a sphere: The Poisson summation formula may be used
to derive Landau’s asymptotic formula for the number of lattice points in a large

Euclidean sphere.

Number theory: Poisson summation can also be used to derive a variety
of functional equations including the functional equation for the Riemann zeta

function.

Sphere packings: Cohn and Elkies (2003) proved an upper bound on the
density of sphere packings using the Poisson summation formula, which subse-

quently led to a proof of optimal sphere packings in dimension 8 and 24.



Chapter 8.4: Summation of Fourier integrals and series
In last section we saw hop wf can be recovered from f if f c L'

e When is f in L'? If f is smooth enough.

e How to recover f when f ¢ L'? Approximate by smooth functions and take

limit.

If f € L' then f is bounded, so f € L' if it decays fast enough at infinity, i.e,
2] f is bounded for || large enough. This happens if 9°f € L"C,



Theorem 8.33: Suppose f is periodic and absolutely continuous on R and
f e LP for some p > 1. Then f € (Y(Z).

Proof. Since p > 1, set C,, = > 2 k7P < oo. Since LP(T) C L*(T) for for
p > 2, we may assume that p < 2. Integration by parts (Theorem 3.36) shows
that

(f")\(k) = 2mik f (k).
By Holder and Hausdorft-Young, if ¢ is the conjugate exponent to p,

1/p 1/q
DOIfw) < D> @alkh ] - D) @rlkf(k)
k=0 k=0 k#£0
1/p
_ —@C;;) 1Y
(20)

<

— Il
Adding | f(0)| to both S1des, we see that || f]|; < oo. ]



To recover f from f when f ¢ L', we convolve f with a smooth approximation
of the identity ¢;. This convolution converges to f ast — 0. When we take the
Fourier transform of the convolution, we get the product of ¢ and qg Since ¢ is
smooth the latter decays quickly, so the product is in L!. So convolution can be

recovered from its Fourier transtorm.
Lemma 8.34: If f,g € L*(R") then (f - §)V = f * g.

Proof. f - g € L' by Plancherel’s theorem and Holder’s inequality. Thus ( f -q)Y
1s defined.

Given z € R" let h(y) = g(z — y) Then
h(€) = §(€) exp(—2mi€ cot x).

Since F is unitary on L* (preserves norms)

Fro = [ i [ fh= [ fea©@ = (79"



Theorem 8.35: Suppose that ® € L' Ny, &(0) = 1, and ¢ = &V € L.
Given f € L' + L? for t > 0 set

/f tg 2m§xd$2

a. IffELp,1§p<oothenft€Lpand /"= fll, > 0ast — O.
If f is bounded and uniformly continuous, then so is f*, and ! — f
uniformly as ¢ — 0.
c. Suppose also that ¢p(x) < C(14|z|)™" ¢ for some C' < oo and € > 0. Then
fi(x) — f(x) for every x in the Lebesgue set of f.



Proof. We have f = f; + f» where f; € L' and f5 € L% Since fl e L™,
fo € L2 and @ € (L' N Cy) C (L' N L?), the integral defining f! converges
absolutely for every x. Moreover, if ¢;(x) = t7"¢(x/t) we have

(L) = (7'(S)
by the inversion theorem and Theorem 8.22.b (Properties of F). Also [ ¢(x)dx =
d(0) = 1.

Since ¢, ® € L' we have f; *¢ € L' and f1 .® € L' so by Theorem 8.22.¢ and

the inversion theorem
/f1 O(tE)e*™ 7 dE = f1 % B(2).
Also, ¢ € L? by the Plancherel theorem, so by Lemma 8.34 ( f g) = f=xg),

/ HE)B(1€)TEdE = fo # (1),

Adding these, f* = f * ¢y, so the assertions follow from Theorems 8.14 and 8.15
(properties of approximations of the identity). H



Theorem 8.36: Suppose that & € C(R") satisfies

C " C
rOls e TS

and ®(0) = 1. Given f € L(T"), for t > 0 set
fia) =) f(k)D(th)e ™,
kez
(which converges absolutely since ), |®(tk)| < co). Then

a. If fe LP(T"), 1 <p < oo, then ||f' = fll, = 0ast — 0 and if f is
continuous, then f* — f uniformly as ¢t — 0.

b. f{(z) — f(z) at every Lebesgue point of f.



Proof of a: As before, let

¢=20% o) =t"dx/t).
Then (¢)" (&) = P(t€) and ¢, satisfies the hypothesis of the Poisson summation

formula, so
D dilw—k)y =) O(th)e*.

keZn keZm

Let us denote the common value of these sums by (k). Then

(F ) (k) = F(R)iu(k) = f(R)D(tk) = (f)"(k).
Hence f* = f *1);. Hence, by Young’s inequality and Theorem 8.31 we have

£ 0 < LAl < [Lf el < (£ N6l

so the operators f — f! are uniformly bounded on L?, 1 < p < o0.



Suppose f is a trig polynomial ( f is periodic and the Fourier transform has
finitely many non-zero entries) Since ® is continuous and ®(0) = 1 we have
ft — ¢t uniformly and in L on T". But trig polynomials are dense in C'(T") by
the Stone-Weierstrass theorem, so also dense in L? for 1 < p < oo. Therefore
(a) follows from Prop 5.17 (if we have uniformly bounded operators {T},} and
T,x — Tx on a dense set then T,, — T strongly).



Proof of b: Suppose z is in the Lebesgue set and, by translation, assume

x=0.Set Q =[3,3)"

F(0) = £ 5 6:(0)
= |ty + 3 [ @+ by

k40
Since

[or(2)| < O (L + [a] /)77 < a7,
for x € Qand k # 0, we have
th(—il?—l—k) S 02n+6t6|k‘—n—€7

and hence
> [ 1r@oi-a+ Blde < {20 gl 3ok £
kA0 Y@ o

which vanishes as t — 0.



On the other hand, if we define g = fxo € L'(R™), then 0 is in the Lebesgue
set of g (because 0 is in the interior of (), and the condition that 0 be in the
Lebesgue set of g depends only on the behavior of g near 0), so by Theorem

8.15 (convergence of approximation of identity on Lebesgue set),

i / f(@)én(~a)dz = lim g * 64(0) = g(0) = (O).
Q



Example - Gauss kernel:
o(¢) = g(x) = V(z) = e THI

This is connected to solution of the heat equation.

Example - Possion kernel: For n =1,
B(g) = ¢ 2,

0
¢<CE’> _ / 627r(1-|—ix)§d€

—00

1 1 1
C2r [1+ix+1—ix]
1
(1 + x?)
This is connected to solving Dirichlet problem in a half-plane.




Example - Able summation:
O(€) = e 2l
Make substitution 7 = e~ ?™ and write A, f instead of f,

Af(x) = Yy rMf(k)e2mte

keZ
— f(()) + Z ,rk[]?<k)€2mkx 4+ f(_k)e—Qm'kx]
k=1
= Y fR+ Y f(=k)7
k=0 k=1

Harmonic extension of f to unit disk and we are taking radial limits as » 7 1.

A series ), ay is called Able summable if

lim rkak

r,
exists. Is a method for giving a value to a divergent series.



Example - Cesaro summation: A series )  ay is Cesaro summable if

kl]:

has a limit (average of partial sums). Can be rewritten as

S-S,

k=1
has a limit as n " .

In terms of Fourier series we take the “tent” function:

®(€) = max(1 — [£],0)

0 1
ota) = [ L+ [ (11— e

—1
€2mx i 6—2m:1: —9

(2mix)?

. 9
sin 7T
T '




If we take ¢t = 1/(m + 1) and write o, f(x) for f1/0"D(z) we get

i - |k r mikx
omf(x) = kzm ~ 1 fk)e™
; - ks |
— f(O) Z m?j;—l'_ 1 (f<k>€2mk:c 4+ _I_f(_k>6—2mk:c)



Chapter 8.5: Pointwise Convergence of Fourier Series

Suppose f € LY(T) and define the partial sums

Suf(x)= ) flk)e™™.

k=—m

When does S, f(x) — f(z)?



Suf(x) =Y f(k)=f*Dp(w),

k=—m

where D,, 1s the Dirichlet kernel

m 2m
Dm(x) _ E ( 627r2k:1: _ 6—2mmm E :62mkfc

k=—m k=0

2mi(2m~+1)x

_ e—27m'm:r:2 ( T — 1
€2m' —1
sin(2m + 1)mx
Sin T

This is special case of Theorem 8.36 where

O =X 9x) =0(z) = —
But ¢ ¢ L'(R). Alternatively, || D,,|l1 = logm — oo.

SIN 27X

The partial sums need not converge to f for general continuous functions, but

the Able or Cesaro sums do. Partial sums converge if f is bounded variation.
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Johann Peter Gustav Lejeune Dirichlet (1805-1859)


https://mathshistory.st-andrews.ac.uk/Biographies/Dirichlet/

Lemma 8.41: Let ¢ and v be real-valued functions on |a, b],a, bJ. Suppose
that gb is monotone and right continuous on |a, b] and and ¥ is continuous on
a, b]. Then there exists n € |a, b] such that

/gb r)dr = O /¢ )dx + ¢(b /w

Proof. Adding a constant to ¢ changes both sides by the same amount, so we

may assume ¢(a) = 0. We may also assume ¢ is increasing; otherwise replace

¢ by —¢.

Since @ is continuous, this is just the intermediate value theorem applied to ®

since

b
> / Py ()dz > B(a) > D(a)



Lemma 8.42: There is a constant ¢’ < oo such that for everym > 0 and

every |a,b] C [—%, %]

b
| / D,,(z)dz| < C

Moreover, for all m

0 1/2 |
/ D, (x)dx = D, (x)dx = 5

~1/2 0

Proof. We know
sin(2m + 1)mx

SIN 7T

/ / b sm 2m + 1
daz
. SIN T
b
2 + 1
/ sm m dx

1 1
+/ sin(2m + 1)mx [[ _ - —da:] .
. sintx  wx

SO




The second integrand is bounded, so the second integral is bounded (uniformly
in m). A change of variable makes the first integal into
EmAm in(2m + 1)
/(2m+1)7ra Yy
where Si(x) = foxésin ydy. But this function is bounded and approaches a

Yoy = %Si((Zm ©1)mb)) — Si((2m + 1)7b)

finite limit as * — Foo. This is the first part of the lemma.

For the second part note that
1/2
Dy(x)dr =1
—1/2
since D,, is a sum of mean zero exponential terms except for one constant term.

Since D, is even, each half-integral equals 1/2. [



Theorem 8.43: If f is bounded variation on T, that is, f is periodic on R
and of bounded variation on |—1/2,1/2], then

, 1
T 5, f(2); f(e+) + Fa-)
for every x. In particular, lim S,, f(z) = f(x) at every x at which f is continuous.

Proof. We begin by making some reductions. In examining the convergence
of Sif(x), we may assume that x = 0 (by replacing f with the translated
function 7, f), that f is real-valued (by considering the real and imaginary parts

separately), and that f is right continuous (since replacing f(t) by f(t+) affects
neither S,, f nor f(O+)+ f(O—).

In this case, by Theorem 3.27b, on the interval [—1/2,1/2) we can write f as
the difference of two right continuous increasing functions g and h. If these
functions are extended to R by periodicity, they are again of bounded variation,
and it is enough to show that S,,g(O) — 3[g(0+) + g(O—)] and likewise for h.

In short, it suffices to consider the case where x = 0 and f is increasing and
right continuous on [—1/2,1/2).



Since D,, is even, we have
1/2

S f(0) = f % Dyn(0) = / (2) D) dz,

~1/2
so by Lemma 8.42,

| 1/2
S, (0) = 5104+ F0-) = [ [F(a) = SO+ D(a)dot
0
We shall show that the first integral on the right tends to zero as m — oc;

a similar argument shows that the second integral also tends to zero, thereby

completing the proof.



Given € > 0, choose § > 0 small enough so that f(6) — f(0+) < €/C where C
is as in Lemma 8.42. Then by Lemma 8.41, for some n € [0, §],

) )
| / f(z) — FO-)]Dulx)dz| = [£(5) — £(0+)] / Di(r)dal,
0 n
which is less than e. On the other hand, by (8.40),

1/2 o
[ 10— 001Dt = [ ooy L0

SIN X
This tends to zero by the Riemann-Lebesgue lemma. Thus
1/2
fimsup| [ [f(z) = F(04)]Dule)d]| < e

mMm—>00 0
for every € > 0, and we are done. ]

sin((2m + lx)dx



Theorem 8.44: If f,g € LY(T) and f = ¢ on an opne interval I then

Smf — Smg — 0 uniformly on compact subsets of 1.

Proof. See Folland. [

Cor. 8.34: Suppose f € L(T) and I is an open interval of length < 1.
a. If f agrees on I with a function f such that g € ¢Y(Z) then S,,f — f

uniformly on compact subsets of 1.
b. If f is absolutely continuous on I and f' € LP(I) for some p > 1, then
Sm ] — [ uniformly on compact subsets of 1.

Proof. See Folland. L]



Defn: f is Dini continuous at z if

JREELEICH
L t

Q.

This contains all a-Holder functions o > 0.

Theorem: If f is Dini continuous at x the S, f(z) — f(x).



Chapter 8.6: Fourier Analysis of Measures
Defn: M(R") is space of complex Borel measures on R".

Defn: If i, v are Radon measures on R" we define the product

il xv)(a,y) = o] ) )

Defn: It u, v are Borel measures, then their convolution is

wrrlE) = [ [ xela+ pidu(e)iv(y)

The unit delta-mass at the origin is the identity for this.



Prop 8.4:
a. Convolution of measures is commutative and associative.

b. For any bounded Borel measurable function A,

/hd(,u * V) = // h(zx + y)du(z)dv(y).

c. [[uxv|| < |u|-|lv]. d. Ifdm = fdm and dv = 9dm, then d(p*xv) = (f *
g)dm. In other words, on L', convolution of measures agrees with convolution

of functions.

Proof of a: Commutativity is obvious from Fubini’s theorem . To see ssocia-

tivity note that regardless of the order it is evaluted in, we get

Nk o () = / / / (@ +y + 2)dA(@)dp(y)dv(2).

Proof of b: Left to reader (approximate h by simple function and use linearity

and approximation).



Proof of c: Take h = d|u * v|/d(u * v). Since |h| = 1,

ol = [ndpev) < [ [ 1 alutdie] = il -,
Proof of d: If du = fdm and dv = gdm then for any bounded measurable h
/hd,u*u // (x+y)f(x)g(y)dxdy
// g(y)dzdy
// (f * g)(z)dxdy

whence d(puxv) = (f * g)d



We can also define convolutions of measures with functions in LP(R").

Prop. 8.491f f e [P, 1 <p < oo, and u € M(R"), then
f*u@%j/f@—yﬂmm

exists for a.e. x, and f * pu € LP with

L pllp < 11 - el

Proof. If f and p are nonnegative, then f * p(x) exists (possibly being equal oo

for every x, and by Minkowski’s inequality for integrals,

1l < / 1£C =2l < 1], - [l

In particular, f*u(x) < oo for a.e. x. In the general case this argument applies

to | f| and p and the result follows easily. ]

This implies L' is an ideal in M (R™), not just a subalgebra.



Defn: Fourier transform of a measure is
€)= [ ¥ o)

{1 is a bounded continuous function and (p * mu)" = i - v.
Recall vague topology on M (R") is weak™ topology relative to Cy(R").

Prop. 8.50: Suppose {u,} and p are in M(R"). If sup, ||ux|| < C < oo and
[t — [t pointwise, then u, — p vaguely.

Proof. If f € S then f¥ € S so by the Fourier inversion theorem

[ tdm = [[ e radin) [ £
Since fV € L' and ||u|| < C the dominated convergence theorem implies

[ fdux — [ fdu. But S is dense in Cj so by Prop 5.17 (boundedness and

convergence on dense set implies strong convergence), [ fdu, — [ fdu for all
f e Cy. Thus pp — p vaguely. ]



Chapter 8.7: Applications to PDEs

The term differential operator means a linear partial differential operator with

smooth coefficients, that is, an operator L of the form

Lf(r)= Z aq()0” f(2),

al<m

where a, € C°.

If the a’s are constants, we call L a constant-coeflicient operator.

In this case, if f € S,

(LENE) =Y aa2m€) f(),

al<m

[t is convenient to write L in a slightly different form. Set
bo (2m1) Y a,,
D® = (2mi)~lelge,

L= ) bD"

la|<m



(L) =" batf.

la|<m

Given a polynomial P = Z| al<m b, £, we can define the operator

Formally, one can solve P(D)u = f by taking
u=(f/P)".
If 1/P is the Fourier transform of a function ¢ then u = f * ¢.

However, to make this work the Fourier transform needs to be defined on all

these objects. This requires an extension, given in the theory of distributions.



Laplacian:

A= = —47* Y Di=
;(%Jr/# " ; g
where P(£) = —4m|€]*.

Theorem 8.51: A differential operator T satisfies L(f oT) = (Lf) o T for
all translations and rotations 7" iff there is a polynomial P in one variable such
that L = P(A).

Proof. Clearly L is translation-invariant iff L has constant coefficients, in which
case L = Q(D) for some polynomial () in n variables. Moreover, since L f)" =
Q f and the Fourier transform commutes with rotations, L commutes with ro-
tations iff @) is rotation-invariant. Let () = > @Q; where @); is homogeneous
of degree j; then it is easy to see that () is rotation-invariant iff each @); is
rotation-invariant. To prove this, use induction on j and the fact that

Q;(& —hmrjzzQZ ré).

r—0



But this means that );(£) depends only on |£], so @;(&) = ¢;|£| by homogeneity.
Moreover, |} is a polynomial precisely when j is even, so ¢; = 0 for j odd.
Setting by, = (—4m2)Feyp, we have Q(€) = > bp(—4m?|€]2)F or L = 3 b AR,

]



Deftn: Dirichlet problem: Given an open set {2 C R", and a function f on its
boundary 0€2, find a function v on €2 such that Au =0 on Q and u|sq = f.

We can use Fourier transform to solve this on a half-space. Denote coordinates
on R by z1,...,x,,t. The Laplacian on R"™ is A + 97,

Let Q ={(z1,...,zp,t) : t > 0}. Then
(A + 0Hu =0,
becomes
(—472|€*) 0 = Oo.
The general solution is

(€, t)er(€)e 2 4 cy(€)e ]

a(é,0) = f(&).

This converts to

u(z,t) = (f * P)(x)



where
ct

Pi(z) =

(2 + |z|2)~(n+1)/2



Theorem 8.53: Suppose f € LP(R"), 1 < p < oo. Then the function
u(z,t) = (f * P) ()
satisfies (A + 07)u = 0 on R" x (0, 00) and
}gr(l) u(z,t) = f,
for a.e. z, and for every x at which f is continuous. Moreover, lim;_q ||u(+, 1) —

Fllp = 0.

Proof. See Folland. ]



The same idea can be applied to the heat equation
(OA)u =0
on the upper half-space. The unique solution is
A&, t) = fem L
or

u(x,t) = f* Gyx), Gi(z) = (47rt)_"/2e_x‘2/4t.



The wave equation is given by
(07 — A)u = 0.
u(z,0) = f(x), Oru(x,0) = g(x).

Applying the Fourier transform we get
(0F +Am*[E[)alg, t) = 0

AN

This yields

(6, t,) = (con2ntl€fo) + T lg(o).
Since 5 [sin2rlc]
sin 27
cos 2mt|é| = 5 [ onlE ] :
we get
u(x,t) = fx OWy(x) + g« Wy(x),
where

sin 27 v
KCRE=o



However, this inverse Fourier transform only gives a function when n = 1, 2 and

a measure when n = 3. In higher dimensions one needs to consider distributions.



