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ABSTRACT. It is shown that the boundary of the Mandelbrot set M has Hausdorff dimension
two and that for a generic ¢ € OM, the Julia set of z — 22 4+ ¢ also has HausdorfT dimension
two. The proof is based on the study of the bifurcation of parabolic periodic points.

INTRODUCTION

The dynamics of complex quadratic polynomials P.(z) = z? 4 ¢ has been studied exten-
sively recent years (for example [DH]). The main interest in this subject is to study the na-
ture of the Julia sets J, in the dynamical plane and the Mandelbrot set M in the parameter
space. The boundary of M also has a meaning as “the locus of bifurcation”, or more pre-
cisely, by Mané-Sad-Sullivan [MSS] or by Lyubich [Lyl], 9M = {¢ € C| P, is not J-stable }
(see §1 for definition). In this paper, we are concerned with the Hausdorff dimension (de-
noted by H-dim(-)) of these sets. Some of the consequences are:

Theorem A.
H-dim(0M ) = 2.

Moreover for any open set U which intersects OM, we have H-dim(OM NU) = 2.
Theorem B. For a generic ¢ € OM,

H-dim J. = 2.
In other words, there exists a residual (hence dense) subset R of OM such that if ¢ € R,

then H-dim J, = 2.
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Theorem C. There exists a residual set R' of R/Z such that if P, has a periodic point
with multiplier exp(2mi«) with o € R', then H-dim J. = 2.

Theorem A was conjectured by many people (for example, Mandelbrot [Ma], Milnor
[Mi2, Conjecture 1.7]). It means that the bifurcation locus is large in dimension, and this
explains the complexity of M, which is observed by many numerical experiments. As to
the Julia sets, if P, is hyperbolic, or if 0 is strictly preperiodic, H-dim .J, is less than 2 (see
§1, Property (1.4)). However it was conjectured that there exists a sequence of parameters
such that H-dim J. tends to 2. Theorem B gives a stronger solution to this conjecture. We
will see that the method in this paper applies to other families under certain condition.

The above theorems are obtained as consequences of Theorems 1 and 2 stated in §1.
Theorem 1 amounts to comparing the Hausdorff dimension of the set of J-unstable param-
eters with that of a certain subset (“hyperbolic subset”) of the Julia set. It reflects the
similarity between the Mandelbrot set and some Julia sets. (Compare with Tan Lei [T].)
Theorem 2 is the most important result in this paper, and it assures that one can obtain
maps whose Julia sets have Hausdorff dimension (or “hyperbolic dimension”) arbitrarily
close to 2, from “the secondary bifurcation” of a parabolic periodic point. See Figures 1,
2 and the remark after Theorem 2 in §2.

':"

FIGURE 1. The boundary of he Mandelbrot set (top left) and its blow-
ups near the cusp ¢ = i.
It was already observed that after a small perturbation of a parabolic periodic point, the

Julia set may inflate drastically. In fact, the proof of Theorem 2 shows that such an inflated



FIGURE 2. The Julia sets for ¢ = i (left) and for ¢ = 0.25393+0.00048:
(middle) and its blow up near the fixed points (right)

part of the Julia set can have Hausdorff dimension close to 2. The main tool in the study
of such a bifurcation is the theory of Ecalle cylinders, which was introduced by Douady-
Hubbard [DH] and developed by Lavaurs [L]. Using the Ecalle cylinder, we introduce a
new renormalization procedure associated with parabolic fixed points (see Remark (ii) in
§6). Our result can be interpreted as follows: The renormalization induces a map between
old and new dynamical planes, which resembles an exponential map. Comparing this
observation with McMullen’s result [Mc] which claims that the Julia set of an exponential
map has always Hausdorff dimension 2, it becomes conceivable that a certain subset of the
Julia set can have Hausdorff dimension close to 2. The proof in this paper will justify this
argument, or even more, twice renormalization is enough in order to attain dimension two.

One can compare the above theorems with Jakobson’s result for the family of unimodal
interval maps [J], M. Rees’ result for a certain family of rational maps [Re] and Benedicks-
Carleson’s result on the family of Hénon maps [BC]. These results show the existence of
a “chaotic dynamics” for a set of positive Lebesgue measure of parameters. For example,
M. Rees’ result shows that there exists a set of positive Lebesgue measure of parameters
for which the Julia sets are the whole Riemann sphere. Such parameters are found near a
special parameter for which all critical points are strictly preperiodic. For this parameter,
the map has good ergodic theoretical properties and the Julia set is the whole sphere.

On the other hand, for a polynomial P. acting on C, the Julia set J. or the filled-in
Julia set K. can never be the entire plane, since there is always the basin of co. So there
always exists some orbits which escape to oo from the neighborhood of K.. Moreover, as
remarked above, if the critical point 0 is strictly preperiodic, H-dim J. < 2. For example
if c = -2, J_ 5 =[-2,2] C R and H-dimJ_5 = 1. Therefore one can hardly expect an
analogous result or approach for the family P. as those of Jakobson and Rees. Instead, in
this paper, we use the perturbation of parabolic periodic points.

As for the area (the 2-dimensional Lebesgue measure), it is conjectured that M and J.
(for any c) have area zero. There are partial results: the set of parameters in M for which
P. are not infinitely renormalizable has area zero [Sh]. If P. has no irrationally indifferent
periodic point and is not infinitely renormalizable, then the Julia set J. has area zero [Ly2]

and [Sh].



This paper is organized as follows: In Section 1, we define the notion of hyperbolic
subsets and the hyperbolic dimension, state our main results (Theorems 1 and 2, Corollary
3) and assuming these results, we prove Theorems A, B and C. We prove basic properties of
hyperbolic subsets and hyperbolic dimension in Section 2. Theorem 1 is proved in Section
3, using holomorphic motions. The rest of the paper is devoted to the proof of Theorem
2. The theory of the parabolic bifurcation and Ecalle cylinders is reviewed in Section
4. Further properties of the Ecalle transformation are studied in Section 5. After these
preparations, Theorem 2 is proved in Section 6 (the case with multiplier 1) and in Section
7 (the other cases). In the Appendix, we give the proof of the facts stated in Sections 4
and 7.
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§1. SOME DEFINITIONS AND MAIN RESULTS.

In this section, we define the hyperbolic subset and the hyperbolic dimension for a
rational map, and state our main results— Theorems 1 and 2. Assuming these results, we
give the proof of Theorems A, B and C in Introduction.

Definitions. Let f be a rational map. A closed subset X of C is called a hyperbolic subset
for f,if f(X) C X and there exist positive constants ¢ and k£ > 1 such that

(™)' > ck™ on X for n >0,

where || - || denotes the norm of the derivative with respect to the spherical metric of
C. (A similar notion was already seen in [Ru] and [Lyl]. The condition requires that
f 1s expanding on X, however we call such a set “hyperbolic” following the standard
terminology for dynamical systems.)

The hyperbolic dimension of f is

hyp-dim(f) = sup{H-dim(X )| X is a hyperbolic subset for f}.

Properties of hyperbolic subsets and hyperbolic dimension.
Let X be a hyperbolic subset of f.

(1.0) There are no critical points of f in X.

(1.1) X is a subset of the Julia set J(f) of f. Hence

H-dim J(f) > hyp-dim( f).

(1.2) X is “stable” under a perturbation, i.e. there exists a neighborhood N of f in the
space of rational maps of the same degree, such that if ¢ € N then g has a hyperbolic subset
X, and there is a homeomorphism 14 : X — X, which conjugates f to g. Moreover, for
each z € X, 14(z) is a complex analytic function in ¢, and ¢y = idx. ({¢4} is a holomorphic
motion in the sense of §3.)

(1.3) f — hyp-dim(f) is lower semi-continuous, or equivalently, for any number c, the set
{f] hyp-dim(f) > ¢} is open.

(1.4) Suppose that f is a hyperbolic rational map (i.e., all critical points are attracted
to attracting periodic orbits) or a subhyperbolic polynomial (every critical point is either
attracted to an attracting periodic orbit or pre-periodic, see [DH]). Then

H-dim J(f) = hyp-dim( f).

Moreover J(f) has positive and finite ¢-dimensional Hausdorff measure if 6 = H-dim J(f),
and H-dim J(f) < 2.

For the proof and remarks, see §2.

Problem. When does hyp-dim( f) coincide with H-dim J(f)?



Definition. A family {f\| A € A } of rational maps is J-stable at \y € A, if there exists a
continuous map h : A’ x J(fx,) — C, such that A’ is a neighborhood of A\g in A, by = (), -)
is a conjugacy from (J(fx,), fa,) to (J(fr), fr) and hy, = idy(sy,)- We also say that fx,

is J-stable in this family, if there is no confusion.

Theorem 1. Let {fy\| A € A } be a complex analytic family of rational maps of degree
d (> 1), where A is an open set in C. Suppose fx, (Ag € A) is not J-stable in this family.
Then

fa 1s not J-stable and has a hyperbolic subset
containing a forward orbit of a critical point

H—dim{ A€ A

} > hyp-dim(f, ).

The proof will be given in §3.

Definition. A periodic point is called parabolic if its multiplier is a root of unity. The
parabolic basin of a parabolic periodic point { of period k is

{z€C| f"* - ¢ (n — o) in a neighborhood of z },

and the immediate parabolic basin of ( is the union of periodic connected components of
the parabolic basin.

Theorem 2. Suppose that a rational map fy of degree d (> 1) has a parabolic fixed point
¢ with multiplier exp(2mip/q) (p,q € Z, (p,q) = 1) and that the immediate parabolic basin
of ( contains only one critical point of fq. Then:

for any ¢ > 0 and b > 0, there exist a neighborhood N of fy in the space of rational maps
of degree d, a neighborhood V of ( in C, positive integers Ny and Ny such that if f € N,
and if f has a fixed point in V with multiplier exp(2ni«), where

1

=p+
qa=p 1

-
“ as + f3

with integers a; > Ny, ag > Ny and 3 € C, 0 <Rep < 1,|Im 3| <b, then
hyp-dim(f) > 2 —e.

The proof will be given in §§6 and 7, after preparations in §§4 and 5.

Figure 3 shows the region for « described in Theorem 2.

The condition a; > N7 is in fact unnecessary, since a; must be large when f is close to
fo. However if we take a family {f,} such that f,(0) = 0, f,(0) = exp(27ia), then the
condition in Theorem 2 can be expressed in terms of a (without A" and V).

The condition on « has a meaning that f is obtained by a “secondary bifurcation”, in

the following sense: The primary bifurcation of fy; produces a sequence of maps having
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FIGURE 3. THE REGION FOR «

parabolic fixed points with multipliers exp(27ia,, ), where ga = p+ % (n=1,2,...). Then
the bifurcation from these maps gives rise to the maps as in Theorem 2.

There are immediate consequences of Theorems 1 and 2 for the family P,.. Before stating
them, let us recall the definition of .J. and M:

K.={z€C| P'(z) /£ 00 asn — oo} (the filled-in Julia set of P.),
J. = 0K, = the closure of { repelling periodic points of P.} (the Julia set of P.),
M={ceCl|0e K.} ={ceC| K, is connected } (the Mandelbrot set).

Corollary 3. (i) If U is an open set containing ¢ € 0M, then
H-dim(0M NU) > H-dim{c € OM NU| 0 is non-recurrent under P.} > hyp-dim(P,).

(i))If P, has a parabolic periodic point with multiplier 1, then there exists a sequence {¢, }
in OM such that ¢, — ¢ and hyp-dim(P., ) — 2, as n — oo.

Proof of Corollary 3. (i) Immediate from Theorem 1 and the fact that ¢ € M if and only
if P, is J-unstable ([MSS],[Ly1]).

(ii) It is known that that if P, has a parabolic periodic point ¢ of order k, then f, = P¥
satisfies the hypothesis of Theorem 2, since there is only one critical point (in C) for
P.. Any parabolic periodic point of P. is not persistent (otherwise all P. would have
parabolic periodic points), and it can be perturbed into a periodic point whose multiplier
is as in Theorem 2. If Im 3 = 0, then the new periodic point is indifferent, and the
perturbed polynomial is also J-unstable. One can thus obtain the sequence {c,} (C IM).
Furthermore, it is also possible to choose ¢, such that 0 is strictly preperiodic under P, _,
since such parameters are dense in M by [MSS]. O
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Now we can prove the Theorems A, B and C.

Proof of Theorem A. By Mané-Sad-Sullivan [MSS] or Lyubich [Lyl], parameters for
which P, has (non-persistent) parabolic periodic points are dense in M. The assertion
follows immediately from Corollary 3. [

Proof of Theorem B. Let R, = {c € M| hyp-dim(P.) >2—1} (n=1,2---). Then
R =(,>oRn = {c € OM| hyp-dim(P.) =2 } C {¢c € OM| H-dim J(P.) =2 }. By
Property (1.3), R, are open in OM. Moreover R, is dense in M, by Corollary 3(ii)
and the above remark (the density of parabolic parameters in M ). Hence R is residual.
(A residual set is a set containing the intersection of a countable collection of open dense

subsets of dM.) Such an R is dense in M by Baire’s theorem. O

Proof of Theorem C. Let W be a hyperbolic component, i.e. a connected component
of the set of ¢’s such that P, has an attracting periodic point. Then it was shown by
Douady-Hubbard [DH] that there exists a homeomorphism from W onto the closed unit
disc (conformal in W) defined by the multiplier of a non- repelling periodic orbit. So in OW,
the parameters with parabolic periodic points are dense. By the proof of Corollary 3(ii)
and a similar argument to the proof of Theorem B, we can prove that for generic o € R/Z,
if ¢ € OW and P, has a periodic point with multiplier exp(2ria), then H-dim J. = 2.
However, there are only countably many hyperbolic components. Hence the assertion
follows. O

Remark. (i) It also follows easily from Theorem 2 that

sup H-dim(P.) = sup H-dim(P.) =2,
ceEWy ceC\M

where Wy = {¢| P. has an attracting fixed point } (the cardioid).
(ii) It is easy to see that a similar result holds for other families of rational maps which
have “only one critical point” that can be involved in the parabolic basin. For example,

falz) = 2"+ az®, go(2) = (" + 1)/ (* = 1).

§2. HYPERBOLIC SUBSETS AND HYPERBOLIC DIMENSION

In this section, we give the proof of the Properties (1.0)-(1.3). We also give an example
of the hyperbolic subset and an estimate of its Hausdorff dimension, which will be used
later.

Proof of the properties of hyperbolic subsets and hyperbolic dimension.

(1.0) is obvious.

(1.1) The family { "} cannot be normal in any open set intersecting X, since the derivatives
grow exponentially. Hence the assertion follows.

(1.2) This is a well-known fact. The outline of the proof is as follows. There exists a
neighborhood V' of X such that for g near f, ¢ is expanding on V. Hence for z € X, the
orbit {f"(x)}52, with respect to f is a pseudo-orbit for ¢, which can be traced by an orbit

n=0
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(a real orbit) of a point y for g. (The Pseudo-Orbit Tracing Property, see [Bol].) Then let
y = t4(x). In fact, y can be expressed as

. -1 -1 -1
y= lim g, og, o 0g, (Tnt1),

where ; = f/(z) and g7 ! is the branch of ¢! defined in a neighborhood of f(z) such
that ¢g-'(f(2)) is near z. By the expanding property for g near f, ¢, is well-defined and
conjugates f|x to g|x, with X; = ¢,(X). Moreover, ¢4(2) depends analytically in ¢, since
the convergence in the above is uniform.

(In [Ly1], the analyticity is proved under the assumption that periodic points are dense
in X, which is in fact unnecessary by the above.)
(1.3) Let M, X, and ¢y be as in (1.2). (Suppose N is open.) It is enough to prove
that ' 3 ¢ — H-dim X is continuous. We will prove this fact in §3, using a result on
holomorphic motions. It is also possible to prove it directly. In fact, one can estimate the
exponent of the Hélder continuity of ¢4, in the proof of (1.2).
(1.4) We do not use this fact for the proof of our main theorems. If f is hyperbolic, then
J(f) itself is a hyperbolic subset, hence H-dim J(f) = hyp-dim(f); the second assertion
follows from Bowen’s formula ([Bo], [Ru]); and the fact H-dim J(f) < 2 can be shown by a
standard argument using the expanding property of f and the Lebesgue’s density theorem.
(See [Su].) The case with preperiodic critical points will be discussed in another paper,
but the fact H-dim J(f) < 2 seems to be already known.

In the proof of Theorem 2 (§6), we will construct a special kind of hyperbolic sets which
are described as follows.

Suppose that U is a simply connected open set of C (with §(C—U) > 2); Uy,...,Uy are
disjoint simply connected open subsets of U with U; C U; ny,...,ny are positive integers
such that f™ maps U; onto U bijectively (¢ = 1,..., N). It follows from Schwarz’ lemma
that 7, = (f™|y,)”' : U — U, is a contraction with respect to the Poincaré metric of U
(at least on UZUZ) So there exists a Cantor set Xy generated by {7;}, that is, Xy is the
minimal non-empty closed set satisfying

Xo = Tl(XO) U---u TN(X()).

Lemma 2.1. The set X = Xq U f(Xo) U -+ U fM=1(Xy), (where M = maxn;) is a
hyperbolic subset of f.
Proof. Obviously X is closed. We have f(X) C X, since f(fM¥1(Xy)) = fM(n(Xy)U
e UTN (X)) = M (X U U YT (X)) C X

Note that f™|y, 1s expanding on X, NU; with respect to the Poincaré metric of U which

is equivalent to the spherical metric on Xy. In order to see that f is expanding on X, it
suffices to factorize the iterate f™ at z (€ X) to

Fro(Fm il o0 (F el ) o £

where i1,...,7 € {1,...,N} and 0 < ji,jo < M are determined by z' = f2(z) € X,
Zern, o om(Xo)and n=j; +n;y, +...+n;, +72. O(Lemma 2.1)

We only use the simplest estimate for the Hausdorff dimension of Xy. Suppose oo ¢ U.
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Lemma 2.2. Let 6 = H-dim X,. Then
N —6
12 3 il 2 - (s s l(571)

hence

log N

o>

g (mgx SEP|(f"")’|>

7

Proof. The first inequality is well-known; it can be proven, for example, from Bowen’s
formula ([Bo2] and [Ru]). The rest is immediate. (Lemma 2.2)

§3. HOLOMORPHIC MOTIONS.

Definition. Let X be a subset of C and A a complex manifold with a base point A\g € A.
A family of maps iy : X — C () € A) is called a holomorphic motion of X, if each iy
is injective, 1y, = tdentityx and for each z € X, ix(z) is analytic in A. We also say
that X\ = 1A(X) is a holomorphic motion of X. We are mostly interested in the case
A={)\¢€ (C‘ A\l < R} (R > 0) with the base point Ay = 0.

Lemma 3.1. If iy : X — C ( |\| < R) is a holomorphic motion, then both iy and
iy! are Hélder continuous with exponent a(|\|/R), where « : (0,1) — Ry is a function
(independent of the motion) satisfying a(t) /1, as t \, 0.

Proof. The improved A-lemma in [ST] (see also [MSS], [BR]) implies that i) can be ex-
tended to a K(|A|/R)-quasiconformal mapping and K(t) \, 1 (ast N\, 0). Since K-
quasiconformal mapping is 1/K-Hoélder continuous (Mori’s inequality, see [A]), the as-
sertion holds with a(t) = 1/K(t). For example, by [BR], one can have

1> a(t) > (1—3t)/(1+3t), for 0 <t < 1/3.

O(Lemma 3.1)

As an application, we can now complete the proof of (1.3) (see §2), by showing that:
for V' (an open neighborhood of f) and X, in (1.2), ' 3 g — H-dim X, is continuous.
—1
go
that for g near gg, ¢4 0" is o'-bi-Holder (0 < o' = a'(gp,9) < 1) and o/ — 1 when

go
g — ¢gg. Then we have

Proof. For any go € N, ¢y 0¢,1(z) is a holomorphic motion of X,,. Lemma 3.1 implies

o - H-dim X,, < H-dim X, < ¢’ - H-dim X,

Hence H-dim X is continuous in ¢. [
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Lemma 3.2. Let iy : X - C (Ac A={\ecC: ‘ |A| < 1}) be a holomorphic motion.
Suppose v : A — C is an analytic map such that v(0) = zg € X and v()\) # ix(z9). Then

H-dim{\ € Al v(A) € ix(X) } > lin% H-dim(X N D,(z)),

where D, (zy) denotes the disc of radius r centered at z, with respect to the spherical
metric.

Proof. Changing the coordinate by Mobius transformations depending analytically on A,
we may assume that zg = 0 and 75(0) = 0. First suppose that v'(0) # 0. There exist positive
constants p (< 1) and a such that in {\ | |A| < p}, v(A) is injective and a|A| < [v(N)] < oo.
Let

by = sup{ |ir(2)| | = € X N D.(0), |A] < p}.

It follows from A-lemma [MSS] (or Montel’s theorem) that b, — 0 as r — 0. So there is
ro > 0 such that ap > b, for 0 < r < rg. Take such an r.
For z € XN D,(0) and |p| < R, = ap/b,, let us consider the equation

(3.3) o(N) — i) =0 (A€ Ay = {(A] [\ < minfp,p/|ul}}).

Both v(A) and i),(7) are analytic in A, and for A € A, we have

[v(A)] = a-min{p, p/|p[} > br = lia(2)].

Since v = 0 has the unique solution 0 in A, the equation (3.3) also has a unique solution
by Rouché’s theorem, and it depends analytically on p. Moreover, for the same p and a
different z, the equation gives a different solution, because of the injectivity of 2.

Now define
Y, ={ e Ayl v(\) =iru(2) for some z € X N D,(0) }.

Then by the above, Y (|u| < R;) is a holomorphic motion of Yy, and the injections
Jp 2 Yy — Y] are given by the following: A = j;(v_l(z)) is the unique solution of the
equation (3.3). Note that Y;" = v~1(X N D,(0)), hence H-dim Y, = H-dim(X N D,(0)) and
that Y)" C {\ € Al v(A) € ix(X) }. By Lemma 3.1, j, : Y{" — Y is a(|p|/R;)-bi-Holder,

therefore we have
H-dim{A|v(A) € ix(X)} > H-dimY]" > o(1/R,)-H-dim Y, = a(1/R,)-H-dim(X N D,(0)).

Letting » — 0, we obtain the desired inequality.

Let us consider the case v'(0) = 0. By the assumption, v Z 0. By a coordinate change,
we may assume that oo € X and iy(co) = oo. Let m = order(v,0) and G(z) = z™. Define
X, = G71(X,) and X = X,. By lifting v and ¢, by G which is a branched covering

branched over 0 and oo, one obtains an analytic map ¢ : A — C satisfying v = G o #,
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0'(0) # 0, and a holomorphic motion i X — X, satisfying 1y o G = G o ). Hence the
inequality holds for 7y and ¢. On the other hand, we have

{Mo(N) € Xa} = {M\o(\) € Xy} and H-dim(X N D,(0)) = H-dim(X N G~(D,.(0))),

since G is locally Lipschitz except at 0 and co. Thus we obtain the inequality for ¢y and
v. [O(Lemma 3.2)

Now we can give:

Proof of Theorem 1. For any ¢ > 0, there exists a hyperbolic subset X for fy, such
that H-dim X > hyp-dim(fy,) — . By the compactness of X, there exists a point zp € X
such that lim, o H-dim(X N D,(zy)) = H-dim X.

By Property (1.2) of the hyperbolic subset, there exist a neighborhood A'(C A) of Ay
and a holomorphic motion iy : X — X, for A\ € A’ such that iy o fa, = faoix, Xa
is a hyperbolic set of fy and iy, = idy. Moreover A’ can be chosen smaller so that
lim, o H-dim(X N D,(2x(20))) > H-dim X — ¢ for A € A’ | by Lemma 3.1, and that the
critical points of f) do not bifurcate in A" — {Ay}.

It follows from Mané-Sad-Sullivan’s theory (Lemma III.2 [MSS]) that there exist A\ €
A" — {X\o}, an integer N > 0 and a critical point ¢ of fy, such that fi\lf(c) = iy, (20).
Then there exists a branch of critical points ¢y of fx in a neighborhood A"(C A") of Ay
with ¢x, = ¢, (hence ¢y is a meromorphic function). Note that in the above, A and ¢
can be chosen so that fi'(cy) # ia(z9) in A”. Applying Lemma 3.2 to iy (A € A”) and
v(\) = f¥(ey), (after a suitable affine change of parameter), one obtains

H-dim{\ € A"| f(cx) € Xa } > lim H-dim(Xx, N Dr(ix, (20))) > hyp-dim(fy,) — 2e.

Tt is easy to see that if fi'(cx) € X, fa is not J-stable in the family, since fi'(cx) #Z ia(2)
for any z. As ¢ > 0 was arbitrary, the theorem is proved. [O(Theorem 1)

Remark. If we assume a certain transversality condition for the motion of the critical value
v(\) relative to the hyperbolic set, it is also possible to prove a similar result (to Theorem 1
or to Lemma 3.2) without assuming the analytic dependence of ¢y and v on the parameter.

§4. PARABOLIC BIFURCATION AND ECALLE CYLINDERS

4.0 Overview.
Let us consider a holomorphic mapping

fo(z)zz—l—a222+...

defined near 0 with as # 0. The origin z = 0 is a parabolic fixed point of fy. If we perturb
fo, this fixed point bifurcates into two fixed points near 0 in general.
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FIGURE 4

Figure 4 indicates the phase portraits of fy and some of its perturbations. Observe that
a perturbation can create a new type of orbits which go through “the gate” between the
two fixed points. Such orbits can give rise to a drastic change of the global dynamics (such
as the inflation of the Julia set). However it takes an extremely long time for these orbit
to goes through the gate, so we need to consider a large number of iterates of the map in
order to see the phenomenon.

We analyze such a bifurcation using the theory of Ecalle cylinders, and the principle
can be summarized as follows. For fj, one can find “fundamental regions” 56" and 9,
each of which has a boundary consisting of two curves joining the fixed point 0 such that
one is mapped to the other. See Figure 5.

Gluing these two curves of S (resp. 56"), one obtains a topological cylinder C; (resp.
C(;"), called the outgoing (resp. incoming) Ecalle cylinder, which turns out to be conformally
isomorphic to the bi-infinite cylinder C* (or C/Z). The orbits going from the ends ( “horns”)
of 5, to 56" induce a continuous and analytic mapping &£y from a neighborhood of the
ends of C;” to Cf (the Ecalle transformation). The identification C/Z — C; can be lifted
and extended to a map ¢g, defined on a subset of C (which is considered to be the universal
cover of C/7Z) into the dynamical plane of fo, similarly the identification Cj — C/Z can be
lifted to a map @ : B — C, where B is the parabolic basin of 0. Note that these functions
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FIGURE 5

can have critical points after the extension to the maximal domain of definition.

We consider the perturbation of the form f(z) = €™z + O(2?) with a # 0 satisfying
|arg o < m/4. Then it can be shown that fundamental regions Sy, Sj[ continue to exist,

with boundary curves joining two fixed points. See Figure 5. The quotient cylinders C;,

Cj[ are still isomorphic to C*. So we can define functions ¢y, ®¢, & which are similar to
©o, @9, £f,. (The domains of definition may be smaller.)

Now there is “a gate” open between the fixed points, and any orbit starting from Sj[
passes through the gate and eventually falls into S;. This induces a new map x s from C;'[
to C;, which is a conformal isomorphism. Thus we define the return map Ry = x5 o0 &y,
which corresponds near the ends of C; to the map of S; sending z € S; to the first
return point to S; along its forward orbit. Therefore the return map corresponds to a
heigh iterate of the map f. So one can study orbits of f which return many times to the
neighborhood of 0 using the return map.

Moreover it will be shown that when f tends to fy with the above restriction on arg «,
the limit behaviour of the return map is determined by a and &,

The Ecalle cylinders were first studied and applied to some problems by Douady-
Hubbard and Lavaurs ([DH], [L]). The aim of this section is to state some notions and
facts in this theory, in fact we state only the facts about ¢g, ®¢, &y,, ¢ 5 and Ry. The for-
mulation presented here is somewhat different from [DH], [L]. In this paper, we focus more
on the return map, the quantitative aspect of the theory and the renormalization arising
from the Ecalle transformation. The proof of these facts will be given in the Appendix,
although most of the results can be found in [Mi] and [DH].

Notations.
In the following, a function f is always associated with its domain of definition Dom( f)
(an open set of C or C/Z ete.); that is, two functions are considered as distinct, if they
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have distinct domains, even if one is an extension of the other. A neighborhood of an
analytic map f: Dom(f) — C is a set containing

{g : Dom(g) — C| ¢ is analytic, Dom(g) D K and sup d(g(2), f(2)) < e},
zeK

where K is a compact set in Dom(f), ¢ > 0 and d(-,-) is the spherical metric. (If the map
is to some other space, then d should be replaced by an appropriate metric.) The system
of these neighborhoods defines “the compact-open topology together with the domain of
definition”, which is unfortunately not Hausdorff, since an extension of f is contained in
any neighborhood of f.

Let

F ={f :Dom(f) — C| f is analytic ,0 € Dom(f) C C and f(0) = 0}.

We use the following notations:

7:C— C*=C—{0}, n(2) = exp(2miz);

71 : C — C/Z (the natural projection); my : C/Z — C*, 7 = 79 0 7q;
Note that 7y sends “the upper end” of C/Z (Imz — +o0) to 0, and “the lower end”
(Imz — —o0) to oo.

T:C—C,T(z)=2+1;
1

To(2) = —7.

4.1 Parabolic fixed point.
Let fo € F such that f{(0) =1 and f}(0) # 0. By a linear coordinate change, we may
suppose that f)'(0) = 1. We assume this throughout in this section.

Fact: There exist objects Qx, g, ®g and &y, satisfying (4.1.1)-(4.1.4).
See Figure 6.

(4.1.1) Q4 and Q_ are simply connected domains and Q4,Q_ C Dom(fo);
the boundaries 90, 02_ are Jordan curves containing 0;
Q4 UQ_U{0} is a neighborhood of 0;
Fol @) € 90 U0} and fo(2- U{0)) DT -
f is injective on Q4 UQ_ U {0};
Q4 N Q- consists of two components;
for — 0 as n — oo uniformly on € ;

a point z belongs to the parabolic basin B of 0 for fy, if and only if for some n > 0,
1i(2) is defined and belongs to 4.

Here, the parabolic basin of a parabolic fixed point ( of an analytic function f is

5-{:

Note that ( itself is not in the parabolic basin.

z has a neighborhood on which f™ (n =1,2,...) are defined }

and f"* — ( uniformly as n — oo
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FIGURE 6
(4.1.2) @0 : Dom(pp) — C is an analytic function satisfying:
wo(w 4+ 1) = foowe(w) if both sides are defined,

and in fact the left hand side is defined if and only if the right hand side is; Dom(¢g)
contains Qyp = {w € C| 7/3 < arg(w + &) < 57/3 } and {w| [Imw| > o} for large
£o,m0 > 0;

©o(Qo) = Q—; o is injective on Qp;

let @ =75 ' 0pg, then

wo(w) =w +alogw 4+ b+ o(l) as Qp 3 w — o0,

where a, b are some constants.
It follows from the above condition that if fy is a rational map or an entire function,

then Dom(yg) = C.
(4.1.3) @y : B — C is an analytic function satisfying
Dy o fo(z) = Bo(2)+ 1 for z € B;

and @ is injective on Q4 (C B).

(4.1.4) Let B = ¢5'(B), then T(B) = B and B contains {w ‘ | Im w| > no} for some ny > 0.
Now define ‘cjfo : B — C by
gfo = (I)O (0] @o -
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It satisfies ) ) )
Er(w+1)=Ep(w)+1 for w e B.

Hence &, = 7o ‘cjfo or~1: 7r(l§~’) — C* is well-defined. Moreover it extends to 0 and oo
analytically by £,(0) = 0 and Ey,(00) = oo, and &} (0) # 0, £ (00) # 0. So Dom(&y,) =
7(B) U {0, 00}.

The map &y, is called the Ecalle transformation, or the horn map (since it is defined
near the ends of the cylinder).

(4.1.5) Normalization. Note that @o(w + ¢) and ®o(z) + ¢’ also satisfy (4.1.2) and (4.1.3).
So we adjust ®y by adding a constant so that

gL (0) =1,

4.2 Perturbation. Let
Fi={f € F| f1(0) = exp(2micv) with & # 0 and |arga| < 7/4}.

In the following, we consider only the perturbations f € Fj.
Notations. If f € F and f'(0) # 0, we express the derivative f'(0) as

£1(0) = exp(2mia(f))

where a(f) € C and —% < Rea(f) < %
If f € Fisclose to fy, then f has two fixed points near 0 counted with multiplicity, one
of them is 0 and the other is denoted by o(f). Note that

o(f)==2mia(f)(1+0(1)) as f — fo.

Fact: There exist a neighborhood Ny of fy and a constant £y > 0 (which can be the sama
as that in the definition of Qg (4.1.2)) such that for f € Ny N Fy, there exist analytic maps
¢ :Dom(ps) — Cand Ry : Dom(Ry) — C satistying (4.2.1)-(4.2.4).

(4.2.1) If w,w+1 € Dom(py), then ¢ ¢(w) € Dom(f) and
pr(w+1) = fopp(w)

Dom(py) contains Qy (see Figure 6), where

Qr={we (C‘ /3 < arg(w + &) < 57/3 and |arg(w + % — &) <2n/3 }

wf(w) = 0 whenw € Q¢ and Imw — 4o00; pp(w) — o(f) when w € Qf and Imw — —oo.
(4.2.2) 0,00 € Dom(Ry), Ry(0) =0, Re(o0) = 00; Re(Dom(Rys)NC*) C C*;
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1 1
——), hence «(Rf)=——-= (mod Z).
o) (R == (med ®)
(4.2.3) If w,w' € Dom(pys), Re(n(w)) = m(w') and |arg(w’ + #(f) —w)| < 27/3, then
F(ps(w)) = pp(w') for some n > 1.

Moreover if U,U" are connected subsets of Dom(py) such that Ry (x(U)) C «(U’) for
some m > 1, ¢¢|y, m|yr are injective, and |arg(w' + 2a1(f) —w)| < 27/3 for w € U,

w' € U', then there exists an n > m such that

R'(0) = exp(—2m1

fr=gpo(xlp) ™ oRF omo(pply)™" onppU).
(4.2.4) With respect to the topology defined in Notations in §4.0, we have
w5 — o and ezm/a(f)Rf — &y, when f €Ny NFy and f — fo.

Denote éfo = 7r2_1 o &, 0my and ﬁf = 7r2_1 oRyomy. Then

~

Ry + —><‘:'f0 when f € Ng NF; and f — fo.

1
a(f)
(4.2.5) To study the quantitative aspect, it is often more convenient to work with ©F =
7'0_1 OWf.

For n € R, define D(n) = {w € C| |w —in| < |n|/4} and D'(n) = {w € C| |w — in| <
Inl/2}.

As a corollary of the above facts, we have:
For large n > 0, there exists a neighborhood Ni(n)(C Ny) of fo, depending on n, such
that if f € Mi(n) N Fi, then @y is defined and injective on D(4n), the image ¢%(D(£n))
is contained in D'(£n) and 1 < [(¢%)'| <2 on D(£n).

4.3 Remarks.
(4.3.1) For f € F with 37/4 < arga(f) < 57 /4, instead of being in F;, we can obtain a
similar result with the following changes:

the lower end of C/Z corresponds to the fixed point 0;

in (4.2.1), p¢(w) — o(f) (w € Qf and Imw — 4o0), p(w) — 0 (w € Qf and
Imw — —o0);

in (4.2.1), (4.2.3) and (4.2.4), use —ﬁ instead of ﬁ;

in (4.2.2), R(c0) = exp(—27ri%f)).
(4.3.2) The above facts suggest the following factorization:

~ ~

- 1
Rf = T—l/a O (Rf —|— E),

where ’j'_l/a(w) =w—1/aon C/Z, a = a(f). Here (ﬁf + %) is a non-linear map defined

only in a subset of C/Z, but approaches a fixed map f:'fo, whereas, ’j'_l/a is an isomorphism
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of C/Z, but depends sensitively on f, since a(f) — 0 as f — fy. Therefore if {f,} is a
sequence in Ny N Fy such that f,, — fo and 1/a(f,) — k, — —c as n — oo, where k,, are
integers, then there exists a limit

lim 7%’]677, = ‘cjfo + ¢,

n—oo
since we are considering the maps in C/Z.

The Ecalle transformation &y, was originally defined as a map bhetween two different
spaces— (a part of) C, and C(;". So there is, a priori, no meaning as a dynamical system.
However the above observation implies that for any ¢ € C, the map

w i g (w) + ¢
on C/Z can be realized as the limit of return maps of f,.

(4.3.3) In [DH] and [L], they use ¢q o 7. o ®y, where 7.(z) = z 4+ ¢ (¢ € C), instead of

Ef, +¢="T.0 Py 0. Then for a sequence {f,} as above, there is a sequence of integers
k, such that ¢g o7, 0 ®q is the limit of f]j" on the parabolic basin B.

(4.3.4) A more accurate statement of (4.2.3) is as follows: There exists a particular lift of
Ry to the universal cover, Ry : 7~ (Dom(Ry)) — C, such that if w,w’ € Dom(ypy) and
ﬁ?(w) +n =w', where n,m > 0 are integers, then f"(¢(w)) = @s(w').

§5. GLOBAL BEHAVIOUR OF ECALLE TRANSFORMATION

In this section, we study the property of the maximal extension of the Ecalle transfor-
mation for a certain class of maps Fy. As in the previous section, we suppose that fo € F
is a function satisfying f)(0) =1 and f;'(0) = 1. So we have ¢y and £y, as in the previous
section. Let us denote gy = &y, .

Inverse orbits and .

Definition. For a mapping f, a sequence of points {Z]‘};OZO is called an inverse orbit (of

zg) for f,if z; € Dom(f) and f(z;) = z;_; for 7 > 1.
Lemma 5.1. For w € Dom(po), let z; = @o(w —j) (j = 0,1,...). Then {z;}52, is

an inverse orbit for fy converging to 0. This gives a one to one correspondence between
Dom(gg ) and the set of inverse orbits converging to 0, except the orbit z; =0 (j = 0,1,...).
Moreover if zj (j > 1) are not critical points, then ¢q(w) # 0.

Proof. If w € Dom(pyg), then w — 5 € Dom(py) (7 = 0,1,...) and @o(w —j) — 0 by
(4.1.2), so the first statement is obvious. Let {z;} be an inverse orbit converging to 0 and
suppose z; # 0 for some j. For large j, say for j > jg, z; belongs to Q4 UQ_ (see (4.1.1)).
But f§' tends to 0 uniformly on @4, so there exists jo such that z; € Q_ for 7 > 7. Let
w = (pola,) " (z;) +J (j = jo). It is easy to see that w does not depend on j > j, and
corresponds to the inverse sequence {z;}. If w and w' give the same inverse sequence, take
j > 0 such that w — j,w' — 7 € Qp, then we have w = w' by the injectivity of g on Q.

The last statement follows from the facts that ¢g(w) = f 0 wo(w —n) for w € Dom(py)
and that pf #0in Qp. O
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Immediate parabolic basin.

Definition. Let ( be a parabolic fixed point of an analytic function f. A connected
open set B C Dom(f) is called an immediate parabolic basin of  for f,if B is a connected
component of the parabolic basin of ¢ for f (see (4.1.2)) such that f(B) = Band f : B — B
is proper (hence a branched covering).

For a rational map, a parabolic periodic point always has an immediate parabolic basin
and it coincides with the previous definition (§1). However a parabolic fixed point in
general may not have any immediate parabolic basin.

Lemma 5.2. Suppose that f € F and f/(0) =1, f*(0) =0 (1 < k < ¢), fl4TD(0) #£
0 (¢ >1),ie g+ 1 is the order of f(z) — z at 0. Then f has at most ¢ immediate
parabolic basins of 0, each of which contains at least one critical value of f, except for a
parabolic Mobius transformation. Moreover if an immediate parabolic basin contains only
one critical point (or critical value), then it is simply connected.

Proof. This 1s a well-known argument for rational maps. Let us see it briefly. By local
analysis as in §4.1 (case ¢ = 1) (see also §7 or [Mi]), it can be shown that there exist ¢
disjoint simply connected open sets V1, ... V(@ (C Dom(f)) (called “attracting petals”)
such that 0 € 9V, f(V(l)) c V@ U {0}; f is injective on V: a point z € Dom(f)
belongs to the parabolic basin of 0 if and only if f*(z) € U; VO for some n > 0; and the
orbit spaces V() /_ (where z ~ f(2) if z, f(z) € V), are isomorphic to C.

Let B be an immediate basin of 0, and B’ the parabolic basin. By the above, BNU; V(9 £
¢ and U; V() C B'. Since B is a component of B', B contains one of V{)’s. So there are
at most ¢ immediate basins. ‘ ‘ ‘ ‘

Define V") (n=0,1,. : .) inductively, as follows: VO(Z) =V, if‘f( ,51)) C V,gl),‘Vrle is
the component of f_l(VrEl)) containing V,i’), which exists and f(VTEQI) o Vé?l. It is
easy to see that for each ¢, UnZOV,gl) is a component of B'. Now suppose B = Un20V7£Z)
an immediate parabolic basin, hence by definition, f : B — B is a branched covering. If B

1S

contains no critical value or no critical point, then f : Vrgl — V,ii), hence ™ : Véi) —V®

are covering maps, therefore they induces a covering map B — V(i)/N. Moreover Véi)
hence B are simply connected. Therefore B must be isomorphic to C and f is a Mobius
transformation.

Similarly, if B contains only one critical point or critical value, then one can show

inductively that Véi) are simply connected, hence so is B. [J

Let us go back to our fy as at the beginning of this section. Suppose that fy, has an
immediate parabolic basin B of 0. The above argument applies to V! = Q_ . hence B
is unique and contains 24 (see (4.1.1)). Let B’ be the (whole) parabolic basin of 0, and
define B = ¢y '(B) and B' = ¢;'(B'). By (4.1.4), {w‘ |Tmw| > 1y} C B'. Since for any
w € B' there is n > 0 such that T (w) € B, we have

{w‘ |Tmw| >} C B.

Denote by B* (resp. by Bf) the component of B containing {w| Imw > n} (resp.
{w] Imw < —n}). (The superseript “u” stands for upper, and “¢” for lower.) In general,
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B* and B! may coincide. Obviously TB* = B*, TB' = B’. Then define B* = =(B"),
B* = n(B"Y).

Covering property of ¢q.
Definition. Let F{ be the set of functions f € F such that f/(0) =1, f"(0) =1 and f

has an immediate parabolic basin which contains only one critical point of f. Then it is
automatically simply connected by Lemma 5.2.

Proposition 5.3. Let f, € Fy and B, B*, B as before. Then ¢y : B* U B! — C* is a
branched covering of infinite degree, ramified only over one point v € C*.
The sets B*, BY, B* U {0}, B* U {oco} are simply connected, and B* N B = ¢.

Proof. Let us first show that &, : B — C is a branched covering (see (4.3.2)). In fact,
®o|q, is injective, hence ®¢ : fi7"(Qy)N B — T7"®((Q4 ) is a branched covering (n > 0).
So it follows that &y on B is a branched covering.

Now let us show that o : B* U B — B is a branched covering. Let z be a point in
B. Take simply connected neighborhoods U, U’ of z such that U C U’ and U’ contains
at most one forward orbit of the critical point. Let z' be a point in gy (U) N (B” U BM).
Let U] be the component of fi"(U') containing po(z' — n) (n = 0,1,...). Then for
some m > 0, Ul (n > m) do not contain the critical point. Hence there exist inverse
branches fé’_UIZ Uy = Ul of fE. The family {fé’_UIZ} is normal, since it avoids at least
three values (0 and the orbit of the critical point). Moreover it converges to 0 uniformly
on compact sets, since it does so near ¢o(z' — m). Hence there exists an n > m such
that U, = f§ ™ (Un) € Q= = o(Qo). Let V = T" o (]o,) " (Uy). Then 2’ € V
and wolv = (filu,) © (polo,) o T~ ™. So ¢ : V. — U is a branched covering with at
most one critical point, since U contains at most one critical orbit. This shows that each
component of 5 '(U) is either unramified or ramified over a common point in U, hence
©o : B* U BY — B is a branched covering.

Therefore 5~f0 =dyopp: B*UB! — C and &s, : B*U B — C* are branched coverings.
Moreover it is easy to see from the above that &5, is ramified only over v = 7 o ®q(¢),
where ¢ is the unique critical point.

Now let U be a component of f; '(fo(€24)) contained in B, different from . Then
we have f(U)NU = ¢ (n > 1). Hence for any component V of 5 '(U), 7|y is injective
(by the functional equation for ¢q). On the other hand, 7 o ®y : U — C* is infinite to one,
since wo @y|y = 7o CI)0|Q+ o foly and 7o CI>0|Q+ is infinite to one. Hence ¢¢ is of infinite
degree.

Let us show the simple connectivity of B* (or Bf) If v is a closed curve in B,
v =T7 "y C Qq for some n > 0. Let W be a region bounded by ¢y(+'), not containing
0. Since both the immediate basin B and Q_ = ¢(Qy) are simply connected and do not
contain 0, we have W C BN Q_. It follows that ' is trivial in B* and so is 4. Therefore
B" is simply connected.

Then B* U {0} (or B U {0}) is also simply connected, since the fundamental group of
B" is generated by a curve around 0, which is trivial in B* U {0}.
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Finally, let us show that B* and B! are different components of B. Suppose B* = B.
Then B* = B! = C, since B* and B! are invariant under T, simply connected, and
contain half planes. Therefore B contains Q4 and Q_ = o(Qp), and the union is a
punctured neighborhood of 0. But B is simply connecteda punctured neighborhood of 0,
so B = C — {0}. Hence f, is a parabolic M&bius transformation, since it is analytic on C

and has no periodic point in B. Then f; has no critical point and this contradicts with
the assumption. Thus we have B* N B¢ = ¢, hence B* N B = ¢. 0O

Iteration of ¢.
By the normalization in (4.2.5), we have ¢((0) = 1. So 0 is again a parabolic fixed point
of ¢q.

Lemma 5.4. Let fy € Fy and gy = &;,. Then ¢i(0) # 0 and gy has a simply connected
immediate parabolic basin which contains only one critical point. In other words, ¢
belongs to Fy after a linear scaling of the coordinate. Moreover ¢if(v) (n = 0,1,...) are
defined and g{/(v) — 0 (n — o0), where v is the unique critical value of g;.

Proof. Obviously gy # 0. So there exist attracting petals V(¥ (1=1,...,q) for go as in the
proof of Lemma 5.2, where ¢+ 1 = ord(ge(z) — 2). Since go : B* U B¢ — C* is a branched

covering, we can also construct Vé’) and gg : VTEQI — V,@ is a branched covering with at

most one critical point. Then Véi) are simply connected and deg g0|v(i) (n=0,1,...) are

eventually constant. It follows that B; = UinEi) are simply connected and ¢y : B; — B;
is a branched covering with at most one critical point. Hence B; are immediate parabolic
basins. By Lemma 5.2, we have ¢ =1, i.e., ¢{/(0) # 0. The rest follows easily. O

§6. THE CONSTRUCTION OF A HYPERBOLIC SUBSET

In this section, we prove Theorem 2 in the case the multiplier is 1 (hence ¢ = 1, p = 0).
We will see in §7 how to modify the proof in other cases.

To construct a hyperbolic subset as in §2, we trace certain inverse images of the fixed
point 0 using @o, &,, o, £y, ete., then analyze the perturbed maps along these orbits.

Step 0. f; and {z;}.

Suppose fy is a rational map and fo € Fo. There exists an inverse orbit (see §5 for
definition) {2;}52, for fy such that zo =0, z; # 0 (j > 0) and z; — 0 (j — c0). In fact,
since 0 is in the Julia set, there is an inverse image of 0 near 0 (see [Bl], [Mi]). This point
must have an inverse sequence converging to 0, otherwise it would belong to the parabolic
basin. (see the local analysis in §4.1.)

Step 1. go and {w;}, {w}}.

By the construction in the previous sections, we obtain ¢y and gy = &5,. Let v be the
unique critical value of ¢q.

By Lemma 5.1, there exists a unique wy € Dom(yg) corresponding to the inverse orbit
{z;} such that ¢o(wy — j) = z;. In fact, for Moreover note that zy = 0 does not belong to
the parabolic basin of 0, hence 7 (wy) & Dom(go) by the definition of gg.
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Lemma 6.1. For given wo € C*, there exist two inverse orbits {w;}52,, {w}}52, of wy
for the map ¢o such that:

wo = wy; wy, wi — 0 (57 —oc0); {w;}52, N{w;}52, = ¢; and wj, w} (j > 2) are not
critical point of ¢y. Moreover if wy ¢ Dom(gy), w1, w) are not critical point.

Proof. First note that go_l(wo) can contain at most one periodic point. It is easy to see
that if g5 ' (wp) contains two points of {g&(v)|n > 0}, then one of them must be periodic.
Hence #(gy ' (wo) N {git(v)|n > 0}) < 2. So we can choose two distinct non-periodic points
wy and w! in (go) " (we) — {gd(v)|n > 0}, since g is a branched covering of infinite degree.

Since 0 is a parabolic fixed point of gy, there exists an inverse orbit {w}52, for go
such that w! — 0 as 7 — 0, v} # 0 and {w]}52, N {(g90)"(v)}7Ze = ¢. By Lemma 5.4,

(. @)

g (v) = 0 (n — o0). So we can take a simply connected open set D C C* — {gJl(v)}o2,

containing wy, w] and w}'.

Since go is a branched covering onto C* ramified only over v, for each j > 1, there
exists an inverse branch G : D — C* of ¢j such that ¢gj o G; = idp and G(w}) = w}l+1-
The family {G;} is normal, since it omits at least three values 0, oo and v. As w,, =
G,(w) — 0 (j = o), Gy — oo,

Now define w;1; = Gj(w1) and w},, = Gj(w}). It is easy to check that these sequences
have the claimed properties. [

Applying this lemma to wy = (1), we obtain {w;}, {w’} as above.

Step 2. h and {W;}.

As go € Fy, one can apply the construction of §§4 and 5 to go. Denote 1 = g 4, (“®0”
corresponding to go) and hg = &;,, for simplicity. As in the previous step, by Lemma 5.1,
there exist (g, 56 € Dom(z ) corresponding to {w;}, {w}}, respectively. Hence wy = ;/)0(50)
and w( = 7/)0(56). Moreover 7/)6(50) # 0 and 7/)6(56) # 0. The following is the key lemma in
the proof of Theorem 2.

Lemma 6.2. Let b > 0. There exist: a neighborhood Ny of hy, where we consider that
0,00 € Dom(hy); two disjoint discs W, W' C C/Z containing (o = m1((o), ¢, = 71((})
respectively; and positive constants Cy,Cy,C], with the following properties.

Ifhy € Ny, 8 € C/Z with |Im 3] < b and

~

h¢) =my" o hyom(C) = B (for ( € Dom(h) = 75" (Dom(hy)) C C/Z),

then there exists a sequence of disjoint topological discs W; C C/Z satistying:
Wo =W or W';
W; C Dom(ﬁ), iL(W]) = W;_1 and iL|Wj is injective (j > 1);
for any K >0, W; C {¢ € C/Z‘ |Im (| > K}, for large j;
diamW; < 1/2, dist(W;, W;y1) < Cy, and
Cy < |(h)| < €} on W;, for j > 0.

Proof. Let us first consider h = e*™Phy with |Im 3| < b, and h = T, ohom. We
denote by B* and B! as in §5, the upper and the lower domain of definition of ‘ngo (not
for gy = gfol) and also define B* = W(é”) and B = W(Bf)
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Since B* and BY are disjoint, at least one of them, say B, does not contain the unique
value of h. Hence, by Lemma 5.3, the local inverse of h near 0 can be extended to B*U{0}.
So we have an analytic function H : B* U{0} — B" U {0} such that ho H =id, H(0) =0
and |H'(0)] < 1 by Schwarz’ lemma. Then it is well known (see [Mi]) that there exists
a linearizing coordinate L(z) such that L is conformal near 0, L(0) = 0, L'(0) = 1 and

LoH(z)= H'(0)- L(2) near 0. Passing to C/Z model, where we denote H = 75" o H o 7y,

we obtain the following:

(a) There exist constants yo € R, C{,CY > 0 and an analytic function L:Y = {C €
C/Z‘ Im ¢ >y} — C/Zsuch thatinY, H is defined, 0 < Im(f-:f(C)—C) <y, LoH = L+a,
where a = 7= log H'(0) and Ima > 0, and cyt < || < Cl.

Note that in the case where B does not contain the critical value, we obtain a similar
result with Im(-) replaced by — Im(-).

As for éo and f(), at least one of them, say fo, is not the critical value. So pick él €
h™Y((o) N B* and let (; = H/71({;) (j > 2). Then there exists jo > 1 such that (;, € Y.

(b) There exist jo > 1, a small disc neighborhood W of Co (or é(’)) and its inverse image
Wi, ..., W;, such that Wj (j =0,...,70) are disjoint, are contained in B"*, and contain
no critical points of iL; h maps W; onto W;_q bijectively (7 =1,...,70); WoNY = ¢ and
W]‘O cY.

Note that the properties (a) and (b) are stable under a perturbation, i.e., (a) and (b)
still hold for A = 2™ hy with hq near hg and 3" near 3, and the constants are uniform
in the neighborhood. Then, by the compactness of {5 € (C/Z‘ |Im 3] < b }, there exist a
neighborhood Ny of hy disjoint discs W, W' in C/Z containing Co, E(), respectively, such that
for hy € Ny and § with | Im 3| < b, (a) and (b) hold with uniform constants and Wy = W or
W'. Moreover we may assume that there are also uniform estimates for (iL] lw, ), diamWj,
dist(W;,W;s1 (0 < j < jo). Now define W; = H’=J°(W;,) (j > jo). Then we have
uniform estimates on (iL|Wj)l ete., since (A7) ()| = |L'(¢)] - |L'(R=7(¢))|~". The rest

of statements can be checked easily. O

Step 3. Many U;’s.

The results in §4 applies both to fy and to gg. So let us denote the objects ¢, Ry,
Nl(n)v etc. iIl §427 by S‘va Rfv Nl(van) fOI' f07 f7 and ¢gv Rgv N1(90777) fOI' go, g-

Let W; be the discs in Lemma 6.2. Then there exists a constant v > 0 (depending only
on Cy) such that for large n > 0, if f € Ni(fo,n) N F1 and g € Ni(go,e*™) N Fq, then
there exist disjoint topological discs Uy, ..., Uy, where N > v5(e?™)? satisfying:

Ui Cep(D(n)) € D'(n);

Vi =m0 (¢rlpm) " (Ui) Coy(D(n')) C D'(n'), where ' = e

Wiy = m1 0 (g]pyy) (Vi) for some j(i) € N,

Proof. Let us use ¢} = 7'0_1 0w, ) = 7'0_1 oty and 7" = 7'0_1 om. By Lemma 6.2, the

W’s tend to the upper or lower end of C/Z. Suppose they tend to the upper end, and let
n' = 2™ (In the other case we take ' = —e2™1.)
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Then the disc D(#n') contains entirely at least v(n')? components of 77 '(W;)’s for some
constant y > 0, since the area of D(n') is (7/16)(n’)%. By (4.2.5), ¢, maps these compo-
nents into D'(n') injectively. The inverse image of D'(n') by 7* consists of components,
each of which is contained in a “box”

1 1 1 3
{ZEC‘ n<Rez<n4+1l, n+ —log=- <Imz<n+ —log-}
27 2 27 2

for some n € Z. So D(n) contains at least n of these components, for n large. Finally ©%

maps D(7n) into D'(n) injectively. As for the components of 77 ' (W;), they have at least
yn(n')? entire preimages by 7 o (1/);‘|D(n/))_1 om*o (¢f|D(n))_1- And this proves the above

assertion, using (;/);‘|D(n/))_1 om* = (Yylpey) tor. O

Let us denote U} = To_l(Ui), Vi, = (c,of|D(n))_1(Ui), V* = 7'0_1(Vi). Then we have maps

7

7'0_1 (‘PmD(n))_l .~ 7 ”1°(¢Z|D(W'))_1
U, U Vi— V7 Wi
and the estimates on the derivatives
1 ES —17 2 1 ES N—177 2 } 2 —1 ! 9 2
2 < o)™ <2, 3 < [lm0 (o) ] <2, 37 <165 )| < o

and we*™ < |(x*]y )| < 3me®T.

For the last estimate, use the fact that V; is contained in a box as above.
Step 4. from W, to U.

There exists an integer & > 0 such that z; (; > k) are not critical point of f;. Let r(=1
be the local inverse of 7 near wy such that F(_l)(wo) = Wy — k. Similarly let 7T§_1) be the
local inverse of 7y near (y and () such that 7T§_1)(C0) = (o and 7T§_1)(C6) = (.

Note that in Lemma 6.2, we may take W, ~VV’ smaller without changing the statement.
By Lemma 5.1, we have pi(wg — k) # 0, ¢{(Co) # 0 and ¢())) # 0.

Then it follows that we can change W, W' smaller, so that there exist a small neigh-
borhood U of z, neighborhoods N3(fy), N3(go) of fo, go and constants Cy, C} such that
for f € N3(fo)NFy and g € N3(fo)NFy, @go0 (=6 g 0 7T§_1) is defined and injective

on W and on W', and their images cover U; and moreover the derivative has a bound

C2 < |[(¢go 7=V o @bgﬂ_l))’l < Chon WUW'.

Step 5. last k iterate.

Let U be as above and v = deg_, f&. Then it can be easily seen that there exists a
neighborhood Ny(fy,7n) of fy, depending on large n > 0, such that for f € Ny(fo,7n), there
exists an open set U' C U such that f* :U' — 7o(D'(n)) is bijective and

1 1/:1 1 1/;1
(1) <uti<af(r) e

where C3,C} > 0 are constants independent of 7.
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Step 6. a hyperbolic set X;.

Let fo be a rational map belonging to the class Fy, b > 0 and n > 0 large. First note
that if an analytic function is close to fy, then it can be conjugated to a function in F close
to fo by a translation near i:d. So for Theorem 2, we only need to consider the functions
in F.

Suppose that f € F is close to fy and

a(f) = 1

ay - -
Yoa s

with large positive integers ay,as and 3 € C satisfying 0 < Re 3 < 1, [Im 3] < b. Other
cases with different signes in the expression of a(f) can be treated similarly, by using the
complex conjugates or by reformulating the procedure for the lower end of C/Z instead of

the upper end. See Remark (4.3.1).
If fis close to fy and ay is large, then |arga(f)| < n/4, Ry is defined and ezm/a(f)Rf
is close to gy = &y, (or ﬁf—l— ﬁ is close to gy = éfo)‘ Let us denote g = R. If, moreover,

ay is sufficiently large, then ¢ itself is close to go, |arga(g)| = |arg a2{|-ﬁ| <w/4, h =R,

exists and hy = ez"i/o‘(g)Rg = 20} is close to hg = &,,. (Note here that, by (4.2.2),
alg) = —1/a(f) =1/(az+ ) (mod Z).) Therefore, for f close to fy, ay,ay large, we have
f e N (fo,n) N N3(fo) N Ny(fo,n), g € Ni(g0,n'|) N N3(go) and hy € Ns. In particular,

A

we can apply Lemma 6.2 to h = 7r2_1 o homy to obtain W;. Then let U;, U be as in Steps
3 and 4.

Now let us consider the following sequence of maps:

T0_1 N (‘P;h‘)(n))_l .o N ”1°(¢Z|D(n/))_1

i A J(2)

(*) l,;m

k Lpfow(_l) ngOTrg_l)

b
ffUy—uvctv v Wo

where V =1, 0 7T(_1)(W0) and U' = gy o 7(=D(V). Note that all maps except the last f*
are injective. Write U = 79(D'(n)) and let U' C U be the set obtained in Step 5. Then
tracing the inverse image of U via U’ by the maps (*), we obtain U; C U;.

Moreover the composition of (*) on U; is equal to f™ for some integer n; > 1 (v =
1,...,N). In fact, by (4.2.3), ¢™ = 1, 0 ﬂ';_l) o b1 o7 0 (1/)g|D(,,/))_1 on V;, since
|arg(z' + 2;(9) —z)| <2rn/3 for z € D(n'), 2’ € ﬂ‘l)(W UW?")), if |n'| is large. Similarly,

we have fmi = ©wfo Do gmioro (¢ flpepy) ™" on Uy, for some n} > 1. And recall that

= 7'0_1 oy, ™ = 7'0_1 o, etc.
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FIGURe 7

Thus we obtained (f,U,U;) as described in §2, i.e., U; C U such that ™ : U; — U is

bijective (¢ = 1,...,N). Moreover, combining all the above estimates, we have
N = (™)

and
Ui)l| < (:«771—1—1/11627”)7

(F™
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where v and C' are positive constants independent of 7.
Hence by Lemmas 2.1 and 2.2, we have a hyperbolic subset X, for f and an estimate
for the Hausdorff dimension

log~ +logn + 47y
C+(1+ %))10g77—|—27r77'

6 =H-dim X; >
log

The right hand side tends to oo as n — co. Thus we have proved Theorem 2 in the case
A =1. O

Remarks. (i) Note that the maps in (*) other than f¥|¢;, 7*, 75|y, have bounded deriva-
tives, and that the effect of 7* dominates others.

(ii) The procedure Fy 5 fo —— g9 = £, € Fy can be considered as a renormalization. It
it related, as we have seen, to the return map of f near fy. One can interpret that = o c,oo_l
is a correspondence between the phase spaces of fi and “its renormalization” ¢q, and that
it has an exponential effect, because f moves points extremely slowly near 0 and require a
large number of iterate for the return map. In this sense, the renormalization procedure
is essential in the above estimate.

(iii) It will be instructive to make a “caricature” (proposed by Curt McMullen) to under-
stand the situation. For simplicity, assume k& = 0 (v = 1), and pretend that the maps in
(*) other than 7'0_1 and 7" were affine. In particular, h is supposed to be a translation
on C/Z. So it produces a one dimensional array of discs W, then 7r1_1 unwraps them to
a two dimensional array. These discs are squeezed by (7*)~!, and finally inverted by 7.
One can show that an invariant set produced by this system has dimension two.

(iv) Note that the map fo need not to be a rational map. In fact, it is enough to assume
that fo € Fy and 0 has an inverse orbit {z;} as in Step 0.

§7. PARABOLIC FIXED POINTS WITH MULTIPLIER # 1

Let us consider an analytic function fo(z) near 0 such that

fo(0) =0, f5(0) = exp(2mip/q),

where p,q € Z, ¢ > 1 and (p,q) = 1. Then it is known that if f/(z) # z, then it has an
expansion of the form
fi(2) = 2 4y 2"+ 0717,

where v is a positive integer and a,q4+1 # 0. In the following, we assume that v = 1, in
other words, (foq)(q'H) # 0. Then, as before, we may assume that a4 = 1. The dynamics
of fo and its perturbation is shown in Figure 8.

To analyze the bifurcation, we need to consider ¢ incoming and ¢ outgoing Ecalle cylin-
ders C§’+,C§’_ (k € Z/qZ), see Figure 9. Now the Ecalle transformations map the upper
end of Cg’_ to that of Cg’—i_, the lower end of Cg’_ to that of Cg_l’—'_.

Consequently, the statements of §§4-6 should be changed as follows. We only remark
the part which is to be changed.
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FIGURE &

FIGURE 9

Changes in §4.

4.1. (4.1.1) There 2q regions Qf), oW (k € Z/qZ) instead of two regions Q4, Q_;
Uka) vy {0} is a neighborhood of 0, on which fy is injective;
AH@Y) c P U0} and fo(2P U {0}) > QM
Qg‘_j) N Q(_k) is non-empty and connected, if j = k or j = k — 1, it is empty otherwise;
fo — 0 as n — oo uniformly on Qf);
The parabolic basins B*) are defined to be Unzof_"q(Qf)), then a point belongs to
UpB™%) if and only if it has a neighborhood on which f* (n =1,2,...) are defined and

f? — 0 uniformly as n — oc.

Let us fix a k € Z/qZ.
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(4.1.2) w0, fo, - should be replaced by c,o(()k), 14, QM As for g, define

1

(K)*
Yo (w) = AN
gl )

then
c,o(()k)*(w) =w+0 <w%> )

(4.1.3) @, B, fo, Q4 are to be replaced by @gk), B Qf).
(4.1.4) Let BFwW) = (c,o(()k))_l(B(k)) and B(F0 = (c,ogk))_l(B(k_l)). then B*W B are
invariant under T and B%%) > {w ‘ Imw > 5o}, B*O 5 {w ‘ Imw < —no} for some
No > 0.

Define g;f’u) . B, C, g;f’f) : BED — C by

g}f’u) = CI)(()k) o c,o(()k) and g;f’f) = @gk_l) o c,o(()k).

They satisfy
Sj(cf’u)(w +1) = Sj(cf’u)(w) +1 forw € B(k’”), etc;
(kau) — ~(kau) -1 . 2 3 _ 3 (kau)l
Ep =m0l om 7(B)U {0} — C is well-defined and analytic, and s, (0) # 0.
Similarly, 5;(’:’0 =70 é}f’ﬁ) or~!:xw(B)U {0} — C— {0} is analytic, and Sj(cf’f)l(oo) # 0.

4.2 Perturbation.

Fr={feF|f0)= exp(27rip+ a) with o # 0 and |arg o| < 7/4}.

Set

p+al(f)

f1(0) = exp(2mi ).

The periodic points of f of period ¢ near 0 are labelled so that
oW (f) = (=2mia( )11 4 o(1)) as f — fo,

where |arg(—27rioz(f))1/q| < 7/q, then f(a(k)(f)) = a(k"'p)(f).

The functions ¢y, Ry, &y, are to be replaced by c,ogck), Rﬁck’u), Sj(cf’u). The functionnal

equation for ¢y becomes
k k
P +1) = f10'P (w).

In (4.2.3) and (4.3.4), f" is to be replaced by f"*t" where r is an integer such that
0<r<nandrp=-—1(mod q). Finally

(Byx,
er )= (e p(w))e

satisfies (4.2.5).
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4.3 Remarks. (4.3.1) If f € F satisfies 37/4 < arga(f) < 5n/4, then we use R(fk’z),
5}(’:’6) instead of Rgck’u), Sj(cf’u).

Changes in §5.

Let fo be as in §4. Then f; has ¢ parabolic basins B¥) (k € Z/qZ). Let Fy be the
set of such functions f; € F having an immediate parabolic basin B*) in each B,
containing only one critical point of f{. Let B be the component of B* %) containing
{w ‘ Imw > ng}, and Bku) — F(B(k’u)).

Then go = Sj(cf’u) : Bw) _ C* is a branched covering of infinite degree, ramified only
over one point. (Proposition 5.3)

Other statements are similar.

Changes in §6.
Note that go is in Fy in the sense of §4, that is ¢;(0) = 1. So we only need to change
¢ s as above and 7, |y, to

1

Zh ——.
gz

Hence in Step 3, the estimate on the derivative of 7'0_1 should be replaced by

Cntt < (rg Mw) < €'yt

and in Step 6, the estimate on (f™

u; )" becomes

” )l| < qu—l—l/ueZTrn‘

(F™

This is enough to prove that H-dim Xy — 2 as n — oo.

APPENDIX. PROOF OF THE PROPERTIES OF ECALLE CYLINDERS

In this Appendix, we give the proof or comments for the facts which were stated in §4
and §7. Note that the facts in §4.1 can be found in [Mi] and most of the facts in §4.2 can
be found in [DH]. We prove the facts in §4.2 by introducing a new coordinate, and it makes
clearer the relationship between the return map and the renormalization of functions with
irrationally indifferent fixed points (cf. Yoccoz [Y]).

A.1 Coordinate changes.
Let fo(2) = z+2%+... asin §4.1. Let us introduce a new coordinate w by z = —1/w =
To(w), then fy corresponds to the map Fj of the form

(A.1.1) Fo(w)=w+14+0(1/w).
For functions near fy, we introduce a new coordinate by the following.
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Lemma A.1.2. There exist a neighborhood N of fy in F and a neighbourhood V of 0
in C such that if f € N' then V C Dom(f) and f(z) can be expressed as

(A.1.3) f(z)=z4z(z —o)u(z),

where 0 = o(f) is a point in V and u(z) = uy(z) is a non-zero holomorphic function
defined in a neighborhood of V. Hence 0 and o(f) are the only fixed points of f in V.
Moreover o(fo) = 0, ug,(2) = (fo(z) — 2)/2%, 2™ U) = £1(0) = 1 — o(f)us(0), hence

(A.1.4) o(f)==2mia(f)(140(1)) as f — fo.

The correspondence f v+ o(f), f +— uys(z) (with Dom(uy) =V fixed) are continuous (with
respect to the topology defined in §4.0).

The proof is left to the reader.
For a function f € N/ with a(f) # 0 (i.e. o(f) # 0), let us introduce a new coordinate
w € C by
(A.1.5) z =7r(w)

g

1 — e—27riozw ’

where 0 = o(f) and a = a(f). And define the map Fy(w) by

1 ou(z) ]
Al F = 1 11— — th z =
( 6) f(w) =w+ 5ic og ( = Zu(Z)) with z = 7(w)
and .
Tr(w) = w — .
p(w) =w——~

Here Fy(w) is defined for w such that |ou(z)/(1 4 zu(z))| < 1/2, and the above formula
defines a single-valued function using the branch of logarithm with —7 < Imlog(-) < 7.

Lemma A.1.7. (Properties of Fy, 74 and Ty) There exist Ry > 0 and a neighbourhood
N C N of fy such that if f € N and «(f) # 0, then:
(i) The map 74 : C — C—{0,0(f)}, w s z = 74(w) is a universal covering, whose covering
transformation group is generated by Ty; T¢(w) — 0 as Imaw — oo, and 7¢(w) — o as
Im aw — —o0;
(ii) If

we C— U T{Dg,, where D, = {w' ‘ |w'| < Ro},

n€z

then 7¢(w) € V and |ou(z)/(1 4 zu(z))| <1/2, hence (A.1.6) is well-defined and moreover

satisfies . .
Fy0) — (0 + 1] < 2. [Fjw) = 1] < 2
Moreover Fy(w) =w + 1+ O(l/wz) as Imaw — 0;
(i) forp =70 Fp and Ty o Fy = Fy o Ty;
(iv) When f — fo, 7p(w) — 79(w) uniformly on {w ‘ |Rea| < 2} and Fy(w) — Fy(w)
uniformly on C — UnezT}f‘DRO.

The proof is immediate by a computation and left to the reader.
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A.2 General construction.

For b1, by € C with Reb; < Re by, define
Q(by,by) ={z € C| Re(z —by) > —|Im(z — b1)|, Re(z — by) < |Im(z — b2)] }.

If by = —oo (resp. by = ), the condition involving by (resp. bz) should be removed.

Proposition A.2.1. Let F' be a holomorphic function defined in @ = Q(by,by), where
Reby > Re by + 2 (here by or by may be —oo or o). Suppose

1 1
(A.2.2) |F(z) — (24 1)| < 7 and |F'(z) — 1| < 1 for z € Q.

Then

(0) F is univalent on Q.

(i) Let zo € Q be a point such that Reb; < Rezy < Rebs —5/4. Denote by S the closed
region (a strip) bounded by the two curves { = {zy + iy|ly € R} and F((). Then for any
z € Q, there exists a unique n € Z such that F"(z) is defined and belongs to S — F(().
(ii) There exists a univalent function ® : @ — C satisfying

whenever both sides are defined. Moreover ® is unique up to addition of a constant.
(iii) If we normalize ® by ®(zo) = 0, where zy € Q, then the correspondence F +— & is
continuous with respect to the compact-open topology. (See also §4.0 Notations.)

Proof. (0) and (i) are easy and left to the reader.
(ii) Let zo € Q be as in (i). Define hy : {z] 0 < Rez <1} — Q by

hi(x+1y) = (1 —a)(zo +iy) + 2F(z +1y), for 0 <a <1, yeR.

Then we have

Oh . .. Oh . . .
a_xl = F(zo +1y) — (20 + 1Y), 8—y1 = ixF'(z + iy) + (1 — 2).
Hence
Ohy . ) . 1
o -1 ‘{F(ZO)—(ZO—|—Zy—|—1)}—|—:1;(F(ZO—I—Zy)—l)‘SZ,
Ohy

NS

_ %\{F(ZO) (2o +iy + 1)} — 2(F'(z +iy) — 1)] <

0z
Therefore ‘ Oh

satisfies hy ( ( )) ( )+ 1 for z € . Let oy be the standard conformal structure
of C, and take the pull back 0 = hjop on {z| 0 < Rez < 1}. Then extend o to C by
o=(T")0con{z]|—n <Rez < —n+1}, where T(z) = z+1 . By Ahlfors-Bers measurable

mapping theorem [A], there exists a unique quasiconformal mapping hs : C — C such that
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hioo = o and hy(0) = 0, he(1l) = 1. By the definition of o, T preserves o. Hence
hyoT o h2_1 preserves the standard conformal structure oy, i.e. conformal, therefore it
must be an affine function. Since T has no fixed point in C, so does hy 0T o hz_l, hence it
is a translation. Using hy o T o hz_l(()) =1, we have hg 0 T © hz_l =1T.

Now define ® by ® = hs o hl_l on S , and extend to the whole @ using the relation
O(F(z)) = ®(z) + 1. Then & is well-defined by (i), continuous and homeomorphic by the
above relations on hl_l and hs. Moreover @ is analytic outside the orbit of ¢, then analytic
in the whole @ by Morera’s theorem. Thus we have obtained the desired univalent function
.

If ® is another such function, then ®"(z) = ® o ®~! commutes with T at least in
®(Q). Hence ®"(z) — z extends to C as a periodic function, then ®" extends to C as a
holomorphic function commuting with 7. Similarly &' ~! also has this property, therefore
@ must be an affine function. However an affine function commuting with the translation
T is also a translation by a constant. Hence the assertion follows.

(iii) Let us consider F' and F, defined in the same Q and satisfying the condition of
the Proposition. As in (ii), we can construct hq, he, ® for F and hy g, hg o, o for Fp.
It is easy to see that on any compact set of {z|0 < Rez < 1}, aah;/aah; — 81512,0/8%12,0 as
F — Fy. Hence op = hioy — op, = hT,oUo and hy — hy ¢ on any compact set as f — Fp.
It follows from the definition of the extension of ® that ® — &, as F' — F,. O

A strip S as in Proposition A.2.1 (ii), is called a fundamental region for the map F|g.
The quotient space

C=S/~, where {3z~ F(z)€ F({)
=Q/., where z~ F(z)if z € QﬂF_l(Q)

is topologically a cylinder which is called the Ecalle cylinder. Moreover, C has a natural
structure of a Riemann surface, using F' near ¢ as a coordinate patching.

Lemma A.2.3. Let F, Q, S be as above. Then w o ® induces an isomorphism
®:C=5/.—C"=C-{0}.

Proof. It is easy to see from the construction that @ is a covering map and induces an
isomorphism between the fundamental groups. O

Lemma A.2.4. Suppose that ® and v are holomorphic functions in a region U satistying:
® is univalent inU, |v(z)—1|<1/4 forz €U and

D(z4+v(z)=S(2)+ 1, if z,z4+0v(z) €U.

(i) There exist universal constants Ry,Cy,Cy > 0 such that if U = {Z’ |z — 20| < R} for
R > Ry, then

1 1 C,
|9 (20) — | <G (ﬁ + |vl(20)|> < 7
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(ii) Suppose U = {z € C*| 0, < argz < 05} (6 < 0; + 27) and |[v'(2)] < C/|]'T" (2 e U)
for some C,v > 0. For zo € U and 0!, 0, with 6, < 0 < 6, < 65, there exists Ry, Cs > 0

and ¢ € C such that
S dc (1 C)
d(z2) — — = (| <05 | —
(=) /Zov@) d=Clptip)

for z satistying 6] < argz < 6, dist(z,C —U) > Ry. Moreover C3 depend only on 6,,6..

7

See [Y] for a similar estimate.

Proof. (1) We may suppose zp = 0. We take R so that R >> 1. It follows from Koebe’s
distortion theorem [P] that if |z] < R — 2, then

o(2)|
S T ()27

since ® is univalent in {C‘ | —z| <2 }. Hence C < |®'(2)| < C"if |z] < R — 2. We have
|®"(z)| < C/R if |z| < R/2. (In fact, by Cauchy’s formula, ®"(z) can be expressed in
terms of an integral of ®'(()/(¢ — z)? over the contour {C‘ | — z| = R/2}, then use the
above estimate.) Using the formula

)l ‘ Bz +v(2) — ®(2)
(L+o(2)[/2)2 ~ ®'(2)

D(z+a)=3(2)+ aCI)'(Z) +a® /01(1 — t)CI)”(Z + at)dt,

we obtain |1 — ®'(2)v(z)| < C/Rif |z| < R/2 —5/4. Again by Cauchy’s formula, |(1 —
D'(2)o(2)) | = 19" (z)v(2)+ D' (2)0'(2)] < C/R*if |z| < R/4. Tt also follows from Cauchy’s
formula that [v''(z)| < C/R? for |z] < R/2. Hence we have |®"(z)] < C(1/R? + |v'(0)]) for
|z] < R/4. By the above formula again, we have |1 — ®'(0)v(0)| < C(1/R? + |[v'(0)]).

A.3. Fatou coordinates for f,—Proof of 4.1.

Let Qf = Q(&1,00), Q5 = Q(—o0,—&;) for & > 0. If £ is large enough, Fy satis-
fies (A.2.2) on QS’ and Q. Hence by Proposition A.2.1, there exist univalent analytic
functions &4 o : Qg' — Cand ®_ : Q) — C satisfying &4 o(Fy(w)) = P4 o(w) + 1 and
Q_ o(Fo(w)) =P_ o(w)+ 1. If

Fo(w) = w+ 1+ % 4 0(~
) =w+ 145 0(),

then by Lemma A.2.4 (ii), we have

Q4 o(w) =w—alogw + cx o+ o(1)
as w tend to oo within a sector as in Lemma A.2.4 (ii) with ¢« = Qéc, where c4 o are
constants and the branches of logarithm for ®4 ( are chosen so that they coincide in the

upper component of QS’ N Qy and differ by 277 in the lower. Then for large £, > 0, Qq
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as in (4.1.2) is contained in ®_ ((Q, ) Define QO = TO(T(QS')), Q_ = TO(CI):}O(QO)). The
properties in (4.1.1) are easily verified. (If necessary, take a larger &.)

Let o = 79 oCI>:’10 hence pf = 7'0_1 0y = CI>:’10. Then by the above, Qo C Dom(yg) and
wow+1) = foopo(w)if w,w—+1€ Qp. Using this relation, we extend ¢y to the maximal
domain {w € C ‘ w—n € Qp for an integer n > 0 and fg(c,oo(w —n)) € Dom(fy) for j =
0,...,n —1}. Note that for a large ny > 0, {w ‘ |Rew| <1/2, |Imw| > ng} is contained
in Qp and its image by ¢ 1s contained in To(Qg—) C B. The rest of (4.1.2) can be checked
casily.

Let &g = ®4 g0 7'0_1 and we extend 1t similarly to B using the functional equation for
¢, . Hence (4.1.3) follows.

The properties of B in (4.1.4) follow from the above. The function ‘ijo = ®y0py =
d, 00 CI>:’10 satisfies the functional equation and is univalent in {w ‘ | Imw| > n} for a
large 7}y > 0. Moreover Tm €5, (w) — 400 as Imw — +oo. Hence £, can be extended to
0 and oo conformally. This proves (4.1.4).

By the normalization (4.1.5), we have ¢4 o = c_ .

A.4. Fatou coordinates for f € A' N F;— Proof of 4.2.

Let f € N N F;, where F; is as in §4.2. Define Qj{ = Q(&,—& + é) and Q; =
Q& — %,—fl) = Tf(Qj{) for & > 0. Omne can choose N small and xi; large so that
Re% > 261 + 2, ij C Dom(Fy) and Fy satisfies (A.2.2) on Q)jf. By Proposition A.2.1,
there exist univalent analytic functions ®4 ; : Qj{ — Cand ®_ 4 : Q; — C satisfying
. ((Fp(w)) = @4 p(w)+1and ®_ ((Fp(w)) = ®_ (w)+ 1. We fix two points wy € QF
and w_ € Q;, and normalize ®4 ¢ by setting @4 p(wx) = Py s(wy).

Since Fy(w) =w+1+ O(l/wz) as Im aw — 0 by Lemma A.1.7, it follows from Lemma
A.2.4 (ii) that there exist constants cx = c4(f) such that

(A4.1) Q4 f(w) =24 cxt+o(1)

when w tend to oo within a sector of the form {w ‘ 0] < arg(w —wy) < 05} C Q?, where
1/3 < 0| < theta), < 3/4 and w, € C.

The function ®_ o Ty is defined on Qj{ and satisfies the same functional equation as
®, ¢ by Lemma A.1.7 (iii). It follows from the uniqueness in Proposition A.2.1 (ii) that
there exists a constant dy = dy(f) such that

(A42) CI)—,f o] Tf = (I)_|_’f + dl-

In fact, (A.4.1) determines the constant: dy = c_(f) — c4(f) — *.

Now define gf(w) =&, 5o CI):,lf on @_’f(Qj{ N Q;), which contains at least the vertical
strip {w ‘ |Rew| <1, [Imw| > ny} for alarge 5y > 0. This 5y can be chosen uniformly for
f € NN Fy near fy. It satisfies the functional equation gf(w +1) = éf(w) + 1 whenever

the both sides are defined. By this relation, & can be extended to {w ‘ | Imw| > ne}. By
(A.4.1), we have

(A.4.3) Er(w)=w~+cy(f) —c—(f)+0(1) when Imw — oco.
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Similarly, gf(w) — w tends to a constant as Imw — —oo.

By Proposition A.2.1, we have &, y — &, o and ®_ ; — ®_, as f — fy, therefore
5~f — 5~f0 uniformly on {w ‘ 0 <Rew <1, Imw =1y}, then
(A4.4)

It+ino 1+ino
)= eth = [ ) —wido s [ (E )~ w)de = s - e =0,
7o o
where the integrals are over the segment joining ing and 1 + 7.
Let us show that CI)_,O(Q;) contains Qf as in §4.2, for large y,ny > 0. Combining

(A.1.6), Lemma A.2.4 and Proposition A.2.1 (iii), one can show that the right boundary
curve of Q is contained in CID_’O(Q;), if £y and n( are large enough. Similarly, The left

boundary curve of Tf_l(Qf) 1s contained in CI>_|_,0(Q}’_). Using Q; = Tf(Qj[), (A.4.2) and
(A.4.4) and increasing o, 1o if necessary, we conclude that the left boundary curve of Qy
is contained in CID_,O(Q;). Therefore Qy C @_,O(Q;).

Define ¢ = 715 0 CI>:’1f, then we have Qy C Dom(py) and pp(w + 1) = fo pw)
if w,w+1 € Qf. Using this relation, extend ¢f to the domain {w € C ‘ w—n €
Q for an integer n > 0 and f/(pf(w —n)) € Dom(f) for j = 0,...,n —1}. Then ¢,
satisfies (4.2.1).

Let 7~3f =®_ joTyoqs. Then 7~3f coincides with 5~f +c_(f)—cq(f)— L onits domain
of definition and satisfies 7~3f(w +1) = ﬁf(w) +1. SocRy =7o 7~Qf o 71 is well-defined
and extends analytically to 0 by (A.4.3) and similarly to co. Since ﬁf(w) =w— % +o(1)
as Imw — oo, R'f(()) = exp(—?m%). Thus (4.2.2) is proved.

It is easy to see that ¢y — ¢ and 5~f — gfo when f € NN F, and f — fy. Hence

. 1 . .
Ri+— =& +(e-(f)—es(f) = &
Using the fact that cR is extended analytically to 0 and oo, we have
eZTri/ozRf _ gfo‘

Thus (4.2.4) is proved.

In order to see (4.2.3), let us first verify (4.3.4). In fact the latter is immediate from
the definition of ¢, and 7~3f, 7r 0Ty = 74 and the functional equation for ¢y. To obtain
(4.2.3), we restrict Dom(?éf) so that

(A.4.5) IR f(w) + é —w| < % on Dom(Ry).

Note that (4.2.4) is still true. Now suppose that w,w’ € Dom(py) and R} (7(w)) = (v’
for a positive integer m. Then for the lift, there exists an integer n such that R?‘(w +n =
w'. By (A.4.5), we have n > m. Hence the assertions of (4.2.3) follow from (4.3.4).

The corollary (4.2.5) follow from (4.1.2) and (4.2.4).
One can prove (4.3.1) similarly.
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A.5. Parabolic fixed points with the multiplier # 1.
We only state the coordinate changes which correspond to A.1. The rest of arguments
in A.2-A .4 is immediately generalized to this case.

First, let fy be as in §7. The exists a coordinate near 0, in which f{ has the form
fi(z2) =z + 27+ O,

Let us introduce a coordinate w by

1
==
qui

Then the corresponding map in this coordinate has the form
Fo(w)=w+140(1/w),

where note that fj 1s multi-valued.

The coordinate w should be understood in terms of the Riemann surface W as follows.
Let Qg_’k, Qo_’k (k € Z/qZ) be q copies of QS’, Q, in A.3. The intersection QS’ N Qy has
two components—the upper and lower triangles. Identify the upper triangle of Qg—’k with
that of Qo_’k; and the lower triangle of Qg_’k_l with that of Qo_’k (k € Z/qZ). The obtained

Riemann surface W is isomorphic to a punctured disc and the map w — z = —1/qw? gives
a conformal map map from W onto a punctured neighbourhood of 0 in C. We consider that
the map Fj sends Qg_’k into Qg_’k—i_p, and Qo_’k — (a neighbourhood of the boundary curve)

into Q()_’k+p.

Now let f € F; and a(k)(f) the periodic points of f asin §7. We choose a new coordinate
near 0 so that o¥)(f) = 2™/ 150)(f), as follows. Put

(= a0+ (2 = a S D)) = 21 = by s (£ = = )z = ().

Then it is easily seen that

bo(f) = —2ma(f)(1+0(1)) and b;(f) =O0(a(f)) (1 =1,...,¢—1) as f — fo.

Define a new coordinate z' by

f z

z =

1/q"

This is a well defined coordinate near 0, and in this coordinate we have o(*) = ¢27tk/45(0)
So we can write

flUz) =24 2(z" —o(f)Duy(2),
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where o(f) = o(®)(f) and uf(z) is a non-zero analytic function defined near 0. Finally, we

introduce the coordinate w by
Zq

ori
— pimiaw

24 — g4

and the map Fy by

1 olug(z)
F = 1 1]— — .
f(w) wt 2miov 08 ( 1+ Zuf(z)>

Here the coordinate w should be interpreted on a suitable Riemann surface which is iso-
morphic to a neighbourhood of 0 in C with 0 and a(k)(f) removed, then the z in the
definition of Fy can make sense.

For these maps, one can obtain analogous results as in A.2-A.4. The detail is left to the
reader.
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