
MAT 320: Introduction to Analysis, Spring 2019
Solutions to Problem Set 7 (24pts)

Problem H (6pts)

Let (X, d) be a metric space and A,B ⊂X be disjoint closed subsets. Show that there exist open

subsets U, V ⊂X such that A⊂U , B⊂V , and U∩V =∅.

Since A⊂X is closed and B⊂X−A, for every b∈B there exists ǫb ∈R+ so that Bǫb(b)∩A= ∅.
Since B⊂X is closed and A⊂X−B, for every a∈A there exists δa ∈R+ so that Bδa(a)∩B= ∅.
This implies

Bδa/2(a) ∩Bǫb/2(b) = ∅ ∀ a∈A, b∈B,

and so the open sets

U ≡
⋃

a∈A

Bδa/2(a) and V ≡
⋃

b∈B

Bǫb/2(b)

are disjoint. It is immediate that A⊂U and B⊂V .

Since U∩V =∅ and U is open, U∩V =∅. Since A⊂U and U∩V =∅, the closed sets A and V are
disjoint. By the above, there thus exist open U ′, V ′⊂X such that A⊂U ′, V ⊂V ′, and U ′∩V ′=∅.
Thus, U ′, V ⊂X are open subsets such that A⊂U ′, B⊂V , and U ′∩V =∅.

Problem I (2+2+1+1pts)

(a) Let (X, d) be a metric space, U ⊂X be an open dense subset, and B⊂X be a nowhere dense

subset. Show that the subset U−B⊂X is open and dense.

Let d be a square, round, or sum metric on Rn.

(b) Show that Qn⊂Rn is not the intersection of countably many open subsets of Rn.

(c) Show that Rn−Qn is not the union of countably many closed subsets of Rn.

(d) Give an example of disjoint subsets Y1, Y2, . . . of R
n each of which is of the second category.

(a) Let V ⊂X be a nonempty open subset. Since U ⊂X is open and dense, U ∩V is open and
nonempty. Since X−B is dense,

(

U−B
)

∩ V =
(

X−B
)

∩ U∩V 6= ∅.

Thus, U−B intersects every nonempty open subset of X and so is dense in X.

(b) Suppose Qn⊂Rn is the intersection of the open subsets Uq, q∈Qn, of Rn. Since Qn is dense
in Rn, so is each Uq and thus Uq−{q} by (a). Since Rn is a complete metric space, the Baire
Category Theorem 21.7(a) implies that

⋂

q∈Qn

(

Uq−{q}
)

=
⋂

q∈Qn

Uq −
⋃

q∈Qn

{q} = Qn−Qn = ∅

is dense in Rn. This is a contradiction.



(c) If Rn−Qn were the union of closed subsets B1, B2, . . . of Rn, then Qn ⊂ Rn would be the
intersection of the open subsets Rn−B1,R

n−B2, . . . of R
n. The latter is impossible by (b).

(d) By Theorem 21.7c, a nonempty subset of Rn is of the second category. The open balls B1/2(q)
around q∈Zn thus form a countable collection of disjoint subsets of the second category.

Problem J (4+4pts)

Let (X, d) be a metric space and Y ⊂X; thus, Y inherits a metric dY ≡d|Y×Y from (X, d).

(a) For a subset A⊂Y , let ClX(A)⊂X and ClY (A)⊂Y denote the closures of A in (X, d) and

in (Y, dY ), respectively. Show that

ClY (A) = ClX(A)∩Y.

(b) Suppose (X, d) is a Baire space, i.e. satisfies the property of Ross’s Theorem 21.7a or equiva-

lently of 21.7b, and Y is open in (X, d). Show that (Y, dY ) is also a Baire space.

(a) A dY -open ball in Y of radius δ around y ∈ Y is the intersection of the d-open ball in X of
radius δ around y with Y . Thus, the dY -open/closed subsets of Y are the intersections of the
d-open/closed subsets with Y . Since ClX(A) is a d-closed subset of X containing A, ClX(A)∩Y is
a dY -closed subset of Y containing A and so ClY (A)⊂ClX(A)∩Y .

Suppose y∈ClX(A)∩Y and UY ⊂Y is a dY -open subset of Y containing y. Then UY =UX∩Y for
some d-open subset UX of X. Since y∈UX and y∈ClX(A), A∩UX 6=∅. Since A⊂Y , it follows that

A∩UY = A∩UX∩Y = A∩UX .

Thus, every dY -open subset UY ⊂Y containing y intersects A and so y∈ClY (A). We conclude that
ClY (A)⊃ClX(A)∩Y .

(b) Let F1, F2, . . . ⊂ Y be dY -closed subsets so F ≡
⋃

Fn contains a nonempty dY -open subset
UY ⊂Y . By (a), Fn=ClX(Fn)∩Y and UY =UX∩Y for some d-open subset UX ⊂X. Since Y ⊂X

is also open, it follows that UY ⊂X is d-open and is contained in the union of the d-closed subsets
ClX(F1),Cl(F2), . . . of X. Since (X, d) is a Baire space, some ClX(Fn) thus contains a nonempty
d-open subset U ′

X . Since U ′

X is open and intersects ClX(Fn), U
′

X also intersects Fn⊂Y . Thus, Fn

contains the nonempty dY -open subset U ′

X∩Y . We conclude that (Y, dY ) is also a Baire space.

Problem K (2pts)

Let (X, d) be a connected metric space containing at least two points. Show that X is uncountable.

Suppose x, y∈X are distinct points. If X is countable, there exits r∈(0, d(x, y)) such that the set
{z∈X : d(x, z)=r} is empty. The union of the disjoint open sets

U ≡ Br(x) ≡
{

z∈X : d(x, z)<r
}

and V ≡
{

z∈X : d(x, z)>r
}

is then all of X. Since x∈U and y∈V , the two sets are nonempty. Thus, X is disconnected.

Problem L (2pts)

Suppose (X, d) is a metric space, A⊂X is a connected subset, and A⊂B⊂A. Show that B is also

connected.

Suppose U, V ⊂X are disjoint open subsets such that B⊂U∪V and B∩U,B∩V 6=∅. Since U, V ⊂X

are open and U, V ∩A 6=∅, U, V ∩A 6=∅. Since A⊂U∪V , it follows that A is disconnected.

2


