
MAT 319/320: Basics of Analysis, Spring 2018
Solutions to Problem Set 4 (31pts)

11.3; CM Consider the sequences defined as follows:

sn = cos(
nπ

3
), tn =

3

4n+ 1
, un =

(

−
1

2

)n

, vn = (−1)n +
1

n

(a) For each sequence, give an example of a monotone subsequence.

(b) For each sequence, give its set of subsequential limits.

(c) For each sequence, give its limsup and liminf.

(d) Which of the sequences converges? diverges to ∞? diverges to ∞?

(e) Which of the sequences is bounded?

(a) The subsequence (1, 1, 1, 1, . . .) of sn is monotone (the selection function is σ(k) = 6k). The
whole sequence tn is monotone. The subsequence (−1/2,−1/8,−1/32, . . .) of un is monotone
(the selection function is σ(k) = 2k−1). The subsequence (3/2, 5/4, 7/6, 9/8, . . .) of vn is
monotone (the selection function is σ(k)=2k).

(b) The set of subsequential limits of sn is {±1,±1/2}. The set of subsequential limits of tn is
{3/4}. The set of subsequential limits of un is {0}. The set of subsequential limits of vn
is {±1}.

(c) lim sup sn = 1 and lim inf sn = −1. lim sup tn, lim inf tn = 3/4. lim supun, lim inf un = 0.
lim sup vn = 1 and lim inf vn = −1.

(d) sn diverges. tn converges to 3/4. un converges to 0. vn diverges.

(e) All four sequences are bounded.

11.8; 2pts Use Definition 10.6 and Exercise 5.4 to prove

lim inf sn = − lim sup(−sn)

for every sequence (sn).

By Definition 10.6 first and then Exercise 5.4,

lim inf sn = lim
N→∞

inf
{

sn : n>N
}

= lim
N→∞

(

− sup
{

−sn : n>N
})

= − lim
N→∞

sup
{

−sn : n>N
}

= − lim sup(−sn).

11.9; CM (a) Show the closed interval [a, b] is a closed set.
(b) Is there a sequence (sn) such that (0, 1) is its set of subsequential limits?

(a) Let sn−→s be a convergent sequence of elements of [a, b]. If s<a, there exists N ∈N such that
|sn−s|< |a−s| for all n>N and thus

sn−s < a−s, sn < a.



Since this contradicts the assumption that sn ∈ [a, b], s≥ a. By the same reasoning, s≤ b and so
s∈ [a, b]. Since s was arbitrary, [a, b] is closed.

(b) Since the sequence tn = 1/2n is contained in (0, 1) and converges to 0 6∈ (0, 1), (0, 1) is not
closed. By Theorem 11.9, no sequence sn has (0, 1) as its set of subsequential limits.

11.8; 3pts Let sn be the sequence of numbers in Fig. 11.2 listed in the indicated order.

(a) Find the set S of subsequential limits of (sn).

(b) Determine lim sup sn and lim inf sn.

By Theorem 11.2, we need to find s∈R such that for every ǫ>0 the interval (s−ǫ, s+ǫ) contains
infinitely many entries of sn. Since the numbers 1, 1/2, 1/3, 1/4, . . . appear infinitely many times
in sn, they certainly satisfy this condition. So does s=0, since 1/n∈(−ǫ, ǫ) for all n>1/ǫ.

If s>1, the interval
(

s−(s−1), s+(s−1)
)

=
(

1, 2s−1
)

contains no entries of sn. If s<0, the interval

(

s−(−s), s+(−s)
)

= (2s, 0)

contains no entries of sn. If s∈(0, 1) is not of the form 1/n, then 1/s>1. Let a∈Z+ be the largest
integer smaller than a. This implies s∈(1/(a+1), 1/a). Let ǫ=min(1/a−s, s−1/(a+1)). Since

(s−ǫ, s+ǫ) ⊂
(

1/(a+1), 1/a
)

and the larger interval contains no entries of sn, the smaller also contains no entries of sn.

By the two paragraphs above,

S =
{

0, 1, 1/2, 1/3, . . .
}

=
{

1/n : n∈N
}

∪ {0}.

Thus, lim sup sn = 1 and lim inf sn = 0.

12.2; CM Prove that lim sup |sn| = 0 if and only if lim sn = 0.

Suppose lim sup |sn|=0. Then for every ǫ>0, there exists N0∈N such that

sup
{

|sn| : n>N
}

< ǫ ∀N>N0.

Thus, |sn|<ǫ for n>N>N0. Since ǫ was arbitrary, it follows that sn−→0.

Suppose lim sn = 0. Then for every ǫ>0, there exists N0∈N such that for |sn|<ǫ for all n>N0.
Thus,

sup
{

|sn| : n>N
}

≤ sup
{

|sn| : n>N0

}

≤ ǫ ∀N>N0.

Since ǫ was arbitrary, lim sup |sn| = 0.
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12.3; CM Let sn and (tn) be the following sequences that repeat in cycles of four:

(sn) = (0, 1, 2, 1, 0, 1, 2, 1, 0, 1, 2, 1, 0, 1, 2, 1, 0, . . .) and

(tn) = (2, 1, 1, 0, 2, 1, 1, 0, 2, 1, 1, 0, 2, 1, 1, 0, 2, . . .).

Find

(a) lim inf sn + lim inf tn (c) lim inf sn + lim sup tn (e) lim sup sn + lim sup tn (f) lim sup(sntn)

(b) lim inf(sn+tn) (d) lim sup(sn+tn) (f) lim inf(sntn)

Since lim inf sn, lim inf tn=0 and lim sup sn, lim sup tn=2, we obtain (a) 0, (c) 2, and (e) 4. Since

(sn+tn) = (2, 2, 3, 1, 2, 2, 3, 1, 2, 2, 3, 1, . . .) and (sntn) = (0, 1, 2, 0, 0, 1, 2, 0, 0, 1, 2, 0, . . .),

we obtain (b) 1, (d) 3, (f) 0, (g) 2.

12.6; CMx3 Let sn be a bounded sequence and k∈R≥0.

(a) Prove lim sup(ksn) = k lim sup sn.

(b) Do the same for lim inf.

(c) What happens in (a) and (b) if k < 0?

(a) By Theorem 11.8(ii), there exists a subsequence sni
of sn converging to lim sup sn. Since the

subsequence ksni
of ksn then converges to k lim sup sn,

k lim sup sn ≤ lim sup(ksn).

If k=0, it is immediate that the above inequality is in fact an equality. If k 6=0, then replacing k
with 1/k and sn with ksn gives

(1/k) lim sup(ksn) ≤ lim sup(sn).

If k>0, the last two equations give the claim.

(b) By Exercise 11.8,

lim inf(ksn) = − lim sup(−ksn) = − lim sup(k(−sn)) = −k lim sup(−sn) = k lim inf(sn).

(c) If k<0, then using parts (a) and (b) and Exercise 11.8 gives

lim sup(ksn) = lim sup
(

(−k)(−sn)
)

= (−k) lim sup(−sn) = (−k)
(

− lim inf(sn)
)

= k lim inf(sn),

lim inf(ksn) = lim inf
(

(−k)(−sn)
)

= (−k) lim inf(−sn) = (−k)
(

− lim sup(sn)
)

= k lim sup(sn).

12.3; CM Let sn be a bounded sequence in R. Let A be the set of a ∈ R such that the set
{n∈N : sn<a} is finite, i.e. all but finitely many sn are ≥a. Let B be the set of b∈R such that
{n∈N : sn>b} is finite. Prove that

supA = lim inf sn and inf B = lim sup sn.
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First we show lim inf sn ≥ supA. If not, then lim inf sn is not an upper bound for A, i.e. there
exists a∈A with lim inf sn<a. Since lim inf sn is a subsequential limit of sn by Theorem 11.7, the
interval (lim inf sn − (a−sn), lim inf sn + (a−sn)) contains infinitely many entries of sn. However,
these are all less than a, contradicting the fact that {n∈N : sn<a} is finite.

We next show that lim inf sn ≤ supA. If not, there exists b ∈ (supA, lim inf sn). Since b 6∈ A,
there are infinitely many entries of sn that are at most b. Thus, there is a subsequence snk

of sn
with tk ≤ b for all k. Since sn is bounded, so is snk

. By the Bolzano-Weierstrass Theorem, snk

has a convergent subsequence uℓ. However, uℓ is also a subsequence of sn, and its limit is ≤ b,
contradicting the assumption that b< lim inf sn.
We conclude that supA= lim inf sn. By Exercise 4.9, the first statement applied to the sequence
−sn, and By Exercise 11.8,

inf B = − sup(−B) = − sup
{

a∈R : |{n∈N : sn>−a}|<∞
}

= − sup
{

a∈R : |{n∈N : (−sn)<a}|<∞
}

= − lim inf(−sn) = lim sup sn.

Problem B (18pts)

Find a sequence whose set of subsequential limits is equal to each of the following, or state why this
is impossible. You may find Example 11.3 in the book helpful, and you may refer to the sequence rn
described there in your answers.

(a) The open interval (0, 1). Impossible by Exercise 11.9b.

(b) The set Z>0 ∪ {+∞} of positive integers with +∞.
We can take sn = (1, 1, 2, 1, 2, 3, 1, 2, 3, 4, 1, 2, 3, 4, 5, . . .).

(c) The set Z>0 of positive integers.
Impossible, since supZ>0 = +∞ is not in the set.

(d) The set Z ∪ {−∞,+∞} of integers with −∞ and +∞.
We can take sn = (0,−1, 1, 0,−1, 1,−2, 2, 0,−1, 1,−2, 2,−3, 3, . . .).

(e) The set Q ∩ [0, 1] of rationals in the interval [0, 1].
Impossible, since there are sequences in Q∩[0, 1] with irrational limits.

(f) The set R≥0 ∪ {+∞} of nonnegative real numbers with +∞.
We can take sn = (1, 1/2, 2/2, 3/2, 4/2, 1/3, 2/3, 3/3, . . . , 9/3, 1/4, 2/4, 3/4, . . . , 16/4, 1/5, . . .).

(g) The set R≥0 ∪ {−∞,+∞} of nonnegative real numbers with −∞ and +∞.
We can modify the above sequence to sn = (−1, 1,−1/2, 1/2,−2/2, 2/2,−3/2, 3/2,−4/2, 4/2, . . .).

(h) The set {−∞,+∞} ∪
∞
⋃

n=−∞

[2n, 2n+ 1]. This is the union of {−∞,+∞} with

· · · ∪ [−6,−5] ∪ [−4,−3] ∪ [−2,−1] ∪ [0, 1] ∪ [2, 3] ∪ [4, 5] ∪ · · · .

Take sn to be the subsequence of the sequence in (g) consisting of the elements in the above set.

(i) The empty set ∅. Impossible, by Theorem 11.8(i)
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