
MAT 320: Introduction to Analysis, Spring 2019
Midterm II (80mins, 60pts)

Please write your solutions on the provided printer paper, starting each problem on a new page
and clearly indicating the number (and part) of the problem you are solving. You do not need to
copy the statements of the problems. You can cite established statements from the textbook as
appropriate (e.g. not statements you are being asked to establish).

There are 4 problems on this exam of varying difficulty. If you know how to do a part of the
problem assuming statements in earlier parts, then do that part even if you do not know how to do
the earlier parts. Answers/solutions to some parts are much shorter/easier than to some others;
the parts are not necessarily of equal weight.

Problem 1 (20pts)

Let (X, d) be a metric space.

(a) Give a definition of what this means.

(b) Given a definition of what it means for a subset U⊂X to be open with respect to d.

(c) Given a definition of what it means for a subset A⊂X to be closed with respect to d.

(d) Define the closure A of a subset A⊂X.

(e) Let r∈R
+ and x∈X. Show that the open ball

Br(x) =
{

x′∈X : d(x, x′)<r
}

is open.

(f) Let r∈R
≥0 and x∈X. Show that the closed ball

Br(x) =
{

x′∈X : d(x, x′)≤r
}

is closed.

(g) Let r∈R
+ and x∈X. Show that

Br(x) ⊂ Br(x).

Give an example showing that the opposite inclusion need not hold.



Problem 2 (15pts)

Let (X, d) be a metric space.

(a) Suppose a, b∈X and δ, ǫ∈R
+ are such that the open δ-ball Bδ(a) around a does not contain b

and the open ǫ-ball Bǫ(b) around b does not contain a. Show that

Bδ/2(a) ∩Bǫ/2(b) = ∅ .

Suppose A,B⊂X are disjoint closed subsets.

(b) Show that for every a∈A there exists δa∈R
+ so that Bδa(a)∩B=∅ and for every b∈B there

exists ǫb∈R
+ so that Bǫb(b)∩A=∅.

(c) Show that there exist disjoint open subsets U, V ⊂X such that A⊂U and B⊂V .

(d) Show that there exist open subsets U, V ⊂X such that A⊂U , B⊂V , and U∩V , U∩V =∅.

(e) Show that there exist open subsets U, V ⊂X such that A⊂U , B⊂V , and U∩V =∅.

Problem 3 (15pts)

Let (X, d) be a metric space and A⊂X be a subset.

(a) Give a definition of what it means for A to be compact.

(b) Show that if A is finite, then A is compact.

(c) Give an example of (X, d) and A so that A is not compact and prove this.

(d) Describe all compact subsets A of R with the standard metric dR contained in the set

S = {0} ∪
{

2n : n∈Z
}

.

Problem 4 (10pts)

Determine whether there exists a continuous function f : R−→R such that

(a) the image of (−1, 1) is (−2,−1)∪(1, 2).

(b) the image of (−2,−1)∪(1, 2) is (−1, 1).

(c) the image of (−1, 1) is [−1, 1].

(d) the image of [−1, 1] is (−1, 1).

These are four separate questions. In each case that you answer no, explain why not. In each case
that you answer yes, describe an example of such a function (a function can be described by an
equation, a graph, and in many other ways).


