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5RQ�'RQDJL��/DZUHQFH�(LQ�DQG�5REHUW�/D]DUVIHOG�

7KH�SXUSRVH�RI�WKLV�QRWH�LV� WR�SRLQW� RXW�D� UHODWLRQ�EHWZHHQ�WZR�FRQVWUXFWLRQV�
WKDW� KDYH� DWWUDFWHG� FRQVLGHUDEOH� DWWHQWLRQ� DPRQJ� DOJHEUDLF� JHRPHWHUV�� 2Q� WKH�
RQH�KDQG��+LWFKLQ� KDV�LQWURGXFHG�D�EHDXWLIXO�FRPSOHWHO\�LQWHJUDEOH�G\QDPLFDO�
V\VWHP� OLYLQJ� RQ� WKH� FRWDQJHQW� EXQGOH�7
8F� RI� WKH� PRGXOL� VSDFH�8F� RI� VWDEOH�
YHFWRU� EXQGOHV� RI�JLYHQ� UDQN� DQG�GHJUHH� RQ� DQ�DOJHEUDLF� FXUYH�&�� 2Q�WKH� RWKHU�
KDQG�� 0XNDL� >0@� KDV� VWXGLHG� WKH� VSDFH� SDUDPHWUL]LQJ�VWDEOH� VKHDYHV� RI�JLYHQ�
QXPHULFDO� W\SH�RQ�D� VXUIDFH� SURYLQJ� LQ�SDUWLFXODU� WKDW� LV� D� V\PSOHFWLF�
YDULHW\�� :H�ZLOO�DUJXH�KHUH�WKDW�LW�LV�SURILWDEOH�WR�YLHZ��FHUWDLQ�FDVHV�RI��WKH�0XNDL�
FRQWVUXFWLRQ� DV� D� GHIRUPDWLRQ� RI�WKH�+LWFKLQ� V\VWHP�� 7KH� LGHD� LV� WKDW� LI� LV� D�
K\SHUSODQH�VHFWLRQ�RI�D�.��VXUIDFH� WKHQ� FDQ�EH�GHIRUPHG�WR�WKH�FRQH� RYHU�
WKH�FDQRQLFDO�HPEHGGLQJ�RI� 2XU�GHIRUPDWLRQ�RI� WR�WKH�+LWFKLQ�V\VWHP��JLYHQ�
LQ����� LV� EDVHG�RQ�H[DFWO\�WKLV�GHIRUPDWLRQ�RI� &� WR�LWV��QRUPDO�FRQH��

:H�DSSO\�WKLV�GHIRUPDWLRQ�LQ���� WR�VWXG\�WKH� �QLOSRWHQW�FRQH�� 1LOS�0�� LQ�WKH�
0XNDL� V\VWHP�� ZKLFK� SDUDPHWUL]HV� FHUWDLQ�VKHDYHV� RQ� D� QRQ�UHGXFHG� FXUYH� RQ�
'UDZLQJ�RQ�/DXPRQ
V�DQDO\VLV� RI�WKH�FRUUHVSRQGLQJ�ORFXV�LQ�
--�
8F��ZH�VKRZ�WKDW�
1LOS^0�� LV� D�/DJUDQJLDQ�VXEYDULHW\�RI� SURYLGHG�DW�OHDVW� WKDW�FHUWDLQ�QXPHULFDO�
UHVWULFWLRQV�DUH�VDWLVILHG�� )LQDOO\�� LQ����� ZH� VNHWFK�DQ�HOHPHQWDU\�UHVXOW� GHVFULELQJ�
LQ�GHWDLO� WKH�QLOSRWHQW�FRQHV�RI�WKH�WZR� V\VWHPV�LQ� WKH�UDQN�WZR�FDVH�� ,Q�+LWFKLQ
V�
VHWWLQJ��WKLV�FRQVLVWV�RI�D� XQLRQ�RI�YHFWRU�EXQGOHV�RYHU�YDULRXV�V\PPHWULF�SURGXFWV�
RI�WKH�EDVH�FXUYH� ,Q�WKH�0XNDL�VSDFH�� WKH�FRUUHVSRQGLQJ�ORFXV�FRQVLVWV�RI�
EXQGOHV�KDYLQJ�WKH�VDPH�XQGHUO\LQJ�OLQHDU�VWUXFWXUH�DV�LQ�WKH�+LWFKLQ�FDVH��

&RQVLGHUDWLRQ�RI�WKH�0XNDL�DQG�+LWFKLQ�V\VWHPV�DV�PRGXOL�VSDFHV�RI�VKHDYHV�RQ�
D�IL[HG�VXUIDFH�VXJJHVWV�VRPH�JHQHUDO�TXHVWLRQV�DV�WR�ZKHQ�VXFK�D�PRGXOL�VSDFH�KDV�
D�V\PSOHFWLF��3RLVVRQ��RU�FRPSOHWHO\�LQWHJUDEOH�VWUXFWXUH�� 2QH�EHDXWLIXO�DQVZHU�KDV�
UHFHQWO\�EHHQ�GLVFRYHUHG� E\�0DUNPDQ� WKH�PRGXOL�VSDFH�RI� �/DJUDQJLDQa
�

����� 3ULPDU\��)���� ��-����
3DUWLDOO\�VXSSRUWHG�E\�WKH�16$�*UDQW�0'$�������+�����DQG�16)�*UDQW�'06����������
3DUWLDOO\�VXSSRUWHG�E\�16)�*UDQW�'06����������
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VKHDYHV� RQ�D� V\PSOHFWLF� YDULHW\� LV� D� FRPSOHWHO\� LQWHJUDEOH� V\VWHP�� ILEHUHG� E\� WKH�
VXSSRUW�PDS�� :H� GLVFXVV� WKLV�DQG�VRPH�RSHQ�TXHVWLRQV� LQ�WKH�ILQDO� VHFWLRQ��

7KH�UHDGHU�ZLOO�QRWH�WKDW�ZH�GR�QRW�SURYH�D�Q\�SDUWLFXODUO\�VXEVWDQWLYH�WKHRUHPV�
LQ� WKLV� QRWH�� 1RQHWKHOHVV�� ZH� KRSH� WKDW� WKH� FRQQHFWLRQV� DQG� DQDORJLHV� WKDW� ZH�
REVHUYH�PD\�EH�RI�VRPH�LQWHUHVW��

:H�ZRUN�WKURXJKRXW�RYHU�WKH�FRPSOH[�QXPEHUV�&�� ,I�(� LV�D�YHFWRU�EXQGOH�RQ�D�
YDULHW\�;��YLHZHG�VD\�DV�D� ORFDOO\�IUHH�VKHDI��ZH�GHQRWH�E\�,(� ������;� WKH�WRWDO�VSDFH�
RI�(��FRQVLGHUHG�DV�DQ�DOJHEUDLF�YDULHW\�PDSSLQJ�WR�;��

V\VWHPV�

:H� VWDUW�E\�EULHIO\� UHFDOOLQJ�+LWFKLQ
V�FRQVWUXFWLRQ�� /HW� EH�D� IL[HG� VPRRWK�
SURMHFWLYH�FXUYH�RI�JHQXV� a� ��� OHW�.F�EH�WKH�FDQRQLFDO�EXQGOH�RI�&�� DQG�GHQRWH�
E\�8�  � 8F���Q��H�� WKH�PRGXOL� VSDFH�SDUDPHWUL]LQJ�VWDEOH� UDQN�Q�YHFWRU�EXQGOHV� RQ�
&�� RI�GHJUHH� 7KHQ�8� LV� D� VPRRWK�YDULHW\�� RI�GLPHQVLRQ�  GHI� �J� ��������
,Q�D� ZHOO�NQRZQ�PDQQHU�� RQH� FDQ�LGHQWLI\� WKH�FRWDQJHQW� EXQGOH� 
-,

8�ZLWK�WKH�VHW�
RI�DOO� SDLUV�FRQVLVWLQJ�RI�D�VWDEOH�UDQN� YHFWRU�EXQGOH� �XS�WR�LVRPRUSKLVP�� SOXV�D�
.F�YDOXHG�HQGRPRUSKLVP�RI�WKDW�EXQGOH��


-,

8� � ^�(�����,�����(� ������(���.F`��
/HW�  �U�� (%�U�� (%� Â�Â�Â�(%�U�� 7KHQ�RQH�KDV�D�QDWXUDO�PRUSKLVP�
RI�YDULHWLHV��

������ +�� 
-,

8������%� � F���
JLYHQ�E\� K�(���� � 3�3�� ZKHUH�

3�3�  � ��WU���WU�$�������������Q�GHW����(�%�

LV� WKH� �FKDUDFWHULVWLFÂ�SRO\QRPLDO�� RI���� +LWFKLQ�SURYHV� WKDW�+� LV� DQ�DOJHEUDLFDOO\�
FRPSOHWHO\� LQWHJUDEOH�+DPLOWRQLDQ�V\VWHP�ZLWK�UHVSHFW� WR�WKH�QDWXUDO�V\PSOHFWLF�
VWUXFWXUH�RQ�
-,

8�� ,W�IROORZV� WKDW�LI�3�(�%� LV� D�JHQHUDO�SRLQW�� WKHQ� ��3�� FDQ�EH�
UHDOL]HG� DV�D� =DULVNL�RSHQ�VXEVHW�RI�DQ�DEHOLDQ�YDULHW\� 7KHVH�DEHOLDQ�YDULHWLHV�
FDQ�DOVR� EH� H[SODLQHG� YLD� WKH�VSHFWUDO� FRQVWUXFWLRQ�� ,Q� IDFW�� DQ�HOHPHQW� (�
YLHZHG�DV�D�FKDUDFWHULVWLF�SRO\QRPLDO��GHWHUPLQHV�D�

F� O.F�
PDSSLQJ�Q�WR�RQH�RQWR� )LEUH�ZLVH�RYHU� (� SDUDPHWUL]HV�WKH�HLJHQYDOXHV�
RI� 7KHQ� IRU� JHQHUDO� (�  � ��� :H� UHIHU� WR� IRU� D�
GLVFXVVLRQ� RI�VSHFWUDO� FXUYHV�� DQG� IRU� DQ�DOJHEUR�JHRPHWULF� DSSURDFK� WR�+LWFKLQ
V�
UHVXOWV��

7KUQLQJ�WR�0XNDL
V�ZRUN�� OHW� EH� D� VPRRWK�SURMHFWLYH�SRODUL]HG�.��VXUIDFH��
0XNDL
V� EHDXWLIXO�REVHUYDWLRQ� >0@� LV� WKDW�WKH�PRGXOL� VSDFHV�SDUDPHWUL]LQJ�VLPSOH�
VKHDYHV� RQ� DUH� VPRRWK�� DQG� FDUU\� QDWXUDO� V\PSOHFWLF� VWUXFWXUHV�� :H� ZLOO� EH�
FRQFHUQHG� ZLWK� WKH� IROORZLQJ� VSHFLDO� FDVH�� )L[� D� VPRRWK� FXUYH� F� RI�JHQXV�
J� a� ��� DQG� VXSSRVH� IRU� VLPSOLFLW\� WKDW� LV� D� YHU\� DPSOH� GLYLVRU� RQ� *LYHQ�
LQWHJHUV�N�� (� ZLWK� a� ��� GHQRWH�E\�

 0aQFL�6��
WKH�PRGXOL�VSDFH�SDUDPHWUL]LQJ�SDLUV�FRQVLVWLQJ�RI�D� GLYLVRU�

 GHI�,Q&���
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SOXV�D�VHPL�VWDEOH�FRKHUHQW�VKHDI��� VXSSRUWHG�RQ� KDYLQJ�WKH�VDPH�+LOEHUW�SRO\�
QRPLDO� DV� D� OLQH�EXQGOH�RI�GHJUHH� RQ�D� VPRRWK�PHPEHU� (� :H� UHIHU�WR�

���� IRU� WKH�SUHFLVH�GHILQLWLRQ�RI�VHPL�VWDELOLW\��DQG�IRU� WKH�SURRI�WKDW�0� H[LVWV�
�
:H�ZLOO�VD\�WKDW�VXFK�D�VKHDI��KDV� )RU�H[DPSOH��
LI�(LVD�VHPL�VWDEOH�YHFWRU�EXQGOH�RI�UDQN�QDQG�GHJUHH� ���Q� � Q���� RQ�
WKHQ�ZH� PD\�YLHZ� DV� D� FRKHUHQW� VKHDI�RQ�WKH�QRQ�UHGXFHG�FXUYH�  � &� 6��
DQG�WKH�SDLU� GHWHUPLQHV�D�HOHPHQW�RI� 6LQFH�D�VHPL�VWDEOH�VKHDI�LV�VLPSOH��
LW� IROORZV� IURP� WKDW� WKH�RSHQ�VXEVHW� F� FRQVLVWLQJ�RI�VWDEOH�VKHDYHV� LV�
D� V\PSOHFWLF�PDQLIROG�� $V� LQ� ������ WDNLQJ� VFKHPDWLF� VXSSRUWV�YLD�)LWWLQJ�
LGHDOV�GHILQHV�D�PRUSKLVP�

������ 0� �� �����%� �

ZKHUH�DV�DERYH�  � GLP�  � ���������
-XVW�DV� LQ�WKH�+LWFKLQ�V\VWHP��RQH�KDV�

'(� 0�?>'@�� �

3522)�� 2QH�FRPSXWHV�WKDW� KDV�JHQXV�J�� DQG�KHQFH�

GLP�  �  ���GLP� �

DORQJ� 6R� LW� LV� HQRXJK�WR�VKRZ�WKDW�WKH�V\PSOHFWLF� IRUP�YDQLVKHV�RQ�WKH�
ILEUHV�� /HW� EH�D� OLQH� EXQGOH� RI�GHJUHH� RQ� 7KHQ� WKH� FRUUHVSRQGLQJ� SRLQW�
>/@� (0�OLHV� LQ� WKH�VWDEOH� ORFXV�0� &�0�� 7KH�WDQJHQW� VSDFH�7>/-0� WR0�DW� >/@�
LV� LGHQWLILHG� ZLWK� ([W��/�� ZKHUHDV� WKH� WDQJHQW� VSDFH� WR� WKH� ILEUH�
LV� JLYHQ� E\� WKH�VXEVSDFH�  � ,W� IROORZV� IURP�0XNDL
V�
FRQVWUXFWLRQ� WKDW�WKH�UHVWULFWLRQ�RI�WKH�V\PSOHFWLF�IRUP� WR� IDFWRUV�
WKURXJK�WKH�FXS�SURGXFW�PDS�

([WE�/�� [� ([WE�/�� ([Wa�/��

%XW�  � ��� DQG�WKH�OHPPD�IROORZV�� ��

,Q�ERWK�WKH�+LWFKLQ�DQG�0XNDL�V\VWHPV��WKH�-DFRELDQV� RI�VPRRWK�
FXUYHV� (� DUH�UHDOL]HG�DV�/DJUDQJLDQ�VXEPDQLIROGV�RI�D�V\PSOHFWLF�PDQLIROG��
,W�LV� VKRZQ� LQ� DQG� WKDW�VXFK�D� VLWXDWLRQ�LV� GHWHUPLQHG�E\�D� IDPLO\�
RI�FXELF� WHQVRUV� (�6\P ,Q�HDFK�VHWWLQJ�� WKH�FXELF�DW�'LV�JLYHQ�
E\� WKH�H[WHQVLRQ�FODVV�

(�  �

RI�WKH�QRUPDO�EXQGOH�VHTXHQFH�

������ ���

ZKHUH�  � RU�  � DV� WKH�FDVH�PD\�EH��
:H� QRZ�ZLVK� WR�VKRZ� WKDW�RQH� FDQ�GHJHQHUDWH� WKH�0XNDL� V\VWHP������� WR�WKH�

+LWFKLQ�V\VWHP�� 1RWH� WR�EHJLQ�ZLWK� WKDW�+LWFKLQ
V� V\VWHP�DGPLWV� D� QDWXUDO�FRP�
SDFWLILFDWLRQ�� DV�IROORZV�� /HW� GHQRWH� WKH�RQH�SRLQW�FRPSDFWLILFDWLRQ�RI�2&F�� L�H��


1RWH�WKDW�RQH�WKH�UHTXLUHPHQWV�IRU� VHPL�VWDELOLW\�LV� WKDW��� KDYH� �SXUH�GLPHQVLRQ�RQH��� L�H��
WKDW� LW� EH�IUHH� RI�HPEHGGHG�FRPSRQHQWV��
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WKH�SURMHFWLYH�FRPSOHWLRQ�3�.F�((O�2F��ZLWK�WKH�VHFWLRQ�DW�LQILQLW\�EORZQ�GRZQ� WR�
D�SRLQW�� �6R�LI�&LV�QRQ�K\SHUHOOLSWLF�� O.F�LV�WKH�FRQH�RYHU�WKH�FDQRQLFDO�HPEHGGLQJ�
RI�&��� 9LHZ�&� F� O.F� F� O.F� DV� HPEHGGHG� E\� WKH�]HUR�VHFWLRQ�� 7KHQ�WKH�VSHFWUDO�
FXUYHV�'S�&� O.F�OLH�LQ�WKH�OLQHDU�VHULHV�%� GHI�,Q&�,� � DQG�RQH�PD\�LGHQWLI\�WKH�
DIILQH� VSDFH� DV� WKH�VXEVHW�RI� IRUPHG� E\� WKRVH�FXUYHV�QRW�SDVVLQJ� WKURXJK�WKH�
YHUWH[�RI�O.F�� *LYHQ�DQ�LQWHJHU�N��ZH� FRQVLGHU�SDLUV�FRQVLVWLQJ�RI�D�FXUYH'�(�,Q&��
SOXV�D�VHPL�VWDEOH�FRKHUHQW�VKHDI� VXSSRUWHG�RQ� KDYLQJ�WKH�VDPH�+LOEHUW�SRO\�
QRPLDO� DV� D� OLQH� EXQGOH�RI�GHJUHH� RQ�D� VPRRWK�PHPEHU� (� ,Q&O�� :H�ZLOO� VD\�
DV� DERYH� WKDW�VXFK�D� VKHDI� KDV�QXPHULFDO� UDQN�RQH� DQG�GHJUHH� N�� $FFRUGLQJ�WR�
6LPSVRQ� >6@�� WKHUH�LV� D�SURMHFWLYH�PRGXOL�VSDFH�

� ��
 � 
+LQ&,��OOLaF��

SDUDPHWUL]LQJ� LVRPRUSKLVP� FODVVHV� RI� DOO� VXFK�� ZKHUH� QDWXUDOO\� ZH� YLHZ� O.F� DV�
SRODUL]HG�E\� WKH�DPSOH�GLYLVRU� 7DNLQJ�VXSSRUWV�GHILQHV� DV� EHIRUH�D�PRUSKLVP�

������ +���L����

9LD�WKH�VSHFWUDO�FRQVWUXFWLRQ�7
8F�LV�UHDOL]HG�DV�DQ�RSHQ�VXEVHW�RI�+����%���ZLWK�+�
UHVWULFWLQJ�WR�WKH�+LWFKLQ�PDS�� :H�GHQRWH�E\��L�&��L�WKH�RSHQ�VXEVHW�SDUDPHWUL]LQJ�
VWDEOH�VKHDYHV��

1RZ�FRQVLGHU�D�.��VXUIDFH6�&� 3�� FRQWDLQLQJ�D�VPRRWK�FXUYH� &� RI�JHQXV�
DV� D� K\SHUSODQH�VHFWLRQ�� 7KH�SRLQW� LV� VLPSO\�WR�H[SORLW� WKH�HOHPHQWDU\�IDFW� WKDW�

RQH� FDQ�GHJHQHUDWH� WR�WKH�FRQH� O.F�RYHU� 6SHFLILFDOO\�� OHW�;�� &� S<��� EH� WKH�
FRQH�RYHU� DQG�GHQRWH� E\� ����;R� WKH�EORZLQJ�XS�RI�;R� DORQJ� 7KH�SHQFLO�
RI�K\SHUSODQHV�LQ�S<��� SDVVLQJ�WKURXJK�&�JLYHV� ULVH� WR�D�PDSSLQJ�

I��;����
7KHUH�LV�D�GLVWLQJXLVKHG�SRLQW��� (� VXFK�WKDW�

I� ����� � O.F��
IRU� DOO�RWKHU�SRLQWV���  I�� W� (� I� ��W�� a� 7KH�PDS�I� LV� WKXV�D� GHIRUPDWLRQ�RI�
&� F�6� WR�WKH�FRQH� RYHU�&�� ,W�ZDV� XVHG� IRU� H[DPSOH� LQ� DQG� LV� FORVHO\� UHODWHG�
WR�WKH�ZHOO�NQRZQ�GHIRUPDWLRQ� ��FI�� RI� &� WR� LWV�QRUPDO�FRQH�� �7KH� ODWWHU�
LV� HVVHQWLDOO\� WKH�EORZ�XS� RI�;� DW� WKH�YHUWH[�RI�O.F� &� ;��� 1RWH� WKDW�&� HPEHGV�
QDWXUDOO\�DV� DQ�DPSOH�GLYLVRU� LQ�HDFK�RI�WKH�ILEUHV� RI�-�� DQG� WKDW� FDUULHV� D�
SRODUL]DWLRQ�ZKRVH� UHVWULFWLRQ�WR�HDFK�ILEUH� LV� �&���

1RZ� UHFDOO� WKDW�6LPSVRQ� >6@� FRQVWUXFWV�PRGXOL� VSDFHV�RI�VKHDYHV� LQ�D� UHODWLYH�
VHWWLQJ�� /HW�

� ��
 � :OQ&,� ���W�

EH�WKH�PRGXOL� VSDFH�� SURMHFWLYH�RYHU� SDUDPHWUL]LQJ�VHPLVWDEOH� VKHDYHV� RI�QX�
PHULFDO� UDQN�RQH� DQG�GHJUHH� N� FRQWDLQHG� LQ�WKH�ILEUHV� RI�I�� (TXLYDOHQWO\��:� PD\�
EH� GHVFULEHG� DV� WKH�PRGXOL� VSDFH� SDUDPHWUL]LQJ�VHPL�VWDEOH� VKHDYHV� RI�WKH� JLYHQ�
QXPHULFDO�W\SH�RQ� ZKLFK�DUH�VXSSRUWHG�LQ�D� ILEUH� RI�I��'HQRWH�E\�

�����SO�

WKH� S�BEXQGOH� ZKRVH� ILEUH� RYHU� (� LV� WKH� OLQHDU� VHULHV� �Q&�,�� 7KHQ�/H�
3RWLHU
V�FRQVWUXFWLRQ�LQ� JOREDOL]HV�WR�GHILQH� D�VXSSRUW�PDS�

������
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RI�VFKHPHV�RYHU�P 1 . *LYHQ�t (�P 1 , OHW�

GHQRWH� WKH� WKH� ILEUHV� RI� ������ RYHU� t. 7KHQ� IRU� 0 �I��� t (� P 1 RQH� KDV�Wt ~ M, 
ZKHUHDV�:R� ~ 
+�� 7KXV� ������ GHILQHV� WKH�UHTXLUHG�GHJHQHUDWLRQ�RI�WKH�0XNDL� WR�
WKH�+LWFKLQ�V\VWHP��

§2. The Nilpotent Cone in Mukai Space 

,Q�WKH� �FODVVLFDO�� +LWFKLQ�V\VWHP�H ��
-U
8H� ������� B, WKH�nilpotent cone FRQVLVWV�
RI�DOO� SDLUV� �(����� VXFK�WKDW�WKH�HQGRPRUSKLVP����(� ������� (���.H�LV� QLOSRWHQW�� $�
EDVLF� WKHRUHP�RI�/DXPRQ� [L] VWDWHV� WKDW� WKLV� FRQH� LV� D� /DJUDQJLDQ� VXEYDULHW\�RI�

OU
8H�� ,Q� WKLV�VHFWLRQ�� ZH� XVH� WKH�GHIRUPDWLRQ� ������ WR�GHGXFH� WKH�FRUUHVSRQGLQJ�
VWDWHPHQW�IRU� WKH�0XNDL�V\VWHP�XQGHU�FHUWDLQ�QXPHULFDO�UHVWULFWLRQV��

7KH�ILUVW� SRLQW� LV� WR�GHILQH� WKH�QLOSRWHQW� FRQHV� LQ� WKH�SUHVHQW� VHWWLQJ�� 7R� WKLV�
HQG�� QRWH�WKDW�LI��� ��(� ������� (���.H� LV� D� QLOSRWHQW� HQGRPRUSKLVP�RI�D� VHPL�VWDEOH�
EXQGOH�Eon C, WKHQ�WKH�FRUUHVSRQGLQJ�VSHFWUDO�FXUYH� LV� WKH�QRQ�UHGXFHG�VFKHPH�
R  � nC &� ,.H�� L�H�� R LV�WKH�(n �O�VW�LQILQLWHVLPDO�QHLJKERUKRRG�RI�WKH�]HUR�VHFWLRQ�

� � -k �
&� &� ,.H�� 7KHUHIRUH�ZH� GHILQH� WKH�QLOSRWHQW�YDULHW\�1LOS�
+�� &� 
+� � 
+�QH���,.H�� WR�
EH�WKH�VFKHPH�

� ����1LOS�
+�� � +� �>5@��
SDUDPHWUL]LQJ�DOO�VHPL�VWDEOH�VKHDYHV�RI�QXPHULFDO�UDQN�RQH�DQG�GHJUHH�N�VXSSRUWHG�
RQ�R  � nC &� ,.H�� $V� QRWHG� DERYH�� D� VHPL�VWDEOH� YHFWRU� EXQGOH� RQ�C RI�GHJUHH�
e  � k ���Q� � Q��O� g) GHWHUPLQHV�D�SRLQW�LQ�1LOS�
+��� L�H�� WKHUH�LV�QDWXUDO�LQFOXVLRQ�
8H� �8H�Q��H�� &� 1LOS�
+��� LQ�WKH�FODVVLFDO�+LWFKLQ�VHWWLQJ��WKLV�LV�MXVW�HPEHGGLQJ�RI�
WKH�]HUR�VHFWLRQ� LQ� 
-I�

8H�� :H�ZULWH�1LOS�
+�� IRU� WKH�FRUUHVSRQGLQJ�ORFXV�RI�VWDEOH�
VKHDYHV�� 6LPLODUO\��VXSSRVH�WKH�FXUYH�C OLHV�DV�D�K\SHUSODQH�VHFWLRQ�RI�D�.��VXUIDFH�
S. :H�GHILQH� WKH�QLOSRWHQW�VXEYDULHW\�RI�0XNDL�VSDFH�WR�EH�WKH�VHW�

� ����1LOS�0�� � 0� �>5@��

FRQVLVWLQJ�RI�DOO� VHPL�VWDEOH� VKHDYHV� RI�WKH�DSSURSULDWH� QXPHULFDO� W\SH� VXSSRUWHG�
� -k RQ�WKH�VXEVFKHPH�R  �nC &� S, ZKHUH� DV� DERYH�M  �M 1QH1(S). 7KH�DQDORJRXV�

ORFXV� RI�VWDEOH�VKHDYHV� LV� GHQRWHG� E\�1LOS�0�� &� M. $JDLQ�RQH�KDV� DQ�LQFOXVLRQ�
8H� &� 1LOS�0��� 2EVHUYH� DOVR� WKDW� WKH�QLOSRWHQW� VXEYDULHW\�1LOS�0�� GHJHQHUDWHV�
WR�D� VXEYDULHW\�RI�1LOS�
+�� XQGHU�WKH�GHIRUPDWLRQ� �������

2XU�DLP�KHUH�LV� WR�SURYH�WKH�IROORZLQJ��

Theorem 2.1. Assume that k and n are coprime. Then 1LOS�0�� is a La-
grangian subvariety of M. 

5HFDOO� IURP� [L], $SSHQGL[�$�� WKDW� WKLV�PHDQV� WKDW�1LOS�0�� FRQWDLQV� D� =DULVNL�
RSHQ�GHQVH�VHW�ZKLFK�LV�HYHU\ZKHUH�RI�KDOI�WKH�GLPHQVLRQ�RI�0��DQG�RQ�ZKLFK�WKH�
V\PSOHFWLF�IRUP�YDQLVKHV��

:H�VWDUW�ZLWK�

Lemma 2.2. Under the hypotheses of {2.1}, every component ofNilp(M) has 
dimension J��
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3522)�� /HW� >UHVS�� +R@� GHQRWH�WKH�RSHQ�VXEVHW�RI
`^�>UHVS�� +@�SDUDPHWUL]LQJ�
VHPL�VWDEOH� >UHVS�� VWDEOH@� VKHDYHV� VXSSRUWHG�RQ� ,.H� &� ,.H�� 1RWH� WKDW� VKHDYHV� RQ�
,.H�^YHUWH[`�DUH�H[DFWO\�WKRVH�FRUUHVSRQGLQJ�YLD�WKH�VSHFWUDO�FRQVWUXFWLRQ�WR�+LJJV�
SDLUV� �(����(�����(���.H��� :H� FODLP� WR�EHJLQ�ZLWK� WKDW�XQGHU� WKH�QXPHULFDO�
K\SRWKHVHV�RI�WKH�7KHRUHP��

�
��  �

,Q� IDFW�� VXSSRVH� WKDW� �� LV� VKHDI�RI�SXUH� GLPHQVLRQ� RQH� RQ�,.H� ^YHUWH[`�� Â7KHQ�
VWDELOLW\� �RU� VHPL�VWDELOLW\�� RI��� LV� LQ� WKH� ILUVW� LQVWDQFH� GHILQHG� D�OD�*LHVHNHU� E\�
PHDQV�RI�WKH�+LOEHUW�SRO\QRPLDO�3	�W��  � [���W&���GHWHUPLQHG�E\�WKH�SRODUL]DWLRQ�
&�&�,.H��+RZHYHU�&� LV� OLQHDUO\�HTXLYDOHQW�RQ�,.H� WR�D�GLYLVRU� ��J� ��)�ZKHUH�)� LV�
WKH�SXOO�EDFN�RI�D�GLYLVRU�RI�GHJUHH�RQH�RQ�&�XQGHU�WKH�EXQGOH�SURMHFWLRQ�,.H� �����&��
DQG�LW�LV� HTXLYDOHQW� WR�FRPSXWH�VWDELOLW\�ZLWK�UHVSHFW� WR�WKH�+LOEHUW�SRO\QRPLDO�

T��W�� �[���W)����
1RZ�

T	�W�� � QW����N���Q ���� J����
DQG�KHQFH� LI� DQG�Q� DUH� UHODWLYHO\� SULPH�� WKHQ�VR� DUH� WKH�WZR� FRHIILFLHQWV� U�  � Q�
DQG�D�  � N���Q� ��� �J��RI�T��W��� %XW� IURP� WKH� GHILQLWLRQ� RI�T�VWDELOLW\� LW� IROORZV�
LPPHGLDWHO\� WKDW� LI��� LV� VHPL�VWDEOH�� WKHQ� LW� LV� DXWRPDWLFDOO\� VWDEOH�� >,Q� HIIHFW��
ZH� DUH� SURYLQJ� WKDW� �VHPL��VWDELOLW\� RI��� LV� HTXLYDOHQW� WR� �VHPL��VWDELOLW\� RI� WKH�
FRUUHVSRQGLQJ�+LJJV�SDLU� ��(������@�

:H� QH[W�ZLVK� WR�LQYRNH�/DXPDQ
V� WKHRUHP�WKDW� WKH�+LWFKLQ�QLOSRWHQW� FRQH� LV�
/DJUDQJLDQ�� 7KH�PDLQ�WKHRUHP�RI�>/@� VWDWHV�WKDW�WKH�QLOSRWHQW�FRQH�LV�/DJUDQJLDQ�LQ�
WKH�PRGXOL�VWDFN�7
)LE��ZKLFK�SDUDPHWUL]HV�LVRPRUSKLVP�FODVVHV�RI�DUELWUDU\�+LJJV�
SDLUV� �(������ ,Q�SDUWLFXODU�� HDFK�FRPSRQHQW� RI�WKLV� QLOSRWHQW� FRQH� KDV� GLPHQVLRQ�
�DV� D� VWDFN��J� ��� ZKLFK� LV� WKH�GLPHQVLRQ� RI�)LE�� �7KH�GLIIHUHQFH� RI��� LV� GXH� WR�
WKH�SUHVHQFH�RI�VFDODU�DXWRPRUSKLVPV�RQ�HYHU\�YHFWRU�EXQGOH��� %XW�DV�ZH�KDYH�MXVW�
VHHQ�� SRLQWV�RI�+RDUH�JLYHQ�E\� SDLUV� ���DQG�VLQFH�VWDEOH�SDLUV�DUH�VLPSOH�
E\�>�@�����ZH�FRQFOXGH�WKDW�HDFK�FRPSRQHQW�RI�1LOS�+�� LV�/DJUDQJLDQ�RI�GLPHQVLRQ�
LQ�
1RZ�XQGHU�WKH�GHIRUPDWLRQ��������1LOS�0��VSHFLDOL]HV�WR�1LOS�+��� +HQFH�LW�IRO�

ORZV�IURP�WKH�VHPL�FRQWLQXLW\�RI�ILEUH�GLPHQVLRQV�WKDW�HYHU\�FRPSRQHQW�RI�1LOS�0��
KDV�GLPHQVLRQ� ����� J�� 2Q�WKH�RWKHU�KDQG��/HPPD�����VKRZV� WKDW�1LOS�0�� LV� LWVHOI�D�
VSHFLDOL]DWLRQ�RI�WKH�/DJUDQJLDQ�VXEYDULHWLHV�0�� �>'@�� IRU� JHQHUDO�'(�,Q&���DQG�
WKLV�LPSOLHV�WKH�UHYHUVH� LQHTXDOLW\�� '�

,W�VHHPV� SODXVLEOH� WKDW�/HPPD����� UHPDLQV� YDOLG�ZLWKRXW� WKH�QX�
PHULFDO�K\SRWKHVHV�RI�WKH�7KHRUHP�� +RZHYHU�ZH� GR� QRW�NQRZ�KRZ� WR�UXOH�RXW�WKH�
SRVVLELOLW\� WKDW� WKHUH�DUH�ZKROH� FRPSRQHQWV� RI�1LOS�+�� FRQWDLQHG� LQ� WKH�VLQJXODU�
ORFXV�RI�
+�� LQ�ZKLFK�FDVH�/DXPDQ
V�WKHRUHP�GRHV� QRW�VHHP�WR�DSSO\�� 1RWH� LQ�DQ\�
HYHQW� WKDW�LW�LV� RQO\�LQ�/HPPD����� WKDW�ZH� XVH� WKDW� DQG�Q� DUH�FRSULPH��

.HHSLQJ�WKH�K\SRWKHVHV�RI�WKH�7KHRUHP��LW�UHPDLQV�WR�VKRZ�WKDW�WKH�V\PSOHFWLF�
IRUP� RQ� YDQLVKHV� RQ� DQ\�FRPSRQHQW� RI�1LOS�0��� 'HQRWH�E\� WKH�FORVXUH�
RI� LQ� 1LOS�0��� VR� WKDW� LV� DQ� LUUHGXFLEOH� HRPSRQHQW� RI�1LOS�0��� 1RZ�
KDV� GLPHQVLRQ� �J� DW� HYHU\� SRLQW� RI�)�� VR� LW� IROORZV� IURP� /HPPD� ���� WKDW� )� LV�
FRQWDLQHG�LQ�DQ�LUUHGXFLEOH�FRPSRQHQW� RI� WKDW�PDSV�RQWR�  ,Q&O�� &KRRVH�
D� VPRRWK� F� SDVVLQJ� WKURXJK� >5@�  � >Q&@� (� DQG�PHHWLQJ� WKH� RSHQ�
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� ����� ��
VXEVHW�RI�%�SDUDPHWUL]LQJ�VPRRWK�PHPEHUV�RI�,Q&O�� /HW�:7�  �:Q0� �7��F�0��
DQG�GHQRWH�E\�P� ��:7� ����� WKH�SURMHFWLRQ�� 7KHQ�HYHU\� FRPSRQHQW� RI�:7� KDV�
GLPHQVLRQ� ����J������ZKHUHDV�)��ZKLFK�KDV�GLPHQVLRQ�J�� LV�DQ�LUUHGXFLEOH�FRPSRQHQW�
RI�1LOS�0����P���>5@��� ,W�IROORZV� WKDW�WKHUH�LV�DQ�LUUHGXFLEOH�FRPSRQHQW�=�RI�:7�
FRQWDLQLQJ�)� DQG�PDSSLQJ�RQWR�7�� :ULWH�J� ��=�����7� IRU� WKH�SURMHFWLRQ�� 7KXV�)�
LV� D� FRPSRQHQW� RI�J������� ZKHUHDV� IRUW�LQ�D� SXQFWXUHG�QHLJKERUKRRG�RI�>5@� (�7��
LW�IROORZV� IURP� ������ WKDW�WKH�ILEUH�  �J�� �W�� LV� D�/DJUDQJLDQ�VXEPDQLIROG�RI�
7KHUHIRUH�WKH�DVVHUWLRQ�IROORZV�IURP�WKH�IROORZLQJ�OHPPD��ZKLFK�VWDWHV�LQ�HIIHFW�WKDW�
D� OLPLW�RI�/DJUDQJLDQ�VXEPDQLIROGV�LV� D�/DJUDQJLDQ�VXEYDULHW\��

��(� &� [�
�� I�� (� &�

&�

3522)�� /HW� =�����7� GHQRWH� SURMHFWLRQ�RQWR�WKH�VHFRQG�IDFWRU�� %\�0XP�
IRUG
V�VHPL�VWDEOH�UHGXFWLRQ�WKHRUHP� DIWHU�D�EDVH�FKDQJH��7
�2
�������7�2��DQG�
EORZLQJV�XS�RYHU�WKH�FHQWUDO�ILEUH��ZH�FDQ�FRQVWUXFW�D�QHZ�IDPLO\� <�����7
�VXFK�
WKDW� WKH� FHQWUDO� ILEUH� T�����2
�� LV� D� UHGXFHG� QRUPDO� FURVVLQJ� GLYLVRU�� DQG� DOO� RWKHU�
ILEUHV� DUH� VPRRWK�� 7KHQ� WKH� VKHDI�Q`�7
� RI�UHODWLYH� WZR�IRUPV� DORQJ� LV� ORFDOO\�
IUHH� RXWVLGH�WKH�VXEVHW�*�&�<� RI�FRGLPHQVLRQ� ���� ��ZKHUH� IDLOV� WR�EH�VPRRWK�� /HW�

<�����0� GHQRWH�WKH�FRPSRVLWLRQ�<�����=�����0��7KHQ�U-�  GHI� YDQLVKHV�
RQ�WKH�JHQHUDO�ILEUH� RI� DQG�KHQFH�YDQLVKHV�RII� ,Q�SDUWLFXODU�� U-� YDQLVKHV�DW�WKH�
JHQHUDO�SRLQW�RI�HDFK�FRPSRQHQW� RI�T�� ��
��� %XW�HDFK�FRPSRQHQW� RI� &�
LV� GRPLQDWHG�E\�VRPH� PXVW�YDQLVK�DW�WKH�JHQHUDO�SRLQW�RI� '�

7KLV�FRPSOHWHV�WKH�SURRI�RI�7KHRUHP������

,Q� WKLV�VHFWLRQ�� ZH� VWDWH�ZLWKRXW� SURRI�D� GHWDLOHG�GHVFULSWLRQ�RI�WKH�QLOSRWHQW�
FRQHV� LQ� WKH�FDVH�  � ��� )RU� VLPSOLFLW\�ZH� OLPLW� DWWHQWLRQ�WR�VWDEOH�VKHDYHV�� DQG�
WKH�FODVVLFDO�+LWFKLQ�VHWWLQJ��DOWKRXJK�ZH�GR� QRW�QHHG�WKH�QXPHULFDO�K\SRWKHVHV�RI�
7KHRUHP������

:H�VWDUW�ZLWK�WKH�+LWFKLQ�V\VWHP�� &RQVLGHU�WKH�ILUVW�LQILQLWHVLPDO�QHLJKERUKRRG�
 � �&�&� 2&F�� 9LD�WKH�VSHFWUDO�FRQVWUXFWLRQ�RQH�KDV�DQ�LGHQWLILFDWLRQ�

1LOS�"�O��  �+B���2��  �^� �(���a���� ,�(�D�VWDEOH�UDQN���EXQGOH��RQ�&�� `� ��

a
� ��-� ��(� �����(���.F�ZLWK���-�  � ��

/DXPDQ� KDV�HQXPHUDWHG�WKH�FRPSRQHQWV�RI�WKH�QLOSRWHQW�FRQH�LQ�JHQHUDO��EXW�LQ�
WKH�SUHVHQW�FDVH�WKH�GHVFULSWLRQ�LV� HOHPHQWDU\�WR�REWDLQ�E\�KDQG�� ,Q�IDFW�� VXSSRVH�
�� I�� �3LV�QLOSRWHQW�� 7KHQ��3� KDV�JHQHULF�UDQN�RQH�� /HW� EH�WKH�HIIHFWLYH�GLYLVRU�
RQ�ZKLFK��3� YDQLVKHV�� DQG�GHQRWH�E\�$� WKH�OLQH�EXQGOH�LP��-� F�(���.F��7KHQ�(� VLWV�
LQ�WKH�H[DFW�VHTXHQFH�

������$��'���.���a�(� ����$���������
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DQG���IDFWRUV�DV�WKH�FRPSRVLWLRQ�

(a�

��'�
D�a�

6XFK� QLOSRWHQW� HQGRPRUSKLVPV� PD\� EH� SDUDPHWUL]HG� DV� IROORZV�� 6HW�  � GHJ�(��
DQG�IL[�DQ�LQWHJHU�

��a� �� ��� ZLWK�  � �PRG�����

3XW� �� �� G����� DQG�GHILQH��

1G�  � a��� (� '(� a�� (�([W��$�� ��.�� ���`��

1RWH�WKDW�WKHUH�LV� D� QDWXUDO�PDS�

�U��1G�a� ;�

ZKLFK� UHDOL]HV�1G� DV�WKH�WRWDO�VSDFH�RI�D� YHFWRU�EXQGOH�ZKRVH� ILEUH� RYHU� WKH�SRLQW�
LV� WKH�YHFWRU�VSDFH� � �.������ ,Q�WKH�VSHFLDO�FDVH�DW�KDQG��ZH�PD\�

VWDWH�RQH�RI�/DXPDQ
V�UHVXOWV�DV�IROORZV��

352326,7,21� ����� FRPSRQWaQWV� 1LOS
+�
8F����

�L� 1W�F�1G�� '�

�7KH�RSHQ�VXEVHWV�1W�DULVH�EHFDXVH�QRW�HYHU\�UDQN�WZR�EXQGOH�GHWHUPLQHG�E\�DQ�
HOHPHQW� LQ�1G� LV� VWDEOH���

�?�UQLQJ� WR� WKH� 0XNDL� VHWWLQJ�� UHFDOO� WKDW� WKH� QLOSRWHQW� VXEYDULHW\� 1LOS�0��
SDUD� PHWUL]HV�VWDEOH�VKHDYHV�RI�QXPHULFDO�UDQN�RQH�DQG�GHJUHH� RQ�WKH�LQILQLWHVLPDO�
QHLJKERUKRRG�  � �&�&� RI� LQ�WKH�.��VXUIDFH6�� $W�WKLV�SRLQW�WKH�TXHVWLRQ�QR�
ORQJHU� KDV� DQ\WKLQJ� WR�GR�ZLWK�.�� VXUIDFHV�� DQG� LW� FODULILHV�PDWWHUV�WR�JHQHUDOL]H�
VOLJKWO\��

/HW�&� EH� D� VPRRWK� FXUYH� RI�JHQXV� J�� DQG� OHW�5� EH� DQ\� �ULEERQ�� RQ�&�ZLWK�
QRUPDO� EXQGOH� L�H�� WKH� VFKHPH� DULVLQJ� IURP� D� GRXEOH� VWUXFWXUH� RQ� ZLWK�
QRUPDO�EXQGOH� 7KXV� VLWV�LQ�DQ�H[DFW�VHTXHQFH��

Ra.��� aR5aRF� aR��

6XFK�GRXEOH�VWUXFWXUHV�DUH�FODVVLILHG�E\�+ ����&��.������DQG�JLYHQ�U� (�+ ����&��.����� ZH�
ZULWH� IRU�WKH�FRUUHVSRQGLQJ�VFKHPH�� )RU�H[DPSOH�� LV�MXVW�WKH�ILUVW�LQILQLWHVLPDO�
QHLJKERUKRRG�RI�WKH�]HUR�VHFWLRQ� F� O.F�� )L[LQJ�VRPH�SRODUL]DWLRQ�RQ� ZH�GHILQH�

 � WR�EH�WKH�PRGXOL�VSDFH�RI�VWDEOH��LQ�SDUWLFXODU��&RKHQ�0DFDXOD\��
VKHDYHV�RI�QXPHULFDO�UDQN�RQH�DQG�GHJUHH� RQ�

7KH�VKHDYHV�LQ�TXHVWLRQ�KDYH�RQH�RI�WZR�W\SHV�� )LUVW��D� UDQN�WZR�VWDEOH�YHFWRU�
EXQGOH�RQ� RI�GHJUHH�  � ���� �J�� FRQVLGHUHG�DV�DQ� PRGXOH�� KDV�QXPHULFDO�
UDQN�RQH�DQG�GHJUHH� N�� 7KH�VHFRQG�W\SH�RI�VKHDYHV�FRQVLVWV�RI�VWDEOH�2ZPRGXOHV�
�ZKRVH�UHVWULFWLRQV��� &� KDYH�UDQN���� )L[�VXFK�D�VKHDI��� 2QH�VKRZV�
WKDW�FDQRQLFDOO\�DVVRFLDWHG�WR��� WKHUH�LV�DQ�HIIHFWLYH�GLYLVRU� &� RQ� VXSSRUWHG�
RQ�WKH�VHW�ZKHUH��IDLOV� WR�EH�ORFD�OO\�LVRPRUSKLF�WR� ZH�ZULWH�  6LQJ����� 3XW�

 � ���� �� WRUVLRQ��
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2QH�KDV�DQ�H[DFW�VHTXHQFH��� ������� �� ������� ��RI�2ZPRGXOHV��
6HW�

 � ^��(� ,�GHJ�6LQJ�(�� � G`��
7KHQ�WKHUH�LV� D�PRUSKLVP�

�U�� [� YLD� �� W��W�

ZKHUH� DERYH�  6LQJ�����DQG� �N�������� G�����
:H�PD\�QRZ�VWDWH�WKH�UHVXOW��

Â�
1RR�U��  GHI� H��  � �����

����� �� ��  ��PRG������
�U�� ������� [�

 �

)RU�H[DPSOH�FRQVLGHU� WKH� ��� 7KHQ�1� �U�� � DQG�WKH�PRUSKLVP�
�U� �� �� ������� �&��FRPHV�IURP� WKH�H[DFW�VHTXHQFH�

������

RI�DOJHEUDLF�JURXSV�� 7KH�ODVW� VWDWHPHQW�RI�WKH�7KHRUHP�LV� LOOXVWUDWHG�E\�WKH� IDFW�
WKDW� KDV� WKH� VWUXFWXUH�RI�DQ� DIILQH� EXQGOH�� EXW� QRW� LQ�JHQHUDO� D� YHFWRU�
EXQGOH�� RYHU� 1RWH�WKDW� WKH�7KHRUHP�FDQ�EH�VHHQ�VLPSO\� D� VWDWHPHQW�
DERXW�WKH�JHRPHWU\�RI�GRXEOH�FXUYHV��EXW�LW�VHHPV�WR�XV�WKDW�LW�LV�RQO\�LQ�WKH�FRQWH[W�
RI�WKH�+LWFKLQ�/DXPRQ� QLOSRWHQW� FRQH� WKDW�LW� EHFRPHV� QDWXUDO�� 7KH�SURRI�RI�WKH�
7KHRUHP�LV� QRW� WHUULEO\�GLIILFXOW� EXW� LW� LV� IDLUO\� ORQJ�� DQG�ZH� ZLOO� QRW� JLYH� GHWDLOV�
KHUH�� :H�UHPDUN�WKDW�D�VLPLODU�DQDO\VLV�KROGV�IRU�WKH�PRGXOL�VSDFH�RI�VWDEOH�VKHDYHV�
RQ�D� �ULEERQ��5�ZLWK�DQ\�QRUPDO�EXQGOH�1��DW�OHDVW�ZKHQ�1� KDV�VXIILFLHQWO\�ODUJH�
GHJUHH��

7KHUH� LV� VRPH� LQWHUHVWLQJ� DGGLWLRQDO� JHRPHWU\� FRQQHFWHG�ZLWK� WKLV� VLWXDWLRQ��
/HW��EH�D�VKHDI�RQ� FRUUHVSRQGLQJ�WR�D�SRLQW�LQ� DQG�VHW�  6LQJ���2QH�
FDQ�VKRZ�WKDW�WKHUH�H[LVWV�D� OLQH�EXQGOH�&�RQ�5�VXFK�WKDW�

��  � HOPY���� GHI�NHU^��������&���2Y`��

7KLV�JOREDOL]HV�WR�D�PRUSKLVP�

I�� [�

JLYHQ�E\� HOPY�&��� ,Q�IDFW�� LV� D�PDS�RI�DIILQH�EXQGOHV�RYHU� [�
DQG�IRU�VRPH�TXHVWLRQV�LW�UHGXFHV�WKH�DQDO\VLV�RI� WR�WKH� ���

5HFDOO�QH[W�WKDW�LI�;� LV�DQ\�YDULHW\��DQG�LI�(� LV�D�YHFWRU�EXQGOH�RQ�;��WKHQ�WKH�VHW�
RI�DOO� LVRPRUSKLVP�FODVVHV�RI�DIILQH�EXQGOHV�RQ�;� ZLWK�XQGHUO\LQJ�OLQHDU�VWUXFWXUH�
(� LV� FODVVLILHG� E\� WKH� FRKRPRORJ\� JURXS�+ � �;��(��� ,W� LV� DQ� DPXVLQJ� H[HUFLVH� WR�
FRPSXWH� WKH� FKDUDFWHULVWLF� FODVVHV� RI�WKH� YDULRXV� DIILQH� EXQGOHV� DSSHDULQJ� LQ� WKH�
7KHRUHP�� :KHQ�G� � ��� IRU� H[DPSOH�� WKH�EXQGOH������� LV�FODVVLILHG�E\�DQ�HOHPHQW�LQ�

� � �F�23LF�F��� � � �����+ � �&��2F���
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$V� RQH� PLJKW� H[SHFW�� WKH� HOHPHQW� LQ� TXHVWLRQ� LV� MXVW� WKH� LPDJH� RI� WKH� �ULEERQ�
FODVV�� U� XQGHU� WKH� QDWXUDO� PDS�+ ��.���� ���� ���F����+ � �.���� GXDO� WR� WKH�
PXOWLSOLFDWLRQ� �.F���� �.E�����+ � �.a���

)LQDOO\�� QRWH�WKDW�LW�IROORZV� LPPHGLDWHO\�IURP� �����LL�� WKDW�HYHU\�FRPSRQHQW�RI�
KDV�GLPHQVLRQ�J�G�UDQN1G� � 5HWXUQLQJ�WR�WKH�0XNDL�QLOSRWHQW�

FRQH�1LOS�0��GHWHUPLQHG�E\�D�.���ULEERQ��5� � �&�F�6�� WKLV�LPSOLHV�WKDW�/HPPD�
���� UHPDLQV�YDOLG�ZKHQ�Q�  � ��ZLWKRXW�WKH�K\SRWKHVLV� WKDW� EH�RGG�� +HQFH� LQ�WKH�
UDQN�WZR�FDVH��ZH� GR�QRW�QHHG�DQ\�UHVWULFWLRQV�RQ�NLQ�7KHRUHP������

����

,W�ZRXOG�EH�TXLWH�LQWHUHVWLQJ�WR�JHQHUDOL]H�WKH�DQDO\VLV�RI����WR�KLJKHU�UDQN�� /HW�
EH�D� �ULEERQ�� �RU� �WDSH���RI�RUGHU�QDQG�QRUPDO�EXQGOH� L�H�� D�PXOWLSOLFLW\�Q�

VWUXFWXUH�RQ� D� VPRRWK�FXUYH� ZKLFK� ORRNV� ORFDOO\� OLNH� WKH� ��Q� � ���VW� LQILQLWHVLPDO�
QHLJKERUKRRG�RI� RQ�D�VXUIDFH�� 7KXV�ZH� VXSSRVH�WKDW� LV� ILOWHUHG�E\�VXEVFKHPHV�

 � &�� F�&�� F� Â�Â�Â�F�&Q���F�  �

ZKHUH�WKH�FL�VLW� LQ�H[DFW�VHTXHQFHV�
�����1��L���� ����2F�� �����2F�B�� �������

)RU�H[DPSOH��RQH�KDV� WKH� �VSOLW�� ULEERQ�5R�� L�H�� WKH� ��VW� QHLJKERUKRRG�RI�WKH�
]HUR�VHFWLRQ�LQ�WKH�QRUPDO�EXQGOH�1�� &RQVLGHU�D�&RKHQ�0DFDXOD\�2ZPRGXOH��RI�
QXPHULFDO�UDQN�RQH�� 'HILQH�

9L�  � UDQNRF�NHU^�����2F�� ��������2F�B� `�

�DQG� Y��  UDQN����2F���� 2QH� KDV� Y�� a� Y�� a� ÂÂ� Â�Â� a� DQG�ZH� FDOO� WKH�YHFWRU�
 � ��Y� �� ������ WKH�W\SH�RI��� )RU�H[DPSOH��ZKHQ�  � ��WKHUH�DUH�WZR�SRVVLEOH�W\SHV��

�������� FRUUHVSRQGLQJ� WR�D� UDQN�WZR�YHFWRU�EXQGOH�RQ�&�� DQG� �������� FRUUHVSRQGLQJ�
WR�D� VKHDI��� ZKRVH� UHVWULFWLRQ�WR� KDV�JHQHULF� UDQN�RQH�� $V� DQRWKHU�H[DPSOH��RQ�
WKH�VSOLW� ULEERQ�5R���LV�JLYHQ�E\�D�YHFWRU�EXQGOH� RI�UDQN�QRQ� WRJHWKHU�ZLWK�
D� QLOSRWHQW�HQGRPRUSKLVP��� �� ���� �� DQG�WKHQ�  � UDQN�NHU��L���NHU��L�����
2QH�FDQ�DVVRFLDWH�WR�D�VKHDI��� RI�W\SH� YHFWRU�EXQGOHV� RQ� RI�UDQN� �JHQHU�
DOL]LQJ�WKH�OLQH�EXQGOH� LQ����� DQG�VN\�VFUDSHU�VKHDYHV� aL� RQ� �JHQHUDOL]LQJ�WKH�
GLYLVRU�  � 6LQJ�(�� LQ� ����� 7KH�W\SH� DQG��� ZLWKLQ�D� JLYHQ� W\SH�� WKH�GHJUHHV� RI�
WKH� DQG� aL� � JLYH� GLVFUHWH� LQYDULDQWV� RI�WKH�FRPSRQHQWV� RI�WKH�VSDFH�RI�VWDEOH�
VKHDYHV� RQ� )RU� W\SH� ���������������� RQH� FDQ�ZRUN� RXW� WKH�SLFWXUH� LQ� VRPH�GHWDLO��
PXFK�DV� LQ����� +RZHYHU� IRU� JHQHUDO�W\SHV�� WKH�DQDO\VLV� LV� OHVV� FOHDU�� 2QH�FDQ�KRSH�
WKDW� WKH� VRUW� RI�FRQVWUXFWLRQ�ZLWK� �HOHPHQWDU\� WUDQVIRUPDWLRQV�� LQGLFDWHG�DW� WKH�
HQG�RI�WKH�SUHYLRXV�VHFWLRQ�FDQ�DW�OHDVW�UHGXFH�WKH�VWXG\�RI�WKH�JHQHUDO�FDVH�WR�WKH�
�GHIHFWOHVV�� VLWXDWLRQ�ZKHUH�DOO� aL�  � ���

0XFK�PRUH� JHQHUDOO\�� RQH� FDQ�DWWHPSW� WR�UHSODFH� WKH� VXUIDFH� E\� D� KLJKHU�
GLPHQVLRQDO�V\PSOHFWLF�YDULHW\� ,W�LV� QRW�FOHDU�DW�WKH�PRPHQW�H[DFWO\�ZKHQ�RQH�
VKRXOG�H[SHFW� WR�KDYH� DQ�DQDORJXH� RI�0XNDL
V� WKHRUHP�� L�H�� D� QDWXUDO�V\PSOHFWLF�
VWUXFWXUH�RQ�DSSURSULDWH�PRGXOL�VSDFHV�RI�VKHDYHV�RQ� 7KH�FDVH�RI�YHFWRU�EXQGOHV�
RQ� ZDV� SURYHG�E\�.RED\DVKL� 7KHUH�DUH�KRZHYHU� H[DPSOHV�RI�VXFK�PRGXOL�
VSDFHV� �SDUDPHWUL]LQJ� OLQH� EXQGOHV� RQ� D� GLYLVRU� LQ�6�� ZKLFK� KDYH� RGG�GLPHQVLRQ��
DQG�VR� FDQQRW� DGPLW� DQ\� DOJHEUDLF� V\PSOHFWLF� VWUXFWXUH�� FI�� $�EHDXWLIXO�
QHZ� LGHD�RI�0DUNPDQ� LV� WKDW�0XNDL
V� UHVXOWV�GR� H[WHQG� WR�WKH�PRGXOL� RI�
/DJUDQJLDQ� VKHDYHV�� L�H�� WKRVH� VKHDYHV� RQ� D� V\PSOHFWLF� YDULHW\� ZKRVH� VXSSRUW�
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LQ� LV� LWVHOI�/DJUDQJLDQ�� )XUWKHU�� D� YHUVLRQ� RI�WKLV� VSDFH� FRPHV� ZLWK� D� VXSSRUW�
PDS�WR�D�/DJUDQJLDQ�+LOEHUW�EDVH�%��DQG�WKLV�PDS�PDNHV� LW� LQWR�DQ�DOJHEUDLFDOO\�
FRPSOHWHO\�LQWHJUDEOH�V\VWHP�� 0RUH�SUHFLVHO\��WKHUH�LV�D�FORVHG�WZR�IRUP�RQ�WKH�QRQ�
VLQJXODU�ORFXV�RI�WKH�PRGXOL�VSDFH�RI�/DJUDQJLDQ�VKHDYHV��ZKLFK�FDQ�EH�FRQVWUXFWHG�
LQ�WHUPV�RI�D� ILHOG� RI�FXELFV�RQ� WKH�EDVH�%� DV� LQ�5HPDUN� ����� FI�� 8QGHU�
VRPH�PLOG�FRQGLWLRQV��WKLV�IRUP�LV�QRQ�GHJHQHUDWH�DW�DOO�SRLQWV�ZKLFK�FRUUHVSRQG�WR�
OLQH�EXQGOHV�RYHU�D� QRQ�VLQJXODU�/DJUDQJLDQ�VXSSRUW�� 7KHUH�DUH�VHYHUDO�YDULDWLRQV�
ZKLFK�UHSODFH�WKH�V\PSOHFWLF�VWUXFWXUHV� �RQ� DQG�RQ�WKH�UHVXOWLQJ�PRGXOL�VSDFHV��
ZLWK�3RLVVRQ�RU�TXDVLV\PSOHFWLF�VWUXFWXUHV��UHVSHFWLYHO\�� 7KLV�ZKROH�SLFWXUH�FDQ�EH�
FRQVLGHUHG�DV�D�QRQ�OLQHDU�DQDORJXH��DQG�VRPHWLPHV�DV�D�GHIRUPDWLRQ��RI�6LPSVRQ
V�
PRGXOL�VSDFH�RI�+LJJV�EXQGOHV�RQ�D�YDULHW\� RU�RI�WKH�PRUH�JHQHUDO�PRGXOL�VSDFHV�
RI�YHFWRU�EXQGOHV�ZLWK�DUELWUDULO\�WZLVWHG�HQGRPRUSKLVPV�VWXGLHG�H�J�� LQ�
LQ�WKH�VDPH�VHQVH�DV�0XNDL
V�VSDFH�DSSHDUV�KHUH�DV� D�GHIRUPDWLRQ�RI�+LWFKLQ
V��

>%15@� $�� %HDXYLOOH�� 0�6�� 1DUDVLPKDQ� DQG� 6�� 5DPDQDQ��
-�� UHLQH�DQJHZ��0DWK�� �������� ���������

>'0�@� 5�� 'RQDJL�DQG�(�� 0DUNPDQ��

>'0�@� 5�� 'RQDJL�DQG�(��0DUNPDQ��
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