MAT 530: Topology& Geometry, 1
Fall 2005

Final Exam Solutions
Part I (choose 2 problems from 1,2, and 3)

1. Suppose X is a T'1 topological space. Show directly from the definitions that X is normal if and
only if for every closed subset A of X and open subset U of X such that ACU there exists an open
subset V' of X such that ACV and V CU.

Suppose X is normal, A is a closed subset of X, and I/ is an open subset of X such that A CU.
Since U is open in X, the set B=X —U is closed in X. Since ACU,

ANB=AN(X-U)=A—-U=0.

Thus, A and B are disjoint closed subsets in X. Since X is normal, there exist disjoint open subsets
V and W in X such that ACV and BCW. Since VNW =( and W is an open set,

VAW =0 — V-U=VN(X-U)=VNBCVNW=0 = Vcu,
as needed.

Suppose X is a T'1-topological space and for every closed subset A of X and open subset U of X
such that A CU there exists an open subset V of X such that ACV and V CU. Let A and B be
disjoint closed subsets of X. Since B is closed, the set /=X —B is open in X. Furthermore,

A-U=AN(X-U)=ANB=10 = AcU.

Thus, there exists an open subset V of X such that ACV and VCU. Let W=X—V. Since V is
closed in X, W is open in X. Furthermore,

VAW =VN(X-V)=V-V=0 and B=X-UCX-V=W.

Thus, V and W are disjoint open subsets of X containing A and B, respectively. We conclude that
X is normal.

2. Let X be the subspace of R? given by

X=(Ix0)uOxnu [ JU/m)xI,  where  I=[0,1].

neZ+

Show that the retraction r : X — 0x 1 is a homotopy equivalence, but 0 x 1 is not a deforma-
tion retract of X (i.e. there exists no homotopy H : X xI — X between id x and r such that
H(0x1,t)=0x1 for all t).



The space X is an infinite comb:
pHH_u
We denote by p the point 0x1 and by i: {p} — X the inclusion map. We need to show that the

maps
roi: {p} — {p} and ior: X — X

are homotopic to id () and id x, respectively. In fact, the first map is id (;. To homotop id x to r,
first retract the vertical line segments at the same rate down to Ix0, then retract 1x0 to 0x0, and
finally move 0x0 to p. Formally,
(u, (1-3t)v), ifte|0,1/3];
H:XxI — X, H(uxwv,t) =< ((2—3t)u,0), if te[1/3,2/3];
(0,3t—2), if te[2/3,1].

During this homotopy the point p gets moved around.

It remains to show that if H: X xI — X is any homotopy from id x to r, then H(p,t*)+#p for
some t* €0, 1]. We show in the next paragraph that for each n € Z* there exists ¢, € [0, 1] such that

H((1/n)x1,t,) = (1/n)x0,

i.e. the top of the vertical line segment (1/n)x I must pass through the bottom point of the line
segment in order to get to p. Since I is a compact set, a subsequence of (¢,),cz+ converges to
some t* € I. Since the sequence (1/n)x 1 converges to p in X, a subsequence of ((1/n)x1,t,)
converges to (p,t*). Since H is a continuous function, it follows that H(p,t*) is the limit of a
subsequence H((1/n)x1,t,). Since H((1/n)x1,t,) = (1/n)x0 for all n € Z*, we conclude that
H(p,t*)=(0,0)#p, as claimed.

Finally, we show that for each n € Z" there exists ¢, € [0,1] such that H((1/n)x1,t,)=(1/n)x0.
Suppose not. Then, the image of the map

f:I— X, f(t)=H((1/n)x1,t),
is contained in the set
X—{(1/n)x0} = (1/n)x(0,1] U (X —(1/n)x[0,1]).

The sets (1/n)x(0,1] and X —(1/n)x 0, 1] are open and disjoint. Since I is connected, so is f(I)
and thus f(I) is contained either in (1/n)x(0,1] or in X —(1/n)x |0, 1]. However,

f(0)=H((1/n)x1,0) =id x ((1/n)x1) = (1/n)x1 € (1/n)x (0, 1] and
f)=H((1/n)x1,1) =r((1/n)x1) =p € X—(1/n)x[0,1].

Thus, f(I)Z X—{(1/n)x0}.



3. (a) If p, q, and r are points in R?, let
Pp,q) = {f€CL,R?): f(0)=p, f()=q}  and  Plp,g;r) ={fePp,q): f'(r)=0}.

Show that if r#p,q, then P(p,q;r) is open and dense in P(p,q) in the uniform topology (I=]0,1]
and C(I,R?) is the space of continuous functions from I to R?).
(b) If Y CR? is countable, show that R2—Y is path-connected.

The space P(p, q) consists of paths from p to ¢ in R?; P(p, ¢; ) consists of the paths from p to ¢ that
do not pass through the point . The uniform topology on P(p,q) is the topology corresponding
to the uniform metric on P(p, q):

p(f,9) =sup{|f(s)—g(s)|: s},
where |z —y| denotes the standard (round) norm on R2. A basis element in this topology is
B,(f.€) = {9€P(p.q): p(f,9)<e} = {9€P(p,q): |f(5)—g(s)|<e Vsel}.

The second equality holds because I is compact and thus

sup {|f(s)—g(s)|: s€I} = |f(s*)—g(s")] for some st el

(a) First we show that P(p,q;r) is open in P(p,q), i.e. for every f € P(p,q;r) there exists € >0
such that B,(f,€e) CP(p,q;r). Since f is continuous and I is compact, f(/) is a compact subset
of R2. Since the compact set f(I) is contained in the open set R?—{r}, there exists ¢ >0 such that

U{yERQ: |y—f(s)|<e} c R*—{r}.

sel
Then, for all g€ B,(f,¢)
|f(s)—g(s)| <e Vsel = g(s) €R2—{r} Vsel =— g_l(r) =0 = gePpqr).
ThUS, Bp(f7 E)C’P(p7Q7r)

We next show that P(p, ¢;r) is dense in P(p, q), i.e. for every feP(p,q) and €>0
Bp(f7 6) N P(pa Q7T) 7é @

Let 6 =|r—q|>0. We can assume that e<J. Since f is continuous and I is compact, f is uniformly
continuous. In particular, there exist

to,t1, ...ty €1 s.t. to=0<t1 <...<tp_1 <t,=1
and |f(s)—f(t)| <€/3 Vs, tetpr,ti], k=1,2,...,n

Let go=f|t,- Suppose 0<k<n—1 and we have constructed a continuous function

gk : 0, tg]) — R? s.t. 9, (r) =0, gx(0) =p,
lgr(tr)—F(te)| < €/3, |ge(te)—f(te1)| < €/3,  |ge(t)—f(t)] <€/3 Vi[O, ty].



This is the case for k=0, since go(0)=f(0)#r. Let ¢ be the line through the points r and g(tx).
If k+1 #n (i.e. tx11 #1), choose

Yor1 € R2—0p st ykr1—ge(te)|<€/3,  |yrr1—Ftos)|<€/3,  |ybs1—f(tre2)| <e/3.

This is possible, since |f(tg+1)—f(trt2)| <€/3. If k+1=n, take yr11=f(1)=gq. Define

gr (), if €0, tx);
Gt [0, 1] — R by Gr+1(t) = s it t—ty .
ey Ok () + 2 Yk, I L€ [k, tega]-

If k+1+#n, then yr1 € lk. Thus, gry1(t) €Ly for all t€ (tg, tp11] and gri1(t) #r for all ¢ € (tg, tgi]-
If k+1=n, then

Y1 = f(Q), |ft)—fD)]<e<d = |gpn@®—fQ)] <8 Ve[t tpr]
— Ger1(t) # 1 VEE [th, trya].

Thus, gk_il(r) = (. Since gxi1(tk+1) = yr+1, the two inductive requirements on giyi1(tgs1) are
satisfied. Finally, for all t € [t, tx11],

gk () = F(O)] < |gr1(t) — ge(ti)| + g (tr) — f(tR)| + | f(tr) — F(8)| < 3(e/3) =e.

After n steps we obtain a piecewise linear path g = g, from p to ¢ such that ¢~!(r) = () and
|f(t)—g(t)|<e for all tel, ie.
g € Bp(f7 6) N P(pa Q7T)

f ft1) . f(t2) q
T

9 Y2

(b) Let p,q€R%2—Y be any two points. The evaluation map
evo: C(I,R?) — R*xR?, evoa(f) = (£(0), £(1)),
is continuous in the uniform topology on C(I,RR?). Thus,
P(p.q) = evyi(pxq) C C(I,R?)

is a closed subset. Since (C(I,R?),p) is a complete metric space, so is (P(p,q),p). By the Baire
category theorem, P(p, q) is a Baire space. The space of paths in R2—Y from p to ¢ is

Pp.g;Y) =[] Plp.a;r).

reY

By part (a), P(p,q;r) is a dense open subset of P(p,q) for all r € Y C R>—{p,q}. Since P(p,q)
is a Baire space and Y is countable, it follows that P(p,q;Y) is dense in P(p,q). In particular,
P(p,q;Y) is not empty, i.e. there exists a path in R>~Y from p to ¢. We conclude that R2—Y is
path-connected.



Part II (choose 2 problems from 4,5, and 6)

4. Determine the number of coverings of the space RP? x RP? (up to equivalence, with path-
connected covering space).

Since 71 (RP?)=2Z,,
m (RP*xRP?) = m (RP?) x m (RP?) = Zy & Zo.

Since RP2xRP? has a universal cover, i.e. $?xS?, the equivalence classes of coverings of RP?xRP?
correspond to the conjugacy classes of subgroups of Zo@®Zs. Since this group is abelian, the number
of coverings of RP2xRP? is the number of subgroups of Zo@&Zsy. There are 5 such subgroups: the
trivial subgroup, the entire group, and the three subgroups consisting of the zero element and one
of the nonzero elements. So, the answer is 5.

Remark: The trivial subgroup and the entire group correspond to the universal cover S?x.S? and
the space RP2xRP? itself, respectively. The two proper subgroups m; (RP2 X pg) and 7 (p1 XRPQ)
of m; (]RP2 X RP2) correspond to RP?x 82 and S? x RP?. Finally, the “diagonal” two-element
subgroup of m; (RP2 XRPQ) corresponds to

(S?xS%)/{£1} = RP2xRP2, where (=1) - (z1 x@2) = (—21) X (—m2);

RP2xRP? is the orientable double-cover of RP2xRP?. The fiber of this covering map over a point
of RP? xRP? consists of the two orientations at that point. In general, given a connected man-
ifold M the double cover M of M defined in this way is connected if and only if M is not orientable.

5. Show that RP3 is not homeomorphic to a product of two manifolds of positive dimensions.

Suppose RP? is homeomorphic to X xY, where X and Y are manifolds of positive dimensions.
Since the dimension of RP3 is 3, the dimension of X must be 1 and the dimension of Y must be 2
(or vice versa). Since RP3 is compact and connected, so is X. Thus, X is a compact connected
1-dimensional manifold, i.e. X =S'. Thus,

T (RP?) = m(X) x m(Y) = Z x m (V).

However, this is impossible, since 71 (RP3) = Zs is finite.
6. Show that if f: St — St is null-homotopic, then f(x)=—x for some x€S'.

Let g: S' — S! be the map given by g(z) = —f(x). Since f is null-homotopic, so is g. Thus, g
extends to a continuous map

h: B*> — S' c B~
By Brouwer fixed-point theorem, h has a fixed point, i.e. h(y)=y for some y € B2. Since h(x)€ S*
for all x€ B?, ye S'. Thus,

y="nhy) =9 =—-f) — fy)=—y.



Part III (choose 1 problem from 7 and 8)

7. Let T denote the standard torus. Show that two continuous maps f,g: (T,x0) — (T, y0) are
homotopic if and only if the homomorphisms

f*?g*: 7T1(T7 IL’O) — 7T]_(T, ZUO)

are equal. (In this case, homotopic means homotopic as maps of pointed spaces, so the homotopy
must always map xo to yo).

If H: TxI — T is a homotopy from f to g such that H(xo,t) = yo for all ¢t € I, then the
homomorphisms
f*?g*: 7T1(T7 IL’O) — 7T]_(T, ZUO)

are equal. In fact, if «: I — T is a loop based at zp, then Ho{axid} is a path-homotopy from
foa to goa.

Suppose the homomorphisms f,, g« : 71 (T, 2¢) — m1(T,yo) are equal. Since T =S'x S, we can
write xg=x01 X Zg2. Let

p: (RxR,0x0) — (S*x S, 20) plu, v) = (0,1€2™%) x (20.262™"),
be the universal covering. Let ¢g=p|rx;. Choose a point QOEP_I(yo). Let
dr dg: (Ix1,0x0) — (RxR, i)

be the lifts of the maps
foq,goq : (IXI7OXO) — (T7y0)7

respectively, over p:

(T, yo) (T, o)

(Tv yO)

Let
H: (IxI,0x0)xI — (RxR,), H(z,t) = (1-1) Gs(2) + tG,(2),

be the straight-line homotopy from ¢y to g, in RxR. Then,
poH: (IxI,0x0)xI — (T,yo)

is a homotopy from foq to gog. In the next two paragraphs we will use the assumption that f, =g,
to show that

H(1xv,t) — H(0xv,t) € Z* CR?* H(ux1,t) — H(ux0,t) € Z* CR*  Vu,v,tel
= {poﬁ}(Oxv,t):{poI:I}(lxv,t), {poﬁ}(uxo,t):{poﬁ}(uxl,t) YV u,v,t €l



Thus, {poﬁ } descends to a map on the quotient
H:X:((IXI)XI)/~—>T, where (Oxv,t)w(lxv,t), (uxO,t)w(uxl,t) Yu,v,tel.

This map is continuous in the quotient topology. With this topology, X is homeomorphic to T'x I.
The quotient projection map is

gxid: (IxI)xI — T'x1.

(we have simply identified the two vertical edges in the square I x I and the two horizontal edges
in I xI). Thus, we have found a continuous map H: T x I —T such that

poH = Ho(gxid), Hlpxo=ads, Hlpxi=dg H(zo,t) =50 Vtel —
Ho{gxid }|p2x0 = poH| 250 =poqy = foq, Ho{gxid }|p2x1 = poH|251 = pogy = goq
{poH }oxoyxr = Yo - Hlrxo=f, Hlrx1i =9, Hlzxo= Yo

(I%2,0)x I (R2, 4o)

|qxid |p

H
(T7 l‘o)XI ______ - (T7 yO)

We conclude that H is a homotopy from f and g.

It remains to show that
ﬁ(lxv,t) —ﬁ(Oxv,t) € 7Z? C R?, ﬁ(uxl,t) —fI(uxO,t) e Z? C R? YV u,v,t €l
We define loops «, 8 in T based at zg by

a(s) = q(s,0) and B(s) = q(0, s).

By the uniqueness of the lifts,

af(s) = (jf(S, 0)7 dg(s) = q~g(87 0)7 ﬁf(s) = (jf(ov 8)7 and Bg(s) = (jg(ov 8)

are the lifts of the loops
fOOé,gOO[,fOB,goﬁl (-[7 0)—>(T27y0)7

respectively, beginning at gy. Since f, =g,

[foa] = [goa] € m (T, yo) and [fof] = [gof] € m1(T,y0)

= a1 —Go=ay(1)—go and  Bp(1) = go = Fy(1) — Go.
We denote the two vectors above by n, and ng, respectively. Since ay and (37 are loops in T,

Na,Ng € 72 C R



Since ¢(0,v)=q(1,v) for all vel,
p(47(0,0)) = f(a(0,v)) = f(a(1,0)) = p(dr(1,0)).
Thus, G¢(1,v)—q¢(0,v) €7Z2. Since the function
hil—7Z2CR’  h(v) = d(1,0)—;(0,v),

is continuous, the set Z? is discreet, and I is connected, it follows that h is a constant function. In
particular,

qr(1,v)=qr(0,v) = ¢¢(1,0) =7 (0,0) = ay(1)—as(0) = ar(1)—go = Na Vvel.
By the same argument, we find that
dg(1,v)—qg(0,v) = ay(1) —ay(0) = ng Vvel,
dr(u,1)—Gp(u,0) = Br(1)—B(0) =ng and gg(u,1)—Gy(u,0) = By(1)—F4(0) =ng Vuel.
Thus,

H(1xv,t) — H(O0xv,t) = (1—=t) §(1,v) + tdg(1,v)) — ((1—¢) Gr(0,v) + ¢ Gy(0,v))

= (1_t)((jf(1av)_q~f(0’v)) +t((jg(1’v)_(jg(ovv))
=(1—t)ng +tng =nq € Z2.

Similarly, . .
H(uxl,t) —H(uxO,t) =ng € 72,

as claimed.

8. Determine the homeomorphism type of X = Xgpch,aded, i-€. the topological space represented by
the diagram

b b d d

a a

In particular, explain why X is a compact connected surface and determine to which of the standard
surfaces X is homeomorphic to.

The space X is compact because it is a quotient of a compact space, the union of the two squares.
It is connected because an edge of one of the squares is identified with an edge of the other square.
Thus, X is a union of two connected subsets (images of the two squares under the quotient map)
with a nonempty intersection. Since every label, a, b, ¢, and d, appears exactly twice, the labeling
scheme is regular and thus X is a surface.



By the Classification Theorem for compact connected surfaces, the homeomorphism type of X is
thus determined by H;(X). In order to compute 71(X) (and then H; (X)), we first need to deter-
mine the image of the vertices under the quotient map, i.e. which of the vertices are identified. We
begin by labeling the bottom left vertex of the first square x:

Cc Cc C Xo C Xo r1 C Topxy1 C Xo
b b d d b b d d b b d d
o a a Zo a Zo a o a T1To aq L1

Since the bottom edges of the two squares are identified as indicated by the arrows, the bottom
left vertex of the second square is also mapped to xg. Since the two side edges in each of the
squares are identified after a flip, the bottom left and upper right vertices in each of the squares
are identified and thus should also be labeled xp; see the middle diagram above. We can’t get to
any of the other four vertices in this way. So, they will be mapped to a different point or points
in X. We label the bottom right vertex in the first square by z1. Proceeding as above, we find
that the remaining three vertices are identified with z; and should also be labeled x1, as in the
last diagram above.

By the last diagram above, the image A of the boundaries of the two squares consists of two points,
xg and z1, two line segments running from z to 21 (a and ¢), and two line segments running from
x1 to zp (b and d):
a
b
i) T

o

d

From this picture, we see that 71 (A, zg) is a free group on three generators:
a=ab, B=act, y=ad ie. 1(A,z0) = (e, B,7]")-

All other simple loops based at xy can be written as products of these three generators. The space
X is obtained from A by adjoining two two-cells, the two squares. Thus, 71 (X, z¢) is obtained
from 71 (A, xo) by killing off the images of the boundaries of the squares, i.e.:

w1 = abchb = af o and wy = aded = v6™ 1.
It follows that

(X, 20) = (o, B,7|wi, w2) = (o, B, y|af a, 787 ) =
Hy(X) = (Zlo]@Z[F|oZ]) / (Z20—HlOZ[2v—F)
= (Z[a)®Z[20— BB ZIa—A)) [ (Z[2a—B)BZL[2(a—7)]) ~ Z & Zs.

Since X is a compact connected surface and Hy(X)~ H;(RP*RP?), by the classification theorem
X is homeomorphic to RP*#RP2.



Bonus Problem

Let Dy= Xgyqaaq be the 4-fold dunce cap, i.e. the topological space represented by the diagram

a

a

(a) Find a labeling scheme representing the universal cover Dy for Dy. Describe Dy as a subspace
of R® and the action of the group of covering transformations on Dy.

(b) Describe all (up to equivalence) covering maps with base Dy (with path-connected covering
spaces). For each covering space, find a labeling scheme representing it and describe the cover-
ing map.

In this case all vertices of the square are mapped by the quotient projection map ¢: P — Dy to
the same point in Dy, which will be denoted by xg:

o a X9

a a

o a Io

The image of the boundary of P consists of x¢ and a loop at xg; it corresponds to a. The boundary
of the square is wrapped around the loop four times in the same direction. Thus,

m1(Da, o) = (ala’) = Zla] /Z[4a] ~ Zs;

see the solution to Problem 8 for a similar computation described with more details.

(a) In order to construct p: Dy — Dy, we need to turn the nontrivial elements of 71(Dy, zo)
into paths. Let’s start with a square with the bottom left vertex labeled yy and the bottom edge
labeled a;. This vertex will be one of the preimages of xg under p. In the square for Dy, the
path along the bottom edge is a loop in D, that generates m1(Dy,xo). It lifts to a path in D,
beginning at yg, which is not a loop. This path corresponds to a;. However, as this is not a loop
in Dy, the bottom right vertex is no longer identified with the bottom left vertex. We label it y;;
it corresponds to a point of p~!(zg) different from yo:

Y2 Y3 a3 Y2
a9 ay a9
Yo a1 Y1 Yo a1 Y1 Yo a1 Y1

The lift of the loop a to Dy beginning at a; corresponds to the right edge of the square. Since this
path is different from aq, the right edge is not identified with the bottom edge and we label it as.
The path aias in D4 is the lift of the loop a? = aa beginning at yy. Since a and a? are not the
trivial elements in 71(Dy, xg), the end point of ajay is different from y; and yg, respectively. We
label it as. Proceeding in the same way, we find that the remaining vertex is again a new point
and all four edges correspond to different paths in D4; see the last diagram above.

The last square above, however, does not represent D4. The restriction of ¢ to a small neighbor-
hood U of the bottom left vertex in P is a homeomorphism. The preimage of ¢(U) under p must

10



consist of four spaces that look like U, but with xg replaced by its preimages under p: yo, y1, Yo,
and y3. Applying the last paragraph’s procedure to the squares with the bottom left vertex labeled
Y1, Y2, and y3, we obtain three new squares with labels:

Y3 @3 Y2 Yo 44 Y3 Y1 A1 Yo Y2 G2 1 ~ To a To
a4 az ai asz a2 aq a3 a —— a a
Yo ar Yr Y1 az Y2 Y2 a3 Y3 Y3 as Yo To a To

The edges of the four squares must be identified as indicated. For example, the right edge in
the first square and the bottom edge in the second square represent the lift of the loop a to D,
that begins at y;. So, they must be the same. The map p takes each of the four squares on the
left-hand side of the diagram above directly onto the square on the left, changing the labels a; to a.

The above diagram is convenient for describing the covering map p. However, for describing the
space Dy it is more convenient to modify it. Since only the word ajazazas appears in the labeling
scheme, we can replace it by a single letter, e.g. b. The space D, corresponds to

yoO yoO yoo yoO
C C C C

In other words, D, consists of 4 disks joined along the boundary circles. This space be embedded
in R3. For example, it can be obtained by starting with two-spheres of radii 1 and 2 centered at the
same point and joining them along the equators. The group of covering transforms, 71 (Dy, 2¢) =Z4,
acts by cyclicly permuting the disks and rotating the entire space. The generator of Z, correspond-
ing to the loop a in Dy rotates the disks by one-quarter turn counterclockwise. In terms of the
squares above, it takes the 1st square directly onto the 2nd, the 2nd onto the 3rd, the 3rd onto
the 4th, and the 4th onto the 1st. Formally, if we identify 71 (Dy, o) with the group {1,4, —1, —i},
then

D=({1,i,-1,-i}xB*) /~,  (\z)~\N,2) Vze S, \XNe{l,i,—1,-i},
and M- (\z2)=WV\N2) VzeBE AN e{l,i—1,-i}.

(b) The coverings of D, correspond to the (conjugacy classes of) subgroups of m1(Dy,xo) ~ Zy.
There are three such subgroups: the trivial subgroup, the entire group, and the two element
subgroup

H={1,a*} ={1,-1}.

The trivial subgroup corresponds to the universal cover p: Dy — D, described in part (a). The
entire group corresponds to the identity map Dy — Djy.

It remains to describe the covering p : E — D, corresponding to the subgroup H. We could
proceed similarly to part (a) by constructing a labeling scheme directly. In this case, the loop a?
lifts to a loop in E and we would end up with only two squares, two labels for vertices, and two
labels for edges. However,

E =D4/H

11



and we already know the universal covering D,. Based on the description of D4 and the group
action in part (a), it follows that F can viewed as a two-sphere with opposite points on the equator
identified. The corresponding labeling scheme is

b b
Yo Oyo yooyo
b b

The group of covering transformations, Z4/Zs =~ Zo, acts by permuting the two hemispheres
and rotating the entire sphere by one-quarter turn (which corresponds to half-turn for the cir-
cle S'/Zy C F). Formally,

D=({1,-1}xB*)/~,  (A\z)~\N,2) Vze S AN e{l-1},
and XN (\z)=(N\Nz2) VzeB? AN e{l,—-1}.

The map p takes each disk one-to-one to the square representing D4, mapping each semicircle of
the disk along two of the edges of the square. It is simplest to view this by using square diagrams:

Y1 a1 Yo Yo A2 Y To a o
p

as as a1 a1 _ a a

Yo a1 Y1 Y1 as Yo Zo a <o
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