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In a series of papers written partly in collaboration with E. M. Stein, the 
author has investigated the question of reducibility for the major unitary repre
sentations of a connected semisimple Lie group G of matrices. These representa
tions are induced representations of a particular kind from a cuspidal parabolic 
subgroup and are the ones that appear in the Plancherel formula for G (see [1]). 
They split into at most finitely many irreducible pieces. One theorem in [7] is 
a dimension formula for the commuting algebra of such a representation. We 
can now give the full algebra structure of the commuting algebra, finding in par
ticular that the irreducible constituents of each of the representations are inequiv-
alent. 

Let MAN be the Langlands decomposition of a parabolic subgroup of G; 
the subgroup is cuspidal if M has a discrete series. In this case let ? be a discrete 
series representation of M, let X be a unitary character of A, and let £/(§, X, g) be 
the unitary representation of G induced from the representation of MAN given 
by man —> X(#)£(m). The collection of all the £/(£, X, • ) is the set of represen
tations that we consider. Let C(£, X) be the commuting algebra of (/(J, X, • ). 

THEOREM. Let G be a connected semisimple Lie group of matrices, MAN 

a cuspidal parabolic subgroup, £ a discrete series of M, and X a unitary character 

of A. Then the commuting algebra C(£, X) of £/(£, X, - ) has a linear basis con

sisting of a set of unitary operators that form a group isomorphic to a direct sum 

of r copies ofZ2 where r < dim A In particular, C(£, X) is commutative. 

This theorem was obtained earlier [3], [4] for the case that MAN is a mini
mal parabolic subgroup, i.e., one with A as large as possible. The proof in the 
general case is considerably more complicated but does have points of contact 
with the proof in the minimal case. The main distinction is that M is generated 
by its identity component and center in the minimal case but not in the general 
case. 

The operators that form the linear basis in the theorem are of a particular 
form; namely they are the intertwining operators listed in Theorem 2(ii) of [7]. 
The number ris easily computed, provided one knows some place where £ can 
be imbedded infinitesimally in the nonunitary principal series of M\ this proviso 

AMS (MOS) subject classifications (1970). Primary 22E30, 22E45. 
1 Supported by NSF grant MPS75-07024. 

Copyright © 1976, American Mathematical Society 



272 A. W. KNAPP 

is met if MAN is a minimal parabolic or if, as often happens, the identity com
ponent of M is the sum of a number of copies of SL(2, R). 

The proof consists in reducing the theorem to the case that G is split over 
R and MAN is a minimal parabolic; this case was handled in [3] and [4]. In 
order to explain matters, it is necessary to recall some of the algebraic material 
in [7]. We shall omit in this discussion several pathological cases in which dim^4 
= 1 and one case in which dirndl = 2; this last case must be investigated sepa
rately. 

The Weyl group W(A) is the normalizer of A divided by the centralizer of 
A. By [5] it is the Weyl group of the root system A of useful roots of A. It 
acts on X and the class of £ by conjugation of the variable, and we let W^x be 
the subgroup that leaves X and the class of £ fixed. To each member of Wç \ , 
[7] associates an intertwining operator that is a member of C(£, X). The group 
splits as a semidirect product P t ^ = W^XR^K with WçX normal, and the oper
ators corresponding to R^x form the basis of C(£, X) that we work with. (The 
operators corresponding to W^x are all scalar.) 

It is enough to prove that Rt \ — 2 Z 2 . This result does not fully prove 
the theorem, but the remaining details are handled as in [4], except for minor 
changes. In proving R^x = 2 Z 2 , it is enough to handle X = 1, showing R^ x = 
2 Z 2 . 

The problem then is to understand the subgroup W^ x of W(A) that leaves 
the class of £ fixed. The restriction of £ to the identity component M0 of M is 
the sum of inequivalent discrete series, corresponding to an unordered set A = 
{jUj-}of discrete series parameters. The class of £ is determined by A and the 
restriction of £ to the center of M. The idea is to wash away all effects due to 
A, and then the remaining behavior of % can be captured by referring matters to 
a minimal parabolic in a suitable group split over R. 

To accomplish this, let We be the subgroup of W(A) generated by the sim
ple reflections pa of A such that oc has even multiplicity and 2a is not a root of 
A. Then W(A) is a semidirect product W(A) = WeS, where members of S act as 
the identity on a compact Cartan subgroup of M0. Clearly S has no effect on A. 
The hardest step in the proof of the theorem is the following. 

LEMMA. The subgroup We A of We that leaves the unordered set A fixed 

is generated by reflections. 

Now WA = We AS is the full subgroup of W(A) that leaves A fixed, and it 
follows from the lemma, from Lemma 18(2) of [2], and from a little extra argu
ment that WA is the Weyl group of a reduced root system AA . Let GA be a 
split group with AA as root system and with complexification simply connected, 
and define 
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( + 1 ifMç,a(0) = 0, 
aA(Ta) = \ 

( - 1 i f M ^ ( 0 ) * 0 . 

(See [6] for the definition and properties of J U ^ , 2 and see [5] for the defini

tion of ya.) We can show that oA is a well-defined character of the (finite abe-

lian) group MA associated to a minimal parabolic subgroup of GA. It follows 

readily that R^ x is isomorphic with a subgroup of R<jA,i> and the latter is 2Z 2 

by [3]. 
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2 If 0 and 2/3 are roots of A, AA is to include 2/3. We adopt the convention that 
Ht 2j3 means the same thing as jJLt Q. 


