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CHAPTER 8Probability1. Random variables and independen
e2. Borel-Cantelli and 2nd moment method.3. Law of large numbersTheorem 3.1 (Law of Large Numbers). Let ffng, n = 1; 2 : : : bea sequen
e of orthogonal fun
tions on a probability spa
e (X; d�) andsuppose E(f 2) = R jf j2d� � 1. Then1nSn = 1n nXk=1 fk ! 0;a.e. (with respe
t to �) as n!1.We begin with the simple observation that if fgng is a sequen
e offun
tions on a probability spa
e (X; d�) su
h thatXn Z jgnj2d� <1;then Pn jgnj2 <1 a.e. (d�) and hen
e gn ! 0 a.e. (d�).Using this, it is easy to verify the law of large numbers (LLN) forn!1 along the sequen
e of squares. Namely,Z ( 1nSn)2d� = 1n2 Z jSnj2d� = 1n2 nXk=1 Z jfkj2d� � 1n:Therefore if we set gn = 1n2Sn2, we haveZ 1n2 jSn2 j2d� � 1n2 :Sin
e the right hand side is summable, the observation above impliesgn ! 0 a.e. (d�). This is the same as 1n2Sn2 ! 0; a.e..191



192 8. PROBABILITYTo deal with limit over all the integers take m2 � n < (m+1)2 andset m(n) = bpn
. ThenZ j 1m2Sn � 1m2Sm2 j2d� = 1m4 Z j nXk=m2+1 fkj2d�= 1m4 Z nXk=m2+1 jfkj2d�� 2m3sin
e the sum has at most 2m terms, ea
h of size at most 1. Putgn = Snm(n)2 � Sm(n)2m(n)2 :Then sin
e ea
h m = m(n) is asso
iated to at most 2m + 1 di�erentn's we get1Xn=1 Z jgnj2d� � 1Xn=1 2m(n)3 �Xm (2m+ 1) 2m3 <1;so by the initial observation, gn ! 0 a.e. with respe
t to �. Thisimplies 1m(n)2Sn ! 0 a.e., whi
h in turn implies 1nSn ! 0 a.e., whi
h iswhat we wanted.This version is sometimes 
alled the strong law of large numbersbe
ause it gives a.e. 
onvergen
e, as opposed to the weak version whi
honly says that 1nSn 
onverges to 0 in L2.As a remark we should note that better estimates for the de
ay ofSn are possible if we assume that the fun
tions ffng are independentwith respe
t to the measure �. This means that for any n and any
olle
tion of measurable sets fA1; : : : ; Ang we have�(x 2 X : fj(x) 2 Aj; j = 1; : : : ; ng) = nYj=1 �(fx 2 X : fj(x) 2 Ajg):Roughly, this says that knowing the values of any of the fj's at x doesnot give us any information about the values of the remaining fun
tionsthere.By 1915 Hausdor� had proved that if ffng 2 L2(�) \ L1(�) areindependent, orthonormal (orthogonal and have L2 norm 1) and satisfyR fnd� = 0 then limN!1 1N 12+� NXn=0 fn(x) = 0; for a.e. x



3. LAW OF LARGE NUMBERS 193and for every � > 0. After that Hardy-Littlewood, and independentlyKhin
hin, provedlimN!1 1pN logN NXn=0 fn(x) = 0 for a.e. x:The \�nal" result, found by Khin
hin for a spe
ial 
ase in 1928 andproved in general by Hartman-Wintree in 1941 sayslim supN!1 1p2N log logN NXn=0 fn(x) = 1 for a.e. x:



194 8. PROBABILITY
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