MAT 401: Undergraduate Seminar
Introduction to Enumerative Geometry
Fall 2018

Homework Assignment IV

Written Assignment due on Tuesday, 10/23, at 1pm in ESS 181
(or by 10/23, noon, in Math 3-111)

Please do 5 of the following problems with Problem F counted as 2 problems and Problem I as 3
problems: Chapter 5 #1,2; Problems E-I below

Problem E

Let M be a smooth manifold of dimension m. Suppose X and Y are compact smooth manifolds
of dimensions k£ and m —k, respectively, and f: X — M and ¢g: Y — M are smooth maps that
intersect transversally in M. Recall that the last condition means that for each point

(zo,y0) € fNg={(z,y) eXXY: f(z)=g(y)},

there exist an open neighborhood U, of p= f(z9) =g(yo) in M (i.e. U, is an open subset of M and
p€U,), a smooth chart
op: Uy — R™,

and open neighborhoods V;, of 2o in f~1(U,) and Wy, of yo in g~1(U,) such that
0pof: Vig — RFx0™F  and @ 09: W, — 0F xR™F
are charts. In particular, ¢, is a homeomorphism. Show that
(a) fNg is a compact subset of X xY’;
(b) fNg is finite.
Problem F

Let M be a smooth manifold of dimension m and I=]0, 1]. Suppose X and Y are smooth manifolds
of dimensions k and m—k, respectively, and

F:IxX — M and g Y —M
are smooth maps so that the map
fi: X — M, fi(x) = F(t,x),
is transverse to g for every t€1. Show that

(a) FNgCIx X xY is a smooth one-dimensional submanifold and the restriction of the projection
7r: FFNg—1 to each connected component of F'Ng is a diffeomorphism onto an open subset
of T;

(b) if X and Y are compact, then FNgCIx X xY is a compact subset and the restriction of the
projection 7p: FNg—1 to each connected component of FNg is a diffeomorphism onto I;

(c) if X and Y are compact, then f;NgC X XY is a finite subset of cardinality independent of t€1.



Problem G
Let My and Mj be k1 x(n+1) and ko X (n+1)-matrices of full rank, with k1, ke <n. Thus,
ker M; = {X eC™™: M;X =0 ¢ Ck}
is a linear subspace of C"*! of dimension n 4 1 — k;, while
P(ker M;) = {[X]€CP": M;X =0 € CFi}

is a “linear” subspace of CP™ which is isomorphic to CP® % Find the necessary and sufficient
conditions on (Mj, M2) so that P(ker M) and P(ker Ms) are transverse in CP™. Recall that the
latter means that for every point p € P(ker M;)NP(ker M>) there exist an open neighborhood U, of p
in CP" % (see Problem E) and a holomorphic function

op: Uy — CHHR2 g6 o 1(CF x 0M) = Plker M1)NU,, ¢, (0% xCF) = P(ker M2)NU),

and the complex Jacobian of ¢, at p has full rank.

Problem H

Let f: C* — C" be an analytic map; in particular, it is a smooth map f: R?" — R?",
(a) Relate the complex and real Jacobians of f:
) (8)
ofi (8% ig=1,m \Wi)iiz1 .

e =(52) o wtn=| o ” ,
i,j=1,....,n oz | .

7j:17"'7n

where z; =x;+iy;, =0, fn), fi=gi +ih;
(b) Show that any biholomorphism (holomorphic diffeomorphism) between open subsets of C™ is
orientation-preserving (the determinant of the real Jacobian is positive).

Problem I

Let M, X, and Y be smooth manifolds of dimensions m, k, and [, respectively, and f: X — M and
g: Y —> M be transverse maps. Recall that the last condition means that for every

(z0,y0) € fNg = {(x,y) X XY : f(x)=g(y)},

there exists a chart ¢: U, — R"™ around p= f(x0) =g(yo) such that the smooth map

Vi fHUxg T (U) — R™, g(a,y) = o(f(2) = e(9(y)),
has full rank at (xg,y0) (i.e. the rank of Jacobian of ¥ at (x,yo) is m).

(a) Show that there exists a chart @: U —s R¥=" x R™ around (z¢,y0) on X x Y such that the
second component of @ is .

(b) Thus, & restricts to a homeomorphism ¢: (fNg)N U — R¥=™_ Show that any two homeo-
morphisms obtained in this way overlap smoothly (thus fNg is a smooth manifold).

(c) If ¢1 and ¢y are obtained in this way from pairs (@1, p2) and (@1, p2) that overlap positively,
so do ¢1 and ¢9 (i.e. the determinant of the Jacobian of q51_10¢2 is everywhere positive).

It follows that fNg is a smooth oriented manifold if M, X and Y are.



Discussion Topic
Grassmannians of 2-planes

Day 1: Topology and Intersection Theory of G(2,4):

Recall what G(2,4) is and the two definitions of its topology in Problem B on PS3.
Recall the charts on G(2,4). What is its dimension?
Describe cycles on G(2,4), their intersections, and relations with the Young tableaux in Aaron’s talk.

Describe applications to counting lines in C3.

This is closely related to Example 4.22 and pp95-98, but you will need to fill in all the details. In
particular, for the 3rd part above, you’ll need to describe bordisms between different cycles.

Days 2,3: Topology and Intersection Theory of G(2,n):

Describe what G(2,n) is and prove that the analogues of the two topologies of Problem B on PS3
are the same.

Describe charts on G(2,n) and show that they overlap analytically so that G(2,n) is a complex
manifold. What is its dimension?

Describe cycles on G(2,n) and relations with Young tableaux.

Describe the intersections of cycles on G(2,n) and relations with Young tableaux. In particular,
verify the following formulas:

o if n,ai,...,ax,b1,...,b; are non-negative integers,
<Ualbl cee Oapbys G(Q, n)> = <0'a17b1 Ceeo Oap—bys G(Q, n—b1 . —bk)> N

o if n,a,b,a’, b’ are non-negative integers and n—2>a>b>0,

1, ifd=n—-2-bb=n—2—q;
<0ab0alb/’ G(2,n)> - {0 otherwise;

o if n, a1, as, a3 €ZT are such that n—2>aq, az,as >0,

<0’a10'a20'a3, G(2, n)> =

1, if aj4+ag+asz = 2n—4;
0, otherwise;

o if a,az > 07
Oqq " Oqy = Z Oc,a1+az—c-
c2a1,a2
This is a special case of Pieri’s formula for G(2,n). In light of the previous identities, the
full statement of Theorem 7.1 is not necessary for the purposes of computing intersection on
Grassmannians of two-planes.

This is closely related to pp99-101, but you will need to give far more details. The supplementary
notes may help with this.



