
MAT 644: Complex Curves and Surfaces
Notes for 04/27/20

Last week: Rational Surfaces (birational to P
2, blowups/blowdowns of P2)

Prp 1: P
2 and Fk ”PpOP1 ‘OP1pkqq with k“0, 2, 3, . . . are minimal rational surfaces; F1 “BlptP

2

minimal“ no exceptional curves EĂS (EĂS irred. E ¨KS , E ¨Eă 0 ùñ E«P
1, E ¨E“ ´1)
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1Lemma 1: Let tCλuλPP1 be a pencil of curves on a projective surface S.

If CλXCλ1 “H @λ, λ1 PP1, λ‰λ1, and Cλ «P
1 @λPP1,

then the map
π : S ÝÑ P

1, Cλ Px ÝÑ λPP1,

is isomorphic to the projection Fk ÝÑP
1 for some kPZě0.
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Lemma 2: Let tCλuλPP1 be a pencil of curves on a projective surface S.
If CλXCλ1 “H @λ, λ1 PP1, λ‰λ1, and Cλ «P

1 for some λPP1,
then S is a blowup of some Fk so that the map

π : S ÝÑ P
1, Cλ Px ÝÑ λPP1,

is the composition of the blowdown SÝÑFk and projection Fk ÝÑP
1.

Crl 1: Let tCλuλPP1 be a pencil of curves on a projective surface S so that
CλXCλ1 “H @λ, λ1 PP1, λ‰λ1, and Cλ «P

1 for some λPP1.

If λ0 PP1 and Cλ0
“

kÿ

i“1

miCi with mi PZ`, Ci ĂS irred., then Ci «P
1 @ i.

Crl 2: Let tCλuλPP1 be a pencil of curves on a projective surface S so that Cλ «P
1 for some λPP1.

If λ0 PP1 and Cλ0
“

kÿ

i“1

miCi with mi PZ`, Ci ĂS irred., then Ci «P
1 @ i.

Proof. D blowup π : rSÝÑS and a pencil t rCλuλPP1 of curves on rS so that πp rCλq“Cλ @λ P P
1

and rCλX rCλ1 “H @λ, λ1 PP1, λ‰λ1 (blowing up at base locus and
taking proper transform of the entire pencil as in pf of Lemma 1 on 04/15/20).

Crl 1 ùñ claim for rCλ0
ùñ claim for Cλ0

b/c pts of the base locus are smooth points of every Cλ.
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Prp 2: A minimal rational surface S is isomorphic to either P2 or some Fk

(every rational surface is a blowup of P2 or some Fk).
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Proof. S rational ùñ (i) χpOSq“h0,0pSq´h0,1pSq`h0,2pSq“1
(ii) D pencil tCλuλPP1 of curves on S s.t. Cλ «P

1 for some λPP1

(start with a pencil of lines on P
2, pull back under blowups,

push forward under blowdowns)
The base locus

B ”
č

λPP1

Cλ “ Cλ0
XCλ1

for any λ0, λ1 PP1, λ0 ‰λ1,

is finite.

B“H ùñ Lemma 2 applies 6 assume Cλ ¨Cλ ě|B|ą0

Case 1: Cλ is irred. @λPP1 ùñ D blowup π : rSÝÑS and a pencil t rCλuλPP1 of curves on rS so that
πp rCλq“Cλ @λ P P

1, rCλX rCλ1 “H @λ, λ1 PP1, λ‰λ1, and rCα is irred. @λPP1

(keep blowing up at base locus and taking proper transform of the entire pencil
as in pf of Lemma 1 on 04/15/20).

Lemma 1 ùñ rS«Fk for some kPZě0

k‰1 ùñ no exceptional curves in rS ùñ S“ rS«Fk

k“1 ùñ rS“BlptP
2, unique exceptional curve in rS ùñ S«P

2

Case 2: For some λ0 PP1, Cλ0
“

kÿ

i“1

miCi with kě2, mi PZ`, and Ci ĂS irred.

0“apCλq“apCλ0
q”1`

1

2
pKS ¨Cλ0

` C2
λ0loomoon

“C2

λ
ą0

q ùñ KS ¨Cλ0
ă0

ùñ KS ¨Ci ă0 for some i

if C2
i ă0, then can blow down Ci by Castelnuovo-Enriques Criterion II

S minimal ùñ C2
i ě0

Riemann-Roch ùñ χpCiq“χpOSq` 1
2
pC2

i ´KS ¨Ciq ą1`0
Kodaira-Serre ùñ h2pCiq”h0,2pCiq“h2,0p´Ciq“h0pKS´Ciqďh0pKSq“0 (S rational)
ùñ h0pCiq“χpCiq`h1pCiq´h2pCiqě2

Crl 2 ùñ Ci «P
1

ùñ can take pencil tC 1
λuλPP1 of curves on S containing Ci

keep repeating until the base locus of the pencil is empty or Cλ is irred. @λPP1.

Crl of Case 1: Let tCλuλPP1 be a pencil of curves on a projective surface SffP
2

so that Cλ «P
1 some λPP1.

If the base locus of tCλuλPP1 is not empty, then Cλ0
is reducible for some λ0 PP1.
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Lemma 3 (Noether’s Lemma): Let tCλuλPP1 be a pencil of curves on a projective surface S.
If Cλ «P

1 for some λPP1, then S is birational to P
2.

Proof. D blowup π : rSÝÑS and a pencil t rCλuλPP1 of curves on rS
so that πp rCλq“Cλ @λ P P

1 and rCλX rCλ1 “H @λ, λ1 PP1, λ‰λ1

(keep blowing up at base locus and taking proper transform
of the entire pencil as in pf of Lemma 1 on 04/15/20).

Lemma 2 ùñ rS is a blowup of Fk for some kPZě0

ùñ S is birational to P
2.

Crl 3: Let S be a a minimal projective surface with h1pOSq, h0pKSq“0.
If D irred. curve CĂS with apCq“0 and either C2 ě0 or C ¨KS ă0, then S is rational.

Proof. C«P
1 ùñ enough to show h0pCqě2

S minimal, C ¨KS ă0 ùñ C2 ě0 (o/w can blow down C)
h0pKSq“0 ùñ h2pCq“h0pKS´Cq“0

ùñ h0pCqěχpCq“χpOSq` 1
2
pC2´KS ¨Cq“1` 1

2
pC2´KS ¨Cq

0“apCq“1` 1
2
pC2`KS ¨Cq, C2 ě0 ùñ h0pCqě2`C2 ě2

Castelnuovo-Enriques Thm: A projective surface S is rational (birational to P
2)

iff h1pOSq“0 and P2pSq”h0pKb2
S q“0.

ùñ Trivial b/c hp,q with pp, qq‰p1, 1q and Pn with nPZ`

do not change under blowups/downs and h0,1pP2q, P2pP2q“0.

Proof of ùñ. h0pKb2
S q“0 ùñ h0pKSq“0, χpOSq“1.

Assume S is minimal. Crl 3 ùñ enough to find irred. curve CĂS

with apCq“0 and either C2 ě0 or C¨KS ă0.

By Riemann-Roch and Kodaira-Serre, CĂS irred. curve ùñ

0 ď apCq ” 1 `
1

2

`
C2`KS ¨Cq “ χpOSq`

1

2

`
p´Cq2´KS ¨p´Cq

˘

RR
“ χp´Cq ” h0p´Cqlooomooon

0

´h1p´Cq`h2p´Cq
KS
ď h0pC`KSq.

(1)

Claim 1: If LÝÑS is a positive l.b., h0pL`nKSq“0 @něnL.

Claim 2: D positive l.b. LÝÑS s.t. LRZKS and h0pLq‰0.

Claim 3: If K2
S ě0, ´KS is effective.

Proof of Claim 3. Use Riemann-Roch for ´KS :

h0p´KSq` h2p´KSqloooomoooon
h0pKS`KSq“0

ě χp´KSq “ χpOSq`
1

2
pK2

S`K2
Sq ě 1
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Proof of Thm for K2
S “0. Claim 3 ùñ ´KS effective

ùñ KS ¨L ă 0 for any positive l.b. LÝÑS

Claim 1 ùñ D positive l.b. LÝÑS and nPZ` s.t.

h0pL`nKSq ě 1 and h0pL`pn`1qKSq“0.

ùñ D effective divisor C“
ř

miCi „L`nKS

KS ¨C“KS ¨Lă 0 ùñ KS ¨Ci ă0 for some i

(1) ùñ 0ďapCiqďh0pCi`KSqďh0ppL`nKSq`KSq “ 0 ùñ done.

Proof of Thm for K2
S ą0. ùñ h0p´KSq` h2p´KSqloooomoooon

h0pKS`KSq

ě χp´KSq
RR
“ 1`

1

2
pK2

S`K2
Sq ě 2.

ùñ D effective divisor F and pencil tCλuλPP1 of curves on S s.t.

´KS „ F `Cλ @λPP1 and
č

λPP1

Cλ Ă S is finite

(F “ curve part of base locus of a pencil in | ´KS |).

Cλ “
kÿ

i“1

miCλ,i for λPP1 generic, mi PZ`, Cλ,i irred. ùñ C2
λ,i ě0 @ i

(1) ùñ 0ďapCλ,iqďh0pCλ,i`KSqďh0p´F q ď 1 if apCλ,iq“0, then done.

apCλ,iq“1 ùñ ´KS „Cλ,1

Cλ,1 irred., p´KSq2 ą0 ùñ p´KSq¨Cě0 @ effective divisors C on S

Claims 2,1 ùñ D positive l.b. LÝÑS and nPZ` s.t.

L R ZKS , h0pL`nKSq ě 1, and h0pL`pn`1qKSq “ 0.

ùñ D effective divisor C“
ř

miCi „L`nKS

KS ¨Ci ď0 (1) ùñ 0ďapCiqďh0pCi`KSqďh0ppL`nKSq`KSq “ 0
if KS ¨Ci ă0, then done.

KS ¨Ci “0, apCiq“0 ùñ C2
i “´2

h0p´KS´Ciq` h2p´KS´Ciqlooooooomooooooon
h0ppKS`Ciq`KSq

ě χp´KS´Ciq
RR
“ 1`

1

2

`
p´KS´Ciq

2´KS ¨p´KS´Ciq
˘

“ 1 `
1

2
p2K2

S`C2
i `3KS ¨Ciq “ K2

S ě 1

h0pCi`2KSq ď h0
`
pL`nKSq`2KS

˘
ď h0

`
L`pn`1qKS

˘
“ 0

ùñ D D“
kÿ

j“1

njDj „´KS´Ci with nj PZ`, Dj ĂS irred.

(1) ùñ 0ďapDjqďh0pDj`KSqďh0p´Ciq“0
´KS ¨D “K2

S ą 0 ùñ KS ¨Dj ă0 for some j ùñ done
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Proof of Thm for K2
S ă0. Claim 1 ùñ D positive l.b. LÝÑS and nPZ` s.t.

h0pL`nKSq ě 2 and h0pL`pn`1qKSqď1.

ùñ D effective divisor F and pencil tCλuλPP1 of curves on S s.t.

L`nKS „ F `Cλ @λPP1 and
č

λPP1

Cλ Ă S is finite

(F “ curve part of base locus of a pencil in |L`nKS |).

Cλ “
kÿ

i“1

miCλ,i for λPP1 generic, mi PZ`, Cλ,i irred. ùñ C2
λ,i ě0 @ i

(1) ùñ 0ďapCλ,iqďh0pCλ,i`KSqďh0ppL`nKSq`KSq ď 1 if apCλ,iq“0, then done.

apCλ,iq“1 ùñ DD“
ř

njDj „Cλ,i`KS with nj PZ`, Dj ĂS irred.
ùñ Cλ,i ¨D“2papCλ,iq´1q“0 ùñ (a) Cλ,i ¨Dj “0 @ j b/c C2

λ,i ě0

apCλ,iq“1, C2
λ,i ě0 ùñ KS ¨Cλ,i ď0 ùñ KS ¨Dă0 (b/c K2

S ă0)
ùñ (b) KS ¨Dj ă0 for some j

(a)`(b) ùñ 0ąpCλ,i`KSq¨Dj “
ÿ

ℓ

nℓpDℓ ¨Djq ě njD
2
j

6 D2
j ,KS ¨Dj ă0 ùñ Dj ĂS exceptional; impossible.

Claim 1: If LÝÑS is a positive l.b., h0pL`nKSq“0 @něnL.

Proof for K2
S ě0. Claim 3 ùñ ´KS is effective

ùñ L¨p´KSqą0 ùñ L¨pL`nKSqă0 @něnL

ùñ h0pL`nKq“0 b/c L is positive.

Proof for K2
S ă0, L any. KS ¨pL`nKSqă0 @něn1

L

Suppose něn1
L and D “

ÿ
miCi „ L`nKS with mi PZ` and Ci ĂS irred.

ùñ KS ¨Ci ă0 for some i ùñ C2
i ě0 (o/w could blow down Ci) ùñ (a) Ci¨D

1 ě0 @ D1 effective
ùñ (b) Ci ¨pL`nKSqă0 @něnL ěn1

L

(a)`(b) ùñ h0pL`nKq“0 @něnL.

Claim 2: D positive l.b. LÝÑS s.t. LRZKS and h0pLq‰0.

Proof. Suppose not: LÝÑS positive l.b. with h0pLq‰0 ùñ LPZKS .
For any l.b. L1 ÝÑS, DnPZ` s.t. L1`nL is positive, h0pL1`nLq‰0
ùñ L1 PZKS ùñ H2pS;Zq«PicpSq“ZKS , K

2
S “1 (by PD and K2

S ą0), b2pSq“1
Noether’s Formula ùñ 1“χpOSq“ 1

12
pχpSq`K2

Sq “ 1
12

p3`1q impossible
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