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PREFACE

This book and its companion volume Basic Real Analysis systematically develop
concepts and tools in real analysis that are vital to every mathematician, whether
pure or applied, aspiring or established. The two books together contain what the
young mathematician needs to know about real analysis in order to communicate
well with colleagues in all branches of mathematics.
The books are written as textbooks, and their primary audience is students
who are learning the material for the ﬁrst time and who are planning a career in
which they will use advanced mathematics professionally. Much of the material
in the books corresponds to normal course work. Nevertheless, it is often the
case that core mathematics curricula, time-limited as they are, do not include all
the topics that one might like. Thus the book includes important topics that are
sometimes skipped in required courses but that the professional mathematician
will ultimately want to learn by self-study.
The content of the required courses at each university reﬂects expectations of
what students need before beginning specialized study and work on a thesis. These
expectations vary from country to country and from university to university. Even
so, there seems to be a rough consensus about what mathematics a plenary lecturer
at a broad international or national meeting may take as known by the audience.
The tables of contents of the two books represent my own understanding of what
that degree of knowledge is for real analysis today.
Key topics and features of Advanced Real Analysis are that it:
• Develops Fourier analysis and functional analysis with an eye toward partial
differential equations.
• Includes chapters on Sturm–Liouville theory, compact self-adjoint operators,
Euclidean Fourier analysis, topological vector spaces and distributions, compact and locally compact groups, and aspects of partial differential equations.
• Contains chapters about analysis on manifolds and foundations of probability.
• Proceeds from the particular to the general, often introducing examples well
before a theory that incorporates them.
• Includes many examples and almost 200 problems, and a separate section
“Hints for Solutions of Problems” at the end of the book gives hints or complete
solutions for most of the problems.
xi

xii
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• Incorporates, both in the text and in the problems but particularly in the
problems, material in which real analysis is used in algebra, in topology,
in complex analysis, in probability, in differential geometry, and in applied
mathematics of various kinds.
It is assumed that the reader has had courses in real variables and either is
taking or has completed the kind of course in Lebesgue integration that might use
Basic Real Analysis as a text. Knowledge of the content of most of Chapters I–VI
and X of Basic Real Analysis is assumed throughout, and the need for further
chapters of that book for particular topics is indicated in the chart on page xiv.
When it is necessary in the text to quote a result from this material that might
not be widely known, a speciﬁc reference to Basic Real Analysis is given; such
references abbreviate the book title as Basic.
Some understanding of complex analysis is assumed for Sections 3–4 and 6 of
Chapter III, for Sections 10–11 of Chapter IV, for Section 4 of Chapter V, for all
of Chapters VII and VIII, and for certain groups of problems, but not otherwise.
Familiarity with linear algebra and group theory at least at the undergraduate level
is helpful throughout.
The topics in the ﬁrst eight chapters of this volume are related to one another
in many ways, and the book needed some deﬁnite organizational principle for its
design. The result was a decision to organize topics largely according to their role
in the study of differential equations, even if differential equations do not explicitly
appear in each of the chapters. Much of the material has other uses as well, but
an organization of topics with differential equations in mind provides a common
focus for the mathematics that is presented. Thus, for example, Fourier analysis
and functional analysis are subjects that stand on their own and also that draw
on each other, but the writing of the chapters on these areas deliberately points
toward the subject of differential equations, and toward tools like distributions
that are used with differential equations. These matters all come together in two
chapters on differential equations, Chapters VII and VIII, near the end of in the
book.
Portions of the ﬁrst eight chapters can be used as the text for a course in any
of three ways. One way is as an introduction to differential equations within a
course on Lebesgue integration that treats integration and the Fourier transform
relatively lightly; the expectation in this case is that parts of at most two or three
chapters of this book would be used. A second way is as a text for a self-contained
topics course in differential equations; the book offers a great deal of ﬂexibility
for the content of such a course, and no single choice is right for everyone. A
third way is simply as a text for a survey of some areas of advanced real analysis;
again the book offers great ﬂexibility in how such a course is constructed.
The problems at the ends of chapters are an important part of the book. Some
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of them are really theorems, some are examples showing the degree to which
hypotheses can be stretched, and a few are just exercises. The reader gets no
indication which problems are of which type, nor of which ones are relatively
easy. Each problem can be solved with tools developed up to that point in the
book, plus any additional prerequisites that are noted.
This book seeks in part to help the reader look for and appreciate the unity of
mathematics. For that reason some of the problems and sections go way outside
the usual view of real analysis. One of the lessons about advanced mathematics
is that progress is better measured by how mathematics brings together different
threads, rather than how many new threads it generates.
Almost all of the mathematics in this book and Basic Real Analysis is at least
forty years old, and I make no claim that any result is new. The two books are
together a distillation of lecture notes from a 35-year period of my own learning
and teaching. Sometimes a problem at the end of a chapter or an approach to the
exposition may not be a standard one, but normally no attempt has been made to
identify such problems and approaches.
I am grateful to Ann Kostant and Steven Krantz for encouraging this project and
for making many suggestions about pursuing it, and to Susan Knapp and David
Kramer for helping with the readability. The typesetting was by AMS-TEX, and
the ﬁgures were drawn with Mathematica.
I invite corrections and other comments from readers. I plan to maintain a list
of known corrections on my own Web page.
A. W. KNAPP
June 2005

DEPENDENCE AMONG CHAPTERS

The chart below indicates the main lines of logical dependence of sections of
Advanced Real Analysis on earlier sections and on chapters in Basic Real Analysis.
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GUIDE FOR THE READER

This section is intended to help the reader ﬁnd out what parts of each chapter are
most important and how the chapters are interrelated. Further information of this
kind is contained in the chart on page xiv and in the abstracts that begin each of
the chapters.
Advanced Real Analysis deals with topics in real analysis that the young
mathematician needs to know in order to communicate well with colleagues
in all branches of mathematics. These topics include parts of Fourier analysis,
functional analysis, spectral theory, distribution theory, abstract harmonic analysis, and partial differential equations. They tend to be ones whose applications
and ramiﬁcations cut across several branches in mathematics. Each topic can
be studied on its own, but the importance of the topic arises from its inﬂuence
on the other topics and on other branches of mathematics. To avoid having all
these relationships come across as a hopeless tangle, the book needed some
organizational principle for its design. The principle chosen was largely to
organize topics according to their role in the study of differential equations. This
organizational principle inﬂuences what appears below, but it is certainly not
intended to suggest that applications to differential equations are the only reason
for studying certain topics in real analysis.
As was true also in Basic Real Analysis, several techniques that are used
repeatedly in real analysis play a pivotal role. Examples are devices for justifying
interchanges of limits, compactness and completeness as tools for proving existence theorems, and the approach of handling nice functions ﬁrst and then passing
to general functions. By the beginning of the present volume, these techniques
have become sophisticated enough so as to account for entire areas of study within
real analysis. The theory of weak derivatives illustrates this principle: The theory
allows certain interchanges of limits involving weak derivatives to be carried out
routinely, and the hard work occurs in translating the results into statements about
classical derivatives. The main tool for this translation is Sobolev’s Theorem,
which in turn becomes the foundation for its own theory.
Each chapter is built around one or more important theorems. The commentary
below tells the nature of each chapter and the role of some important theorems.
Chapter I marks two transitions—from concrete mathematics done by calculation to theorems established by functional analysis on the one hand, and
from ordinary differential equations to partial differential equations on the other
xv

xvi
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hand. Section 2 about separation of variables is relatively elementary, introducing
and illustrating a ﬁrst technique for approaching partial differential equations.
The technique involves a step of making calculations and a step of providing
justiﬁcation that the method is fully applicable. When the technique succeeds,
the partial differential equation is reduced to two or more ordinary differential
equations. Section 3 establishes, apart from one detail, the main theorem of
the chapter, called Sturm’s Theorem. Sturm’s Theorem addresses the nature of
solutions of certain kinds of ordinary differential equations with a parameter.
This result can sometimes give a positive answer to the completeness questions
needed to justify separation of variables, and it hints at a theory known as Sturm–
Liouville theory that contains more results of this kind. The one detail with
Sturm’s Theorem that is postponed from Section 3 to Chapter II is the Hilbert–
Schmidt Theorem.
Chapter II is a ﬁrst chapter on functional analysis beyond Chapter XII of Basic
Real Analysis, with emphasis on a simple case of the Spectral Theorem. The
result in question describes the structure of compact self-adjoint operators on a
Hilbert space. The Hilbert–Schmidt Theorem says that certain integral operators
are of this kind, and it completes the proof of Sturm’s Theorem as presented in
Chapter I; however, Chapter I is not needed for an understanding of Chapter II.
Section 4 of Chapter II gives several equivalent deﬁnitions of unitary operators
and is relevant for many later chapters of the book. Section 5 discusses compact,
Hilbert–Schmidt, and trace-class operators abstractly and may be skipped on ﬁrst
reading.
Chapter III is a ﬁrst chapter on Fourier analysis beyond Chapters VIII and IX of
Basic Real Analysis, and it discusses four topics that are somewhat independent of
one another. The ﬁrst of these, in Sections 1–2, introduces aspects of distribution
theory and the idea of weak derivatives. The main result is Sobolev’s Theorem,
which tells how to extract conclusions about ordinary derivatives from conclusions
about weak derivatives. Readers with a particular interest in this topic will want
to study also Problems 8–12 and 25–34 at the end of the chapter. Sections 3–4
concern harmonic functions, which are functions annihilated by the Laplacian,
and associated Poisson integrals, which relate harmonic functions to the subject of
boundary-value problems. These sections may be viewed as providing an example
of what to expect of the more general “elliptic” differential operators to be studied
in Chapters VII–VIII. The main results are a mean value property for harmonic
functions, a maximum principle, a reﬂection principle, and a characterization
of harmonic functions in a half space that arise as Poisson integrals. Sections
5–6 establish the Calderón–Zygmund Theorem and give two applications to
partial differential equations. The theorem generalizes the boundedness of the
Hilbert transform, which was proved in Chapters VIII–IX of Basic Real Analysis.
Historically the Calderón–Zygmund Theorem was a precursor to the theory of
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pseudodifferential operators that is introduced in Chapter VII. Sections 7–8 gently
introduce multiple Fourier series, which are used as a tool several times in later
chapters.
Chapter IV weaves together three lines of investigation in the area of functional analysis—one going toward spaces of smooth functions and distribution
theory, another leading to ﬁxed-point theorems, and a third leading to full-ﬂedged
spectral theory. The parts of the chapter relevant for spaces of smooth functions
and distribution theory are Sections 1–2 and 5–7. This line of investigation
continues in Chapters V and VII–VIII. The parts of the chapter relevant for ﬁxedpoint theorems are Sections 1, 3–6, and 8–9. Results of this kind, which have
applications to equilibrium problems in economics and mathematical physics, are
not pursued beyond Chapter IV in this book. The parts of the chapter relevant
to spectral theory are Sections 1, 3–4, and 10–11, and spectral theory is not
pursued beyond Chapter IV. Because the sections of the chapter have overlapping
purposes, some of the main results play multiple roles. Among the main results
are the characterization of ﬁnite-dimensional topological vector spaces as being
Euclidean, the existence of “support” for distributions, Alaoglu’s Theorem asserting weak-star compactness of the closed unit ball of the dual of a Banach space,
the Stone Representation Theorem as a model for the theory of commutative C ∗
algebras, a separation theorem concerning continuous linear functionals in locally
convex topological vector spaces, the construction of inductive limit topologies,
the Krein–Milman Theorem concerning the existence of extreme points, the
structure theorem for commutative C ∗ algebras, and the Spectral Theorem for
commuting families of bounded normal operators. Spectral theory has direct
applications to differential equations beyond what appears in Chapters I–II, but
the book does not go into these applications.
Chapter V develops the theory of distributions, and of operations on them,
without going into their connection with Sobolev spaces. The chapter includes a
lengthy discussion of convolution. The main results are a structure theorem for
distributions of compact support in terms of derivatives of measures, a theorem
saying that the Fourier transforms of such distributions are smooth functions, and
a theorem saying that the convolution of a distribution of compact support and
a tempered distribution is meaningful and tempered, with its Fourier transform
being the product of the Fourier transforms.
Chapter VI introduces harmonic analysis using groups. Section 1 concerns
general topological groups, Sections 2–5 are about invariant measures on locally
compact groups and their quotients, and Sections 6–7 concern the representation
theory of compact groups. Section 8 indicates how representation theory simpliﬁes problems concerning linear operators with a sizable group of symmetries.
One main result of the chapter is the existence and uniqueness of Haar measure,
up to a scalar factor, on any locally compact group. Another is the Peter–Weyl
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Theorem, which is a completeness theorem for Fourier analysis on a general
compact group akin to Parseval’s Theorem for Fourier series and the circle group.
The proof of the Peter–Weyl Theorem uses the Hilbert–Schmidt Theorem.
Chapter VII is a ﬁrst systematic discussion of partial differential equations,
mostly linear, using tools from earlier chapters. Section 1 seeks to quantify
the additional data needed for a differential equation or system simultaneously to
have existence and uniqueness of solutions. The Cauchy–Kovalevskaya Theorem,
which assumes that everything is holomorphic, is stated in general and gives a
local result; for special kinds of systems it gives a global result whose proof
is carried out in problems at the end of the chapter. Section 2 mentions some
other properties and examples of differential equations, including the possibility
of nonexistence of local solutions for linear equations Lu = f when f is not
holomorphic. Section 3 contains a general theorem asserting local existence of
solutions for linear equations Lu = f when L has constant coefﬁcients; the proof
uses multiple Fourier series. Section 5 concerns elliptic operators L with constant
coefﬁcients; these generalize the Laplacian. A complete proof is given in this case
for the existence of a “parametrix” for L, which leads to control of regularity of
solutions, and for the existence of “fundamental solutions.” Section 6 introduces,
largely without proofs, a general theory of pseudodifferential operators. To focus
attention on certain theorems, the section describes how the theory can be used
to obtain parametrices for elliptic operators with variable coefﬁcients.
Chapter VIII in Sections 1–4 introduces smooth manifolds and vector bundles
over them, particularly the tangent and cotangent bundles. Readers who are
already familiar with this material may want to skip these sections. Sections
5–8 use this material to extend the theory of differential and pseudodifferential
operators to the setting of smooth manifolds, where such operators arise naturally
in many applications. Section 7 in particular describes how to adapt the theory
of Chapter VII to obtain parametrices for elliptic operators on smooth manifolds.
Chapter IX is a stand-alone chapter on probability theory. Although partial
differential equations interact with probability theory and have applications to
differential geometry and ﬁnancial mathematics, such interactions are too advanced to be addressed in this book. Instead three matters are addressed that are
foundational and yet at the level of this book: how measure theory is used to model
real-world probabilistic situations, how the Kolmogorov Extension Theorem constructs measure spaces that underlie stochastic processes, and how probabilistic
independence and a certain indifference to the nature of the underlying measure
space lead to a proof of the Strong Law of Large Numbers.

NOTATION AND TERMINOLOGY

This section lists notation and a few unusual terms from elementary mathematics
and from Basic Real Analysis that are taken as standard in the text without further
deﬁnition. The items are grouped by topic.
Set theory
∈
#S or |S|
∅
{x ∈ E | P}
Ec
E ∪ F, E∩ F, E − F

α Eα ,
α Eα
E ⊆ F, E ⊇ F
E × F, ×s∈S X s
(a1 , . . . , an )
{a1 , . . . , an }
f : E → F, x → f (x)
f ◦ g, f  E
f ( · , y)
f (E), f −1 (E)
countable
2A
BA
card A
Number systems
δi j
n
k

n positive, n negative
Z, Q, R, C
F
max
min
 
or

membership symbol
number of elements in S
empty set
the set of x in E such that P holds
complement of the set E
union, intersection, difference of sets
union, intersection of the sets E α
E is contained in F, E contains F
products of sets
ordered n-tuple
unordered n-tuple
function, effect of function
composition of f following g, restriction to E
the function x → f (x, y)
direct and inverse image of a set
ﬁnite or in one-one correspondence with integers
set of all subsets of A
set of all functions from B to A
cardinality of A
Kronecker delta: 1 if i = j, 0 if i = j
binomial coefﬁcient
n > 0, n < 0
integers, rationals, reals, complex numbers
R or C, the underlying ﬁeld of scalars
maximum of ﬁnite subset of a totally ordered set
minimum of ﬁnite subset of a totally ordered set
sum or product, possibly with a limit operation
xix

xx

[x]
Re z, Im z
z̄
|z|
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greatest integer ≤ x if x is real
real and imaginary parts of complex z
complex conjugate of z
absolute value of z

Linear algebra and elementary group theory
spaces of column vectors with n entries
Rn , Cn , Fn
x·y
dot product
j th standard basis vector of Rn
ej
1 or I
identity matrix or operator
det A
determinant of A
tr
transpose of A
A
diagonal square matrix
diag(a1 , . . . , an )
Tr A
trace of A
matrix with (i, j)th entry Mi j
[Mi j ]
dim V
dimension of vector space
0
additive identity in an abelian group
1
multiplicative identity in a group or ring
∼
is isomorphic to, is equivalent to
=
Real-variable theory and calculus
extended reals, reals with ±∞ adjoined
R∗
sup and inf
supremum and inﬁmum in R∗
(a, b), [a, b]
open interval in R∗ , closed interval
(a, b], [a, b)
half-open intervals in R∗
lim supn , lim infn
infn supk≥n in R∗ , supn infk≥n in R∗
∗
lim
or R N
limit
 Nin R or2 R
1/2
|x|
if x = (x1 , . . . , x N ), scalars
j=1 |x j |
in
R
or
C
∞
e
n=0 1/n!
exp x, sin x, cos x, tan x
exponential and trigonometric functions
arcsin x, arctan x
inverse trigonometric functions
log x
natural logarithm function on (0, +∞)
∂f
partial
derivative of f with respect to j th variable
∂ xj

C k (V ), k ≥ 0

C ∞ (V )
f : V → F is smooth
homogeneous of degree d

scalar-valued functions on open set V ⊆ R N
with all partial derivatives continuous through
order k, no assumption of boundedness

∞
k
k=0 C (V )
f is scalar valued and is in C ∞ (V )
satisfying f (r x) = r d f (x) for all x = 0 in R N
and all r > 0 if f is a function f : R N −{0} → F
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Metric spaces and topological spaces
d
typical name for a metric
B(r ; x)
open ball of radius r and center x
closure of A
Acl
interior of A
Ao
separable
having a countable base for its open sets
D(x, A)
distance to a set A in a metric space
limit relation for a sequence or a net
xn → x or lim xn = x
unit sphere in R N
S N −1
support of function
closure of set where function is nonzero
supx∈S | f (x)| if f : X → F is given
 f sup
B(S)
space of all bounded scalar-valued functions on S
B(S, C) or B(S, R)
space of members of B(S) with values in C or R
C(S)
space of all bounded scalar-valued continuous
functions on S if S topological
C(S, C) or C(S, R)
space of members of C(S) with values in C or R
space of functions in C(S) with compact support
Ccom (S)
space of functions in C(S) vanishing
C0 (S)
at inﬁnity if S is locally compact Hausdorff
one-point compactiﬁcation of X
X∗
Measure theory
m(E) or |E|
indicator function of set E
I E (x)
f+
f−
E f dµ or E f (x) dµ(x)
dx
b
a f dx
(X, A, µ) or (X, µ)
a.e. [dµ]
ν = f dµ
A×B
µ×ν
 f p
p
L p (X, A, µ) or L p (X, µ)

Lebesgue measure of E
function equal to 1 on E, 0 off E
indicator function of E at x
max( f, 0) for f with values in R∗
− min( f, 0) for f with values in R∗
Lebesgue integral of f over E with respect to µ
abbreviation for dµ(x) for µ= Lebesgue measure
Lebesgue integral of f on interval (a, b)
with respect to Lebesgue measure
typical measure space
almost everywhere with respect to µ
complex measure ν with ν(E) = E f dµ
product of σ -algebras
product of σ -ﬁnite measures
L p norm, 1 ≤ p ≤ ∞
dual index to p with p  = p/( p − 1)
space of functions with  f  p < ∞ modulo
functions equal to 0 a.e. [dµ]
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f ∗g
f ∗ (x)

convolution
Hardy–Littlewood maximal function, given by
the supremum of the averages of | f | over balls
centered at x
dω
spherical part of Lebesgue measure on R N ,
measure on S N −1 with d x = r N −1 dr dω
“area” of S N −1 given by  N −1 = S N −1 dω
 N −1
∞
(s)
gamma function with (s) = 0 t s−1 e−t dt
νµ
ν is absolutely continuous with respect to µ
Borel set in locally compact set in σ -algebra generated by compact sets in X
Hausdorff space X
B(X )
σ -algebra of Borel sets if X is locally compact
Hausdorff
compact set equal to countable intersection of
compact G δ
open sets
Baire set in locally compact set in σ -algebra generated by compact G δ ’s in X
Hausdorff space X
M(X )
space of all ﬁnite regular Borel complex
measures on X if X is locally compact Hausdorff
M(X, C) or M(X, R)
M(X ) with values in F = C or F = R
Fourier series and Fourier transform
π
1
f (x)e−inx d x Fourier coefﬁcient
cn = 2π
−π
∞
Fourier series of f , with cn as above
f (x) ∼ n=−∞ cn einx
N
cn einx partial sum of Fourier series
s N ( f ; x) = n=−N
f (y) = R N f (x)e−2πi x·y d x Fourier transform of an f in L 1 (R N )
f (x) = R N f (y)e2πi x·y dy Fourier inversion formula
F
Fourier transform as an operator
Plancherel formula
F f 2 =  f 2
Schwartz space on R N
S or S(R N )
f (x−t)
1
dt
Hilbert transform of function f on R1
π limε↓0 |t|≥ε
t
Normed linear spaces and Banach spaces
·
typical norm in a normed linear space
(·, ·)
typical inner product in a Hilbert space,
linear in ﬁrst variable, conjugate linear in second
space of vectors orthogonal to all members of M
M⊥
dual of normed linear space X
X∗
ι
canonical mapping of X into X ∗∗ = (X ∗ )∗
B(X, Y )
space of bounded linear operators from X into Y

