
MAT 320: Introduction to Analysis, Spring 2019
Solutions to Problem Set 8 (32pts)

21.4; 4pts Let (X, d) be a metric space and f : X−→R. Show that the following are equivalent.

(i) f is continuous;

(ii) f−1((a, b))⊂X is open for all a, b∈R;

(iii) f−1((a, b))⊂X is open for all a, b∈Q.

Since (a, b)⊂X is open, (i) implies (ii). Since Q⊂R, (ii) implies (iii). It is shown below that (iii)
implies (i).

Suppose f satisfies (iii). Let V ⊂R be an open subset and x ∈ f−1(V ). Thus, there exists ǫ > 0
such that (f(x)−ǫ, f(x)+ǫ)⊂ V . By the Denseness of Q in R, there exist a∈Q∩(f(x)−ǫ, f(x))
and b∈Q∩(f(x), f(x)+ǫ). Thus,

x ∈ f−1
(

(a, b)
)

⊂ f−1(V ) .

By (iii), f−1((a, b))⊂X is open. Thus, every point x∈f−1(V ) has an open neighborhood contained
in f−1(V ). It follows that f−1(V )⊂X is open, and so f is continuous.

Problem M (2pts)

Let f : [0, 1]−→ [0, 1] be a continuous function (with respect to the standard metric). Show that f
has a fixed point, i.e. f(x∗)=x∗ for some x∗∈ [0, 1].

Let g : [0, 1]−→R be given by g(x)= f(x)−x. Thus, g(0)≥0 and g(1)≤0. Since g is continuous,
the Intermediate Value Theorem implies that g achieves every value between g(0) and g(1). In
particular, g(x∗)=0 for x∗∈ [0, 1].

Problem N (5+2+4pts)

Let (X, dX) and (Y, dY ) be metric spaces and f : X−→Y be a map. For each x∈X, define

ωf (x) = inf
{

sup
{

dY (f(x
′), f(x′′)) : x′, x′′∈U

}

: U⊂X open, x∈U
}

.

(a) Show that f is continuous at x if and only if ωf (x)=0.

(b) Show that for every ǫ>0 the set Uf (ǫ)≡{x∈X : ωf (x)<ǫ} is open.

(c) Show that there exists no continuous function f : Rn−→R which is continuous at all points of
Qn⊂Rn and discontinuous at all points of Rn−Qn.



For U⊂X, let ωf ;U = sup
{

dY (f(x
′), f(x′′)) : x′, x′′∈U

}

∈ R≥0.

(a) Suppose that f is continuous at x. Let ǫ > 0. Since Bǫ(f(x)) ⊂ Y is an open subset which
contains f(x) and f is continuous at x, there exists U⊂X open such that x∈U and f(U)⊂Bǫ(f(x)).
This implies that

ωf ;U ≤ 2ǫ, ωf (x) ≡ inf
{

ωf ;U ′(x) : U ′⊂X open, x∈U ′
}

≤ 2ǫ.

Since the last inequality holds for all ǫ>0, ωf (x)=0.

Suppose ωf (x) = 0. Let V ⊂ Y be an open subset such that f(x) ∈ V and ǫ ≥ 0 be such that
Bǫ(f(x))⊂V . Since ωf (x)=0, there exists U⊂X open such that x∈U and ωf ;U <ǫ. This implies
that

f(U) ⊂ Bǫ

(

f(x)
)

⊂ V.

Thus, f is continuous at x.

(b) Let x0∈Uf (ǫ). Thus, there exists U⊂X open such that x0∈U and ωf ;U <ǫ. This implies that

ωf (x) ≡ inf
{

ωf ;U ′(x) : U ′⊂X open, x∈U ′
}

≤ ωf ;U <ǫ ∀x∈U.

Thus, U ⊂ Uf (ǫ). Since every point x0 of Uf (ǫ) has an open neighborhood contained in U , the
set Uf (ǫ) itself is open.

(c) Suppose f : Rn −→ R is continuous at all points of Qn ⊂ Rn and discontinuous at all points
of Rn−Qn. By definition, Uf (ǫ)≤Uf (ǫ

′) if ǫ≤ǫ′. Along with (a), this implies that

Qn =
∞
⋂

k=1

Uf

(

1/k
)

.

By (b), each set Uf (1/k) is open. Thus, Qn is a countable intersection of open subsets of Rn.
However, this contradicts Problem I(a) on HW7.

Problem O (3+4+2+2pts)

Let (X, d) be a metric space and A⊂X be a non-empty subset.

(a) Show that the map

dA : X −→ R≥0, dA(x) = inf
{

d(a, x) : a∈A
}

,

is well-defined and continuous. Furthermore, dA(x)=0 for all x∈A.

(b) Show that dA(x) 6=0 for all x 6∈A if and only if A⊂X is closed.

(c) Let B⊂X be another subset, which is disjoint from A. Show that

d(A,B) ≡ inf
{

d(a, b) : a∈A, b∈B
}

> 0

if A is closed and B is compact.

2



(d) Give an example showing that the above conclusion may fail if A is not assumed to be closed
(but B is compact) and another example showing that the above conclusion may fail if A and
B are closed, but neither is compact.

(a) Since the subset {d(a, x) : a∈A} of R is nonempty and bounded below by 0, its infimum dA(x)
is an element of R≥0. Thus, the function dA is well-defined. If x∈A, then d(x, x)=0 is an element
of this subset and thus its infimum dA(x)=0. By the triangle inequality,

∣

∣d(a, x)−d(a, x′)
∣

∣ ≤ d(x, x′) ∀ a∈A,
∣

∣dA(x)−dA(x
′)
∣

∣ ≤ d(x, x′)

for all x, x′∈X. Thus, dA is continuous.

(b) Suppose A⊂X is closed and x 6∈A. Thus, there exists X−A is open and there exists δ>0 such
that Bδ(x)⊂X−A. This implies that d(a, x)≥δ for all a∈A and so dA(x)≥δ>0.

Suppose A⊂X is not closed and x∈A−A. Let δ>0. Since Bδ(x)⊂X is an open subset contain-
ing x, A∩Bδ(x) 6=∅. Thus, dA(x)≤δ. Since this holds for every δ>0, δA(x)=0.

(c) Since A is closed and A∩B= ∅, dA(b)> 0 for all b∈B by (b). Since B is compact and dA is
continuous,

d(A,B) ≡ inf dA(B) ∈ dA(B) ⊂ R+ .

(d) If X=R, A=R+, and B={0}, then B is compact and d(A,B)=0. If

X = R2, A =
{

(x, y)∈X : xy=1
}

, and B =
{

(x, y)∈X : xy=−1
}

,

then A and B are closed (being preimages of the closed subsets {1}, {−1} of R under a continuous
function f : R2−→R) and d(A,B)=0.

17.14; 4pts Show that

f : R −→ R, f(x) =

{

1/q, if x=p/q, p∈Z, q∈Z+, gcd(p, q)=1;

0, if x∈R−Q;

is continuous at each x∈R−Q and discontinuous at each x∈Q.

For each x∈Q, the open subset R+ ⊂R contains f(x). However, f−1(R+) =Q contains no open
ball (x−δ, x+δ) with δ>0 around x. Thus, f is discontinuous at x.

Suppose x∈R−Q. Let ǫ>0. Choose N ∈Z+ so that 1/N <ǫ. Since there are only finitely many
t∈(x−1, x+1) such that qt∈Z for some q∈Z+ with q<N and x is not one of these numbers, there
exists δ∈R+ such that (x−δ, x+δ) contains no such numbers. Thus,

f(x)=0 ≤ f(t) ≤ 1/N < ǫ ∀t∈
(

x−δ, x+δ
)

.

Thus, f is continuous at x.
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