MAT 531: Topology& Geometry, 11
Spring 2006

Final Exam Solutions

Part I (choose 2 problems from 1,2, and 3)

1. Suppose M is a compact manifold and o is a nowhere-zero closed one-form. Show that

[o] # 0 € Hior (M).

We need to show that « is not exact, i.e. a#df for any fe€C>(M). Suppose f: M — R is a smooth
function. Since M is compact, f must achieve its maximum at some point m € M (not necessarily

unique). Then, df|,, =0, since in local coordinates near m all partial derivatives of f must vanish
at m. Since al,, #0, df #a.

2. LetY and Z be the vector fields on R? given by
0 0 0 0 0

y - % il sl d 7z —al b L L
(1,22, 23) 8x1+$3a$2 x28x3 an (x1, 22, 23) a8x1+ 8x2+68x3’

where a, b, and ¢ are constants.
(a) Compute the Lie bracket [Y, Z].
(b) Describe the flows ps of Y and ¢y of Z.

(¢c) For what constants a, b, and c do these two flows commute?

(a) The Lie bracket of two smooth vector fields Y and Z on a manifold M is defined by
Y, 2]: C*(M) — C*(M), Y. Z|lf=Y(Zf)-Z(Y[).

Since the Lie bracket of two coordinate vector fields vanishes, in this case we obtain

Y, 7] = (Y(a)ﬂ Ly s Y(c)i) _ (z<1)i b Z(a3) -2 — Z(w9)2 )

81‘1 83?2 8x3 (9371 8%2 8753
0 0 0
=0- (O—i_caim_baixkg) __087{1;2—’_6871‘3

(b) Since Z is a constant vector field, its flow v, are translations with the velocity (a, b, c), i.e.
Yi(x1, 22, 23) = (v1+at, xa+bt, x3+ct).

If (a,b,c) =0, 1)y is just the identity map, i.e. the flow is stationary. The effect of the flow s of Y on
the z9 and x3-coordinates is the clockwise rotation by angle s. To see that this rotation is clockwise,
notice that

0 0

Y(O,].,O) == 67;1,‘1 - 87@37

i.e. points down in 3 at (z2,x3)=(1,0). The first component of Y shifts the planes x; =const at the
unit speed in the direction of increasing x1. Thus, ps(z1,z2,z3) is the clockwise spiral around the
r1-axis moving to the right. Explicitly,

@s(x1,7cos0,7sinf) = s (14,7 cos(@—s),rsin(0—s)).



(c) By Problem 2 on PS4, the flows g and 1 for Y and Z commute if and only if [V, Z] =0. By
part (a), this is the case if and only if b=c=0, so that 1 is a sideways translation (i.e. in 1 only).

Alternatively, s is a composition of a nontrivial (if s # 0) sideways translation (i.e. in x;) and a
nontrivial rotation in z2 and z3. On the other hand, ; is a composition of a sideways translation
and a translation in xo and z3, either of which might be trivial. Since all translations commute
and (xg,x3)-rotations commute with z1-translations, the flows s and 1, commute if and only if the
nontrivial (xg, x3)-rotation for ¢s commutes with the (z2,x3)-translation for ;. Since rotations and
translations in R? do not commute, the latter is the case if and only if the (z2,x3)-translation for 1
is trivial, i.e. b=c=0.

3. Describe explicitly trivializations and transition data for the vector bundle TS? — S2.

Suppose M is a smooth manifold and 7: V — M is a vector bundle of rank k. A trivialization
of V over an open subset U of M can be constructed by finding si,...,s, € I'(U; V) such that

s1(x),...,sk(x) € V, are linearly independent vectors (and thus a basis for V) for all x € U. Such
sections s1,...,s; must exist if U is sufficiently small. Then, for every x € U and v € V,, there exist
unique

c1(v),...,cx(v) €R s.t. v=rci(v)s1(z) + ...+ cx(v)sp(x).
A trivialization of V' over U can then be defined by

h: Vg — UxRF, h(v) = (7(z), c1(v), ..., ck(v)).
If ho: Vg, — Uq xR¥ and hg: Vg, —Ug xR* are two trivializations, then
haohg': (UaNUg) xR¥ — (UaNUs) xR"

is a diffeomorphism which commutes with the projection map onto the first component and is linear
on the fibers of this projection. Thus, for every x € U,NUgz there exists a unique gog(x) € GLiR such
that

{haohgl}(x,v) = (2, gap(z) - ) v veRF.

The smooth map
Jas: UaﬂUg — GLLR

is then the transition map from (Ug, hg) to (Uq, ha)-
Suppose next that V=TM is the tangent bundle. If
Ya=(T1,...,xy): Uy — R"

is a coordinate chart, then the coordinate tangent vectors

0 0
— ., =— € (Uy; TM
ox1 oxy, (e )
are linearly independent at each point of U. Furthermore, for all t€U and veT, M,
@) A vlan) o
v=uv(r])— vt u(zn)—| .
! (91‘1 x " 8iL‘n x



It is sufficient to check this identity on the functions z1,..., 7, on U as they form a basis for F,/F?
for all x€U; see Theorem 1.17 of Warner. Thus, we obtain a trivialization of T'M over Uy:

ha:TM|y, — Uy xR", ha(v) = (7(v), v(@1), ..., v(2n)).

Suppose
03=Y1,--,yn): Up — R"

is another coordinate chart. By the above,

dy;j -

%v(l‘) 0 szgv(y‘)izgv(y)iﬂs& ©5) 0
i=1 ' 6.%1 j=1 ’ ayj j=1 ’ =1 " ’ Y Oz
i=n ,J=n 9
= <Zj(80a0¢5 )Zj (y])> a$ )
i=1 " j=1 ¢

where J (gpaogagl) is the Jacobian of the map gpaocpgl between open subsets of R™. Thus,

t , t .
(v(@1), -, v(@n))" = T (Pacey ) (v(1); - - 0(yn)) = gas(@) = T(9a095") | -
In other words, the transition map from (Ug, hg) to (Ua, ha) is gaﬂ:j((paogpgl) o g.

In the present case, M =S? CR3. We take
U, =5*-1(0,0,1), Usg=5*-(0,0,—1),

and ¢, : Uy, —R? and pg:Ug —R? to be the projections from the north and south poles. In other
words, for each (z,y,2) € Ua, palx,y,2) € R? is the intersection of the line passing through (0,0, 1)
and (z,y, z) with the zy-plane. Explicitly,

r oy oy
‘p“(x’y’z):(l—z’l—z> and ‘pﬁ(x’y’z):<1+z’1+z)'

Thus,

raoi Yot = (o als) =
9004 90/3 9 - 52+t2’82+t2
1 <—52—i—t2 —2st >_ (1+2)? (—x2+y2 —2xy >

—2st  s2—t2 ) (22 +y?)? 2y

_ -1 _
gaﬁ—j(sﬁao‘ﬂg )O‘PB = ( —2xy xt—y

s2+12)2
Thus, the transition data for the trivializations {(Ua, ha), (Us, hg)} of T'S? — 52 is

o 9a=Gng: UaNUg — GLgR,

_ (42 [ —a?4y? -2y
gaﬂ(xvyvz) - ($2—|—y2)2 _21,3/ $2—y2 )
T S G e
9ga\T,Y, - <1+Z)2 _2$y x?_yZ - ($2+y2)2 _2-'L'y 1’2—y2 )



since 2242 +22=1.

Alternatively, we can view S? as the complex one-manifold
CP' = {[Xo, X1]: (Xo, X1) €C2—{0}},
or the Riemann sphere. We then take
Up = {[Xo, X1]€CP" : Xo#0}, Uy = {[Xo,X1]€CP': X; #£0},

wo: Up — C,  o([Xo, X1]) = X1/Xo, e1: U1 — C,  ¢1([Xo, X1]) = Xo/X1
= poop; C —=C* {poopr H2) =27 g =T (poowrt) o = —1/2% = X7/ XG.
Thus, the transition data for the trivializations {(Up, ho), (U1, h1)} of the complex line bundle TCP! — CP!

is given by

901, 910=9o1: UoNU1 — GL1C=C*, go1([Xo, X1]) = —X1/X5, ag10([Xo, X1]) = —X3/X}.

Forgetting the complex structure in the complex line bundle TCP! — CP!, we obtain transition
data for the real bundle T'S? — S? of rank 2 by viewing C* as subspace of GLoR. An explicit (and
standard in complex analysis) identification of S? with CP! is given by

S? — cpP!, (z,y,2) — [x—Hy, 1—|—z] = [1—2,3:—13/},

i.e. by extending the chart ¢g. Since U, =Uy and Ug="U; with this identification, plugging this into
the above transition data we obtain

9aB =901, 98a =9g10: UaNUg — C* C GLaR,

1+2\2 (1+2)? . (142)? —2?+y? 2y
7) = — oo (@7 —y?) = 2iay) = 5 22 |
T+iy (z2+y?) (2 +y?) 2zy ity

—z —2)2 —2)? —z2 492 T
1 )2:_((1 ) (1-2) ( +y? 2wy )

-y EEaE @HPE\ 2y -2ty

9op(T,Y,2) = —(

gsalw,9,2) = —( (a®—y?) + 2iay) =

This transition data differs from g, and gg, obtained previously, because under the above identifi-
cation of S? with CP! the chart (U,, ¢,) defined previously corresponds to the chart (Up, @o), while
(Ug, pp) corresponds to (U, ¢1).

Part II (choose 2 problems from 4,5, and 6)
4. Compute the singular homology of a point directly from the definition.

If R is any ring (e.g. R), we will show that

R, if p=0;

H,(pt; R) =
o(Pti R) {O, otherwise.



Let Sp(pt) = Sp(X; R) be the free R-module with a basis consisting of smooth maps f: A? — pt,
where AP CRP is the standard p-simplex. In this case, there is only one such map, which we denote
by fp. Thus,

Supt) = R{,} = R ¥ p>0.

By definition, H,(pt; R) is the p-th homology of the chain complex (S,(pt),d), where
Op: Sp(pt) — Sp—1(pt)
is the boundary operator.

Ifp>1,
i=p
Opfp = Z(_l)zfpob?a
i=0
where ' : AP~1 — AP are the maps described in Section 4.6 of Warner. However, in this case it does
not matter what these maps are, since the map fyo.l’: AP~ s pt must be fp—1. Thus,

o.f Zz:]:)( 1) f00? ZZZI:)( 1)if 0, if p is odd;
= —_ ol. = —_ _ =
pop Pt P P Pl fp—1, if p>0is even.

By definition, dy=0. Therefore, the homomorphism
Op: Sp(pt) — Sp—1(pt)
is an isomorphism if p>0 is even and trivial otherwise. We conclude that

R, if p>0 is odd;

R, if p>0is odd or p=0;
ker 0, ~ .
0, otherwise;

0, otherwise;

Im 8p+1 ~ {

R, if p=0;

— H,(pt; R) = ker 0, /Im 0p+1 =~
»(pt; R) /T Op. 11 {07 otherwise.

5. (a) Show that RP?xRP3xRP* is not orientable.
b) Describe the orientable double cover of RP?xRP3xRP*.

(a) By Problem 5 on the 06 midterm,
RP?xRP?xRP* = RP? x (RP*xRP?)

is orientable if and only if RP? and RP3 x RP* are orientable. On the other hand, by Problem 6b
on PS6, RP" is orientable if and only if n is odd. Thus, RP? is not orientable, and neither is
RP2xRP3xRP%.

Alternatively, let
7:52x83%x St — RP?xRP3xRP*



be the natural covering map. It is a regular covering map and the group of deck transformations is
the subgroup G of diffeomorphisms of S? x S2 x S* generated by the diffeomorphisms

CLQXidSs XidS4, idsz xagxid54, idsz Xidss X ay4,

where
an: S" — S, an(z) = —x,

is the antipodal map. In particular, G' acts without fixed points and
RP?2xRP?xRP* = ($?xS$*x8%) /G.

Since a,, is orientation-preserving if and only if n is odd (see Problem 6a on PS6), the diffeomorphism
as xidgs xidga is orientation-reversing. Therefore, RP? x RP3 x RP* is not orientable.

(b) Let a,, and G be as in the previous paragraph. Denote by Gy C G the subgroup consisting of
orientable diffeomorphisms. The oriented double cover of the non-orientable space

RP?xRP*xRP* = ($*x $*x S*) /G

. given b
S M = (S*x S xS8%) /Go.

Since idg2 X a3 xidga is orientation-preserving, while asxidgs xidgs and idg2 xidgs X a4 are orientation-
reversing,

Go = {idSQ Xidss Xid54,id52 XagXidS4,02Xid53 ><a4,a2><a3><a4}
= {idsQ Xidsis Xid54,id52 X(I?,Xids4} X {id52 Xidsis Xid54,(12><id53 XCL4}.

Thus,

M = (S$*x5%x8%) [Go = (S*xRP*x 5) /Gy,
where G6 = {idsz XidRps Xids4, as XidRps ><a4}.

6. (a) Determine the de Rham cohomology of RP2.
(b) Determine the de Rham cohomology of RP?#RP2.

(a) Since RP? is connected,
H{.x(RP?) =~ R.

Since RP? is a connected and non-orientable 2-manifold,
Hi.r(RP?) =0.
Since RP? is connected and 71 (RP?)~Zs, by Hurewicz and de Rham Theorems

H\(RP*Z) ~ Abel (i (M)) %2, = Hi(RP%R) ~ Hi(RP*Z) 2R =0
= Higr(RP?) ~ H'(RP%R)~ (Hi(RP%;R))" =0.



Since RP? is a two-dimensional manifold, all other de Rham groups are zero.

Alternatively, let 7: S2 — RP? be the standard covering projection. It is regular and its group of
covering transformations is G = {id, az} = Zg, where ag is as in Problem 5, so that G acts without
fixed points and RP?=S?/G. Since G is finite,

is an isomorphism. Thus,
HS (RP?) ~ Hi (S = {F€C™(S?): f is const, f o az = f}
= {fEC"X’(SQ): fis const} ~ R;
Hier(RP?) ~ Hior(5%)7 ~ 0 = 0.
Finally, since H2 5 (5?)~R and as: S — S? is orientation-reversing,
a5t Hiop(S%) — Hip(5%)

is multiplication by a negative number (actually —1). Thus, a3 does not fixed any nonzero element of
ngR(SQ) and
ngR(RPQ) ~ ngR(SQ)G =0.

(b) We begin by computing the de Rham cohomology of the complement U in RP? of a point or a small
closed ball. Let V be a slightly larger open ball. Since U is a connected non-compact two-manifold,

ngR(U) ~ Rv ngR(U) =0.

Furthermore,
R, if p=0;

0, otherwise;

R, if p=0;

H? . (RP?) ~
aen ) {O, otherwise.

P ~
HdeR(V) ~ {
Since UNV is an annulus and thus homotopy equivalent to S*,

R, if p=0,1;

Hior(UNV) {0, otherwise.
By Mayer-Vietoris, we then have an exact sequence

Hir(RP?) — Hip(U) © Hir(V) =5 Hir(UNV) — Higp(RP?).
Plugging in for the known groups, we obtain an exact sequence

R, if p=0,1:
0—>HéeR(U>@O£>R—>O — ngR(U)%{ ) op 5 Ly

0, otherwise.



The 2-manifold RP?#RP? is obtained by joining two copies of U, which we will call U; and Us, along
boundary annuli, so that

R, if p=0,1;

Haen(T1N0) ~ ngR(Sl) N {0, otherwise.
Furthermore, since RP?#RP? is connected,
HY.R (RP?#RP?) ~ R.
By Mayer-Vietoris, we obtain
0 — Hir (RP*#RP?) — Hi (U1) ® Hier(Uz) — Hior (U1NUs)
0 Him (RPPHRP?) — i (U1) ® Hiog (Uz) 2 Hion (UiNT2)
s Hi RPPHRP?) — Hip(U1) © Hiop (V).
Plugging in for known groups, we obtain

0— R — ROR — R % HL  (RP*#RP?) — ROR 25 R 25 g2 . (RP2#RP?) — 0.

By exactness of the sequence, the homomorphism d is trivial, and the above sequence reduces to
0 — HLp(RP2H#RP?) — ROR 25 R 25 H2 o (RP2#RP?) — 0.

The restriction of the homomorphism ¢; to each component of the domain is the restriction homo-
morphism
1 1
g1: Hyer(U) — Hgeg (UNV)

of the previous paragraph, which is nontrivial. Thus, in this case g; must be nontrivial and J; trivial.
Therefore, we obtain exact sequences

0 — Hig(RP?#RP?) — RoR 25 R —0 and 00— H2z(RP?#RP?) — 0.

It follows that
HigRP*#RP*)~R  and  H{z(RP*#RP?) = 0.

Alternatively, we can observe that RP2#RP? is not orientable and therefore HJ.; (RP?#RP?)=0.

Here is another solution. Since RP#RP? is a connected and non-orientable 2-manifold (being the
connect-sum of such manifolds),

H)r(RP*#RP*) ~R,  Higp(RP?*#RP?) =0.
On the other hand, by MAT 530, Hurewicz Theorem, and de Rham Theorem,

71 (RP2#RP?) = (a, b|a’b?) — Hy(RP*#RP? Z) = Abel(m(RP*#RP?)) = Z & Z,
= H(RP?#RP?%*R) ~ H|(RP?#RP%* Z)®zR ~ R
— Hip(RP*#RP?) ~ H (RP*#RP%R) ~ (H (RP*#RP%R))" =~ R.



Yet another approach is to observe that RP?#RP? is homeomorphic to the Klein bottle and therefore
by the de Rham Theorem
H&keR(RPZ#RP2) ~ H::lkeR(K)'

On the other hand, the orientable double cover of K is the 2-torus and we can compute its cohomology
as in Problem 5 on PS7.

Part IITI (choose 1 problem from 7 and 8)

7. (a) Show that the normal bundle of S™ in R™"™! is trivial.
(b) Show that S3x S* can be embedded into RS.
(

c) Let nq,...,ny be nonnegative integers and N their sum. Show that
S™Mox S x L. x ST

can be embedded into RNTL,

(a) Since R™™! and S™ are orientable, the normal bundle of S™ in R™*! is orientable; see Problem 4a
on PS6. Since an orientable line bundle is necessarily trivial, we conclude that the normal bundle of
S™ in R™*! is trivial.

Alternatively, the normal bundle of S in R"*! is isomorphic to the bundle of vectors normal to S™:

N = {(az,v): res", ve TR, (v,w)=0 VwGTgUS”} s gn

It consists of radial directions along S™. In particular, N' admits a nowhere-vanishing section, 9/0r.
Since A is a line bundle, it follows that A is trivial.

(b) The normal bundle of
$3=53x0 C R*x0 C R*xR*=R"

in R® is the direct sum of the normal bundle of S® in R* with the normal bundle of R* in RS:
NesS® = Ngs S @ NgsR?| o5 & (S°xR) @ (5° xR*) ~ % xR®.

On the other hand, a (tubular) neighborhood of S in R® is diffeomorphic to NgsS3. Thus, this
neighborhood contains a submanifold diffeomorphic to the sphere bundle of NgsS3:

S(NpsS?) = {veENRsS?: [u]=1} = S(S*xR®) ~ 5% x S

(c) For each i=1,...,k, let
N;,=n1+...+n; and X;i=8Mx...x8™,

The sphere X is an embedded submanifold of RN*! by definition. Suppose 2<i <k and X;_; has
been embedded into RYi-1*1. Since X;_; is an orientable N;_;-manifold (being a product of orientable



—1+1

manifolds), the normal bundle of X; 1 in the orientable manifold R": is an orientable line bundle

and therefore a trivial line. The normal bundle of
X; 1=X;_1x0C RNi-1+1l o g c RVi-1+1 R — Vit

in RNt is the direct sum of the normal bundle of X;_; in RYi-1+1 with the normal bundle of RYVi-1+1
in RNi+1.

NRNiJrlXi*l = N]RNi—lJrlXifl @NRNi+1RNi_1+1 X,
~ (Xi—l XR) ® (Xi—l XRni) ~ X;_1 w Rt

On the other hand, a (tubular) neighborhood of X;_; in R¥i*1 is diffeomorphic to Ngn,+1X;—1. Thus,
this neighborhood contains a submanifold diffeomorphic to the sphere bundle of Ngn;+1X;_1:

S(/\/’RN,L‘JrlXZ‘_l) = {UENRNi+1XZ‘_1I |U‘:1}
~ S(Xl;l XRnﬁ_l) ~ XZ',1 xS = Xz

Thus, X; embeds into RYi*t!, By induction this implies the claim.

8. Let M be a smooth Riemannian manifold.
(a) What is the symbol of the differential,

dy: EP(M) — EPTY(M)?

Under what conditions is this operator elliptic?

(b) What is the symbol of the (formal) adjoint of the differential,
Sp: EP(M) — EP~H(M)?

Under what conditions is this operator elliptic?
(c) What is the symbol of the operator

d+0: E*(M) — E*(M)?
Under what conditions is this operator elliptic?

(a) Suppose z€ M, acTiM, € EP(M), and feC>(M) is such that f(z)=0 and df|, =«a. Since d,
is a first-order differential operator, by definition

{o4,()}(B(x)) = d(f - B)|, =dfle A Blz+ (1) fla - dBle = A B() + 0.

Thus, the symbol o4, of d, is the bundle homomorphism over M given by

oq,: T*M — Hom (AP (T* M), APTHT*M)), {o4,()}(B) = anB YaeTiM, BEAP (T M), x€ M.

The operator d,, is elliptic if the homomorphism

oq, () AP(TFM) — APYH(TEM)

10



is an isomorphism for all a €T, M, a0, and x € M. If this is the case, then

<n> = dim AP(T; M) = dim AP} (T M) = ( ; ) e <)
p p+1 p+1 \p

where n is the dimension of M. This means that p=(n—1)/2, so that n is odd. On the other hand,
if p>1, then the homomorphism

o, (@) AP(Ty M) — APTHTEM), B — aAp,

is not injective; its kernel contains any element of the form aAvy. Thus, o4, (c) is not an isomorphism
in this case. The remaining case is p=0 and n=1. The homomorphism

04 () AUTEM)=R — ANTIM)~R, B —>aAfp,

is then an isomorphism if a # 0. Thus, d), is elliptic if and only if M is a one-dimensional manifold
and p=0.

(b) Since 6, is the formal adjoint of dp—; with respect to the inner-product ((-,-)) on E*(M) induced
via integration by the point-wise inner-product (-,-) on A*(T*M) and dp—; is a differential operator
of odd (first) order, o5, () is the negative adjoint of o4, , (a) with respect to (-, ):

os,(a) = —{Udp_l((X)}*: AP(TFM) — AP~Y(T M) VaeT; M, zeM.
Since the inner-product (-,-) is nondegenerate, the homomorphism
ToM — T, M, v— (v,-),

is an isomorphism. For each a € T;M, denote by v, € T, M its preimage under this isomorphism.
Since a4, () is the left-wedging with a and o5, () is its negative adjoint with respect to (v, ), it
follows that

o5, () = =ty AP(TEM) — AP"HTFM) YV a€TiM, zeM,

where ¢, is the contraction with respect to v,; see Section 2.11 in Warner.

Since 6y, is the formal adjoint of d,_1, 0, is elliptic if and only if d,—; is elliptic. By part (a), this is
the case if and only if M is a one-dimensional manifold and p=1.

(c) Since d and ¢ are differential operators of the same order (first), the symbol of their sum (as long
as it is defined) is the sum of their symbols. By parts (a) and (b), this means that

Odrs = 0q+os5: T"M — Hom(A*(T*M),A*(T*M)),
B—aApB—u,0, VaeT;M, pe N (T; M), xeM.

Since d?=0 and ¢ is the adjoint of d, §2=0. Therefore,

(d406)2 = ds +6d = A: E*(M) — E*(M).

11



Since A is an elliptic operator (see Section 63.5 in Warner), d-+0 must be an elliptic operator as well.
The reason for this is that

O'A(Oé) = J(d+5)o(d+5)(a) = 2{0’d+5(0¢)} o {UCH_(;(Oé)} : A*(T*M) — A*(T*M) i OZGT;M, xGM.l

Therefore, if oa(a) is an isomorphism, then so is g446().

Bonus Problem

Determine the cohomology ring of CP?.

Since CP? is connected (being a quotient of S?),
HY.r(CP?) =~ R.

Since CP? is a complex 2-manifold, it is also an orientable real 4-manifold. Since CP? is compact, by

Poincare Duality
H}r(CP*) =~ R.

It remains to compute H} (CP?), H3 ;(CP?), and H3 (CP?).

In order to compute these cohomology groups, we’ll break CP? into pieces. One natural choice is to
break it into three standard coordinate patches:

U; = {[Xo, X1, X2] €CP?: X;#0} ~ C?, i=0,1,2.
Another possibility is to split CP? into a tubular neighborhood V' of
CPl = {[Xo,Xl,XQ]E(CP2 : XQZO}

and the complement of CP! in CP?. The latter is precisely Us, while the former is diffeomorphic to the
normal bundle of CP! in CP2. By Problem 6 on PS2, this normal bundle is isomorphic to 73, where
71 — CP! is the tautological line bundle. In fact, we can take a rather large tubular neighborhood
of CP!:

V = {[Xo, X1, Xo] €CP? : (X0, X1)#0} =71, [Xo, X1, a(Xo, X1)] «— ([Xo, X1], ).

Note that V' =UyUU;. While we could determine the cohomology of V' via Mayer-Vietoris, this turns
out to be unnecessary.

We will determine the cohomology of CP? using the splitting CP?= U,UV. First,
UsNV = {[Xo, X1, X2] €CP? : (X, X1)#0, X0 £0} = C*—0, [Xo, X1, Xo] — (Xo/X2, X1/X5).
Thus, UsNV is homotopy equivalent to S C C2. Therefore, UsNV is connected and

R, if p=0,3;

HE - (UanNV) &
aer(U200V) {O, otherwise.

or the second equality to hold, the definition of symbol given in class and in Warner 6.28(3) should be multipled by
1/k!, where k is the order of the operator.
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Since V is diffeomorphic to a vector bundle over CP! ~ S2?, V is homotopy equivalent to S2. In
particular, V' is connected, simply-connected, and

R, if p=0,2;
P V) ~ 9 s 4y
acr (V) {0, otherwise.

Finally, Us is diffeomorphic to C2. Therefore, Us is connected, simply-connected, and

R, if p=0;

HE - (Us) ~
acr(U2) {O, otherwise.

Thus, by van Kampen Theorem, CP? = U, UV is also simply connected. By Hurewicz Theorem, de
Rham Theorem, and Poincare Duality,

H{(CP*Z) = Abel(m (CP?) =0,  H(CP%R) ~ Hi(CP%Z)®;R =0,
Hix(CP?) ~ HY(CP%R) = (Hi(CP%;R))" =0,  Hip(CP?) =~ (Hjg(CP?)" =0.

By Mayer-Vietoris, we have an exact sequence
Hiep (U2NV) — Hig(CP?) — Hig(U2)®Hig (V) — Hig(U2NV).
Plugging in for the known groups, we obtain an exact sequence
0 — H3R(CP?) — R —0 = H3r(CP*H) =~R.

Finally, by Poincare Duality, the pairing

ngR(CPZ) ® ngR(CPQ) — Rv [04] ® [5] — a A /87
CP2

is nondegenerate. Therefore, we have an isomorphism of graded rings
H}on (CP?) ~ Rlu] /u?,
where the degree of u is defined to be 2.

Note: We can compute H} (CP?) and H3 5 (CP?) from MV as well. The natural generator u for
H: 1 (CP?) is the first chern class of the line bundle v5 — CP2. You should now be able to guess
what the de Rham cohomology of CP" is and to prove your guess inductively.
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