
MAT 320: Introduction to Analysis, Spring 2019
Solutions to Midterm II (60pts)

Problem 1 (20pts)

Let (X, d) be a metric space.

(a) Give a definition of what this means.

(b) Given a definition of what it means for a subset U⊂X to be open with respect to d.

(c) Given a definition of what it means for a subset A⊂X to be closed with respect to d.

(d) Define the closure A of a subset A⊂X.

(e) Let r∈R
+ and x∈X. Show that the open ball

Br(x) =
{

x′∈X : d(x, x′)<r
}

is open.

(f) Let r∈R
≥0 and x∈X. Show that the closed ball

Br(x) =
{

x′∈X : d(x, x′)≤r
}

is closed.

(g) Let r∈R
+ and x∈X. Show that

Br(x) ⊂ Br(x).

Give an example showing that the opposite inclusion need not hold.

(a; 4pts) X is a set and d : X2−→R
≥0 is a map such that

d(x, x′) = 0 iff x=x′, d(x, x′) = d(x′, x), d(x, x′′) ≤ d(x, x′)+d(x′, x′′) ∀ x, x′, x′′∈X.

(b; 1pt) For every x∈U , there exists δx∈R
+ so that Bδx(x)⊂U .

(c; 1pt) The complement X−A⊂X is open.

(d; 2pts) The closure A of A⊂X is the intersection of all closed subsets B⊂X containing A.

(e; 4pts) For y∈Br(x), let δy=r−d(x, y)∈R
+. By the triangle inequality, Bδy(y)⊂Br(x). Thus,

Br(x) is open in X.

(f; 4pts) For y∈X−Br(x), let δy=d(x, y)−r∈R
+. By the triangle inequality, Bδy(y)⊂X−Br(x).

Thus, X−Br(x) is open in X and thus Br(x) is closed in X.

(g; 4pts) Since Br(x)⊂X is a closed subset containing Br(x), Br(x)⊂Br(x). If X =Z with the
standard metric inherited from R, then B1(0)={0} and B1(0)={0,±1}.



Problem 2 (15pts)

Let (X, d) be a metric space.

(a) Suppose a, b∈X and δ, ǫ∈R
+ are such that the open δ-ball Bδ(a) around a does not contain b

and the open ǫ-ball Bǫ(b) around b does not contain a. Show that

Bδ/2(a) ∩Bǫ/2(b) = ∅ .

Suppose A,B⊂X are disjoint closed subsets.

(b) Show that for every a∈A there exists δa∈R
+ so that Bδa(a)∩B=∅ and for every b∈B there

exists ǫb∈R
+ so that Bǫb(b)∩A=∅.

(c) Show that there exist disjoint open subsets U, V ⊂X such that A⊂U and B⊂V .

(d) Show that there exist open subsets U, V ⊂X such that A⊂U , B⊂V , and U∩V , U∩V =∅.

(e) Show that there exist open subsets U, V ⊂X such that A⊂U , B⊂V , and U∩V =∅.

(a; 3pts) Since b 6∈Bδ(a), d(a, b)≥δ. Since a 6∈Bǫ(b), d(b, a)≥ǫ. If z∈Bδ/2(a)∩Bǫ/2(b), then

d(a, b) ≤ d(a, z)+d(z, b) <
δ

2
+

ǫ

2
≤

d(a, b)+d(a, b)

2
,

which a contradiction. Thus, such a z does not exist.

(b; 3pts) Since B ⊂ X is closed and A⊂ X−B, for every a ∈ A there exists δa ∈ R
+ so that

Bδa(a)∩B= ∅. Since A⊂X is closed and B⊂X−A, for every b∈B there exists ǫb ∈R
+ so that

Bǫb(b)∩A=∅.

(c; 3pts) Let δa for each a∈A and ǫb for each b∈B be as in (b). By (a), this implies

Bδa/2(a) ∩Bǫb/2(b) = ∅ ∀ a∈A, b∈B,

and so the open sets

U ≡
⋃

a∈A

Bδa/2(a) and V ≡
⋃

b∈B

Bǫb/2(b)

are disjoint. It is immediate that A⊂U and B⊂V .

(d; 3pts) Let U, V be as in (c). Since U∩V =∅ and U is open, U∩V =∅. Since U∩V =∅ and V is
open, U∩V =∅.

(e; 3pts) Let U, V be as in (d). Since A⊂U and U∩V = ∅, the closed sets A and V are disjoint.
By (d), there exist open U ′, V ′⊂X such that A⊂U ′, V ⊂V ′, and U ′∩V ′=∅. Thus, U ′, V ⊂X are
open subsets such that A⊂U ′, B⊂V , and U ′∩V =∅.



Problem 3 (15pts)

Let (X, d) be a metric space and A⊂X be a subset.

(a) Give a definition of what it means for A to be compact.

(b) Show that if A is finite, then A is compact.

(c) Give an example of (X, d) and A so that A is not compact and prove this.

(d) Describe all compact subsets A of R with the standard metric dR contained in the set

S = {0} ∪
{

2n : n∈Z
}

.

(a; 2pts) Every open cover of A has a finite subcover.

(b; 3pts) Let C be an open cover of A. For each a ∈A, pick an element Ua ∈ C so that a ∈ Ua;
some of these elements might be the same, but this does not matter. Since A is finite, so is the
subcollection

C′ ≡ {Ua : a∈A} ⊂ C

which covers A. Thus, A is compact.

(c; 4pts) Let X=R, d=dR be the standard metric, and A=Z. The collection

C ≡
{

(a−1, a+1): a∈A
}

is an open cover of A. Since every element of this collection contains precisely one element of the
infinite set A, no finite (or any proper) subcollection of C covers A. Thus, A is not compact.

(d; 6pts) By Heine-Borel Theorem, A⊂R is compact if and only if A is closed and bounded. Thus,
A⊂S is compact if and only if A is closed and there exists N ∈Z

+ so that A⊂ [0, N ]. If such A is
finite, then it is compact by (b). If such A is infinite, then it is closed if and only if it contains 0.
Thus, A⊂S is compact if and only if either A is finite or 0∈A⊂ [0, N ] for some N ∈Z

+.



Problem 4 (10pts)

Determine whether there exists a continuous function f : R−→R such that

(a) the image of (−1, 1) is (−2,−1)∪(1, 2).

(b) the image of (−2,−1)∪(1, 2) is (−1, 1).

(c) the image of (−1, 1) is [−1, 1].

(d) the image of [−1, 1] is (−1, 1).

These are four separate questions. In each case that you answer no, explain why not. In each case
that you answer yes, describe an example of such a function (a function can be described by an
equation, a graph, and in many other ways).

(a; 3pts) No, because the image of a connected set, such as (−1, 1), under a continuous function
is connected, but (−2,−1)∪(1, 2) is not connected.

(b; 2pts) Yes, e.g.

f(x) =























−1, if x∈(−∞,−2]∪[2,∞);

1, if x∈ [−1, 1];

2x+3, if x∈ [−2,−1];

3−2x, if x∈ [1, 2].

(c; 2pts) Yes, e.g.

f(x) =











−2−2x, if x∈(−∞,−1/2);

2x, if x∈ [−1/2, 1/2];

2−2x, if x∈ [1/2,∞).

(d; 3pts) No, because the image of a compact set, such as [−1, 1], under a continuous function is
compact, but (−1, 1) is not compact.


