MAT 566: Differential Topology
Fall 2006

Problem Set 3
Due on Thursday, 10/19, by 5pm in Math 3-117

Problem (ii): We have computed the Zs-cohomology ring of the real Grassmannian and
showed that the natural homomorphism

fr: H* (Grp,R>; Zg) — H*((RP*)"; Zs)

is injective by assuming that Stiefel-Whitney classes exist (classes that satisfy the required
Naturality, Normalization, and Product Formula properties, as on pp37,38). The aim of
this problem is to reverse the relevant arguments in order to construct Stiefel-Whitney
classes.

The Naturality Property implies that SW-classes arise from the cohomology rings of the
Grassmannians. So, for each n,r €Z", we could start by picking some classes

wyr(yn) € H" (Grn]Roo; Zg).

The Naturality property would then be forced by Theorems 5.6 and 5.7. The Normalization
property is easy to achieve: simply take

wi(71) € HI(RPOO;Z2)

to be the nonzero element. The tricky part is the Product Formula; by the uniqueness of
the SW-classes there is only one way to choose w; () for (n,r)#(1,1) so that it is satisfied.

(a) Assuming that SW-classes exist, show that wy(v,) is represented in H* (Gr,R>; Z3) by
the cell corresponding to the partition (1,...,1) of r; see Problem 7-A and the preceeding
paragraph.

(b) Without assuming that SW-classes exist, determine the image under f; of the class
wy(yn) € H* (Gr,R>; Zy) represented by the partition (1,...,1) of r.
Hint: Proceed by induction on n and use Problem 6-C.

(¢) Conclude that
o* (GrnROO; Zg) ~ Zo [wl(fyl), . ,wn(fyn)]
as graded algebras, with degw,(y,)=r, and that f is injective.
Note: Here wi(Vn), - .., wn(7n) are explicitly chosen elements of H* (GrnRoo; Zg).

(d) Conclude that the classes w;(7,) induce characteristic classes that satisfy all properties
of the Stiesfel-Whitney classes.



