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Abstract

Let f: 7 — m be a homeomorphism of the plane w. We define open sets P, called pruning
fronts after the work of Cvitanovi¢ [C], for which it is possible to construct an isotopy H :

7 %X [0,1] = 7 with open support contained in U f"(P) such that H(-,0) = f(-) and H(-,1) =
nez
fp(+), where fp is a homeomorphism under which every point of P is wandering. Applying

this construction with f being Smale’s horseshoe, it is possible to obtain an uncountable family
of homeomorphisms, depending on infinitely many parameters, going from trivial to chaotic

dynamic behaviour. This family is a 2-dimensional analog of a 1-dimensional universal family.

0 Introduction

One of the main concerns in the study of dynamical systems is to understand how a family of maps
passes from simple to complicated dynamic behaviour as we vary parameters. When the dynam-
ical systems under consideration are 1-dimensional, the kneading theory of Milnor and Thurston
provides a full topological understanding of the transition from simple to chaotic behaviour. In
dimension 2, no such theory exists. In fact , it is not clear what restrictions should be imposed on
the families under consideration in order that understanding them is not too hopeless a task.

Families like the Hénon and the Lozi ones are interesting examples but they lack a defining
topological characteristic analogous, for example, to saying that a 1-dimensional map is unimodal
(i.e., is piecewise monotone with exactly one turning point.)

In this work, we present a method of isotoping away dynamics from a homeomorphism of the
plane in a controlled fashion. More precisely, if f : # — 7 is a homeomorphism of the plane 7,
we define open sets P for which there exists an isotopy H : 7 x [0,1] — 7 with (open) support
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contained in U f"(P), such that H(-,0) = f and H(-,1) = fp, where fp is a homeomorphism

nez
under which every point of P is wandering. Using this construction, with f being Smale’s horseshoe,

for example, it is possible to produce an uncountable family of homeomorphisms of the plane,
depending on infinitely many parameters, going from trivial dynamics (say, only two nonwandering
points, one attracting and one repelling fixed points) to a full horseshoe.

We call the sets P mentioned above pruning fronts, after the work of P. Cvitanovi¢ [C]. In
[C] they propose sets of symbol space for Smale’s horseshoe which get “pruned away” as we vary
parameters in a family like the Hénon one. Here we give a precise definition of pruning fronts and
construct the isotopies which “prune away” the dynamics in P.

In forthcoming papers we intend to do two things. First, for each map fp, where P is a pruning
front as defined herein, there exists a collapsing procedure which produces a “tight” map ¢p isotopic
to fp and with essentially the same dynamics. More precisely, there exists an fp-invariant upper
semi-continuous decomposition G p of the sphere S? (we can extend f to S? setting f(o0) = oo ),
such that, for every element g of Gp, g contains at least one element of the nonwandering set of
fp and h(fp;g) =0, where h(fp;g) is the topological entropy of fp in ¢g as defined by Bowen. fp
then projects to a homeomorphism ¢p : Kp — Kp of the cactoid Kp = S%/G p, such that no point
of Kp is wandering under ¢p and h(fp) = h(pp). Second, we intend to show that the family pp
contains the Thurston minimal reresentatives in the isotopy classes of f relative to periodic orbit
collections of f. In other words, we would like to show that given a periodic orbit collection O of
periodic orbits of f, there exists a pruning front P = P(Q), such that ¢p is the Thurston minimal
representative in the isotopy class of f rel O. This last statement should have an algorithmic proof,
providing another algorithmic proof of Thurston’s classification therorem for homeomorphisms of
surfaces.

The techniques used in the present work are those of point set topology of the plane. In Section
1 we state without proof the main background results we will need, the most important of which
being the Jordan Curve Therorem (Theorem 1.1) and Whyburn’s Separation Theorem (Theorem
1.3). In Section 2 we develop the plane toplogy tools we will use in the remainder of the paper. In
Section 3 we introduce the concept of (¢, e)-disks, define pruning fronts and prove some propositions
which will be used in Section 5. In Section 4 we state and prove some results about isotopies of
homeomorphisms of the plane, which will also be needed in Section 5. Although these results are
folkloric, we decided to present them for completeness; the proofs given are rather elementary.

Section 5 contains the proof of the main theorem, as its title suggests. Within the first few pages



we get to define an isotopy which is almost all we need (Proposition 5.4) and the remainder of the
section is devoted to showing how this isotopy works and how we fix it in order to get the final
isotopy H (which depends, of course, on P.) It is only in Section 6 that we get to the second part
of the title — the formation of horseshoes. We present three examples of pruning fronts for Smale’s
horseshoe map. The first of which is, in fact, a family of such examples and produces, via the main
theorem, a family of homeomorphisms of the plane whose dynamics mimics that of a full unimodal
family of endomorphisms of the interval. The second example gives rise to a ‘renormalizable’ map,
that is, a homeomorphism which interchanges two closed disks. The second iterate restricted to
each one of these disks is again a full horseshoe. Finally, in the third example we present a pruning
front which gives rise to a ‘lax pseudo-Anosov’ homeomorphism. Together these examples should
suggest different ways in which a horseshoe can be formed.

A word about the figures is in order. One of the hardest things for me during the preparation
of this work was to translate into precise mathematical statements the pictures I had in my mind.
I decided, therefore, to add to the text all those pictures I had to draw over and over for myself
before I understood what were the right mathematical statements that described them. I hope
they will be helpful to the reader, for as the saying goes, “a picture is worth a thousand words.”
ACKNOWLEDGEMENTS: The research presented herein comprises my Ph.D. dissertation done at the
Graduate Center of The City University of New York (CUNY) under the supervision of Professor
Dennis Sullivan. I would like to thank Professor Sullivan for his guidance during the preparation
of this work and the Graduate Center of CUNY for providing a friendly and helpful research
atmosphere. I had several discussions with Alberto Baider, Pregrag Cvitanovié, Fred Gardiner,
Toby Hall, Michael Handel, Ronnie Mainieri, Charles Tresser and Nick Tufillaro and I would like
to thank them for their help.

1 Preliminaries

We will denote the 2-dimensional plane 7 or R?. A Jordan curve J is the homeomorphic image of
the circle S' = {(z,y) € R?; 22 4+ y? = 1} and a closed arc L is the homeomorphic image of the
closed interval [0, 1], the images of {0} and {1} being its endpoints. By an open arc we will mean
the set obtained by taking the endpoints away from a closed arc. If L is a closed arc E will denote
the corresponding open arc.

The theorems that follow can be found in the books of Newman [Ne], Moise [M] and Whyburn

[Wh]. Moore’s book [Mo] is also a good reference although a little less palatable.



Theorem 1.1 (Jordan Curve Theorem) Every Jordan curve separates the plane into two re-

gions I and O and is the boundary of each.

Definition 1.2 Let J be a Jordan curve and I the bounded region of w\ J. We call I a Jordan

domain and sometimes refer to it as the inner domain determined by J.

Theorem 1.3 (Separation Theorem (Whyburn)) Let A be compact and B closed subsets of
the plane such that AN B is totally disconnected, a € A\ (ANB), b € B\ (ANDB) and € a
positive number. Then there exists a Jordan curve J which separates a and b and is such that

JN(AUB) C AN B and every point of J is at distance less than € from some point of A.

Definition 1.4 Let U be a domain in the plane and « an open (closed) arc whose endpoints lie on

OU and all others lie in U. Such an « is called an open (closed) cross-cut.

Theorem 1.5 If both endpoints of a cross-cut a in a domain U C w are on the same component

of CU, the complement of U, U\« has two components and is contained in the frontiers of both.

Corollary 1.6 Let J be a Jordan curve, I its inner domain and o C I a cross-cut. Then «
separates I into two Jordan domains Iy and Iy whose boundaries are Ly U« and Lo U, where Lq

and Ly are the arcs into which the endpoints of a separate J.

Theorem 1.7 Let f : J| — Jo be a homeomorphism between the Jordan curves Jy and Jo. Then it
is possible to extend f to a homeomophism f : D1 — Doy between the closed disks D1 = JyUI;, Dy =
Jo U Iy bounded by J1 and Jo.

Theorem 1.8 (Alexander) In R, let B" = {z;||z]| < 1} and S" ! = 0B" ! = {x;||z|| = 1}
and f : B" — B™ a homeomorphism such that f|gn—1 = identity. Then f is isotopic to the identity
through an isotopy that fizes the boundary pointwise.

2 Plane Topology
In this section we will develop some plane topology preliminaries we will need later on.

NOTATION: Unless stated explicitly otherwise, we will use the following notations: J will stand for
a Jordan curve, I and O for its inner and outer domains respectively, and D for the closed disk

IT'UJ. If D is a closed disk we will sometimes use I(D) to denote its inner domain. Subscripts will
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Figure 1: Two disks on the same side of the arc L.

match in the obvious way, so that the inner domain determined by the Jordan curve J; is I; and
Dy =1, U Jy, etc.
If k is a positive integer k will stand for the set {1,2,... ,k}.

Definition 2.1 Let Jy,...,J, be Jordan curves and L C JyN...NJ, an arc. We say the closed
disks Dy, ... , Dy lie on the same side of L, denoted D1,... ,Dy|r, if L C Iy N ...N I, (see figure 1.)

Proposition 2.2 In the plane m, let A be a closed arc and B a closed set such that AN B C
{endpoints of A} and there exists € > 0 such that every component of B\ (AN B) contains a point
at distance greater than € from A. Then there ezists a Jordan curve J such that A\(ANB) C I and
B\ (ANB) C O where I and O are the bounded and unbounded components of CJ (the complement
of J in ) respectively, and J N (AU B) C AN B C {endpoints of A}.

PROOF: Let a € A\ (AN B) and b € B\ (AN B) such that d(b, A) > €. By Theorem 1.3, there
exits a Jordan curve J separating a from b, such that J C V.(A) (the e-neighborhood about A)
and JN(AUB) C ANB.

First notice that I C V.(A). This is so because D = J U I is compact and since A is also
compact, there exist x € A and y € D which realize sup{d(z,y); = € A, y € D}. We claim y € J
for if y € I there would exist 0 > 0 such that Vs(y) C I and in Vs(y) there must be a point whose
distance to x is greater than d(z,y). This shows that if J is contained in V.(A) then sois D = JUI.

Since b ¢ V-(A), b € O and since J separates a from b, a € I. But A\ (AN B) is a connected
point set disjoint from J and a € A\ (AN B) so that A\ (AN B) C I. Also, we assumed that



Figure 2: A Jordan neighborhood of a common arc L.

each connected component of B\ (A N B) had a point outside of V.(A4), and therefore in O. Since
B\ (AN B) is disjoint from J, B\ (AN B) C O, as we wanted. [J

In the proofs of the statements that follow, indexed unions and intersections will be assumed

to range from ¢ =1 to ¢ = n.

n
Corollary 2.3 Let Jy,...,J, be Jordan curves and L C ﬂ J; a closed arc. Then there exists a
i=1

n
Jordan curve J such that L C I and such that (U Ji> \LcCO.

i=1
PROOF: Let &; = sup{d(x,L); = € J;\L}. Since L is a closed arc, J; \ L # 0 and thus &; > 0.
Let A=L, B=(UJ%)\L = UJL\L and € = 1 ming;. Then AN B = {endpoints of A} and
B\(AN B) = J(J;\L), every component of which has a point at distance greater than ¢ from A.
We can then apply Proposition 2.2 in order to find the desired Jordan curve J (see figure 2.) O

Corollary 2.4 With the notation of Corollary 2.3, J N L = {endpoints of L} and thus L is a

cross-cut in I.

PROOF: Since LC I, L cI=1TUJ so that {endpoints of L} C T U J. On the other hand both
endpoints of L are accumulation points of each J;\ L so that {endpoints of L} C (U Ji) \LCO=
O U J. Therefore {endpoints of L} C J. O
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Figure 3: D; and Dy are on the same side of L and « is a cross-cut in both D; and Ds.

Corollary 2.5 Let J be a Jordan curve, and L C J a closed arc. Then for any € > 0 there exists

an open cross-cut o C I N V(L) with the same endpoints as L. O

Proposition 2.6 The closed disks D1,..., D, lie on the same side of a closed arc L if and only
n

if there exists an open arc a C ﬂfi with the same endpoints as L. As a consequence, if U is the

=1

Jordan domain bounded by o U L, U C ﬂfi-

i=1
PrOOF: If there exists such an arc, and U is the Jordan domain bounded by U L, by Theorem 1.1,
aULCUC (m) Therefore Dy,... ,Dy|L.

If Di,...,Dy|r, then L C [ J; and we can use Proposition 2.3 to find a Jordan curve J
satisfying the conclusions of that proposition. By Corollary 2.4 and Corollary 1.6, L separates [
into two Jordan domains U and V. Notice that since U UV =T\ L, U UV does not intersect L
or (UJ;) \ L, that is, UUV C C (U J;)-

Since LE NI;, LC Tand LN (N L) =0, (VL) N (U UV) # 0. Assume U N (N 1;) = 0. Since
U c C(UJ;) and U is connected, U C ([ I;). Now, U is bounded by oo U L, where « is one of the
open arcs into which the endpoints of L separate .J (see figure 3.) Since J N (|JJ;) = {endpoints of
LY, an(UJ;) =0 and sincea cU Cc N L;, a C NI

Therefore « is the arc we were after. [J

Corollary 2.7 (of the proof) In Proposition 2.6, o may be taken to lie in a e-neighborhood of

L, for any € chosen in advance. OJ



REMARK: The arc « of Proposition 2.6 and Corollary 2.7 is clearly a cross-cut in each of the

domains I; for each i € n.

n
Proposition 2.8 If Dy,... ,Dy|p and L is the connected component of m J; containing L', then
i=1
Dy,...,Dy|L.
PROOF: Let J be a Jordan curve as in Corollary 2.3 and U and V' the components of .J \ L. By
Corollary 2.4, UUV C C( J;). Since L'CLc I and Dy, ... ,Dy|r, by the same reasoning as in the
proof of Proposition 2.6, (N ;) N (U UV) # 0, say, (1;) NU # 0. Since U C C(U J;), U € N 1.
Thus, if OU = L U a, « satisfies the conditions of Proposition 2.6, which shows that D1,..., Dy,|r,

as we wanted. O

Proposition 2.9 If Dy, D2|L, Do, D3|LI and L" C LN L' then Dy, Do, D3|LN.

PROOF: The proof is similar to the previous ones and is left to the reader. (I

Proposition 2.10 Let Jy, J1,... ,J, be Jordan curves, L C Jy an open arc and for i € n, LN
IoNI; = (. Then given € > 0 there exists an open cross-cut « in Iy joining the endpoints of L such

that o C Vo(L) and if U is the Jordan domain bounded by o U L, then (U U «) N D; =0 for each

1 En.

PRrOOF: Consider the set B = (Jp\L) U [Io N (U Dz)] B is clearly closed, since L is an open arc,

and we claim that B N L = (). Since I, is open, it is an exercise to show that IoNI; = Iy N D;.
Thus our assumption that Lo N Iy N I; = () is equivalent to L N Io N D; = () for each ¢ € n. Since
Iy ﬂUDZ = UIO ND;, LN (IO ﬁDZ) = () and clearly L N (J()\L) = (Z), so that BN L = (.

Now let C' be a component of In N D; for some i € n and assume C N (Jo\L) = . Since
CNL =0, CnJy=0 and it follows that C C I,. But D; is connected so that C = D;. This
shows that if a component of B is not that which contains Jy \ L, it must consist of the union of
one or more of the closed disks D;. From this it is not hard to see that there exists ¢ > 0 such
that every component of B\ {endpoints of L} contains a point at distance greater than & from
L. Let A = L and apply Proposition 2.2 to A, B and ¢ as above to find a Jordan curve J such
that A\ (AN B) = L\ {endpoints of L} = L C I, B\ (AN B) = B\ {endpoints of L} C O and
JN(AUB) C AN B = {endpoints of L}. Since L C I and Jy \ L C O, L is a cross-cut in I



Figure 4: The curve J; only touches the arc L from the outer domain determined by Jj.

and I\ L =U UV, where U and V are disjoint Jordan domains. Since IN(Jy\ L) =0, I\ L =
I\[LU(Jo\ L) =1\ Jyand it follows that I \ L = (I N Ip) U (I N Op) so that either U = I N I
and V = I N Oy or vice versa. Assume U = I N I (see figure 4.) Then U N D; = () for every i € n
since U = INIyand ITNIoNJD; = 0. Also, if « is the arc of J\ (AU B) for which 0U = a U L,
it is clear that o C I and since a N m =0, anUD; = 0. Therefore, « is the arc we were
after. O

Definition 2.11 Let A be a Jordan curve or an arc and L, L' C A closed arcs. We say that L and

L' are unlinked if either L C L' or L' C L or L and L' intersect at most at endpoints.

REMARK: Notice that saying that L and L’ are unlinked in a Jordan curve is more than the usual

definition of their endpoints being unlinked.

Proposition 2.12 Let J be a Jordan curve and Lq,...,L, C J be pairwise unlinked closed arcs.
Then for every e > 0 there exist disjoint open cross-cuts a; C I NV.(L;) joining the endpoints of

L;, for each i € n.

ProOOF: We will use induction on the number n of arcs. For n = 1, the statement is true by
Corollary 2.5. Assume we have proven the statement for collections of arcs with up to n — 1

elements and Ly, ..., L, are unlinked. Use Corollary 2.5 to find an open cross-cut oy C I NV.(Lq)

joining the endpoints of Lj. Then for ¢ > 1, since L;, L1 are unlinked, either L; C Ly or L; C J \ L;.



Let L;,,... ,L;, C Ly and Lj,,... ,Lj, CJ\ L. These are collections of unlinked arcs with fewer
than n elements and since L;,,... ,L;, C Li Uy and Lj,,... ,L;, C J\ Ly Uaq, by the inductive
hypothesis it is possible to find collections of cross-cuts «;,,... ,q; satisfying

. and o, ...

m

the conclusion of the proposition. Clearly a1, o, ... ,;,,@j,, ... ,;, is the desired collection for

Li,...,Ly. O

Proposition 2.13 Let Jy,... ,J, be Jordan curves, and L; C J; N Jy, © € n, closed arcs, pairwise
unlinked in Jy, no two of which are indentical. Assume that Dy, D;|1, fori € n. Then for each e > 0
there exist disjoint open cross-cuts «; C Iy joining the endpoints of L; such that o; C Vo (L;) N I;

for i €n.

PrOOF: The proof is by induction on the number n of curves. If n = 1, the statement is true
by Corollary 2.5. Assume we have proven the statement for collections with fewer than n curves
and J;, L;, © € n satisfy the hypotheses above. Among Ly,..., L, choose all the ones which are
not contained in any other (see figure 5.) We may assume without loss of generality that they are
the first k arcs Lq,..., L. Since Lq,...,L; are pairwise unlinked and are not contained in one
another, they are pairwise disjoint except possibly at endpoints. By Proposition 2.12 there exist
disjoint open cross-cuts v; C Iy N V.(L;) joining the endpoints of L; for i € k. Notice that since the
arcs Ly, ..., L are disjoint except possibly at endpoints, the interior U; of the disks bounded by
v; UL;, © € k are pairwise disjoint. Moreover by Proposition 2.9 the closed disk bounded by v; U L;
is on the same side of L; as Dy (the disk bounded by Jy) for each i € k. ;From Proposition 2.6 it
follows that there exist arcs a; C U; N I; joining the endpoints of L;. Since U; C Iy N V. (L;) it is
clear that «; is a cross-cut in Iy and «; C V.(L;) N I;. Now, the remaining arcs are contained in
Ly,..., L, since we chose all the arcs which were not contained in any other. For each L;, 7 € k,
the arcs inside it form an unlinked collection with fewer than n elements satisfying the hypotheses

of the proposition. Therefore by the inductive assumption we are done. [

3 (c,e)-Disks and Pruning Fronts

We will now give a preliminary definition of what we call (¢, €)-disks. Later we will add a dyamical

hypothesis which is not necessary at present.

10



Figure 5: Disjoint cross-cuts joining the endpoints of unlinked arcs.

Definition 3.1 A closed disk D is called a (c,e)-disk if there are closed arcs C,E C 0D specified
such that 0D = CUE and C and E only intersect at endpoints. In other words, for now, a (c,e)-
disk is just a bigon with sides C and E. We call the common endpoints of C and E the vertices of
D.

Definition 3.2 Let D1, Dy be (c,e)-disks such that Iy N Iy # 0. We say Dy is e-longer or simply
longer than Do, denoted Dy > Do, if (i), (ii) and (iii) hold (see figure 6):

(l) CiNnlhy=0 and E5N I, :0;
(il) if C1NCy # B then C1 U Cy is an arc and if Ey N Ey # () then Ey U Es is an arc;

(i) fCiNL NIy # 0 then Cy C Cy and if E; NIy NIy # D then Ey C Ey.

NoOTATION: Let D be a (¢, e)-disk and « a cross-cut joining the vertices of D. We have seen that «
separates the interior I of D into two Jordan domains whose boundaries are C' U« and £ U «. We
denote them by I°(«) and I¢(«c), respectively, and their closures by D¢(«), D¢(«) (see figure 7.)
Moreover, when the disks are indexed and so are the cross-cuts we will only use the index inside

the parentheses so that D¢(«;) will denote the disk bounded by C; U «;.

CONVENTIONS: If Dy,...,Dy is a collection of (c,e)-disks, we say they are related by > if for
any ¢, j € L either I; N I; = 0 or D; - Dj or D; = D;. When nothing is mentioned about a

colection of (¢, e)-disks it is assumed they are related by =. Cross-cuts in (¢, e)-disks, when nothing

11
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Figure 7: Cut (c, e)-disks.
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is mentioned to the contrary, are assumed to be open and to join the vertices of the disk wherein

they lie.

The following propositions are easy consequences of what we have developed so far and we omit

the proofs.

Proposition 3.3 If D is a (c,e)-disk and o, 3,y C D are open cross-cuts joining vertices such

that B C I°(a) and v C I¢(«) then I°(B) C I¢(a)) C I°(y) and I¢(B) D I¢(a) D I¢(y). O
Proposition 3.4 Let Dy and Dy be (c,e)-disks and Dy = Dy. Then

(i) if Ci NTL N T # 0, then D1, Do|c, and

(i) if B2 NI o # 0, then Dy, Do|p,. O

Definition 3.5 A collection of pairs {(D;,3;)}2,, where {D;}r | is a collection of (c,e)-disks
related by > and {f; C Di}iL:1 is a collection of open cross-cuts joining vertices, will be called a cut

collection.

Proposition 3.6 Let Dy and D2 be (c,e)-disks and Dy = Do. If C; = Cy or Ey = Es then
Dy = D.

PROOF: Assume Cy = Cy. Then the endpoints of E; and Es coincide (since they are the same as
those of C and C5) and, by (ii) in the definition of >, E; U Es is an arc. But this can only happen
if By = FE,. O

Proposition 3.7 If Dy, Dy are (c,e)-disks and Dy = Do and Dy = Dy then Dy = Ds.
PRrROOF: The proof is easy and is left to the reader. [J
Proposition 3.8 Let {(D;, )}, be a cut collection and ¢ a positive number. If Dy A D; (i.e.,

either Iy N I; = () or Dy = D; and Dy # D;) for every i € L then there exists an open cross-cut
ap C I¢(By) NV-(Cy) joining vertices such that for each i € L either (i) or (ii) holds:

(i) if ConTon T # 0 then [I°(cp) U a] C I°(5;);
(ii) otherwise [I¢(ap) U arg] N D; = 0.

13



Figure 8: A cut collection where Dy > D; for every i € L.

If, on the other hand, Dy ¥ D; for every i« € L, then there exists an open cross-cut ag C
I¢(Bo) N Vo(Ey) such that for each i € L either (iii) or (iv) holds:

(iii) if Fo N Ty T; # 0 then [I°(ap) U o] C I9(5;);
(iv) otherwise [I¢(ap) U ag] N D; = 0.

PROOF: We will prove (i) and (ii), the proof of (iii) and (iv) being analogous. Divide the disks
D; into two groups: (i) those for which Co NIy N I; # () and (ii) those for which Co N Ty N I; = 0.
If D; is in group (i), Ip N I; # (), so that by our assumption Dy > D; and, by Proposition 3.4,
Dy, Dj|c,. Clearly D(5y), Dolc, and D¢(f;), D;|c, and, since Cy C Cj, we see that D(5y), Dolcy,
Dy, Dj|¢c, and D;, D¢(5;)|c;, by Proposition 2.9, imply that D¢(6y), D°(5:)|c, for every D; in
group (i). It now follows jfrom Proposition 2.6 and Corollary 2.7 that there exists an open cross-
cut a C I%(fBp) N Vz(Cp) such that [I¢(a) U] C I¢(G;).

On the other hand, for the disks D; in group (ii), Co N Iy N I; = () and since I¢(a) C I, it is
also the case that Cj I’WW = (). Thus, by Proposition 2.10 there exists an open cross-cut g
in I¢(cr) such that for every D; in group (ii), [I°(ap) U ] N Dj = 0. It is clear that such «g also
satisfies [I¢(ap) U ap] C I¢(6;) for every D; in group (i) (see figure 8.)

In the event that all the disks belong to one or the other of the groups, the modifications

necessary in the above proof are minor and are left to the reader. O

14
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Figure 9: {ay, a2} is a (e, e)-collection and {as3,a4} is a (g, c)-collection, both compatible with

{(Dlaﬁl)}?ZI

Definition 3.9 Let {(D;, )}, be a cut collection, S C L and € > 0. The collection {c;}ics of
disjoint open cross-cuts is said to be a (g, c)-collection compatible with {(D;, 8;)}L_, (see figure 9)

if a; C I°(B;) NVo(Cy) and for every i € S and j € L such that D; A Dj either (i) or (ii) holds:
(i) fC;nL;N I; # 0 then [1°(c;) Uay] C Ic(ﬂj);
(ii) otherwise [I°(a;) U oy] N Dj = 0.

The collection {a;}ics is called a (g,e)-collection compatible with {(D;, 8;)}E, if oy C I¢(B;)N

1=

V.(E;) and for every i € S and j € L such that D; ¥ Dj either (iii) or (iv) holds:
(iii) of E;NL NI # 0 then [I¢(oy) Uay] C I9(6));
(iv) otherwise [I¢(c;) U oy] N Dj = 0.

REMARKS: Notice that if {a;}ics is a (g, ¢)-collection compatible with {(D;, 5;)} and {v;}ics is a
collection of open cross-cuts joining the vertices of D; and such that ; C I°(«;), {7i}ics is also
a (g,c¢)-collection compatible with {(D;,;)}. If moreover v; C V. (C;) then {v;}ics is a (¢/,¢)-

collection. The analogous statement holds true for (e, e)-collections.

WARNING: As the reader may have already noticed, statements about ¢-“things” and e-“things” are

“dual” to one another and most proofs are totally analogous in both cases. We will henceforward,
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whenever there is nothing essentially different between the two, present only the “c-proof” without

further comments.

Proposition 3.10 Let {(D;,3;)}~, be a cut collection, {a;}ics a (,c)-collection and {cl}ics a
(e, e)-collection both compatible with {(D;,3i)}E ;. Ifi,j € S are such that D; = D; and D; # D;
then:

(i) CO‘Z NIL NI # 0 implies [I°(c;) U a;] C I¢(ej) and
(i) B; NN #0 imples [1°(a}) U] C I°(e).

PRrROOF: From the definition of > and Proposition 3.4 it follows, under the hypotheses above, that
C; C Cj and D;, Dj|¢c, and from the definition of (e,c)-collection, that [I°(a;) U oy] C I°(f3;).
Therefore both a; and «; are open cross-cuts in I(/3;). Since they are assumed to be disjoint (by
definition), «; joins the endpoints of Cj, a; those of C; and C; C Cj, it must be the case that
[I(cvi) U ey] C I°(erj), as we wanted. [

Proposition 3.11 Let {a;}ics be a (g, c)-collection compatible with the cut collection {(D;, B;)}=,
and {8 C D;}, a collection of cross-cuts such that 3. C D¢(B;) for each i € L. Then {a;}ics
is also compatible with {(D;, B))}E_|. If above we change (g,c)- to (¢,e)- and D¢(B;) to D*(3;) the

resulting statement is true.

PROOF: Since the collection of (c, e)-disks remains unchanged all there is to check is that if ¢ € §
and j € L are such that D; = D;, C;N1; N Ij # 0 implies [[°(a;) Uay] C 1°(5;). But by the “closed”
version of Proposition 3.3, 87 C D®(8;) implies that I°(8;) D I°(f3;). The result now follows. O

Corollary 3.12 Let {c;}ics and {a}}ics be a (€,¢)- and a (€', e)-collection respectively, both com-
patible with the cut collection {(D;, B;)}E_,. Then {a;}ics is a (g, c)-collection compatible with the

cut collection
{(Du/ﬁl)a 1€ L\ SI} U {(Dha;)? S S,}

and {c}}ics is a (g, e)-collection compatible with

{(Ds, 3;); i€ L\ S} U{(D;,;); 1€ S}. O

16



D3 .
—=

Figure 10: An equivalence class for ~.. D; is the distinguished representative.

Proposition 3.13 Under the hypotheses of Corollary 3.12, if i € S and j € S' are such that
D; £ Dj, then a; Nej = 0.

PROOF: The proof is easy and is left to the reader. [

We still have to show that (e,c)- and (g, e)-collections exist. In the proof we will use the

definition and the proposition below.

Definition 3.14 Let {D;} be a collection of (c,e)-disks related by »~. We say D; and D; are
c-equivalent, and write D; ~. Dj, if there exits Dy, in the collection such that C;,C; C Cj and
D;, D¢, and Dj, Dg|c;. We define e-equivalence analogously by changing c-sides to e-sides above,

and denote it by ~. (see figure 10.)

REMARK: Notice that by this definition, D; ~. D; if C; C C; and Di,Dj|Cj or vice versa and

analogously for ~..

Proposition 3.15 The relations ~. and ~, defined above are equivalence relations. If the collec-
tion {D;}L_, is finite, each equivalence class for ~. (~¢) has a distinguished representative whose
c-(e-)side contains the c-(e-)sides of all other disks in its c-(e-)equivalence class. Moreover, in each

c-(e-)equivalence class the c-(e-)sides are unlinked in the c-side of its distinguished representative.

PROOF: That ~ is reflexive and symmetric is clear. In order to prove transitivity, assume D; ~. D;
and Dj ~. Dj. This means there exist D;, D,, in the collection such that C;,C; C Cj and
D;, Di|c;, Dj, Di|c; and Cj,Cy C Cy, and Dy, Dy, Dg, Dimlc,- It follows ;from Proposition 2.9
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that Dl,Dm|Cj and thus either D; >~ D,,, or D,, = D;. We may assume D; > D,,, the other case
being analogous. Then, since C; C C; and Dy, Dp,|c;, Co'l NI; NI, # 0 and from the definition of >
and Proposition 3.4 we can conclude that C; C Cy, and Dy, Dp,|¢,. From this we see that C; C Cy,
and D;, Dy, |c;, which shows that D; ~. Dy.

Consider now one c-equivalence class and let D; be an element in it whose c-side is not strictly
contained in the c-side of any other disk in the same class. If D; ~. D; then it must be the case that
C; C C; for otherwise there would exist Dy, in the collection for which C;, C; C Cj and D;, Dy|c;
and Dj, Dg|c;. But Dg ~c D; (see the remark just after the definition of c-equivalence) and if
C; ¢ C;, C}, contains C; strictly which is contrary to our assumption. This shows that for every D;
such that D; ~. D; we have C; C C; and D;, Dj|cj. In order to see that the c-sides of disks in the
c-equivalence class of D; are unlinked in C; assume D; ~. Dy, ~. D; and that C; N C}, D C, where
C'is a closed arc. Since D;, Dj|c; and Dj, Di|c, by Proposition 2.9, it follows that Dj, Di|c. Then
I; N I, # (0 and we must have D; > Dy, or Dy = D; and by (iii) in the definition of >, C; C Cy or
CrCCj;. 0O

STANDING CONVENTION: If the lower index in an indexed union or collection is larger than the
n—1

upper one we will take the union or collection to be empty, so that U f¥(P) = 0 when n = 0.

—n+1
Also, recall that a bar under a positive integer denotes the set of all positive integers smaller than

or equal to it: L ={1,2,... ,L}. If L =0 we take L to be the empty set as well.
We now go on to prove the existence of (g,c)- and (e, e)-collections (see figure 11.)

Proposition 3.16 Let {(D;(k),5i(k)); k = —1,0,1 and ¢ € L(k)} (where L(k) is a nonnegative

integer for each k = —1,0,1) be a cut collection such that if k <1 then D;(k) i D;(l) for i € L(k)

and j € L(l). Then givene,§ > 0 there ezist a (6, e)-collection {a;(—1) C Di(—l)}iL:(II) and a (g,¢)-

collection {a;(1) C Dj(l)}fill) both compatible with {(D;(k),Bi(k)); k= —1,0,1 and i € L(k)}.

PROOF: (See remark before the statement.) We may assume, without loss of generality, that the
distinguished representatives in the c-equivalence classes among {D;(1); ¢ € L(1)} are the first n

disks Di(1),...,Dy(1). For each i € n consider the cut collection

{(Dj(k),B;(k)); k=—1,0,1, j € L(k), Dj(k) # Di(1)} U{(Di(1), i (1))}-

By Proposition 3.8 there exists an open cross-cut «;(1) C I¢(5;(1)) N V2(C;(1)) satisfying (i) and

(ii) of that proposition (with «;(1) in place of ap.) We do the same for every ¢ € n obtaining
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Figure 11: {a(1)} is the (g, ¢)-collection and {a(—1)} is the (e, e)-collection, both compatible with
{(D(k)’lg(k)’ k=-1,0, 1}

{@;(1)}1~,. These cross-cuts clearly satisfy (i) and (ii) in the definition of (e, c)-collections and
a;(1) C I¢(B;(1)) N Vz(C;(1)) by construction. In order to see they are disjoint, let i,j € n. If
L(1)NI;i(1) =0, ai(1) Nej(1) = 0 since a;(1) C I;(1) and (1) C I;(1). If I;(1) N I;(1) # 0, then
either D;(1) = D;(1) or D;(1) = D;(1), say, Di(1) = D;(1). Tt follows that C; (1)nT;(1) N I;(1) = 0
for otherwise C;(1) C C;(1) and D;(1), D;(1)|¢;(1), which goes against our assumption that C;(1)
was the distinguished representative in its c-equivalence class. From this we can conclude that
[I°(c(1)) Ue;(1)] N Dj = and thus that «;(1) N a;(1) = 0. Indeed we have shown more, namely
that
[T°00;(1)) Ui (1)] N [T(ey(1)) U (1)] =0

for any 4,5 € n.

We now look at the disks in one c-equivalence class. By Proposition 3.15 the c-sides of the
elements in the class are unlinked in the ¢-side of its distinguished representative, D;(1) say. By
Proposition 2.13 it is possible to find disjoint open cross-cuts (1) C I°(;(1)) joining the endpoints
of Cj(1) such that «;(1) C I°(6;(1)) N V.(C;(1)) for every j such that D; ~. D;. Doing this for

) satisfying the

each c-equivalence class we find a collection of disjoint open cross-cuts {a,(l)}f:q
conditions in the definition of a (g, ¢)-collection compatible with {(D;(k), 8;(k))} O.

We will now introduce dynamics in our discussion and add to the definition of (c, e)-disks a new
requirement, as we promised earlier. Let f : m — 7 be a plane homeomorphism which we will have

fixed for the remainder of the time.
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(C,E) DYNAMICAL AsSUMPTION: All (c, e)-disks henceforth will be assumed to satisfy (i) and (ii):
(i) lim diam f*(C) = 0;

n—oo
(ii) lim diam f™(E) = 0.

m——00
The main purpose of the present work is to isotop away dynamics of f in a controlled manner. We
will now define sets within which it is possible to do this, namely, to destroy all dynamics within

them by an isotopy which is identically equal to f without them. We call them pruning fronts after

the work of Predrag Cvitanovi¢ [C].

Definition 3.17 Let {D;}l, be a collection of (c,e)-disks (satisfying the dynamical assumption
above) such that (i), (ii) and (iii) hold:

(1) = can be extended by transitivity to a partial order on {Di}iL:1 or, equivalently, there are no
“loops” D;, > D;, = ... > D; > Dy, ;

(ii) for everyn >0 and i,j € L, f™(D;) A Dj;

(iii) for every m <0 and i,j € L, f™(D;) # Dj.

L
Such a collection will be called a pruning collection. Its locus P = UDi (see [C] and the

i=1
comments before the definition) will be called a pruning front.

NoOTATION: We will use > to denote the extension of = to a partial order and keep > to denote

the binary relation as we defined previously.

Before we proceed, let us say a word about finite partially ordered sets. If (X, >) is one such

we define the set of initial elements of X to be
I(X)={zeX;, VWyeX, y<z=y=uz}

It is easy to see that if X is finite and nonempty, I(X) is nonempty and that no two distinct

n—1
elements in I(X) are related by >. Now let X; = I(X) and inductively set X,, = I(X \ UXl)
!
n—1 '
From what we have said, X,, is nonempty if X \ U X; is nonempty. Since X is finite, there exists
i=1

n > 1 such that X, Xs,..., X, are all nonempty and for m > n, X,, = 0. Clearly Xq,...,X, is

a partition of X and if X; has s; elements we can list the elements of X = {z,z2,2z3,... ,21} S0
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that the first s; elements are those in X7, the next so elements are those in X5 and so on. In this
way the subscripts reflect the partial order in the sense that if ¢ < j then z; 2 x;. Having said this

we adopt the following

CONVENTION: Henceforth it will be assumed that the subscripts in a pruning collection reflect the
partial order > in the sense that if ¢ < j then D; 2 D;. Notice that, in particular, if i < j then
D; # Dj.

We can now state a proposition containing one of the main ingredients in the proof of the main

theorem (see figure 12.)

Proposition 3.18 Let {D;}£ | be a pruning collection and {£,}5% a sequence of positive numbers
converging to zero. Then there ezists a collection {a;(n) C f™(D;); i € L, n € Z} of disjoint open
cross-cuts joining the vertices of f™(D;) such that (i) and (ii) below hold:

(i) For each n > 1, {a;(n); i € L} is a (ey, c)-collection compatible with
{(f*(Dy), @;(k)); j €L, —n+1<k<n-—1}
U{(™(Dy), flaj(n—=1))); j €L}

(ii) For each m <0, {a;(m); i € L} is a (g, C)-collection compatible with

{(f*(D;),cj(k)); € Lym+1<k<-m+1}

O{(f™Dy), fHaj(m+1))); j € L}.

ProOF: We will let m = —n+1 and use induction on n. In order to prove the proposition for n = 1,
choose any collection {5; C Di}Z-L:1 of open cross-cuts joining vertices and apply Proposition 3.16

with L(0) = 0 (so that L(0) = 0 and {(D;(0),5;(0))} = 0) to the cut collection

D ={(Di, 5i); i € L}y U{(f(Di), f(Bi)); @ €L}

where {(D;, 5;)} and {(f(D:), f(6i))} play the roles of {(D;(—1),5i(=1))} and {(Di(1), ei(1))}
respectively in the statement of that proposition, whereas ¢ = £; and § = ¢y. By the definition
of pruning collection, f(D;) A D; for any 4,j € L so that D satisfies the hypotheses and we can
conclude there exist {a;(1)}-, and {a;} ., a (e1,¢)- and a (o, e)-collection respectively, both
compatible with D. Since «; C I¢(;) and therefore f(c;) C I¢(f(5;)), by Proposition 3.11, and

Corollary 3.12, {a;(1)}L, is a (g1, ¢)-collection compatible with
{(Di, ci); i € L} U{(f(Di), few)); i € L}
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By the same token {a;}Z ; is a (g, €)-collection compatible with

{(Di, fH@i(1))); @ € LY U{(f(Di),as(1));i € L}.
That «;(1) Na; = 0 for i,5 € L is a consequence of Proposition 3.13. This proves the proposition
form=1, m=0.

Assume we have constructed a collection
{aj(k); i€ L, —n+2<k<n-—1}
of disjoint open cross-cuts satisfying the conclusions of the proposition. Consider the cut collection

D = {(f"(Di), flei(n—1))); i € L}

U{(f*(Di),cu(k)); i €L, —n+2<k<n—1}

UA{(fF (D), fH (@i(-n +2))); i € L}
and apply Proposition 3.16 with {(D;(1), 5;(1))}, {(Di(0),;(0))} and {(D; (—1), ai(—1))} equal
to the first, second and third collections respectively, in the above union, letting ¢ = ¢, and
0 = €|—p41|- From the definition of pruning collection, f"(D;) A f¥(D;) for any k < n and any
i,j € Land f "*Y(D;) # f¥(D;) for any k > —n+1 and any 4, j € L, so that the hypotheses of the
proposition are satisfied. We may then conlude there exist {a;(n) C f*(D;)}~; and {a;(—n+1) C
YD), a (en,c)- and a (€/—p+1), €)-collection respectively, both compatible with D. From

Corollary 3.12, {a;(n)}, is compatible with

{(f*(Dy),a;(k)); i€ L, —n+1<k <n—1}

U{(f"(D3), f(ai(n = 1))); i € L}
and {a;(—n + 1)}~ is compatible with

{(f*(Di)sci(k)); i € L, —n +2 <k <n}
U{(f™ 1 (Da), F~ (i(—n +2))); i € L}
That a;(n) Nej(k) =0 for —n+1 <k <n-—1and oy(—n+1)Nej(k) =0 for -n+2 <k <nis

a consequence of Proposition 3.13. This finishes the induction step and proves the proposition. [

Corollary 3.19 With the notation of Proposition 3.18, for every n € Z, a;(n) C I°(f(ai(n —1)))
and a;(n) C I°(f~H(ai(n + 1))).
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Figure 12: The first few «(n)’s for a pruning collection containing only one (c, e)-disk D.

PROOF: For n > 1, (i) of Proposition 3.18 implies that «;(n)C I°(f(c;n—1))) whereas (ii) implies
that for m < 0, a;(m) C I°(f~'(a;(m+1))). By Proposition 3.3, f~*(a;(m +1)) C I¢(a;(m)) and
applying f to both sides we get a;(m + 1) C f(I°(a;(m))) = I¢(f(ai(m))). Letting n =m + 1 we
see that for n <1, a;(n) C I¢(f(a;(n —1))), which completes the proof of the first statement. The

second is obtained from it using Proposition 3.3 (see figure 13.) O

The next proposition is nothing but a “fattened” version of Proposition 3.18 (see figure 14.)
We could have proven it together with Proposition 3.18 had we stated the “fattened” versions of
the propositions we proved before. Although feasible, this would have been rather cumbersome. It
is also possible to give a direct proof using the techniques we have used so far. We leave it to the

interested reader.

Proposition 3.20 Let {a;(n); i € L, n € Z} be as in Proposition 3.18. Then there ezist collec-
tions of disjoint open cross-cuts {f;i(n) C f™(D;); i € L, n € Z} and {vi(n) C f"(D;); i € L, n €
Z} joining vertices such that:
(1) Bi(n) C I*(i(n)) and vi(n) C I*(ci(n));
(i) forn > 1, {vi(n); i € L} is a (ep, c)-collection compatible with

{(F*(Di), Bi(k); i € L, —n+1<k<n—1}

U{(f"*(Di), f(Bi(n—1))); i € L};
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Figure 13: The a(n)’s are chosen so that a;(n) C I°(f(ai(n —1))) and a;(n) C I(f~ (a;(n+1))).
(iii) for m <0, {Bi(m); i € L} is a (€}, €)-collection compatible with

{(fF (D), 7i(k)); i€ L, m+1<k<-—m+1}

U{(f™(D3), f (vi(m +1))); i € L}. O
The corollary below is proved in the same way as Corollary 3.19 (see figure 15.)
Corollary 3.21 With the notation of Proposition 3.20, for every n € Z, vi(n) C I¢(f(Bi(n — 1)))
and Bi(n) C I¢(f~Y(vi(n+1))). O

The next proposition creates the sets in whose union will lie the support of the isotopy we will

construct to prove the main theorem.

Proposition 3.22 Let {a;(n)}, {Bi(n)} and {vi(n)} be as in Propositions 3.18 and 3.20. Then

for everyn € Z and i € L, f~1(Bi(n+ 1)) U~i(n) is a Jordan curve bounding a Jordan domain
Vi(n) such that
Vi(n) D f Hei(n + 1)) Uai(n).

Moreover,

Vi(n) = I*(yi(n)) N I°(f ™' (Bi(n + 1))

PROOF: The proof is an easy exercise using (i) of Proposition 3.20, Corollary 3.21 and Proposi-

tion 3.3 (see figure 16.) O
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Figure 14: The first few y(n)’s and ((n)’s for a pruning collection containing only one (c, e)-disk

D.

Figure 15: The (;(n)’s and 7;(n)’s are chosen so that ~;(n) C I°(f(Bi(n — 1))) and B;j(n) C
I(f ' (yi(n + 1))
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Figure 16: f~1(8;(n 4+ 1))) U~i(n) is a Jordan curve bounding the domain V;(n).

Proposition 3.23 Let Dy, Dy be (c,e)-disks, D1 £ Do and oy C Dy and ag C Dy be disjoint open

cross-cuts joining vertices. Then ay N1y C I%(aw) and ag N 11 C I¢(ay).

PROOF: Since D; £ Dy either Iy N I, = (), in which case both statements are clearly true, or
Dy = Dy and Dy # Dy. If Dy = Dy, C1 N1z = () and since a1 Nag =0, (o UCL) Nag = 0. Tt
follows, since «g is connected, that either ag C I¢(aq) or ay N I¢(ay) = 0. We want to show that
the latter is true, so we will assume ay C I°(c;) and reach a contradiction. The endpoints of ay
are the same as those of Ey and since Eo NIy =0 (D1 = D3) and oy C I, if ag C I%(cvy), it must
be the case that the endpoints of «ay lie on €. But the endpoints of «y coincide with those of C
and, by (ii) in the definition of =, Cy C Cy. We claim that Cy = Cy, for if C5 is strctly contained
in C4, one of the endpoints of ay lies in CO’1 and since ag C I NIy, (iii) in the definition of > implies
that C1 C Cy which is a contradiction. By Proposition 3.6 we see that Dy = Dy which is contrary
to our hypothesis that Dy £ Ds.

This contradiction shows that as N I°(a;) = () and since as Na; = () by hypothesis, we have

shown that ag NIy C I(cvy). The other statement is proven analogously. O

Corollary 3.24 Under the hypotheses of Proposition 3.23
I‘(ag) N I%(ae) = 0. O
Proposition 3.25 Leti,j € L and n,k € Z:
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(1) if fE(D;) A f2(Ds) then f~Ha;(k + 1)) NVi(n) = 0, and

(i) if fH(D;) # f2(D;) then oj(k) N V;(n) = 0.

PROOF: From Proposition 3.20 (i) and Proposition 3.3 it follows that a;(n) C I¢(8;(n)) NI¢(yi(n)).
From Proposition 3.20 it also follows that §;(k) N~;(n) = 0 for any 4,5 € L, k,n € Z. Assume
f¥(Dj) # fM(D;). By Corollary 3.24, we see that I¢(8;(k)) N I°(v;(n)) = 0. Since Vi(n) C
I¢(vi(n)), aj(k) C I¢(B;(k)) and I°(B;j(k)) is open we can conclude that V;(n) N «a;(k) = 0. This
proves (ii). In order to prove (i) assume f¥(D;) A f*(D;). Then f¥*1(D;) 4 f"*1(D;) and, as
above, we can conclude that I¢(8;(n + 1)) N I¢(yj(k + 1)) = (. It follows that

0

I°(f M (Biln + 1)) NI (y5(k + 1))
and since
Vi(n) C I°(f M (Bi(n + 1)),

then
FH ek +1)) CI(f 7 (9 (k + 1))

This latter being an open set, we see that

F ek +1) N Vi(n) = 0.

This completes the proof. [

Proposition 3.26 With the notation above:
(i) forn>1and —n+1<k<n, f*C;)N f™(1;) C I¢(v;(n));
(ii) form <0 and m <k < -m+1, f¥(E;)N f™(I;) C I¢(Bj(m)).
PROOF: From Proposition 3.20 we know that {'yj(n)}]L:1 is compatible with
{(f5(D2), Bi(k));i € Ly—n+1 <k <n =13 U{(f"(D3), f(Bi(n —1)));i € L}.

If f5(C;) N f*(I;) = 0 there is nothing to prove. Otherwise, f"(D;) = f*(D;) and therefore either
[1°(j (n))Uy;(n)] € I°(B;(K)) or [I°(;(n))Uy; ()N f*(D;) = . Since f*(C;) C fF(D;)NCI*(Bi(k)),

the conclusion of (i) follows. O
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Corollary 3.27 For k > 1, f*(C;) and f=*(E;) are disjoint from Vj(n) for every i,j € L and

every n € 7.

PROOF: If k > n by the definition of pruning collection f¥(D;) A f™(D;) which implies that
fE(Cy) 0 f2(I;) = 0. Since V;(n) C f™(I;) this proves the result for K > n. If 1 < k < n by
Proposition 3.26, f*(C;) N Vj(n) C I¢(y;(n)) whereas by Proposition 3.22, V;(n) C I¢(v;(n)),
which completes the proof of f¥(C;) N Vj(n) =0 ifk>1, j€ L and n € Z.

If n > k we again have by the definition of pruning collection that f"(D;) £ f*(D;), which
implies that f¥(E;) N f*(I;) = 0 and thus that f*(E;) NV;(n) = 0. If m < k < 0, by Proposition
3.26, f*(F;) N f*(I;) C I¢(Bj(n)) which implies that, if n < k < —1,

FRE) 0 M) © f TG (n+ 1)) = T9(f 1 (Bi(n + 1))).

By Proposition 3.22, V;(n) C I¢(f~(8;j(n+1))) and thus f*(E;)NV;(n) =0ifk <1, j € L, n € Z.

This completes the proof. [

4 Isotopies

Definition 4.1 Let X,Y be topological spaces. By an isotopy we mean a continuous map H :
X % [0,1] = Y such that the “slice” map Hy : X =Y, Hi(xz) = H(x,t) is a homeomorphism for
each t € [0,1]. If f,g: X — Y are homeomorphisms, we say f and g are isotopic if there ezists an
isotopy H : X x [0,1] = Y such that H(z,0) = f(z) and H(z,1) = g(z) for every x € X.

The support of an isotopy H is by definition (see the remark below) the set

supp H =C{z € X; H(z,t) = H(z,0) Vt € [0,1]}

where, as usual, C stands for complement.

If f: X = X is a homeomorphism we define the support of f as
supp f = C{z € X; f(z) =}

REMARK: Notice that our definition of support is not the usual one in that we are not taking

closures. Supports of isotopies and homeomorphisms are therfore open sets.

The following proposition is a straightforward exercise in point set topology and we omit the

proof.
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Proposition 4.2 Let H : X x [0,1] = X be an isotopy of the identity, i.e., H(z,0) =z for every

x € X. If ¢ € supp H, then H(z,t) and x belong to the same path component of supp H. O

REMARK: If X is locally path-connected, the path components of supp H coincide with its con-

nected components, since supp H is open.

Definition 4.3 Let G be a collection of subsets of a metric space. We call G a null collection if

for every € > 0 only finitely many elements of G have diameter greater than €.

The lemma below is true in greater generality than we state and is part of the folklore of
hyperbolic geometry, geodesic laminations, etc. The proof we give is somewhat sketchy but is

rather elementary.

Lemma 4.4 Let ID denote the unit disk {x € IR? ||z|| < 1}, and {a,}%, a null collection of
closed cross-cuts, disjoint except possibly at endpoints, no two «y,’s sharing both endpoints. For
each n > 1, let 7y, be the closed arc of circle perpendiular to S' = {x € IR?; ||z|| = 1} with the
same endpoints as ay. Then there exists a homeomorphism ¢ : ID — ID such that (|s1 is the

identity and (o) = Yn.

PROOF: From the hypotheses that the a,,’s are interior disjoint and no two share both endpoints it
follows that the cross-cuts -y, are interior disjoint and the correspondence «;,, — -y, is one-to-one in
the sense that if ay, # vy, then v, # ym. Moreover, {v,}5, is a null collection, since given £ > 0
only finitely many pairs of endpoints of the a;,’s can be more than ¢ apart, which implies that only
finitely many ~,’s have diameter greater than .

Let 9y, : v, = a5, be a homeomorphism extending the identity homeomorphism between the

endpoints of v, and oy, for each n > 1, and define the map 1 as
o0 o o0
p=idU|Jvn:S'UJm— Ul
n=1 n=1 n=1

where id: S' — S' is the identity homeomorphism. ) is well defined since the interiors ')7” are
disjoint and 1, is the identity at the endpoints of y,. We claim v is a homeomorphism. ;From
what we have said above, v is clearly one-to-one ind onto. All there remains to show is that
1 is continuous. Let {zx} be a sequence in S Ly Ufyn and assume z; — z. We want to show

n=1

that ¥ (zr) — (x). If there exists n such that all but finitely many points zj lie in 7,, then for
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ko sufficiently large x) € ~, for every k > k¢ and since 7, is closed x € ~,. It follows that for
k> ko, ¥(zr) = Yn(zr) = Yn(x) = ¢(x) since 1), is continuous. If there is no -, containing all
but finitely many zj’s, we can choose a subsequence zj; € v, so that different points lie in different
7;'s. Since {v,} is a null sequence, diam v; — 0 as j — oo and, since zy, € v; and zy; — =, for
any sequence y; € v;, y¥; — . In particular, if p;, g; are the endpoints of v;, p;j,q; — z. This
shows that = € S'. Also, the cross-cuts a;j, whose endpoints are pj, ¢;, are all distinct, since the
7v;’s are, and since {a,} is a null family and p;,q; — z, for any sequence z; € «j, z; = . We
then have 9 (zy;) = ¢j(7r;) = z; € @j and z; — x = tp(z) since z € S!. This shows that 1) is a
homeomorphism. Assume for a moment we have shown that every component of the complement

o0
of StU Ufyn in ID is a Jordan domain. Let U be one such and 0U = J. J is a Jordan curve

n=1
o0 (0]
in S U U'yn and thus ¢(J) is a Jordan curve in S* U U ap. We claim that the Jordan domain
n=1 n=1
o0
V bounded by (.J) is a component of the complement of S U Uan in ID. It is clear that
n=1

V C {z; ||z]| <1} so that VNSt =0. If VNaj # 0 for some o, then cgj, which is connected and

disjoint from S*U U an D dV, is contained in V and its endpoints in V. But this implies that the

n#j
endpoints of y; lie on J which in turn implies v; C U. Since we assumed U to be in the complement

o
of StU Ufyn, v; C J = 0U. This would then contradict the hypothesis that no two «a;,’s shared

n=1

(0]
both endpoints. This shows that if U is a component of the complement of S* U U Yn, in ID whose

n=1
o0
boundary is a Jordan curve J, 9(J) is a Jordan curve in S' U U oy, bounding a component V' of
n=1

o o0

the complement of S U U oy, in ID. So if every component U of the complement of S U U'yn in
n=1 n=1

ID is a Jordan domain we can use Theorem 1.7 to extend 3 to a homeomorphism 9 : ID — ID and

¢ =1 will satisfy the conclusions of the lemma.

In order to see that the components U of ID \

o0

Sty U%] are Jordan domains let v, be a
n=1

cross-cut such that v, C OU. Such a 7, must exist unless {7,} = 0 in which case the statement is

trivial. By a conformal mapping, map ID onto the upper half plane IH so that v, maps onto S'NIH
and U maps onto U’ C {z;||z|| < 1} N H. Tt is now not hard to see that U’ \ S! is the graph of
a continuous function g : (—1,1) — [0,1) such that |g(z)| < V1 — 2?2 for every z € (—1,1). This

proves that U’ is a Jordan curve and therefore so is QU and completes the proof of the lemma. [
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Corollary 4.5 Let J be a Jordan curve and {on, }52, and {3, }52, two null collections of interior
disjoint cross-cuts in D, the closed disk bounded by J. Assume that no two elements of each
collection share both endpoints and that the endpoints of a; and B; coincide. Then there exists a
homeomorphism ¢ : D — D such that (| is the identity, ((ayn) = B and ¢ is isotopic to the

identity through an isotopy with support in I, the interior of D.

PRrOOF: Let f : D — ID a homeomorphism and (, : ID — ID and (g : ID — ID homeomorphisms
“straightening” {f(ay)} and {f(5,)}, which exist by Lemma 4.4. Set { = Cﬂ_l 0(q- It is not hard to
check that (|; = id and {(ay,) = B,. That ( is isotopic to the identity is a consequence of Theorem
1.8. O

Corollary 4.6 Let J be o Jordan curve and o, 3 cross-cuts in D having the same endpoints. Then

there exists an isotopy of the identity taking o to B with support in I.

PROOF: The collection {a} with a single element is a null collection so it is possible to apply

Lemma 4.4 and Corollary 4.5. O

NOTATION: Let Dy, D9 be closed disks, Dy C D9 and Dy, D3|, where L C 0D NODs is an arc. If
Dy \ L C Iy, the interior of Dy, we will write D1 C Da|r,.

Lemma 4.7 Let 1 : D — D be a homeomorphism onto its image so that y(D) C D|y(r), where L
is a closed are, (L) C L and p € L is a fized point such that ™ (x) — p for every x € L. Then
there exists an isotopy h : D x [0,1] — D of the identity such that hlsp= id and if ((-) = h(-, 1),
then (1 o {)™(x) — p for every x € D.

PrOOF: We will construct a null collection {ay}2°, of disjoint open cross-cuts in I with the

following properties:

(i) oy, has the same endpoints as ™ (L);

(ii) if I,y is the Jordan domain bounded by oy, 1 U™ (L), a, is a cross-cut in I,, 1 N(1, 1),

for n > 2;

(iii) an C Vi(y"(L)).
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Set a; = ¢(dD \ L) and D1 = (D). Notice that Dy C D|y(z) implies 1(D1) C Dily2(r)-
By Proposition 2.13, it is possible to find ag C (1) N I; = (I1), an open cross-cut joining the
endpoints of 1?(L) such that as C V% (42(L)).

Assume we have constructed aq,aq,...,«, satisfying (i), (ii) and (iii) above. Since a, C
Y(In-1) N In1, and oy, has the same endpoints as ¥"(L), D, C ¢(Dy 1)|yn(z) and D, C
Dy 1|yn(zy. This latter implies that (Dy) C 9(Dp 1)|yn+1(z) and since "t (L) C ¢*(L),
by Proposition 2.9, it follows that Dy, (Dy)|yn+1(z). By Proposition 2.13, there exists any1 C
I,N4(I,,) an open cross-cut with the same endpoints as 9"+ (L) such that a,, 11 C Vﬁl (" TH(L)).
By induction, we construct the collection {a,}5° ;. That {a,}5°; is a null collection follows from
the fact that o, C V% (¢"(L)) and diam 9™(L) — 0. That the «,’s are disjoint is clear since
a, C I, for every n > 1. Notice also that no two «;,’s share both endpoints. This is so because
the endpoints of a;, are the same as those of ™ (L) and if 4" (L) and ¢™ (L) shared both endpoints,
L would contain more than one fixed point.

Let 3, = ¥~ !(a,11). The collection {3,}°°; is clearly a null collection of disjoint open cross-
cuts no two of which share both endpoints. Also, for each n > 1, «, and (3, have the same
endpoints. By Corollary 4.5 there exists an isotopy of the identity h : D x [0,1] — D such that
i C() = h(,1), C(an) = Bo. Then 0 C(an) = H(Ba) = anss and since H("(L)) = (L)
we see that i o ((D,) = Dpy1. But diam D, — 0 as n — oo and therefore it follows that

(Yo )"(z) = p, Vz € D as n — oo as we wanted. [J

Corollary 4.8 For i = 1,...,n let D; be closed disks with disjoint interiors and L; C 0D; a
closed arc. Let 1 : m — m be a homeomorphism of the plane such that 1 (L;) C Li+1 and ¥(D;) C
Diy1ly(r;), where we let the indices “wrap around”, i.e., we set n + 1 to be 1. Assume "|p, :
(D1,L1) — (D1,Ly) satisfies the hypotheses of Lemma 4.7. Then there ezists an isotopy h :
7 x [0,1] = 7 of the identity such that supp h C Dy and if () = h(-,1), (¢ o O)*(z) = p as
k — oo for every x € Dy where p € Ly is the fized point of Y™|r, .

PrOOF: The proof is straightforward using Lemma 4.7 and we omit the details. [

5 The Proof of the Main Theorem

In what follows f : # — 7 will be a uniformly continuous homeomorphism of the plane and {D;}~

a pruning collection for f. As we pointed out before, we may and will assume that the subscripts
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reflect the partial order > in {D;}!,, in the sense that, if i > j then D; £ D;. In particular, if
1> j then D; £ D;j.

Definition 5.1 For each i € L we define four numbers n(i), N(i), m(i), M(i) € Z U {xtoo} as
follows:

(1) n(7) is the smallest integer > 1 such that fn(i)(Di),f(Dj)|fn(i)(Ci) for some j € L or n(i)
if f¥(D;), f(D;) A (cy) for every k > 1 and j € L;

o0

(i) N(z) = @1 , i.e., the smallest integer greater than or equal to @, if n(i) < oo or N(i) = o0

if n(i) = oo;

(iii) m(i) is the largest integer < 0 such that f™"(D;), Dj|pmiy (g, for some j € L or m(i) = —oo
if fk(Di),Dj Lr(E;y for every k <0 and j € L;

(iv) M(i) = [méi)1 if m(1) > —o0 or M(i) = —o0 if m(i) = —oo.
The following proposition is a straightforward consequence of the definitions and we omit the
proof.
Proposition 5.2 If n(i), N(i), m(i) and M (i) are finite the following holds for each i € L:
(i) n(i) =2N (i) —§ and m(i) = 2M (i) — 0" where 6,6’ =0 or 1;
(ii) FYO(Dy), fNOHH(D)) i) for some j € L but for —N(i) +6+2 <k < N(i) — 1,
YD), FH(D;) feweo e
for any j € L;
(iii) for 1 <n < N(i), -n+1<k<n-—1, f"(Di),fk(Dj) Apn(cyy for any j € L;
(iv) fMO(Dy), f-MO+ (D)) gmeir (g, for some j € L but for M(i) +1 <k < —M(i) + ¢ + 1,
FMODy), FH(D;) Mooy
for any j € L;

(v) for M(i) <m <0and m+1<k<-m+1, f™D;),f*D,) Apm (i) for any j € L. O
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Recall that we defined ¢- and e-equivalence relations in a collection {D;}L ; of (c,e)-disks and
in Proposition 3.15 proved that the equivalence classes have distinguished representatives. The

following proposition is again an easy consequence of the definitions.

Proposition 5.3 For each i € L, n(i) > 1 if and only if D; is the distinguished representative
in its c-equivalence class in {D;}l,. Likewise, m(i) < 0 if and only if D; is the distinguished

representative in its e-equivalence class in {Di}z-Lzl. O

We now start the construction of the isotopy for the proof of the main theorem. If the pruning
collection contains only one (c,e)-disk D; and N(1) = oo and M (1) = —oo, most of what is
presented jfrom here to the end of this section is very much simplified. We suggest that the reader

concentrate on this case upon a first reading.

Recall that V;(n) C f*(I;) is a Jordan domain containing c;(n) and f~(a;(n+1)) as cross-cuts
with the same endpoints. Using Corollary 3.21 construct, for each ¢ € L and M(i) < n < N(i)
an isotopy ki, : m x [0,1] — 7 of the identity such that supp k;, C Vi(n) and k;pn(oi(n),1) =
fHai(n+1)). If n < M(i) or n > N(i) we let k;,, = identity. Set ¢;n(-) = kin(-,1). For n € Z
define

( 1
k1 (2, L), te _0, f]
(1 2
Cl,n(k2,n($, Lt — 1))7 te _Z’ Z:|
= (2 3
Fn(2,8) = ' ¢ 0 Conlksn (@, Lt —2)), te |3 E]
L—-1
Cimolono...oC—1pnlkrp(z, Lt —L+1)), te [—L , 1]

and let (,(-) = kn(-,1). Now let ro = ko and for n > 1

k_pn(z,2t), te [0,

|

Conlhn(m,2t— 1)), te [%1]

N —

ro(z,t) =

and set pp(-) = ry(-,1) for n > 0.
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L
Recall that the locus P = U D; of a pruning collection {D;}¥ | was called a pruning front. We

=1
L

will denote the union of the interiors U I; by P.
i=1

Proposition 5.4 The isotopies 1, just defined have the following properties:

n—1
(1) supp r, C [fM(PYUSf ™(P)]\ U F¥(P) for every n > 0 so that if n # m, supp rp, \SUPP T =
—n+1
0;

(ii) since f is uniformly continuous, the diameters of the connected components of supp ry, converge

to 0 as n — oo;

(iii) for each i € L, if n < N(i), pa(ci(n)) = fHai(n + 1)) and if —n > M (i), pp(ci(—n)) =
fHai(=n+1)).

PRrROOF: From the definition of &, it is clear that for n € Z,
supp k, C J{Vi(n); M(i) <n < N(i)}
so that for n >0
supp r, C U{Vz(n), 1<n<N(@E}U U{Vi(—n); M(i) < —n <0}
and since V;(n) C f"(1;), it is clear that

L

L
supp r, C f"(P)U f(P) = | ") u | ().
=1 3

1=1
—1
There is nothing more to prove for n = 0 (recall that U f¥(P) = 0, by our convention) and we

1
may assume that n > 1 (see figure 17.)

If 1 <n < N(i), it follows from Proposition 5.2 that
F* @), f* D)) fim ey
for any j € L and —n+ 1 < k <n — 1. Since {v;(n)}~_, is a (en, ¢)-collection compatible with

{(f*(Dy),B;(k)): j €L, —n+1<k<n-—1},
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by Proposition 3.20, we must have [I¢(v;(n)) U~;(n)] N f¥(D;) = 0 for every j € L and —n + 1 <
E < n—1. But Vi(n) C I°vi(n)) by Proposition 3.22 and taking the union over j € L and
—n—+1<k<n-—1 we see that .
vimn U @) =0
—n+1
from which it follows that

n—1
Utvitn); 1<n<NG@n | F4(P)=0.
—n+1

If M (i) <m <0, it follows from Proposition 5.2 that
F™ @), fAD)) Ky

for any j € L and m+1 < k < —m+1. Again by Proposition 3.20 {3;(m)}£ | isa (€}m|, €)-collection
compatible with

{(f*(D;),Bi(k)); j €L, m+1<k<-—m+1},

which implies that [I°(8;(m)) U B;(m)] N f*(D;) = 0 for every j € Land m+1 <k < —m+1, and
thus that [I¢(f 1(8i(m))) U £ 1(Bi(m))] N f¥(D;) = 0 for every j € L and m < k < —m. Letting
m = —n + 1 and noticing that V;(—n) C I°(f ' (B;(—n + 1))), by Proposition 3.22, what we have
just seen implies that for M (i) < —n <0

n—1
Vi-mn |J @) =0

—n+1
from which it follows that
n—1
Uit=n); MG) < —n<0}n |J ff@)=0.
—m+1
This finishes the proof of (i).

L
In order to prove (ii) notice that supp r, C U{Vl(n) UV;(—n)} and from Propositions 3.20 and

3.22, for n > 1,Vi(n) C I*((n) C Vi, (/*(C3)) and

Vi(=n) CI(f 1 (Bi(=n+1))) = fHI(Bi(=n +1))) C f (Veuoy (fF " TH(EN))).

iJFrom the (c¢,e) dynamic assumption, diam f™(C;) — 0 as n — oo and diam f™(E;) — 0
as m — —oo. Since €, — 0, it is clear that diam V;(n) — 0, as n — oo and from the uniform

continuity of f we can also conclude that diam V;(—n) — 0 as n — oo. It is now easy to see that
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L

the connected components of U{Vz(n) U V;(—n)} have diameters converging to zero as n — oo.
i=1

This proves (ii).

Let us now look at (iii). From the way we indexed the pruning collection, if i > j, D; A D; which
implies f*(D;) A f"(D,) for any n € Z. From Proposition 3.25 it follows that f'(a;(n + 1)) N
Vj(n) = 0. Similarly, if [ > 4 the same proposition implies that c;(n) N V,(n) = 0. Since each k;
is an isotopy of the identity with support contained in V;(n), and ; () = ki (-, 1), we have supp
Cin C Vi(n) and, from what we said above, we see that if j <4, (jn(f Hai(n+1))) = fHai(n+1))
and that if I > 4, {;,(e;(n)) = a;(n). Thus, for any M(i) <n < N (i)

C(ai(n)) = CGpo...oCGno...orn(ai(n))
= (ino...0Gn(ai(n))
= CGno...oCGan(fHai(n+1)))
= [ Hai(n+1)).
.From the definition of pruning collections, f~"(D;) % f™(D;) for any n > 1 and any ,j € L
and, by Proposition 3.25, it follows that f~'(a;(n + 1)) NVj(—n) = 0 and Vi(n) N a;(—n) = 0.

Thus we can conclude that for any i € L, f ' (a;(n + 1)) Nsupp ¢, = 0 and that a;(—n)N supp
¢n =0, for n > 1. Therefore if 1 < n < N(7),

pn(ai(n)) = ¢ nolalai(n))
= (alfHai(n+1)
= [ Hai(n+1))

pn(ai(-=n)) = (—noGulai(—n))
= (on(ai(—=n))
= [ Hai(-n+1)).

This completes the proof since, for n = 0, pg = {p and this case had already been taken care

of. O
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Figure 17: The first few V(n)’s for a pruning collection with only one (¢, e)-disk D.

n

Corollary 5.5 The sequence Ry, = U rn 15 @ Cauchy sequence in the uniform topology and con-
=0
verges to an isotopy R : wx[0,1] = w. If we set p(-) = R(-,1), for eachi € L and M (i) < n < N(i),

p(ai(n)) = f Hai(n +1)). Moreover supp R C U{V;i(n); i € L, M(i) <n < N(i)}.

PrOOF: Given ¢ > 0, by Proposition 5.4, there exits K large enough so that all the connected

components of supp 7, have diameter smaller than ¢ if m > K. Let n > m > K. We then have

d(Rm? Rn) = Ssup d(Rm (377 t)a R, (377 t))
(z.0)

= supd(R,(z,t),[Rm U U ri](z,t))

(z,t) m+1
n
= supd(, | rile 1)
(z,t) m+1
< €

where the last inequality is a consequence of Proposition 4.2. This shows that R, is a Cauchy

sequence. The remaining statements are readily proven and we leave them to the reader. [

Proposition 5.6 Let R and p be as in Corollary 5.5. Then for each i € L we have:
(i) p(D%(i(n))) = D(f~Hai(n +1))) for 1 <n < N(i) and

38



(ii) p(D¢(ai(m))) = D¢(f~Ha;(m +1))) for M (i) <m < 0.

ProOOF: Notice that supp R C (J{Vi(n); i € L, M(i) < n < N(i)}. By Corollary 3.27, for
n > 1,f"(C;) N supp R = ) and by Corollary 5.5, if 1 < n < N (i), p(a;(n)) = f Y(ai(n + 1)).

Therefore
p(f*(Ci) Uai(n)) = p(f*(Ci)) Up(ai(n))
= fMCHUf Hailn+1))
But
f™M(Cy) Uai(n) = 0D (ai(n))
and

FH(C) U fHei(n +1)) = 0D°(f~H(au(n +1)))

This completes the proof of (i). (ii) is proven analogously. [J

n

Definition 5.7 For eachn >0, let ¢, = fopy, ¥, = U P and U = fop, i.e., P(-) = fory(-1),
i=0

U,(-) = foRy(1) and ¥(-) = fo R(-,1).

Recall that if £ : X — X is a homeomorophism we defined
supp { =C{r € X; {(z) ==z}

Lemma 5.8 Let £,n: X — X be homeomorphisms so that supp & C A and supp n C B. Then
AUB=AU¢on(B).

PROOF: First notice that if supp & C A then £(A) = A since {(CA) = CA and ¢ is a homeomorphism.

Therefore, since supp £ o C AU B we have
AUB=¢on(AUB)=¢(A)U(B)=AU¢(B)=AUfon(B) O

Proposition 5.9 For n > 0,

(i) fH(P)U f"(P) = pu(f"(P)) U fT"(P);

(ii) fM(P)Uf"(P) = fM(P)Upp (f (D).
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Figure 18: The homeomorphism py,.

ProOOF: For n = 0, supp pg C P and the result follows. For n > 1,p, = (_, o (, and supp
C—n C f7™(P) and supp ¢, C f"(P)
(see figure 18.) O

The results now follow as easy applications of Lemma, 5.8

The following corollary is immediate from the definition of ,,.
Corollary 5.10 Forn > 1,

(i) [PHHP)UFTHHP) = o (f1(P) U f (P

)

(ii) fM(P)YUf(P) = fM(P) Uy (f7TH(P))

O
following

We now state and prove an important technical proposition to be used later. We will use the

1)), for every n > 1.

Definition 5.11 Let P(0) = P and define inductively P()=V,,_1(P{n—1) and P(—n) = ¥, (P(—n+

Proposition 5.12 With the notation above P(1) = f(P) and

n—1 n—1
() forn>1, |J fAP)= {J Pk);
—n+1

—n+1
(ii) forn>2, J rf(P)= | Pk)
—n+2 —n—+42
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PrOOF: We will use induction on n. For n = 1, (i) states that P = P(0), which is just the
definition, whereas P(1) = Wy(P) = ¢o(P) = fpo(P) and, since supp py C P, po(P) = P, which
shows that P(1) = f(P) (see figure 19.)

2

2
We now show that Ufk(P) = UP(k), but before we start, let us point out that, from the
0 0

definitions of 1, and ¥,,, the following is clear, for each n > 0:

a) U, = f in the complement of supp R,, C U ),

—n

n—1
b) 1, = f in the complement of supp p, C [f"(P)U f "(P)]\ U fE(P);

—n+1
n—1
U, within | ] f*(P)
C) v, = 72ih )
Yo without [ J fF(P)
—n+1
n n—1
v, ' within | f4(P) =¥, ( U f’“(P)>
d) @Mﬂ — —n+2 7n+a
n n n—
vt without ([ FA(P) = ( U f’“(P)>
—n+2 —n+1
2 2
Having said this, let us go back to the proof of U k) = U P(k). Notice that from ¢) above
0 0
we have

P(2) =0, (P(1)) = { if((g((ll)))) \:Ivllttlil(l)rlllt IIj

and, since we have seen that P(0) = P and P(1) = f(P),
Ui(P(1) = Wi(P(1) N P(0)) UT(P(1)\ P(0))
= [W1(P(1)) N T (P(0))] U W1 (f(P)\ P)]
= [P@)NPM)] U (f(P)\ P)]
= [P NFPNU(F(P)\ f(P)]
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where the last equality is a consequence of b) above. Thus

2
UPk) = wi(P)ulPk)
0

where the last equality is a consequence of Corollary 5.10 (i), with n = 1.

1

1
We now show that U kP = U P(k). From d) above we have
-1 -1

I [ w5H(P(0)) within f(P) = P(1)
P = a7 wo) = { n{E0Y S S < m)

so that
v H(P(0)) = W H(P(0) N P(1) UTH(P(0)\ P(1))
= [7H(P(0)) N T (P(1)] VTP f(P))
= [P(=1)nPO)]U [, " (P\ f(P))]

= [P(-1)NnPlUy7'(P)\ P

where the last equality is a consequence of b). From this we see that

1

1
Urk) = JPk) uer'(pro)
-1

= U@ uerteo)
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where the last equality is again a consequence of Corollary 5.10 (ii), with n = 1. This completes
the proof of (i) and (ii) for n = 2. Suppose we have proven that (i) and (ii) hold for 2 < n < N.

From this assumption the assertions below follow:

n n
1) |J (P)= | P(k), for 2<n < N, by just taking the union of (i) and (i).

—n—+1 —n+1
n—1 n—1
2) f*(P) = P(n) and f "*(P) = P(—n + 1) in the complement of U kp) = U P(k),
—n+2 —n+2
n n
for 0 < n < N. This can be seen as follows: by (i), U k) = U P(k) and by 1),
—n+2 —n+2
n—1 n—1
U £#P)= ] P(k). Then
—n+2 —n—+2
n—1 n—1
ey rey=prmu | Pk .
—n+2 —n+2
n—1 n—1
It then follows that f™(P) = P(n) in the complement of U ¥y = U P(k). The other
—n—+42 —n+2

part is proven similarly.

3) U, (P(j)) = P(j+1) forany —n < j < n, 0 < n < N. For notice that ¥,, = ¥;| in
gl I3
U r#@) = | P(k) > P(j). Thus T, (P(j)) = ¥;;(P(j)) = P(j + 1) from the definition
vl 'l
of P(j). This reasoning is valid for —n < j < mn, 0 < n < N. For n = N what remains
to be shown is that ¥n(P(N)) = P(N + 1) and Ux(P(—N)) = P(N + 1) or equivalently

P(—N) = U3 (P(=N + 1)). But these are just the definitions again.

N+1 N+1
We now proceed to prove (i) and (ii) for N + 1. We start with (ii) U P(k) = U k).
~N+1 ~N+1

JFrom c) in the beginning of the proof

( N—-1
Un_1(P(N)) within [ ] f*(P)
—N+1
N-1
= P
P(N +1) =Uyn(P(N)) = —vH N-1
Yn(P(N)) without | J f¥(P)
—N+1
N-1
= |J P&
\ —N+1
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Thus,

N-1 N-1
Uy(P(N)) = Uy (P(N)ﬂ U P(k)) UTy (P(N)\ U P(k))

—N+1 —N+1

Uy (P(N m\IIN1<UP )

N+1

N T k
NP\ U e
—N+1

B N

= |[P(N+1)n | Pk U¢N< U ¥ )
L —N+2 —N+1

= |P(N+1)N U AP U en (NP U ™
L —N+2 —N+2

where we used 2) in the second equality, 3) in the third and b) from the beginning in the forth, not

to mention the induction hypothesis here and there. From this it follows that

N+1 N
U Pk) = wxP)u |J Pk
—N+1 —N+1

N
= axPw)U |J A

—N+1
N
= yn(N@)u |J )
—~N+1
N+1
= U rFw
—N+1

where the last equality comes from Corollary 5.10 (i) with n = N.
N N

We now prove (i) U P(k) = U f¥(P). From d) we have
N

(U1 (P(=N + 1)) within
N

N
U ey =1 rw

P(-N) =0/ (P(-N +1)) ={ V42 ~N42

Yyt (P(=N + 1)) without
N N
U =1 rw
\ —N+2 —N+2
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Thus

N
I (P(-N+1) = Uy (P(—N+ nn | P(k)) U

—N+2

N
U (P(—N +1)\ | P(k))

N+2
= | (P(-N+1) ﬂ\I/N11<U Pk )
N+2
N
N (f‘N“(P)\ U f’“(P)>
—N+2
N-1
= n |J Pk
—N+1
N
Uy (fN“(P)\ U f’“(P)>
—N+2
B N-1
= |[P(-N)n | i)
L —N+1
B N-1
o AR 0 AN P A0
L —N—+1

where we have used 2) in the second equality, 3) in the third, b) in the fourth and the induction

hypothesis.
Therefore
N N
Urw = |J PEUIZ(P(-N+1)
-N —N+1
= U ( v (P(=N+1))
—N+1

= Uf )Upy (P(—N +1))

—~N+1
N

= U riwe)
-N

where the last equality comes from Corollary 5.10 (ii) with n = N. This completes the proof. O

Corollary 5.13 Forn >1

0 Urrwe= U rw

n+1 —n+1
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Py - {)

PE)

Figure 19: P(k),k = —1,0,1,2, for a pruning collection containing only one (c, e)-disk D.
(ii) f*(P) = P(n) and f~"t1(P) = P(—n+ 1) in the complement of
n—1 n—1
U @y = U Pw).
—n+2 —n+2

PROOF: The proof is the same as that given for 1) and 2) in the proof of Proposition 5.12. O

Corollary 5.14 If VU is as we defined above, P(k) = W(P(k—1)) for every k € Z, that is {P(k); k €
Z} is an orbit under V.

n
PROOF: Just notice that ¥ = ¥, in U f¥(P) and argue like in the proof of 3) in Proposition 5.12.
—n
O
We are now going to define new closed disks A;, « € L whose union is still the closed pruning
front P. We will see that the cross-cut «;(0) C D; is also a cross-cut in A; and divides it into

two disks A and A{ (see figure 20.) These will have some disjoint/nested properties we will make

precise later and will be useful in the proof of the theorem.

Definition 5.15 Let A;, = Ar(0) = Dy, and, for 1 <i < L, set A; = A;(0) = ng)o. ..0 i;ll,O(Di)'
Then define inductively for n > 1, A;(n) = U(A;(n — 1)) and A;(—n) = U~ (A;(—n + 1)).
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Figure 20: The D;’s and the A;’s

L L L
Proposition 5.16 Forl € L, UAi = UD,-. In particular U A; = P.

1=l 1=l =1

L L
PROOF: By definition A; = Djy. Assume we have shown that U A; = U D;. Then
i=l+1 i=l+1
L L
UAl = U A; U A
i=l i=l+1
L
= U DiU(pgo...0 (3 o(D)
i=l+1
L

L
where the last equality holds because supp CZ%) 0...0 Cl:rll 0 C U D;. O
i=l+1

L
Corollary 5.17 For every n € Z, P(n) = U Ai(n). O
i=1

Proposition 5.18 Forn>1andi € L,

() & | U rrmmy) | = rmy;

J<i J<i
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(i) o |y | =Y

jzi jzi
Proor: If £ > 4 > j then Dy A D; and we have seen that for n > 1, I°(yx(n)) is either
contained in f"(I;) or it is disjoint from f™(Dj;). If I°(yx(n)) is contained in f™(I;) it is because
f"(Dk), f™(Dj)lfn(cy) and therefore f(Dg), f(Dj)|fc,)- By Proposition 5.3, N(i) = 1 and it
follows that &;,, = identity. If I¢(yx(n)) is disjoint from f"(D;) so is Vi (n), since Vi (n) C I¢(yk(n)).
Either way we see that (supp () N f"(D;) = 0. Thus

Ufn(Dj) = (mno...9CLn U]m(D])
J<i J<t
= Cl,no---ogi,n Ufn(D])

J<i
U ;)
J<i
where the last equality holds because supp (1, 0...0¢;, C U f™(D;). This proves (i). (ii) is
proven analogously. [ J<i

The next proposition and corollary are analogous to Proposition 5.9 and Corollary 5.10. The

proofs use Proposition 5.18 but are otherwise completely similar. We omit them.

Proposition 5.19 Forn>1andi € L,

(@) on [ U FDy) ) U ™@) =] 1Dy U "(P);
J<i J<i
(i) MPyupt s =mPyulyr o). o
Jj>u Jj>i

Corollary 5.20 Forn>1 and i € L,

@) ¢n | oy | @) = o) u i)

j<i j<i

i) fMPyuygt |y | =meyul

jzi jzi
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We can now state and prove a proposition which sharpens Proposition 5.12 somewhat. Although

the proof goes along the same lines as that of Proposition 5.12 we present it for completeness.

Proposition 5.21 Forn > 1 and i € L we have

n—1 n—1
@ Urwyu | Fey=J4mu | Pk);
i<t —n+2 i<t —n+2
n—1
Gi) (Jr o U Py =JAj(—n+1u |J Pk).
Jj>t —n+2 j>i —n+2

PROOF: The proof is by induction on n. Notice that for n = 1, (ii) above is just Corollary 5.17. In
order to prove (i) with n = 1, observe that, since A; = A4;(0) C P, A;(1) = ¥(A4;(0)) = 19(A4;(0)) =
fopo(A4i(0)). Thus

Ai(1) = fo PO(CL_}) ©...0 z'111,0(Di))
= fo(Cuoo---0Cr0) o (Crpo- oG o(Di)
= fo(Cipo...0¢0)(D;)

Reasoning as in the proof of Corollary 5.17, it is easy to prove that U A1 U f(D;) which
J<i J<i
is (i) for n = 1.
Assume we have shown that
n—1 n—1
Uamu U e =Urm)u J e
i<t —n+2 i<t —n+2
n—1 n—1 n
Then, since we know that U P(k) = U f¥(P) and U P(k) U f¥(P) by Proposi-
—n—+1 —n+1 —n+1 —n+1

tion 5.12, just like in the proof of that proposition we can see that

Uamn U P =Umonn U 7

i<t —n+1 7<t —n+1
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Using all this information we have

Uan+nu |J Pk = [Jaum+D\ | Pr)|u ] Pk
j<i —n+1 |7<i —n+2 —n+1
i n—1 n
= \1/( A;n)\ | P(k)) u |J Pk
L i<t —n+1 —n+1
i n—1 n
= |V (Uf”(Dj)\ U f’“(P)) u Y )
L 1< —n+1 —n+1

j<i —n+1
where the last equality holds by Corollary 5.20, (i). Statement (ii) is proven analogously and we

leave it to the interested reader. [

Corollary 5.22 Forn > 1 and i € L we have:

(i) Ai(n) = f™(D;) in the complement of
n—1 n—1
Urmpu U ey =Jamu |J Pk
Jj<i —n+2 j<i —n+2

(ii) A;(—n+1) = f "TYD;) in the complement of

n—1 n—1
Urmyu | ) =JA(-n+1u (J Pk).O
Jj>i —n+2 j>t —n+2
Proposition 5.23 For each i € L, «;(0) is a cross-cut in A; and divides A; into two closed disks

AS and A bounded by py ' (C;) Ua;(0) and ;(0) U E;, respectively.

)
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PROOF: In the proof of Proposition 5.4 (iii), we have shown that for each ¢ € L, po(a;(0)) =
Co(a(0)) = Crp0...0Go(@i(0)). Thus we see that

@i(0) = pyt(Croo--0Cio(i(0)))
= CL_})O---OQ_,&°C1,0°"'0Ci,o(ai(0))

— CIT,%) 0---0 C;|_I1(al(0))

so that a;(0) is left fixed by CL_}) 0.0 z‘111,0- Since «;(0) is a cross-cut in D; and A; = CL_}) 0...0

Cijrll,o(Di), «;(0) is also a cross-cut in A;.

We now show that A; is bounded by py 1(Cy)UE; which will complete the proof of the proposition.
Notice that if j < i, C;NI; = () so that py ' (C;) = CL_%]O. ..o z‘jrll,o(ci)' On the other hand, for j > 1,

I;NE; = § so that (; jo. ..o z‘jrl1,0(Ei) = E;. This shows that {} jo...o Z-jrll,o(CiUEi) = py ' (C)UE;,

as we wanted. U
Proposition 5.24 For each i € L, (i) and (ii) hold:
(i) for n>1, Ai(n) is bounded by the Jordan curve
f*(Cy) U™ (E;);
(ii) for m <0, A;(m) is bounded by the Jordan curve
U™ (py ' (C)) U f™(By) = U™ H((Ch)) U f™ ().

PROOF: In the proof of Proposition 5.23 we saw that A4;(0) is bounded by p;'(C;) U E; =
Yo (f(C)) U E; = U=(f(C;)) U E;. Therefore A;(1) = W(A;(0)) is bounded by W(¥~'(f(C;)) U
E;) = f(C;) U¥(E;), which proves (i) and (ii) for n = 1 and m = 0 respectively. The general result
is now proved by induction using Corollary 3.27 to guarantee that U™ (f(C;)) = f*T1(C;) forn >0
and that V™ (E;) = f™(E;) for m <0. O

Definition 5.25 Let AS(0) = AY and A$(0) = AS as in Proposition 5.23 and define inductively for
n>1, Af(e)(n) = \I/(Af(e)(n —1)) and Af(e)(—n) = \I/*I(Af(e)(—n + 1)) (see figure 21.)
Proposition 5.26 With the notation just introduced we have:

(i) Af(n) = D(ai(n)) for 1 <n < N(i);
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A©

Figure 21: A$(0) and A¢(0) for i =1, 2.

(ii) Af(m) = D®(a;(m)) for M (i) <m <0.

PRrROOF: That A = D¢(«;(0)) is a direct consequence of Proposition 5.23, since A is bounded by
«;(0) U E; which is the same curve that bounds D¢(a;(0)). On the other hand, A£(0) is bounded
by pg ' (C;) Ua;(0) and it follows that A¢(1) = U(A¢(0)) is bounded by
U(py ' (Ci) Uai(0) = opg ' (Ci) U i(0) = f(Ci) U ai(1).
This shows that A§(1) = D¢(«;(1)).
Assume we have shown that A§(n) = D(«;(n)) for n < N(i). Then, using Propositon 5.6 (i),
we see that
Ai(n+1) = U(Af(n))
= fp(Dai(n)))
= f(D(f Hai(n +1))))
= D% ai(n+1))
This proves (i). (ii) is proven similarly. O
Let n(i), N(i),m(i) and M(i) be as we defined them in the beginning of this section. By
Proposition 5.2 if n(i), m(i) are finite then n(i) = 2N () — 6, m (i) = 2M (i) — §’', where §,6’ =0 or

1. Moreover,

FNOWDy), fNORYD)) v e

and

fM(i) (D;), f—M(i)+6’ (Dy) |fM(i)(Ei)
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for some j,I € L. Recall also that if Dy, Dyl and D1\L C I, we write Dy C Dy|r. We can now

state
Proposition 5.27 With the above notation for each i € L, (i) and (ii) hold:
(i) If n(i) < oo and j € L is largest such that

FYOD), F=NOFFNDH | vy oy

then
A§(N(i)) C Aj(=N() + 6+ 1) pnei) ¢y

(ii) if m(i) > —oo and j € L is smallest such that
FMOD;), MDD paroy
then
AF(M (i) € Aj(=M (i) + 0')| paco s,

PRrROOF: By Proposition 5.26 we know that A§(N(i)) = D%c;(N(i))). We have to show that
FNO(Cy) € 9Aj(—N (i) + 6 + 1) and that

AGN@)\ YOC) = Das(N (i) \ FND(Cy)
= I*(ci(N(9))) Uei(N(5))

C I(A;(~N(i) +5+1)

where the last set is the interior of A;(—N (i) +0 4 1) and the second equality is just the definition
and only the last inclusion needs proof (see figure 22.)
Let us first show that
FNO(C;) C OA;(—N (i) + 6 +1).

By assumption

NGO (D), f—N(i)+5+1(Dj)|fN(i)(ci)

which implies that
YOG € fNOHH(Cy).

If n(i) =1, then N (i) =1 and 0 = 1, so that by Proposition 5.24 and the above we have f(C;) C
f(C;) € 94;(1). If n(i) > 1, applying fN®=9=1 to the inclusion fNO(C;)  f=NOHH(C)) we
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get frO-1(Cy) Cj. From Corollary 3.27 we know that f"(C;)N supp R = 0 for n > 1. In
particular, f*®)=1(C;)N supp po = 0, and it follows that f*D=1(C;) C py ' (C;) C 9A;(0), this last
inculsion coming from Proposition 5.24. Also, if k < n(i) then W=F(f"0(C;)) = f=5(f"0(C;)) =
frO=k(C;), so that

pNORH (O () = NOG)
C \ijN(i)+5+l(p071(CZ_))

C OA;(~N(i)+6+1)

as we wanted.
In order to see that I°(c;(N(4))) U a;(IN(2)) C I(A;(=N(i) + 6 + 1)) first notice that, since

{a(N()}H, is a (en(i), ¢)-collection compatible with
{(75(Ds), i (k)); j € L, =N (i) +1 <k < N(i) =1}

and that
YD), fNOHTHD) vy e

then
I°(ei(N (i) U (N (d)) € f-NOHFL(L),

We will now show that

N(i)—6—1
I (aa(N (@) Uea(N@I N [ YO Dyu | FH(P)| =0
>3 —N(i)+6+2

This is so because by assumption fN0) (D), f~NO++1(p)) Apviiy(c,)y for I > j and from Proposi-
tion 5.2 (i), fNO(Dy), f¥(D;) fsve;) for any j € L and =N (i) +6 +2 < k < N(i) — 1. This
together with the aforementioned compatiblity of {a;(N(i))}£ | are exactly what we need in order

to verify the equation above. By Corollary 5.22 (ii),
Aj(=N (i) + 6 +1) = f-NOHH (D)

in the complement of

N(i)—6—1
Yot opu | )
>3 —N(3)+6+2

which shows that
19(@u(N (1)) U as(N (i) € A;(=N(i) + 5 +1).
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Figure 22: A possible configuration for f¥N®)(D;), f=N®O+H (D) and A;(N (i), Aj(=N(i)+d+1)
and AS(N (7).

We leave it for the reader to show that it is possible to put I(A;(—N(i) + ¢ + 1)) in place of
A;(=N (i) 4+ 0 + 1) in the inclusion above. 0

Proposition 5.28 Under the hypotheses of Proposition 5.27 (i) and (i) respectively, (V) and (ii')
below hold:

(F) AUN()) C AS(=N() + 5+ 1) v o,
(i) AL(M(i)) C Aj(—M (i) + 8] preco s

PROOF: By Proposition 5.27, Af(N(i)) C A;(=N(i) + 6 + 1)|sne)(c,)- Therefore all we need to
prove is that

[°(ci(N () U (N ()] N AS(~N (i) + 5 + 1) = 0.

There are two cases to be considered: M(j) < —N(i)+d+1 and M(j) > —N@(i)+d+ 1. If
M(j) < —N(i) + ¢ + 1, by Proposition 5.26,

A5(=N(i) + 6 +1) = D (=N (i) + 5 + 1))
and, since {ay(N (i)}, is a (en(i)» ¢)-collection compatible with
{(f*(Dj), j(k));5 € L, =N (i) +1 <k < N(i) — 1},

then
[1%(ai (N (7)) U (N (i))] C I°(aj (=N (i) + 6 + 1))
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so that
[1(a; (N (4))) Ui(N(8))] N D (=N (i) + 6 + 1) =0,

as we wanted.

If M; > —N (i) + 6 + 1, there exists [ € L such that
fM(j)(Dj),f—M(j)+6’ (Dl)|fM(j)(Ej)

where m(j) = 2M(j) + ', and, assuming [ is the smallest such, by Proposition 5.28 (ii), we can
conclude that A$(M(j)) C A;(=M(j) + 0'). Therefore

AS(=N(i) +6+1) = O MONOFAL(M(5))
C MOV (4 (—M(j) +8'))

= Ai(—m(j) = N@E)+d+1).
JFrom M(j) > —N(i) + d + 2 we have

—m(j) = N@E)+6+1 = —2M(5)+20 —N@G)+d5+1
< 2N(i)—20 —4+25' —N(GE)+d5+1

= N(@)—06—3-—2¢§

IN

N@)—6—1

If m(j) > 0, then —m(j) — N(i) +0 +1 > —N(i) + 0 + 2, so that

N(i)—6-1

A(=m(j) - N@+5+1)c | Pk
—N(3)+6+2

If m(j) = 0, then Dj, Di|g;, which implies that D; > D; and therefore that I > j. With this we

have shown that

N(i)—6—1
A(=m() = N(@) +6+1) C |[JA(-N@+s+1)u | P&
I>j —N(i)+6+2
N(i)—b6—1
= "o myu | @)
>3 —N(i)+6+2

where this last equaltiy is a conseqgence of Proposition 5.21 (ii). But, from the proof of Proposi-
tion 5.27, we have seen that I¢(a;(N(7))) U a;(N (7)) does not intersect the set after the equal sign

just above. This finishes the proof. [
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Corollary 5.29 With the same notation as above, for every i € L the following holds:
(1) i n(i) < 0o, then for every j € L such that
FNOWD), F=NOFFNDH) | vy ey

we have

Ai(N (i) C AG(=N() + 6+ Dl pvo) )
(ii) if m(i) > —o0, then for every j € L such that
FMOD;) fMODS)] paror )

we have

AF (M (1)) C AF(=M () + 0")| parcir (g,
PrOOF: We have shown that if 7 € L is largest such that

FrO(Dy), (D)) vy
(which is equivalent to the condition in (i) above) then the desired inclusion holds. Let [ € L be
such that f*()(D;), f(D;) ) (cp)s L # 7 (and thus [ < j.) By Proposition 2.9, f(Dy), f(Di)| fnt(cy)
and since | < j, we must have f(D;) < f(D;). Since {a;(1)}, is a (e, c)-collection, it follows that
[1°(j(1)) Uay(1)] C I(ey(1)) and by Proposition 5.26 this is equivalent to A3(1) C Af(1)|sc;)

(see figure 23.) Taking the U—N®+0_jmage of this latter inclusion, we get
A;(—N(Z) + 0+ 1) C A?(—N(Z) +6+ 1)|lII_N(i)+6(f(Cj))'

Notice that W=NO+(f(C;)) = w=NO+TH1(5-1(C;)) and that in the proof of Proposition 5.28
we showed that fN®)(C;) ¢ T=NO+H+1(p1(C;)). Therefore

AS(N(1)) C A;(—N(z) +6+ 1)|fN(i)(Ci)

and
AS=N ) +5+1) € AH=NG) +6+ Dy srwsn s o)
imply that
A7 (N (i) CA[(=N() + 0 + D pvoy ey

as we wanted. [
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Figure 23: An example of A;(N (7)), A;j(—=N (i) + 6+ 1) and A)(=N(%) + +1).

Proposition 5.30 U has the following properties:
(i) if n(i) = oo, then U™ (AS) has interior disjoint from P for every n > 0;

(ii) if n(i) < oo, then for every j € L such that ™9 (D), FDj) pniir ey T (AS) C AS(D)] pni ey
and f"9(C;) C f(C})

(iii) if m(i) = —oo, then U™ (AY) has interior disjoint from P for every m < 0;

(iv) if m(i) > —oo, then for every j € L such that fm(i)(Di),Dj|fm(i)(Ei) T (AS) C ASl pmii) ()
and f"(E;) C Ej.

PRrROOF: If n(i) = oo, then N(i) = oo and by Proposition 5.26 we see that U"(Af) = Af(n) =
D¢(a(n)) for every n > 1. Since f™(D;), f¥(D;) fincyy for —=n+1 <k <n-—1,

n—1
[I(ei(n) Uas()] N | f5(P) =0.
—n+1
This being true for every n > 1, we se that [I°(c;(n))Ua;(n)]NP = () for every n > 1, which proves

(i). (ii) is immediate from Corollary 5.29. (iii) and (iv) are analogous and we omit the proofs. O

We can now state and prove the main theorem.

Theorem 5.31 (Main Theorem) Let f : © — 7 be a homeomorphism of the plane, {D;} | a
L

pruning collection and P = U 1;, where I; is the interior of the disk D;. Then there exists an isotopy
=1
H :mx[0,1] — 7 of the identity such that supp H C U f¥(P), and if we set fp(-) = fo H(-,1),
kEZ
every point of P is wandering under fp.
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PRrROOF: Construct a directed graph G. as follows: its vertices are the integers {i € L; n(i) > 1}
and there is a directed vertex from i to j if n(i) < oo and f™(D;), F(Dj)|ne)(cyy- Since we have
taken only 7 € L for which n(i) > 1, it is easy to see that from each vertex there is at most one
outgoing edge (or none, if n(i) = oo0). A loop in the directed graph consists of an ordered set of
distinct vertices {i; < iy < ... < i;} such that there is a directed edge from i, to i,, for 1 <r <]
where we let the indices “wrap around”, i.e., [+ 1 “="1. Since there is at most one edge emanating
from each vertex, and the vertices in a loop are ordered and distinct, it follows that two loops are
either equal or disjoint. Let £ = {i1,... ,4;} be a loop in G, which for now we will represent by

just its subscripts {1,... ,l} so that the notation is not too awkward. By definition, we have
fm)(D,), F(Dri)lproe,y for 1 <r <1

and by Proposition 5.30
U (AS) C Ay (1) puey g,y for 1 <7 <1

from which it follows that

! —t— C C
W= MO (A1) € AT 1wy

!
For aloop £ = {i,... ,i} let n(L) = Z n(iy) — (Il —2). By Lemma 4.7 and Corollary 4.8, there

exits an isotopy h. of the identity withTs:ulpp he C I(A§ (1)) such that, if (c(-) = he(-,1), then

(U o ¢)*nE)(x) — p for every z € A%(1), where p is the fixed point of U™£) in fPE+1(C;). We

then construct isotopies h, for each loop £ in G,.. Since the vertices of G, where integers ¢ € L for

which n(i) > 1, the supports of isotopies associated to different loops are disjoint. Let h. be the
! L

union of all these isotopies. By construction supp h. C U I(A5(1)) = U If(ei(1)).

In an analogous manner, we construct a directed grazp:ﬁ G. whose vé;tlices are {1 € Lym(i) < 0}
and for each loop £ in G, we construct an isotopy h. of the identity, with support in Af (1),
playing the analogous role for ¥~! as the above ones played for W. Let k, denote the union of these
isotopies, for it is again easy to check that they have disjoint supports, and define h, = U~tok 1o,
i.e., for each fixed t, ho(z,t) = V=1 (k1 (¥(x),t)). he is also an isotopy of the identity and since

L

e
supp ko C | J T(45(1)),
=1

L L
supp he C | J 1(42(0)) = | (e (0)).
=1

=1
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;From this it follows that supp h.N supp h. = ) and we let h = h. U h, and ((-) = h(-,1). Finally
set
h(z,2t) te [0, %]
H(z,t) =
R(C(2),2t—1) te [%1]

It is now not hard to check that H has the desired properties. [

6 Examples

In this section we present examples of pruning collections for Smale’s horseshoe map f : R? — R?.
We begin by choosing a rigid model for f and describing some well known results, offered without
proof. We also present some elementary concepts of kneading theory which we will need (the
reader is referred to the books of Wiggins [Wi], Devaney [De], and de Melo and Van Strien [MS] for
further details on the horseshoe and on 1-dimensional dynamics.) We then get to the examples. In
describing the dynamics of the “pruned” maps fp in each example, we will make several assertions
and only sketch the proofs. The reason for proceeding thus is twofold. First, this is a section
to give examples of pruning collections and this aspect is presented fully. Second, the details we
omit are part of a more general theory deserving of separate treatment, which we intend to do in
forthcoming papers.

We now fix a rigid model of Smale’s horseshoe map f : R*> — R?. Foliate the square

S={(z,y) 2] < 5, Iyl < 3}

with horizontal unstable leaves and vertical stable leaves, and begin by choosing the action of f on
S as depicted in figure 24. We require that f should stretch the unstable leaves uniformly, contract
the stable leaves uniformly, and map segments of unstable (respectively, stable) leaf in S N f~1(S)
onto segments of unstable (respectively, stable) leaf in S. Morever, we choose f to map the corner
of S marked with a circle on figure 24 onto the corner of f(S) marked with a circle. Extend f to
the half-disks A; and As as depicted in the diagram: let f be a strict contraction of A; U As, so
that there is a fixed point x of f lying in A; with the property that fi(y) — = as i — oo for
all y € Ay U Ay. Finally, extend f over the rest of R? without introducing any new nonwandering
points.

The nonwandering set Q(f) of f consists of the fixed point {z} and an invariant Cantor set

A C S. Morever, there exists a homeomorphism A : ¥ — A, where ¥ = {0,1}” is the two-sided
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Figure 24: A rigid model for the horseshoe.

shift on two symbols, which conjugates the shift map o : ¥ — ¥ and f[p : A - A. Aisa
hyperbolic invariant set and each point p € A has one-dimensional stable and unstable manifolds
which intersect transversally. Notice that if two points py and p; lie on the stable (unstable)
manifold of some point ¢ € A, py and p; are the endpoints of exactly one arc contained in the
stable (unstable) manifold of p.

We now describe the unimodal order on the one-sided shift space ¥, = {0, I}N and, using it,

define kneading sequences.

Definition 6.1 Let s = sg9s1... and t = toty... lie in X and suppose s; = t; for i < k and

Sk # tp. We set s <t if Zle s; 15 even. We set s <t if either s =1 or s <t.

Definition 6.2 Let o : X — X be the shift map and Kk € ¥. We say k is a kneading sequence

if, for everyn € N, o"(k) k.

The unimodal order just defined is used in the study of 1-dimensional unimodal maps, i.e.,
piecewise monotone endomorphisms of the interval with exactly one critical (turning) point. In
this context, kneading sequences are defined as the itinerary of the critical value. It is possible to
check that kneading sequences associated to unimodal maps satisfy the definition above.

The unimodal order describes the horizontal and vertical ordering of points in A as follows: if

(z1,y1), (z2,y2) € A, with h(z1,y1) = s_25_1-5051... and h(zg,y2) =t ot 1 -tot1 ..., then

T < To <= $pS182 -+ Jtotita... and

Y1 <Yz &= S_18_9---t_11_92...

We shall often use the elements of ¥ to describe points of A without explicitly invoking the
map h. Thus, for example, we may talk about “the fixed point 1,” “the periodic orbit 10011,”
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N

AN,
Figure 25: (c,e)-disk determined by py = 010.0110 and p; = 010.1110

or “the point 0.0101.” Here, a bar over a group of symbols stands for infinite repetition of the
group. If the group is to the right (left) of the decimal point, it should be repeated infinitely to
the right (left) and if there is no decimal point, the group should be repeated infinitely to both
sides (so 0.0101 = ...000.0101101101... and 10 = ...1010.1010... .) If the symbolic sequence
is an element of 3, a bar over a group of symbols means infinite repetition of the group to the
right. Let p € A and h(p) = s_25_1 5081 ..., we will sometimes refer to ...s_9s 1 -59s1... as the
symbolic representation of p and to ...s_os_ 1. and .sgsy ... as the symbolic vertical and horizontal
coordinates of p, respectively.

If two points pg, p1 € A have symbolic representation ...t _ot_1-tot;... and ...s_95_1-5081 ...,
respectively, po and p; lie on the same stable (unstable) manifold if there exists N € Z such that
s; = t; for every 1 > N (i < N). Consequently, po and p; lie on the same stable and unstable
manifolds if their symbolic representations differ in at most finitely many entries. If the symbolic
representations of py and p; differ at exactly one entry, the stable and unstable arcs of which they
are the endpoints form a simple closed curve bounding a closed disk which we denote by D(pg, p1)
(see figure 25.) Because the boundary of D(pg,p1) is the union of a stable and an unstable arcs,

D(po,p1) is a (¢, e)-disk for f as defined in Section 3 whose vertices are py and p;.

NOTATION: If py,p; € A lie on the same stable (unstable) manifold, we denote the closed arc of
stable (unstable) manifold whose endpoints are py and p; by [po,p1]s ([Po,P1]u). Let s = sps1--- €

¥,. We define the vertical segment with horizontal coordinate s to be [0.s,01.s]s and denote it
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by ver(s). A vertical segment is thus an arc of stable manifold extending from the lowest to the
highest possible symbolic vertical coordinates (notice that 000... and 100... are, respectively, the
smallest and largest elements of ¥ in the unimodal order), having symbolic horizontal coordinate
s. Notice also that, if we use o to denote the shift map on 3, f(ver(s)) C ver(o(s)).

We are now ready to present examples of pruning collections for f.

REMARK: So that the figures below are not hopelessly complicated and unintelligible, we will
represent the Cantor set A as a solid square. Formally, what we are depicting is the quotient of A
under an equivalence relation which collapses the “gaps” of the vertical and horizontal Cantor sets,
the product of which is A. The ambiguity thus created is easily understood and the clarity gained

plentifully compensates it.

Example 1. Let x be a kneading sequence and
D = D(0.0x,0.1k)

be the (c,e)-disk determined by 0.0x and 0.1x (that is, the disk bounded by the union of C' =
[0.0%,0.1x]s and E = [0.0%,0.1x],). We claim that the collection {D}, containing D alone, is a
pruning collection (see figure 26.) In order to see this we have to show that, if f¥(I) N1 # 0
(where I is the interior of D), then f¥(D) = D, if k > 0, and f¥(D) < D, if k < 0. Notice that
conditions (ii) and (iii) in Definition 3.2 are automatically satisfied since C and E are arcs of stable
and unstable manifolds which intersect transversally. All there is left to check is that f*(C)NI =0
for n >0 and f™(E) NI =0 for m <O0.
Notice that E C [0,0.10],, that

and that

Thus, if m < —1, f™(E) NI =0. On the other hand, observe that f(C) = ver(x) and, therefore,
fY(C) C ver(c" ! (k)) for n > 1. If f*(C) NI # 0, then f*(C) C I and, in fact, ver(c"~!(x)) C I.
This implies that

Ok <o Yk) <1k
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Figure 26: A “one-dimensional-like” pruning front for the horseshoe.

and, applying o to this inequality, we get x <1 0"(k), which contradicts the assumption that x is a
kneading sequence.

Let f. denote the map obtained using Theorem 5.31 for P = D. The family F = {f.;x
is a kneading sequence} mimics in dimension 2 a full family of unimodal maps of the interval.
In particular, F is an uncountable family of 2-dimensional homeomorphisms passing from trivial
dynamics to a full horseshoe as x varies from 0 to 10.

Example 2. Consider the two (c, e)-disks

Dy = D(1.0101, T.1101)  and D, = D(101.01, T01.1) .

Because of the periodicity in the coordinates of the vertices of D; and D, it is easy to check that
{Dy, Dy} is a pruning collection (see figure 27.) Let «;(k) C f*(D;), for i = 1,2, k € Z, be closed

cross-cuts as given by Proposition 3.18. Then
v = J{ai(2k); i=1,2, k€ Z}
and
n=J{ai@k—1); i=1,2, keZ}

are Jordan curves (see figure 28) such that yo Ny, = {1}. If fp is the map given by Theorem 5.31
for the pruning front P = D, UDsy and Uy and U; are the closed disks bounded by Yo and 1, fp
interchanges Uy and Uy, that is, fp(Uy) = Uy and fp(Uy) = Uy. Moreover, if Ag = Q(fp)NUj is the
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Figure 27: The (c, e)-disks D; and Dy of Example 2. ¢ is the fixed point 1.

intersection of the nonwandering set of fp with Uy, f2|a, : Ao — Ao is topologically conjugated
to the full horseshoe f|p : A — A restricted to the set A. This is an example of a “renormalizable”

or “reducible” map.

Example 3. Consider the (c, e)-disks

D; = D(0.01000100, 0.11000100)  and D, = D(01100010.0T, 01100010.T) .

Notice that Dy is of the kind D(0.0x,0.1x), since x = 1000100 € X, is a kneading sequence, as may
easily be verified. As in the previous example, the periodicity in the coordinates of the vertices
of Dy and D make it an easy computation to check that {Dj, D9} is a pruning collection (see
figure 29.)

Let s8(0) denote the periodic orbit containing the point 1000100 (see [HWh] for an explanation

of this name). Since none of its seven points lies in P = I; U I3, none of them lies in U fM(P). In
nez
figure 30, f¥(P), for —1 < k < 3, are shown. Notice that the nonwandering points of fp lie outside

the shaded region. (In fact, it is not hard to see that the points on the open e-side 1021 of Dy are
also wandering under fp.)

We claim that the map fp obtained using Theorem 5.31 realizes the minimum topological
entropy among all maps in the isotopy class of f relative to s2(0). In order to see this, we construct
a Markov Partition for fp like in figure 31. The horizontal and vertical sides of the rectangles R;
are contained in U fp(E1UE,) and U fp(C1LUCy), respectively. (In fact, it is enough to take the

neZ nez
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Figure 28: The Jordan curves vy and y;
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Figure 29: The (¢, e)-disks D; and D; of Example 3. The points marked by o are the periodic orbit
59(0) and o is the fixed point 1.
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Figure 30: A few images of P under f.

unions ranging from n = —7 to n = 7, say.) It is easy to see that, if we define Ap = Q(fp)\{0,1},

where Q(fp) is the nonwandering set of fp and 0 and 1 are the fixed of f inside S, which are also

8

fixed points under fp, then Ap C URZ" The vertices of each R; lie outside of U f™(P) and it
=1 nez

therefore makes sense to refer to them using their symbolic representation in 3. In table 1 we give

the symbolic horizontal and vertical coordinates of the vertices of the rectangle R;. The columns
under 1, and z contain the left and right horizontal coordinates, respectively, whereas those under
yr, and yy contain the lower and upper vertical coordinates, respectively.

In figure 32 we show how the rectangles R; are mapped under fp. The transition matrix
M = (m;;) associated with this partition is the 8 x 8 matrix defined by

s {1 A I(fp(Ri) N Ry # 0
0, otherwise

where I(R;) stands for the interior of the rectangle R;. Using the notation R; — R; for I(fp(R;))N
R; # 0, we have Ry — RyR3Ry, Ry — Rs, R3 — Rs, Ry — R7, Rs; — Rs, Rs — RgRz,
R; — R3, Rg — RoR;, so that

SO O = OO OO
SO O O O o O
O =R OO O O oo
_ o O o o o oo
—_— -0 O O o O o

O O OO = = = O
OO O OO+ O O
S OO OO O =

(=7}
g



f4P)
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R, R Ry Rs Rg
Figure 31: The Markov Partition for fp.

Zr TR YL Yyu
Ry | .0001001 .001011000100 011. | 0110001.
Ry | .0010010 .0010001 0110. | 0110001.
Rs | .011000100 | .01 0110. | 0110001.
R4 | .0101 .01011000100 0110. | 01100010.
Rs5 | .0100100 .0100010 01100. | 01100010.
Rg | .11000100 | .1 01100. | 01100010.
R; | .101 .1011000100 01100. 011001.
Rg | .1001000 .1000100 011000. 011001.

Table 1: The coordinates of the vertices of the rectangles R;.
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(a) The rectangles R; and ... (b) ... their images under fp.
Figure 32: The Markov Partition and its image.
Let
Yu={s=...8951-581 € {0,1,...8}Z;msisiJrl =1VieZ}
be the subshift of finite type associated to M. It is possible to show that, if s = ...s_9s_1-5081 - €
Y, then ﬂf;"(Rsn) consists of a single point in Ap and that the map k : ¥y — Ap, given
nez
by k(s) = ﬂf;"(Rsn), is a topological conjugacy between the shift map o : ¥, — ¥ and
nez

fprlap : Ap — Ap. Under these circumstances, h(fp) = log A, where A is the spectral radius of
M. Using your favorite matrix computation program, you may check that A = 1.46557 and that
log A = 0.382244, which agrees with table 1 of [H2]. Although this is not a proof, one may be
obtained using the algorithm in [BH] to find the pseudo-Anosov homeomorphism in the isotopy
class of f rel. s$(0). It is known that this map realizes the minimum topological entropy in its
isotopy class and it is possible to find a Markov Partition for it with the same transition matrix M.

As was mentioned in the introduction, we intend to show in a forthcoming paper that, as in
Example 3, given a horseshoe periodic orbit collection O, there exists a pruning front P = P(O)

such that fp restricted to Q(fp) is semconjugated to the Thurston minimal representative ¢o in

the isotopy class of f rel. O and that h(fp) = h(¢o).
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