MAT 644: Complex Curves and Surfaces
Notes for 04/06/20

Part I: study C' = cmpt conn. C-curves Part III: study S = cmpt conn. C-surfaces
(dimcC'=1) (dimcS=2)
Hodge diamond 1 1
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g=0: P! < h'(mKc)=0VmeZ"
K(S)=—00 <= h(mKg)=0VmeZ"
(easiest)

(S)=0 <= limsup{h’(mKg): meZ*} eR"
(easy) — {h"(mKg): meZ*}={0,1}
(S)=1 <= limsup{h’(mKg)/m: meZ"} eR"
k(S)=2 = limsup{ho(mKS)/m2: meZ*}eR"

(general type)

g=1: C/A <= h'(mKc)=1VmeZ*

K
g>2: less clear
dimIm (g, : C—P(H(K¢))=dim C | &

S = surface = can get a new surface §EB1PS by blowing up S at pe S:
replace p€ S by E,=P(T,5)~P! cs, exceptional divisor
replace C*>C S with C?30=pe S by y={((,v) e P! x C: velycsS
normal bundle N gEp of Epin S'is v — P!, tautological line bundle
= E,-Ep=(e(N3Ep), Ep) =—1, homology self-intersection number of E, in S
oif S:'HS is the blowup of S at some pe S,
then S contains a smooth curve E s.t. E~P! and E-E=—1 (exceptional curve)

Want to ignore blown up surfaces «~ consider only minimal surfaces
Castelnuovo-Enriques Criterion

If S is a projective surface and ECS is a smooth curve s.t. E~P! and E-E=-1,
then S is the blowup of a projective surface S at some p€ S so that = E, is the exceptional divisor.

Idea of proof: Find line bundle L — S s.t. 15: S—P(H(L)*)
is well-defined, embedding on S —FE, and
maps E to a smooth point of S=¢7(S5).

Proof. S projective = 3 1b. L— S s.t. 1, S —P(HO(L)*) is embedding
—> L is positive
= (1) m=deg(L|g) >0 = L|p=0g(m) with meZ* N
(2) HY(S; L*) =0V p>>0 (Kodaira Vanishing) = can assume H'(S; L)=0



E]|p=0p(~1) 2% HY(E; L(kE)|p)=0 VE<m+1
0 — Og(L(kE—E)) — Og(L(kE)) — Og(L(kE))|, — 0

— HY(S;L(k—1)E)) — HY(S; L(kE)) is onto V k<m~+1
Ll (3) HY(S; L(kE) =0 Y k<m-+1. Use k=m—2,m—1 below.

Take L=L(mE) RO (4) restriction Ho(g;z(—E))HHO(E; Og(1)) onto
(5) restriction H°(S; L) — HY(E; O) onto
B 13 S—P(HO(S; L)*) is well-defined on E
17| =const: 1 (r)= {seHo(g; L): s(x)=0} is independent of z€ E
_ _ _ o = H°(S; L(~E))
vp: S—P(H(S; L)*) is embedding = ¢7: §—E—>]P’(HO(S; LZ*)Nis embedding, ¢7|p=const
17 (S—E)F1{E)=H(S; L(-E))

Remains to show 17(E) ELL(S) CP¥ is a smooth point of SELz(SV).

If &, ..., En € HY(S; L) is basis, 1z (p)=[60(p), .-, En(p)] for all pe S.

Choose &y s.t. §0|E does not vanish <= basis for H(E; O)
€1,6 € HO(S; L( ))CHO(S I) s.t. £&1lp, &|p is a basis for HO(E; Op(1)
&s,...,En€HO(S; L(—2E)) c HO(S; L) is a basis

=— Near F, LZ:<ZlE?,...,ZN_i_> S—CN, E= {£1,£2=0}—(0,...,0)
0 0

Let {p1} =& (0)NE, {po} =& (0)NE N
U1 = neighborhood of E—{ps} in S, Uz = neighborhood of E—{p;} in S

S 77777777 o AN 7/ -
U, \1/ U,
pI p2x E
7\
Claim. (w1, ws)= <2, 29 = Z) is a chart on Uy if Uy is sufficiently small

= 17:Uh —CN, (wywa, wa, f1(wy,ws)) for some fi: U —CN~2 vanishing on we =0
similarly for Us

Claim = (21, 22) is a chart on Li(g) around ¢7(E)=(0,...,0)eCY
= 137(F) €17(95) is a smooth point, ¢7 : UUU; —C? is blowdown map, 17 (E)=(0,0). O

Pf of Claim. & /& is defined on E—{p2} = on U if U; is sufficiently small
d(£1/€)#0 on TE b/c &g, &o|p € HY(E; O(1)) is a basis
d(&2/&0) }N~ (d&2) /§0|N  does not vanish on E—{pa}
— Jac({l/fo, €2/&o) has full rank along E—{p2}. O



Changes under Blowups
S'= cmpt conn. C-surface, pe S, nglpS: replace peD*C S by y— Pl C S
E,=P! exceptional divisor, 7: S — S blowdown map, 7~ !(p)=E,, m: S—E —S—{p} biholom.

(1) my: 71 (S) —> 1 (S) is an isomorphism: N
any loop in S can be homotoped off p; any loop in S can be homotoped off E

(2) Mayer-Vietoris for S=(S—{p})Uy and S=(S—{p})UD* give

S Hi153) —— H;(S—{p})oHi(E,) — Hijs*) — ..
= Hi($®) — Hy(S—{p})® H;({p}) —= Hi(S) — ...

= 0— H,(E, ) — H;(S) =5 H;(S) — 0 is exact for all i>1

hPA(S), if (pq) #(1,1);
RML(S)+1 if (p,q)=(1,1).
only the center of the Hodge diamond changes

_ {Hi(S), if i £2; W) =

Hy(S)®Z{[E,]}, ifi=2;

(3) Divisors on S vs. S: Div(S)=Div(S)®Z{E,}

k

divisor = ZaiCi with a; €Z, C; C S, S irred. curve
i=1

{irred. curve C CS— {p}} {1rred curve C'C S— E,}

What if irred. curve C'C S passes thr. p?
Take a chart (z1,22): (U, p) — (C2,0)

= CNU=(f) with f(z1,22)= ka(Z]_,ZQ), fr= homogen. of degree k, f,,, Z0, m=ord,C'>1
k=m
charts on U={((, z) eP* xC2: ze/} C S: ﬁiz{([y},uQ],z)Eﬁ: u; #0}
C*«— Uy, (21,w2—u2/ul)<—>([1,w2]7(21,w2Z1))

Wﬁl(c)ﬂﬁlz(foﬂﬁ) fi, Fi(z1, wez) Zﬁfk (1, wa2) =21"g1(21, w2) with g1|p 5, #0

(C)mU1 {1 gl(zl,wg =0} =m( me1)+€mU1

(C)ﬂUQ {22 gg 22,w1 0} m E ﬂU2)+CﬂU2
= the closure of C—{p} in S = the proper transform of C under 7 (or in )
Crl. If CCS is a curve, then 7*C =C+mE,, where m=ord,C = C-E,=m

=

. irred. curve CCS ~ C+mE, C S with C and E, irred.
— if CC S is irred. curve, then either C= E,
or CzﬁE = C-E=m>0 — GZW:W*(W(C»—W’LEP
— Div(S) =Div(S)®Z{E,}



Side Note 1. As smooth manifolds, B1,S = S4P2? and E,=P! linearly embedded into P?.

Since the normal bundle of P! in P? with the standard complex orientation is 7*, the normal
bundle of P! in P2 is v (which is isomorphic to v* as a smooth vector bundle, but has the opposite
orientation). By definition, B1,S is obtained by gluing the complement S —D* of the open ball D*
around p in S with the disk bundle of ~; the latter is the complement of the open ball D* around
a point in P2—P!. This implies the claim above.

Side Note 2. The blowup of S at p separates curves intersecting transversally at p:

s “@ Ep=P(T),5) © S
Cy \ TpC’1
p - '\\
CQ \_Tpc2
N
N

If (21,22): (U, p) — (C?,0) is a coordinate chart, we could take C;=(21) and Cy=(z2).
The holomorphic functions wy =210, wy=z907: 71 (U) — C then satisfy (w;)=E,+C;.

More generally, blowing up S at p reduces the order of contact of two curves at p and the extent
of the singularity of a curve at p. For example, if C'y and Cs have contact of order 2 at p, then C}
and Cy intersect transversely at the point 7,Cy =T,Cs of E,=P(T,S5):

01/02

Side Note 3. The Castelnuovo-Enriques Criterion holds in the complex category.
The key needed statement is the following.
Prp. If Sisa cmpt C-surface, EC S is a smooth curve s.t. E~P! and E-E=-1,and peFE,
then there exists a holomorphic function w: W — C on a neighborhood of E in S
so that w|g=0 and (dw: NgE— C)=(p).
A pair of such functions (wy,w2): U—UCC2?, with B, %o, defines a contraction of E.

More details in Chapter III of Barth-Hulek-Peters-van de Ven and references cited there,
or just try to sort this out yourself.



