ON THE JULIA SET OF A TYPICAL QUADRATIC POLYNOMIAL
WITH A SIEGEL DISK

CARSTEN LUNDE PETERSEN AND SAEED ZAKERI

ABSTRACT. Let 0 < # < 1 be an irrational number with continued fraction expan-
sion 0 = [ay,az,as, . ..], and consider the quadratic polynomial Py : z — 2™z + 22,
By performing a trans-quasiconformal surgery on an associated Blaschke product
model, we prove that if

loga, = O(y/n) as n — oo,

then the Julia set of Py is locally-connected and has Lebesgue measure zero. In
particular, it follows that for almost every 0 < 6 < 1, the quadratic Py has a Siegel
disk whose boundary is a Jordan curve passing through the critical point of Py. By
standard renormalization theory, these results generalize to the quadratics which
have Siegel disks of higher periods.
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1. INTRODUCTION

Consider the quadratic polynomial Py : z +— €™z 4+ 22, where 0 < # < 1 is an
irrational number. It has an indifferent fixed point at 0 with multiplier P}(0) = €%,
and a unique finite critical point located at —e*™?/2. Let Ay(cc) be the basin of
attraction of infinity, Ky = C \ Ag(co) be the filled Julia set, and Jy = 0Ky be the
Julia set of Py. The behavior of the sequence of iterates { Py" },,> near Jp is intricate
and highly non-trivial. (For a comprehensive account of iteration theory of rational
maps, we refer to [CG] or [M].)
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The quadratic polynomial P, is said to be stable near the indifferent fixed point
0 if the family of iterates {P;"},>o restricted to a neighborhood of 0 is normal in
the sense of Montel. In this case, the largest neighborhood of 0 with this property
is a simply-connected domain Ay called the (maximal) Siegel disk of Py. The unique
conformal isomorphism ¢y : Ag — D with 14(0) = 0 and +)(0) > 0 linearizes Py in
the sense that ¢y o Py o1, ' (2) = Re(2) := >z on D.

Consider the continued fraction expansion 6 = [aq, as, as, ...] with a,, € N, and the
rational convergents p,,/q, := [a1,as, ..., a,|. The number 6 is said to be of bounded
type if {a,} is a bounded sequence. A celebrated theorem of Brjuno and Yoccoz [Yo3]
states that the quadratic polynomial P has a Siegel disk around 0 if and only if ¢

satisfies the condition .

Z log ¢n41 < too
Gn ’

which holds almost everywhere in [0,1]. But this theorem gives no information as
to what the global dynamics of P should look like. The main result of this paper
is a precise picture of the dynamics of Py for almost every irrational @ satisfying the
above Brjuno-Yoccoz condition:

n=1

Theorem A. Let £ denote the set of irrational numbers 0 = [ay,az,as,...| which
satisfy the arithmetical condition

loga, = O(y/n) asn — co.

If 0 € £, then the Julia set Jy is locally-connected and has Lebesque measure zero. In
particular, the Siegel disk Ay is a Jordan domain whose boundary contains the finite
critical point.

This theorem is a rather far-reaching generalization of a theorem which proves the
same result under the much stronger assumption that 6 is of bounded type [P2]. It
is immediate from the definitions that the class £ contains all irrationals of bounded
type. But the distinction between the two arithmetical classes is far more remarkable,
since by a theorem of Khinchin &£ has full measure in [0, 1], whereas numbers of
bounded type form a set of measure zero (compare Corollary 2.2).

The foundations of Theorem A was laid in 1986 by several people, notably Douady
[Do]. Their idea was to construct a model map Fy for Py by performing surgery
on a cubic Blaschke product fy. Along with the surgery, they also proved a meta
theorem asserting that Fy and P, are quasiconformally conjugate if and only if fy
is quasisymmetrically conjugate to the rigid rotation Ry on S'. Soon after, Herman
used a cross ratio distortion inequality of Swiatek [Sw] for critical circle maps to give
this meta theorem a real content. He proved that fy (or any real-analytic critical
circle map with rotation number 6 for that matter) is quasisymmetrically conjugate
to Ry if and only if 0 is of bounded type [H2]. In 1993, Petersen showed that for
every irrational 6, the “Julia set” J(Fjp) is locally-connected and has measure zero,
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which by Herman’s theorem implies the same statement for Jy in the case 6 is of
bounded type [P2]. In this case, the Siegel disk Ay is a quasidisk in the sense of
Ahlfors and its boundary contains the finite critical point. The measure statement in
the bounded type case was improved by McMullen, who showed that the Hausdorff
dimension of the Julia set of P is strictly less than 2 [Mc2]. Motivated by Theorem A
and McMullen’s result, we ask:

Question 1. What can be said about the Hausdorff dimension of Jy when 6 belongs
to the arithmetical class £7

The idea behind the proof of Theorem A is to replace the technique of quasiconfor-
mal surgery by a trans-quasiconformal surgery on a cubic Blaschke product fy. Let
us give a brief sketch of this process.

We fix an irrational number 0 < # < 1 and following [Do] we consider the degree

3 Blaschke product
, -3
fo 1z ¥t 22 (712_ 32> ,

which has a double critical point at z = 1. Here 0 < t = ¢(f) < 1 is the unique
parameter for which the critical circle map fg|s: : S — S! has rotation number 6 (see
subsection 2.4). By a theorem of Yoccoz [Yol], there exists a unique homeomorphism
hg : St — S! with hg(1) = 1 such that hg o fy|s1 = Ryo hg. Let H : D — D be any
homeomorphic extension of hy and define

fo(2) if |z2| > 1

Fy(2) = For(z) == { (H'oRyoH)(z) if|z] <1

Then Fy is a degree 2 topological branched covering of the sphere. It is holomorphic
outside of D and is topologically conjugate to a rigid rotation on D. This is the
candidate model for the quadratic map FPp.

By way of comparison, if there is any correspondence between Py and Fy, the Siegel
disk for Py should correspond to the unit disk for Fy, while the other bounded Fatou
components of Py should correspond to other iterated Fy-preimages of the unit disk,
which we call drops. The basin of attraction of infinity for P, should correspond to a
similar basin A(co) for Fp (which is the immediate basin of attraction of infinity for
fa). By imitating the case of polynomials, we define the “filled Julia set” K(Fy) as
C \ A(oo) and the “Julia set” J(Fy) as the topological boundary of K (Fj), both of
which are independent of the homeomorphism H (compare Fig. 2).

By the theorem of Petersen mentioned above, J(Fy) is locally-connected and has
measure zero for all irrational numbers . Thus, the local-connectivity statement in
Theorem A will follow once we prove that for § € £ there exists a homeomorphism
g : C — C such that @pgo Fyo %’1 = Py. The measure zero statement in Theorem A
will follow once we prove g is absolutely continuous.
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The basic idea described by Douady in [Do] is to choose the homeomorphic ex-
tension H in the definition of Fy to be quasiconformal, which by Herman’s theorem
is possible if and only if § is of bounded type. Pulling back the standard confor-
mal structure po|p by H to a conformal structure p|lp = H*(uo|p), and spreading
wlp by the iterated inverse branches of Fy to all the drops, yields an Fy-invariant
conformal structure p with bounded dilatation and with the support contained in
the filled Julia set K(Fp). The measurable Riemann mapping theorem shows that g
can be integrated by a quasiconformal homeomorphism, which, when appropriately
normalized, yields the desired conjugacy y.

To go beyond the bounded type class in the surgery construction, one has to give up
the idea of a quasiconformal surgery. The main idea, which we bring to work here, is
to use extensions H which are trans-quasiconformal, i.e., have unbounded dilatation
with controlled growth. What gives this approach a chance to succeed is the theorem
of David on integrability of certain conformal structures with unbounded dilatation
[Da]. David’s integrability condition requires that for all large K, the area of the set of
points where the dilatation is greater than K must be dominated by an exponentially
decreasing function of K (see subsection 2.5 for precise definitions). An ACL (ab-
solutely continuous on lines) orientation-preserving homeomorphism between planar
domains is a David homeomorphism if it pulls back the standard conformal structure
to one which satisfies the above integrability condition. Such homeomorphisms are
absolutely continuous.

To carry out a trans-quasiconformal surgery, we have to address two fundamental
questions:

Question 2. Under what optimal arithmetical condition Epg on 6 does the lineariza-
tion hy admit a David extension H : D — D?

Question 3. Under what optimal arithmetical condition Ep; on 6 does the model Fj
admit an invariant conformal structure satisfying David’s integrability condition in
the plane?

It turns out that the two questions have the same answer, i.e., Epg = Epp. Clearly
Epk 2 Epr, but the other inclusion is a non-trivial result, which we prove in this paper
by means of the following construction.

Define a measure v supported on D by summing up the push forwards of Lebesgue
measure on all the drops. In other words, for any measurable set £ C D, set

v(E) := area(F) + Z area(g(FE)),

where the summation is over all the univalent branches g = Fe_k mapping D to any
drop. Evidently v is absolutely continuous with respect to Lebesgue measure on D.
However, we prove a much sharper result:

Theorem B. The measure v is dominated by a universal power of Lebesque measure.
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In other words, there exists a universal constant 0 < 3 < 1 and a constant C > 0
(depending on 0) such that

v(E) < C (area(E))?
for every measurable set E C D.

It follows immediately from this key estimate that the Fy-invariant conformal struc-
ture p constructed above is David integrable if u|p is David integrable, or equivalently,
if there is a David extension H for hy.

In view of Theorem B, a conjugacy g between Fy and Py exists whenever hy admits
a David extension to the disk. The following theorem proves the existence of David
extensions for circle homeomorphisms which arise as linearizations of critical circle
maps with rotation numbers in £. This theorem, as formulated here in the context
of our trans-quasiconformal surgery, is new. However, we should emphasize that all
the main ingredients of its constructive proof are already present in a manuscript of
Yoccoz [Yo2].

Theorem C. Let f : St — S' be a critical circle map whose rotation number 0 =
la1, as,as,...|] belongs to the arithmetical class E. Then the normalized linearizing
map h : St — S, which satisfies ho f = Rgoh, admits a David extension H : D — D
so that

0H(z)
0H(2)

area{zeD:‘

>1—€}§M€_% for all 0 < e < g.

Here M > 0 is a universal constant, while in general the constant o > 0 depends on
limsup,,_, . (loga,)/v/n and the constant 0 < g9 < 1 depends on f.

Let us point out that Theorem C proves £ C Epg, where Epg is the arithmetical
condition in Question 2. We have reasons to speculate that the above inclusion should
in fact be an equality, but so far we have not been able to prove this.

The idea of constructing rational maps by quasiconformal surgery on Blaschke prod-
ucts has been taken up by several authors. For instance Zakeri, who in [Z1] models
the one-dimensional parameter space of cubic polynomials with a Siegel disk of a given
bounded type rotation number. Also this idea is central to the work of Yampolsky
and Zakeri in [YZ], where they show that any two quadratic Siegel polynomials Py,
and P, with bounded type rotation numbers #; and 6, are mateable provided that
01 # 1 — 05. We believe adaptations of the ideas and techniques developed in the
present paper will give generalizations of those results to rotation numbers in £.

Acknowledgements. The first author would like to thank the Mathematics De-
partment of Cornell University for its hospitality and IMFUA at Roskilde University
for its financial support. The second author is grateful to IMS at Stony Brook for
supporting part of this research during the Spring semester of 1999.
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2. PRELIMINARIES

2.1. Some general notations. We will adopt the following notations throughout
this paper:

o T is the quotient R/Z.

e S! is the unit circle {z € C : |z| = 1}; we often identify T and S! via the
exponential map x — e*™® without explicitly mentioning so.

e |/| is the Euclidean length of an interval I C T or S*.

e For z,y € T or S! which are not antipodal, [z,y] = [y, z] (vesp. |z, y[=]y, z[)
denotes the shorter closed (resp. open) interval with endpoints z, y.

e dist(-,-), diam(-) and area(-) denote the Euclidean distance, Euclidean diam-
eter and Lebesgue measure in C.

e For a hyperbolic Riemann surface X, £x(-) and diamy (-) denote the hyperbolic
arclength and diameter in X.

e In a given statement, by a universal constant we mean one which is indepen-
dent of all the parameters/variables involved. Two positive numbers a,b are
said to be comparable up to a constant C' > 1 if b/C < a < bC. For two
positive sequences {a,} and {b,}, we write a,, < b, if there exists a universal
constant C' > 1 such that a,, < Cb, for all large n. We define a,, = b, in a
similar way. We write a,, < b, if b, < a, < b,, i.e., if there exists a universal
constant C' > 1 such that b,/C < a, < C'b, for all large n. Any such rela-
tion will be called an asymptotically universal bound. Note that for any such
bound, the corresponding inequalities hold for every n if C'is replaced by a
larger constant (which may well depend on our sequences and no longer be
universal).

Another way of expressing an asymptotically universal bound, which we
will often use, is as follows: When a, < b,, we say that a,/b, is bounded
from above by a constant which is asymptotically universal. Similarly, when
a, = b,, we say that a, and b, are comparable up to a constant which is
asymptotically universal.

Finally, let {a, = a,(x)} and {b, = b,(x)} depend on a parameter x
belonging to a set X. Then we say that a, =< b, uniformly in x € X if
there exists a universal constant C' > 1 and an integer N > 1 such that
by(2)/C < ap(r) < Cby(z) for alln > N and all x € X.

2.2. Some arithmetic. Here we collect some basic facts about continued fractions;
see [Kh] or [La] for more details. Let 0 < § < 1 be an irrational number and consider
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the continued fraction expansion

1
0= 1 :[al,(lg,ag,...],
aq + 1
az +
as + e

with a, = a,(0) € N. The n-th convergent of 0 is the irreducible fraction p,/q, =
lai,az,...,a,]. We set pg:=0, qo := 1. It is easy to verify the recursive relations
2.1) S e

n = Qn Qpn-1 + qn—2

for n > 2. The denominators g, grow exponentially fast; in fact it follows easily from
(2.1) that

g > (V2)"  for n>2.
Elementary arithmetic shows that
1

Gnni1’

1
(2.2) — < ‘ el
QH(Qn + Qn—i-l) dn
which implies p,, /g, — 6 exponentially fast.
Various arithmetical conditions on irrational numbers come up in the study of
indifferent fixed points of holomorphic maps. Of particular interest are:

e The class Dy of Diophantine numbers of exponent d > 2. An irrational 6
belongs to D, if there exists some C' > 0 such that |0 — p/q| > Cq~? for all
rationals p/q. It follows immediately from (2.2) that for any d > 2

(2.3) 0 € Dy < sup Qnd—i-_ll < 400 & sup Clndt12 < +00.
e The class D := (J 5, Da of Diophantine numbers. From (2.3) it follows that
10g ¢n
0 € D < sup 08 dni1 < +o00o
n log Gn

e The class Dy of Diophantine numbers of exponent 2. Again by (2.3)

0 € Dy < supa, < +oo.

For this reason, any such 6 is called a number of bounded type.

e The class B of numbers of Brjuno type. By definition,

= log g,
9€B©Z%<+oo

n=1
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We have the proper inclusions
D,CD,CDCB

for any d > 2. Diophantine numbers of any exponent d > 2 have full measure in [0, 1]
while numbers of bounded type form a set of measure zero.

The following theorem due to Khinchin characterizes the asymptotic growth of the
sequence {a,} for random irrational numbers [Kh]:

Theorem 2.1. Let Y N — R be a given positive function.

()[onlw(>

only ﬁmtely many n for which a,(0) > 1 (n).

(11) ]f Zn 1 ¢( )

infinitely many n for which a,(0) > ¥ (n).

< 400, then for almost every irrational 0 < 6 < 1 there are

= +o00, then for almost every irrational O < 6 < 1 there are

Corollary 2.2. Let £ be the set of all irrational numbers 0 < 6 < 1 for which the
sequence {a, = a,(0)} satisfies

(2.4) loga, = O(v/n) asn — oo.

Then & has full measure in [0, 1].

The class £ will be the center of focus in the present paper. It is easily seen to be a
proper subclass of D, for any d > 2.

2.3. Rigid rotations. We now turn to elementary properties of rigid rotations on
the circle. For a comprehensive treatment, we recommend Herman’s monograph
[H1]. Let Ry : x — x + 0 (mod Z) denote the rigid rotation by 6. For z € R, set
|z|| := inf,ez |x — n|. Then, for n > 2,

llgn 0|l < []70]] for all 1 < i < gp.

Thus, considering the orbit of 0 € T under the iteration of Ry, the denominators g,
constitute the moments of closest return. Clearly the same is true for the orbit of
every point. It is not hard to verify that

(2.5) lan0l = (=1)"(gn6 — pn),
so that the closest returns occur alternately on the left and right side of 0.
Consider the decreasing sequence ||q10| > [|g0| > |lgs0]] > --- and define the
scaling ratio
 Jlgatl
" lgna 8l

By (2.1) and (2.5)
1
Sp—1 = Gp41 + —.
Sn
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an qun+1 0 an+1 an+1*CIn an+qn-1 an-l
FIGURE 1. Selected points in the orbit of 0 under the rigid rotation.

In particular, the two sequences {a, 12} and {s,} have the same asymptotic behavior.
For example, it follows that the sequence {s,} is bounded if and only if # is of bounded
type.

There are two basic facts about the structure of the orbits of rotations that we will
use repeatedly:

e Fori € Z, let x; denote the iterate R, *(0) (Caution: We have labeled the orbit
of 0 backwards to simplify the subsequent notations; this corresponds to the
standard notation for the inverse map R,'). Given two consecutive closest
return moments ¢, and ¢,1, the points in the orbit of 0 occur in the order
shown in Fig. 1 (the picture shows the case n is odd; for the case n is even
simply rotate the picture 180° about 0). Note that |[0,z,,]| = [[0,2_4,]| =
|gn0]|. Evidently, the orbit of any other point of T enjoys the same order.

o Let I := [0, 2,,]| be the n-th closest return interval for 0. Then the collection
of intervals

(2.6) " (Ry) == {Ry"(I") Yo<i<gnir—1 U {Ry (I"™) }oci<gn1

defines a partition of the circle modulo the common endpoints. We call 11" (Ry)
the dynamical partition of level n for Ry.

Theorem 2.3 (Poincaré). Let f : T — T be any circle homeomorphism with irra-

tional rotation number p(f) = 0. Then there exists a continuous degree 1 monotone
map h: T — T such that ho f = Rgo h.

Any such map h is called a Poincaré semiconjugacy. It easily follows from this
theorem that the combinatorial structure of the orbits of any circle homeomorphism
with irrational rotation number # is the same as the combinatorial structure of the
orbit of 0 for Ry.

2.4. Critical circle maps. For our purposes, a critical circle map will be a real-
analytic homeomorphism of T with a critical point at 0. It was proved by Yoccoz
[Yol] that for a critical circle map with irrational rotation number, every Poincaré
semiconjugacy is in fact a conjugacy:

Theorem 2.4 (Yoccoz). Let f : T — T be a critical circle map with irrational
rotation number p(f) = 0. Then there exists a homeomorphism h : T — T such that
ho f = Rgoh. This h is uniquely determined once normalized by h(0) = 0.

We will reserve the notation x; for the backward iterate f~(0) of the critical point
0 and I" := [0, x,,] for the n-th closest return interval under f~!. The dynamical
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partition TI"(f) of level n for f will be defined as h™1(ITI"(Ry)), or equivalently, by
(2.6) with Ry replaced by f.

Herman took the next step in studying critical circle maps by showing that the
linearizing map h is quasisymmetric if and only if p(f) is irrational of bounded type.
The proof of this theorem makes essential use of the existence of real a priori bounds

developed by Swiatek and Herman. Here is a version of this result that we will need
in this paper (see [Sw|, [H2], [dFdM], or [P4]).

Theorem 2.5 (Swiatek-Herman). Let f : T — T be a critical circle map with p(f)
irrational. Then

(i) There exists an asymptotically universal bound

[y, £ )] = ly, £~ )]

which holds uniformly in y € T.
(ii) The lengths of any two adjacent intervals in the dynamical partition TI"(f) are
comparable up to a bound which is asymptotically universal. In other words,

1
max{H 1, J ell"(f) are adjacent} = 1.
An important corollary of (ii), which exhibits a sharp contrast with the case of

rigid rotations, is that the scaling ratio

ITL
sn(f) = |]|n+|1|

is bounded from above and below by an asymptotically universal constant regardless
of the map f.

Remark 2.6. The above (i) and (ii) are presumably the most general statements one
can expect when working with the class of all critical circle maps. However, stronger
versions of these bounds can be obtained by restricting to a special class of such maps.
For example, fix a critical circle map fy and consider the one-dimensional family

F={Riofy:0<t<1and p(R;o fy) is irrational }.

Then, within this family the above bounds hold for all n (rather than all large n),
with the constant depending only on fy and not on ¢. In other words, there exists a
constant C' = C(fy) > 1 such that

Ly, fo ()]l

<(C foralln>1, yeT, and f € F,
|y, [~ ()]

<max< = :1,J €ll"(f) are adjacent} <C foralln>1and f e F.
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We will need the following result on the size of the intervals in the dynamical
partitions for a critical circle map; it is a direct consequence of real a priori bounds
(see for example [dFdM], Theorem 3.1):

Lemma 2.7. Let f : T — T be a critical circle map, with p(f) irrational, and let
I1"(f) denote the dynamical partition of level n for f. Then there exist universal
constants 0 < o1 < 09 < 1 such that
ol 2 |I" < max |I| % 03.

I (f)
2.5. David homeomorphisms. Let 2, be domains in C and ¢ : Q@ — Q' be
an orientation-preserving homeomorphism which is absolutely continuous on almost
every horizontal and vertical line (we abbreviate this property by ACL). Then ¢ has
partial derivatives Op and Jy almost everywhere. The complex dilatation of ¢ is
defined by the measurable Beltrami differential

o Oy dz

He = O dz
which satisfies |p,|(2) < 1 at almost every z € Q. The map ¢ is quasiconformal if
and only if ||p,]|e < 1. In this work, however, we are mainly concerned with the case

where this sup norm is equal to 1. We call ¢ a David homeomorphism if there exist
constants M > 0, a > 0, and 0 < g9 < 1 such that

(2.7) area{z € Q: |py|(2) > 1 —el < Me ¢ forall 0<e < e

Such homeomorphisms were first introduced and studied by Guy David in [Da] (where
he called them “p-homeomorphisms”). Alternatively, we can express the above con-
dition in terms of the (real) dilatation

P el e
R e T R R R
which satisfies 1 < K, < 400 almost everywhere. It is easy to check that ¢ is a

David homeomorphism if and only if there exist constants M > 0, a > 0, and Ky > 1
such that

(2.8) area{z € Q: K, (2) > K} < Me ™ forall K > K.

David homeomorphisms can be defined on arbitrary domains on the sphere @; to do
this the Euclidean area must be replaced by the spherical area in either of the above
growth conditions.

Any measurable Beltrami differential which satisfies the growth condition (2.7) will
be called a Dawvid-Beltrami differential.

David homeomorphisms differ from classical quasiconformal maps in some respects.
A significant example is the fact that the inverse of a David homeomorphism is
not necessarily David. However, they enjoy many convenient properties (such as
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compactness) of quasiconformal maps; see [T] for a study of some of these similarities.
The following result is particularly important to us [Dal:

Theorem 2.8. Let ¢ : Q — Q' be a David homeomorphism. Then ¢ and = are
both absolutely continuous; in other words, for a measurable set E C €2,

area(E) = 0 & area(p(£)) = 0.

The main theorem about David homeomorphisms is a marvelous generalization of
the theorem of Morrey-Ahlfors-Bers [AB]. It asserts that the measurable Riemann
mapping theorem holds for the class of David-Beltrami differentials [Da]:

Theorem 2.9 (David). Let Q2 be a domain in C and p be a David-Beltrami differential
on Q. Then u is integrable, i.e., there exists a David homeomorphism ¢ : 0 — €
whose complex dilatation p, coincides with v almost everywhere. Moreover, ¢ 1s
unique up to postcomposition with a conformal map. In other words, if ® : Q — Q" is
another David homeomorphism such that e = p almost everywhere, then ® o =1 :
Q' — Q" is conformal.

2.6. Extentions of linearizing homeomorphisms. Let f be a critical circle map
with p(f) irrational and consider the linearizing map h given by Yoccoz’s Theorem 2.4.
The problem of extending h to a self-homeomorphism of the disk with nice analytic
properties arises in various circumstances in holomorphic dynamics, particularly in
the construction of Siegel disks by means of surgery. When p(f) is of bounded type,
it follows from Theorem 2.5 that h is quasisymmetric. Hence, by the theorem of
Beurling-Ahlfors [BA], it can be extended to a quasiconformal map D — D whose
dilatation only depends on the quasisymmetric norm of & (which in turn only depends
on sup,, a,(#), where 6 = p(f)). This allows a quasiconformal surgery (compare [Do],
[P2], [Z1], or [YZ]).

On the other hand, when p(f) is not of bounded type, again by Theorem 2.5, h
fails to be quasisymmetric and hence it admits no quasiconformal extension. Thus,
one is forced to give up the idea of quasiconformal surgery.

Still, one can ask if in this case h admits a David extension to D. One way to address
this problem is to develop a Beurling-Ahlfors theory for David homeomorphisms of
the disk. For example, it is possible to show that a circle homeomorphism whose local
distortion has controlled growth admits a David extension [Z2]. But, to the best of our
knowledge, the problem of characterizing boundary values of David homeomorphisms
has not yet been solved completely:

Problem. Find necessary and sufficient conditions for a circle homeomorphism to
admit a David extension to the unit disk.

Another approach, less general but very effective in our dynamical framework, is
to attempt to construct David extensions directly for the circle homeomorphisms
which arise as linearizing maps of critical circle maps. This approach turns out to



QUADRATIC POLYNOMIALS WITH A SIEGEL DISK 13

be successful because of the existence of real a priori bounds (Theorem 2.5). In fact,
using Yoccoz’s work in [Yo2], one can prove the following:

Theorem C. Let f : S' — S be a critical circle map whose rotation number 6 =
la1, ag, as, . ..] belongs to the arithmetical class € defined in (2.4). Then the linearizing
map h : S' — S, which satisfies ho f = Rgoh and h(1) = 1, admits a David
extension H : D — D. Moreover, the constant M in definition (2.7) is universal,
while in general o depends on limsup,,_, . (loga,)/\/n and £y depends on f.

The proof of this result is rather lengthy and will be postponed to the appendix.

3. A BLASCHKE MODEL

3.1. Definitions. Given an irrational number 0 < 6 < 1, consider the degree 3
Blaschke product

(3.1) f=fo: 2 2m0) ;2 <2_3>,

1—-32
which has superattracting fixed points at 0 and oo and a double critical point at
z = 1. Here 0 < t(#) < 1 is the unique parameter for which the critical circle
map fls1 : S! — S! has rotation number §. By Theorem 2.4, there exists a unique
homeomorphism & : S* — S* with A(1) = 1 such that ho f|s1 = Rgoh. Let H : D — D
be any homeomorphic extension of h and define

f(2) if [z] > 1

(3-2) F2) = Fon(z) = { (HoRgo H)(2) if 2] <1

It is easy to see that F'is a degree 2 topological branched covering of the sphere which
is holomorphic outside of D and is topologically conjugate to a rigid rotation on D.
By imitating the polynomial case, we define the “filled Julia set” of F' by

K(F) :={z € C: The orbit {F°"(z)},>0is bounded}
and the “Julia set” of F as the topological boundary of K (F):
J(F):=0K(F).

Let A(oco) be the basin of attraction of co for F. Then A(oco) is simply-connected

and
K(F)=C~ A(o0), J(F)=0A(c0).

Let us point out that although the homeomorphism H is by no means canonical,
neither J(F') nor K(F) nor any of the definitions to follow depends on a particular
choice of H. This is simply because the constructions do not involve the values of F
on D. The main purpose of introducing F' for the following constructions is to forget
about the f-preimages of D in ID. A particular choice of H is only used in the final
step of the proof of Theorem A, where we need H to be a David homeomorphism.
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FIGURE 2. Filled Julia set K(F') for 6 = |ay,as,as,...], where a, =
|ev™|. Computation gives t(0) ~ 0.441759143 for this value of 6.

The Blaschke product f was introduced by Douady and Herman [Do], using an
earlier idea of Ghys, and has been used by various authors in order to study rational
maps with Siegel disks; see for example [P2] and [Mc2] for the case of quadratic
polynomials, and [Z1] and [YZ] for variants in the case of cubic polynomials and
quadratic rational maps.

3.2. Drops and limbs. Here we follow the presentations of [P2] and [YZ] with
minor modifications. The reader can consult either of these references for a more
detailed description.

By definition, the unique component of F~}(ID) \ D is called the 0-drop of F and
is denoted by Up. (In Fig. 2, Uy is the prominently visible Jordan domain attached
to the unit disk at z = 1.) For n > 1, any component U of F~"(Up) is a Jordan
domain called an n-drop, with n being the depth of U. The map F°" = f°" : U — U,
is a conformal isomorphism which extends isomorphically to a neighborhood of U,
because U, does not intersect the forward orbit of the critical values. The unique
point F~"(1) N AU is called the root of U and is denoted by z(U). The boundary oU
is a real-analytic Jordan curve except at the root where it has an angle of 7/3. We
simply refer to U as a drop when the depth is not important. For convenience, we
define D to be a (—1)-drop, i.e., a drop of depth —1. Note that these drops do not
depend on the extension H we used to define the map F' in (3.2).

Let U and V be distinct drops of depths m and n, respectively, with m < mn. Then
either UNV =0 orelse UNV = 2(V) and m < n. In the latter case, we call U the
parent of V', and V' a child of U. Every n-drop with n > 0 has a unique parent which
is an m-~drop with —1 < m < n. In particular, the root of this n-drop belongs to the
boundary of its parent.

By definition, D is said to be of generation 0. Any child of D is of generation 1.
In general, a drop is of generation k if and only if its parent is of generation k — 1.
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Given a point w € |J,»q F~"(1), there exists a unique drop U with z(U) = w. In
particular, two distinct children of a parent have distinct roots.

We give a symbolic description of drops by assigning addresses to them. Set Uy :=
D, where ) is the empty index. For n > 0, let z, := F~™(1) N S' and let U, be
the n-drop of generation 1 with root x,. Let ¢ = tyt5-- -1, be any multi-index of
length & > 1, where each ¢; is a non-negative integer. We inductively define the
(t1 + ta+ -+ -+ tg)-drop U,,,,..., of generation k with root

x(ULILQ‘“Lk) = Loy,

as follows. We have already defined these for £k = 1. Suppose that we have defined
Tyyiguy,_, for all multi-indices ¢q29 - - - tx—1 of length & — 1. Then, we define

FYz,..,)NoU, ..., ifiy,=0
Liyigety, —
e F Y20 1y0) N OU gy, i 11 >0

The drop U,,,,..., Will be determined by the condition of having z,,,,..,, as its root.
By the way these drops have been given addresses, we have

F(U ) UL2...Lk if L1 = 0
e U(Llfl)LQ...Lk if 11 >0

Let us fix a drop U,,...,. By definition, the limb L,,..,, is the closure of the union
of this drop and all its descendants, i.e., children, grand children, etc.:

Ly, = JUsoryr -

The integers k and ¢; + - - - + ¢, are called generation and depth of the limb L,, ..., ,
respectively. Any two limbs are either disjoint or nested. Moreover, for any limb
L,..,, we have

LLQ“'Lk if L1 = 0
L(Ll—l)Lz"'Lk if 17 >0

F(Ly ) = {

In particular, every limb eventually maps to Ly and then to the entire filled Julia set

Ly = K(F).

3.3. Main results on J(F'). The Julia set J(F') = J(Fp u) serves as a model for the
Julia set of the quadratic polynomial Py : z — e*™z + 22 when the latter Julia set
is locally-connected. In fact, it follows from the following theorem that F' and Py are

topologically conjugate if and only if Jy is locally-connected:

Theorem 3.1 (Petersen). For every irrational 0 < 0 < 1 the Julia set J(F') is
locally-connected.

See [P2] for the original proof as well as [Ya] for a simplified version of it. The central
theme of the proof is the fact that the Euclidean diameter of a limb L tends to
0 as its depth ¢1 + - - - 4 ¢4 tends to co.

Lk
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Another issue is the Lebesgue measure of these Julia sets:

Theorem 3.2 (Petersen, Lyubich). For every irrational 0 < 6 < 1 the Julia set J(F')
has Lebesque measure zero.

This theorem was first proved in [P2] for § of bounded type. The proof of the general
case, suggested by Lyubich, can be found in [Ya].

4. PuzzLES AND A PRIORI AREA ESTIMATES

4.1. The Dyadic Puzzle. This subsection outlines the construction of puzzle pieces
which give useful dynamical partitions of the filled Julia set K (F') and are essential
in the proof of both Theorem A and Theorem B; see [P2] or [P3] for further details
on puzzle pieces.

Let Ry denote the closure of the fixed external ray landing at the repelling fixed
point f € C~ D of F. Similarly, let Ris2 .= F71(Ry) \ Ry denote the closure of the
external ray landing at the preimage of § (for landing of (pre)periodic rays, see for
example [DH1|, [P1], or [TY]). Let £ be the equipotential {z : G(z) = 1}, where
G : A(co) — R is the Green’s function on the basin of infinity. The set

CN(RoUR1jpUEUDUU U Uy U U U ---UU UUyg U Usgo U - )

has two bounded connected components which are Jordan domains. Let P; be the
closure of the connected component of the above set which intersects the external
rays with angles in ]0,1/2[. Call the closure of the other connected component P; i,
i.e., the one which intersects the external rays with angles in |1/2,1[. We call these
two sets the puzzle pieces of level 1. They form the basis of a dyadic puzzle as follows.
For n > 2, define the puzzle pieces of level n as the set of homeomorphic (univalent in
the interior) preimages F~"~V(P o) and F~™Y(P ;). There are exactly 2" puzzle
pieces of level n. The collection of all puzzle pieces of all levels > 1 is the dyadic
puzzle.

Let P and P’ be two distinct puzzle pieces of levels m and n, respectively, with
m < n. Then either P and P’ are interiorly disjoint or else P* C P and m < n.
Moreover, for any puzzle piece P and any drop U, either PNU = () or else P contains
a neighborhood of U ~\ {x(U)}, where z(U) is the root of U. The boundary of each
puzzle piece P consists of a rectifiable arc in A(oo) and a rectifiable arc in J(F'). The
latter arc starts at an iterated preimage of 3, follows along the boundaries of drops
passing from child to parent until it reaches the boundary of a drop U of minimal
generation. It then follows the boundary of U along a non-trivial arc I. Finally, it
returns along the boundaries of another chain of descendants of U until it reaches a
different iterated preimage of 3. We call I = I(P) C OU the base arc of the puzzle
piece P.

Recall that z; := F7(1) NSS! for all j € Z. A puzzle piece P is called critical
if it contains the critical point zy = 1. The base arc I(P) of a critical puzzle piece
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FiGure 3. Critical puzzle pieces P™ given by Proposition 4.2.

P is an arc [z;,1] C S', where j = ag, + ¢,—1 for some n > 1 and 0 < o < ap41.
The critical puzzle piece P is “below” the critical point 1 if n is even and “above”
it if n is odd. For 0 < k < @, none of the puzzle pieces F~*(P) with base arc
F~(I(P)) C S' are critical. But F'~%(P) contains two puzzle pieces P’ and P”
which are critical with base arcs I(P') = [1,z,,] and I(P") = [x44,,1]. Note that
I(P"YNI(P)={1} while I(P") C I(P). We call P’ the swap (for swapping sides) of
P and write P’ = Swap(P).

4.2. Further definitions.

Definition 4.1. Let R be the closure of the unique external ray landing at the critical
value x_; and let R be the image of R under the reflection z — 1/Z. For an open
interval J C S* \ {z_;}, define the simply-connected domain

(4.1) C;:=(C~(S'"URUR))UJ.
The notations diam;(-) = diamc,(-) and £,(-) = f¢,(-) will be reserved for the hyper-
bolic diameter and the hyperbolic arclength in C;.

Forn > 0,set I" = I} := [z,,,1] and J" = J§ :==]x_q, . 4q,, T—g, [ For0 < j < gny1,
define I} and J} as the iterated preimages (F'|g1) ™/ (I") and (F|g1 )~/ (J"), respectively.
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Observe that I7' C Ji', and that the collection
n n -1 n n*l
{7 U S
induces the dynamical partition I1"(f) as defined in subsection 2.4.

The following is a central result in the proof of local-connectivity of J(F) in [P2].

Proposition 4.2. There exists a sequence of critical puzzle pieces {P"}n>0, with
I(P") = I" and I(Swap(P")) = I""" for all n, such that their hyperbolic perimeter
1s bounded from above and below by an asymptotically universal constant:

€Jn(5P") = 1,
/€J7L+1 (a SWap(Pn)) = 1

Note that P in the above proposition is the puzzle piece Py if 0 < 0 < %, and is the
puzzle piece P if % < 0 < 1 (see subsection 4.1). We should also emphasize that P™
is not a puzzle piece of level n.

Proof. The first bound is the content of Proposition and Definition 3.1, Lemma 3.4
and Lemma 3.6 in [P2]. (There is a slight difference between the definition of C; in
[P2] and the one used here. The above mentioned Lemma 3.4 serves to compensate
for this difference.) The second bound follows from exactly the same arguments. [

Remark 4.3. By an elaborate adaptation of the ideas in [P2], one can show that the
sequence {P"} defined by PY as above and P! := Swap(P") for all n > 0 satisfies
the conditions of Proposition 4.2. But this simplifying choice of the critical puzzle
pieces is not needed here.

Based on the above sequence {P"}, we shall define several new sets, which will be
the basis of the proof of our main theorems. In what follows the integer n > 0 will
be fixed.

(1) Define A := P" and P!  :=Swap(P"). For 0 <j < (g1, let P/' be the
unique puzzle piece with base arc [3' which maps isomorphically to P" by
Fand for g1 < J < gnt1+ qn, let P} be the unique puzzle piece with

which maps isomorphically to P by F~n+1,

n+1
base arc I jiap -

+1

(2) For 0 < j < gns1 + qn, we define the reflected puzzle piece ﬁjn C D as the
image of PP under z +— 1/z. Abusing the language, these reflected puzzle
pieces and their iterated F-preimages outside D shall also be called “puzzle
pieces”. To emphasize this distinction, the original elements of the dyadic
puzzle will sometimes be referred to as the exterior puzzle pieces.

(3) Let Q7 C Uy be the unique puzzle piece which satisfies F(Qp) = f(ﬁq’iﬂ) =
pn

roi1—1- For 0 < j < gny1 + ¢y, define @} to be the unique puzzle piece in
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FIGURE 4. Some other puzzle pieces.

U, which maps isomorphically to Q7 by F*. Similarly, for 0 < j < gni1 + qn,
define Q7 C I to be the image of Q7 under the reflection z — 1/% (see Fig. 4).

(4) For 0 < j < gny1 + qn, J # G — 1, let Bl be the unique puzzle piece whose

base arc is on Uy and satisfies F/(Fy;) = P;'. Similarly, we define 13&]- c Uy
as the reflection of Fg'; in dUy, i.e., the unique puzzle piece with the same

base arc as Fj'; which satisfies F(Ig&) = ﬁjn

(5) For 0 < j < Gny1 + Gn, let Qp; and @g,j denote the unique puzzle pieces
containing o ; which map by F' to @} and @;‘, respectively.
(6) We define the closed annuli

(Zn+1+Qn_1
= (rue)
=0
dn+1+qn—1
no..__
= U (o)
=0
A" = A" U A
It is easy to check that A™ is a closed topological annulus which contains the
unit circle in its interior.
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FIGURE 5. Schematic picture of the annulus A™ and the “rectangle” Af.

(7) Similarly, we define the closed “rectangles”

QTL+1+Qn_1 (In+l+(In_1

n .__ n n
AO T U PO,j U U QO,j
J=0,j#qn+1—1 j=0

Gn+1+gn—1 Gn+1+gn—1
n .__ mn n
A= U Ryv U @
J=0,j#qn+1-1 Jj=0
n._ An n
Al = Aj U Af

It is easy to check that Af is a closed topological disk which does not contain
the critical point zy = 1. Moreover, A" U A{} contains an open neighborhood
of the union S' U Uy (see Fig. 5).

(8) Finally, pull these annuli and rectangles back to define the sets

k 0o
Zrn=Ar Zp=Aru | FARUQp)  2r=Aru | FAR U,
m=0

m=0
k 00
yr=AT o V=AU FT(AD) Y= AU F(AD).
m=0 m=0

Observe that Z! and 2" = limj_,, Z}' are subsets of the filled Julia set K (F).
Moreover, we have the inclusions

ZrcE YW By
Zn+2 C Zn yn+2c yn Zn C yn
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In what follows we use the generic symbol P for any of the puzzle pieces P or
@ defined in the items (1)-(5) above, as well as their iterated preimages under F.
Similarly, the generic symbol P will be used for any of the puzzle pieces P or Q
defined in (1)-(5) and their preimages. Note that puzzle pieces always come in pairs
(P, 16) which are the reflections of one another through the boundary of some drop
U, with PNU =0, and P C U.

By an abuse of language, we say that a puzzle piece P belongs to one of the sets
defined in items (6)-(8) above if P appears as a puzzle piece in one of the unions used
in the definition of that set. We use the notation < to express this relation. As an
example, P’ belongs to A" and we write P}’ < A”. Note that the relation < implies
the set-theoretic C, but not vice verse. For instance, 13(?” C Z" but 135”2 <4 Z™ does
not hold.

4.3. Supporting lemmas. This subsection will prove several a priori estimates on
the geometry of the puzzle pieces and the sets we defined above. Let us start with
the following

Lemma 4.4. We have the following asymptotically universal bounds:
diam s (F}') = diamn (1861) =1
diam w1 (P ) = diamyee (P* ) =< 1

dn+1 dn+1

Proof. The first two are immediate from Proposition 4.2. To prove the third bound,
observe that diam(F} ) = diam(Qg) and hence by the second bound we have the
(Euclidean) asymptotically universal bound

|J7] = [J"H] < diam (P! ) = diam(Q).

Since Q) is a subset of Uy which makes a definite angle with the unit circle at z = 1,
the third bound follows. O

Lemma 4.5. We have the following asymptotically universal bound:
area(P}) < |[I™|.

Proof. By Lemma 4.4, diamj.(FP§) =< 1 which implies diam(P}') =< |J"|. Hence
area(Py) < |I™|?, since [I"| =< |J"| by real a priori bounds.

To obtain the lower estimate, take an almost equilateral triangle T, C U, with a
vertex at z = 1 whose sidelength is comparable to |J"2|, so that we have area(Ty) =
|J" 2|2 < |1"2| and diam jn+2(Tp) < 1. The univalent branch of f~9+2 which maps
J"2 60 |2 _ g, s1+2gns0, 1] maps the interval I"*2 to (294, ,,, T4, .,] and T to some “tri-
angle” T,1o C U, , with a distortion which is asymptotically universal (compare
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Theorem 4.7). It follows from real a priori bounds that

_area(Ty)  area(Th,42) _ area(T,42) _ area(T;,12)

—~

(22 ([eag 00 @] [IPH2 "2
But U,,., C Py, so
area(Py) > area(U,,,,) > area(T,12) < |[I"|*.

Lemma 4.6. We have the following asymptotically universal bounds:
area( P! ~ A™?) < area(P) ~ A™?) < area(P)' U Pl

area(P; N A"?) = aurea(ﬁq’l+1 AT < area(Py U }A);;H)

arca(Ql ~ A"?) < area(Qp ~ A"*?) < area(Q? U QL)
Proof. We prove the first bound, the other two being similar. Clearly,
area( P! ~ A™?) < area(P' . A"?) < area(P] U P},

so we should only prove the reverse bound. It follows from the combinatorics of the
closest returns that the puzzle piece P';% is contained in P! . A" (see Fig. 4).
Observe that by real a priori bounds and Lemma 4.5,

~

2
|In|2 = |[xQn+2+Qn+qn71 ) an+qnf1] |

2
= |[$0,Qn+2+Qn+Qn—1*17 mOan+q”—1*1} ‘

= area(Py% ).

Hence by another application of Lemma 4.5,

area( Py U ﬁon) = |1 = avea(Pyp%, ).

Since

area(Py ~\ A"*?) > area(Py %, ),

we obtain the reverse bound
area( P! ~ A™?) = area(P) U P).
O

Our next task is to estimate the area of the sets Z™ and V" defined above. This will
require some distortion tools from the theory of univalent maps. Let us first recall
the following version of the classical Kéebe distortion theorem [Po]:

Theorem 4.7. Let ¢ : U — C be a univalent map on a simply-connected domain
UCC andlet K CU be compact with hyperbolic diameter d. Then

X(¢, K) := sup { 3((3

:z,wEK} < et
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Using Lemma 4.4, we immediately obtain

Corollary 4.8. Let g be any univalent branch of f=% defined on the simply-connected
domain Cjn. Then, we have the asymptotically universal distortion bounds

x(g, Fp UFR) =< x(g, Pr " U P ) < x(9,Qp UQp) < 1
uniformly in g.

We use the above corollary to prove two distortion lemmas which will be essential
in the proof of Theorem 4.13. The first lemma deals with the pull-backs of the critical
puzzle pieces to A" and Ajj only:

Lemma 4.9. Every pair (P, P) < A" or A2 is a bounded distortion pull-back of the
corresponding pair of critical puzzle pieces in A™. More precisely, let g be the univalent
branch of f~7 which maps the pair of critical puzzle pieces (P’,ﬁ') a A" to (P, ]3),
where (P', P') = (P}, ]351) or (P™  P" ) or (QrUQ"). Then

qn+1’ " qn+1
x(g,PUP) =1
uniformly in g.

Proof. Let us first assume (P, 15) 4 A", Tt suffices to consider the case (P, P) =
(P}, 13]”) for some 0 < j < @,11, because the other two cases are similar. The critical
values of [ are located at 0,00,x_y,...,7_j, none of which belongs to C;n since
J < @ny1. Hence the univalent branch g = f~7 which maps P} U ﬁgl to P U ﬁj"

extends univalently to the simply-connected domain Cr, and the claim follows from
Corollary 4.8.

Now let us assume (P, P) < Ap. Then either (P, P) = (P,

ﬁ(fj) for some 0 < j <
Gn+1 — 1, or for some gny1 — 1 < j < guy1 + Gn, Or else (P, P) = (Qf ;, Qp ;) for some
0 <J < @ns1+ qn. Again, let us consider only the first case, the others being similar.
In this case, the branch g = f~7~! which maps P} U P} to Fg'; U Fy'; has a univalent
extension to Cj» since by j + 1 < gu41 the latter set does not contain any critical

value of f°/*1. Hence, again, the claim follows from Corollary 4.8. O

The second distortion lemma, considers further pull-backs of puzzle pieces. First,
it will be convenient to include the following

Definition 4.10. For an integer £ > 0 and a k-drop U, consider the branch of
f~% = F~% mapping U, isomorphically to U. It is easy to see that this branch has
a univalent extension to the simply-connected domain C \. (D U R), where R is the
closure of the external ray landing at the critical value x_;. We denote this univalent
extension by gy. Furthermore, we define

Gr :={gv : U is a drop of depth k},
and we set G := J,;—, Gr. Note that Gy = {id}.
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Lemma 4.11. For every pair of puzzle pieces (P, ]3) QAG, we have the asymptotically
unwwversal distortion bound

(g, PUP) =<1
which holds uniformly in (P, P) and g € G.

Proof. Note that every g € G is defined on A? since the domain C~\ (DUR) certainly
contains A{. Fix a pair (P, ﬁ) AAf. By the proof of Lemma 4.9, the univalent branch
g1 of =971 which maps the pair of critical puzzle pieces (P, ﬁ’) 4 A" to (P, }Aj) has a
univalent extension to Cjn or C Jp+ (depending on which of the three possible types
(P, P ) is). Let us assume we are in the first case, the other two cases being similar.
If Q@ := g1(Cyp), it follows that the hyperbolic diameter diamq(P U P) is equal to
diam j» (P'U P') which is = 1 by Lemma 4.4. It is easy to see that Q ¢ C~ (DUR),
so that g is univalent on €. Since diamg(P U P) < 1, it follows from Theorem 4.7
that x(g, P U ﬁ) = 1 as claimed. O

Lemma 4.12.
(i) Let k > 0, U be a k-drop, P' be an exterior puzzle piece, and n > 0. If
UNP #0, then U C P and gy(A}) C P'.
(ii) Let k > 0 and U be a k-drop. Then either gy(Af) C Vi, or else we have
gu(Ap) N Vi = 0.
(iii) For every k > 0 we have the equality

Vi =YV U U{PU P ﬁqgk(ﬁg) and ]3037,?_1 =0}

(iv) For every P < gk(ﬁg) with PN Vi, =0, we have P~ Vit = P~ zZte,

Proof. (i) As it was remarked in subsection 4.1, U N P’ # () implies U C P’ so that
P C P' for every P4 gU(//l\g). If P<gy(Ap), then the interior of P intersects the
interior of P’ since P’ contains a neighborhood of U \ {z(U)}. It follows from the
nested property of puzzle-pieces that P C P’.

(ii) For £ = 0 the claim is clear since 26‘ NY", =0. Assume k£ > 1 and consider
a k-drop U. If gU(ﬁQ) NYy , # 0, then for some external puzzle piece P’ <)} | we
must have U N P" # (). Tt follows from (i) that U C P’ and gy (Aj) C P’. This proves
gu(AG) € Vs

(iii) It follows from the definition that Y}’ = YV} ; UGk(Ay). Hence the inclusion D
is trivial. For the reverse inclusion, suppose that z € V' \ Vi ;. Then z € Gi(Ap),
which means z € PUP, where P<gy (A?) for some k-drop U. Since z € gy (AN,
by (i) we must have gy (A7) N VP, = 0, so that PN Yy, = 0.
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(iv) As PN Vi, = 0 implies PN y;;_*f = (), we have
PNV = P Gu(AlT?) = PN G(AP2 U Qit?) = P~ 2172,
where the last equality holds since PN Z,:‘ff = 0. O

The following is one of the main technical results of this paper. It is this estimate
which allows us to show that the pull-back of a David-Beltrami differential on ID to
the union of all drops is a David-Beltrami differential on C (compare Theorem B).

Theorem 4.13. We have the following asymptotically universal bound:
(4.2) area(Y" \ V"% < area(J").

As a result, there exists a universal constant 0 < § < 1 such that

(4.3) area(Z") < area()Y") < d".

Proof. Combining Lemma 4.6 with Lemma 4.9, we obtain a universal constant 0 < \' < 1
and an integer N’ > 1 such that for every n > N’,

area(P ~ A""2) > N area(PU P) for all P a A"

(4.4) . N .
area(P ~ AJ™?) > N area(PU P) for all P< A2

This, together with Lemma 4.11, shows that there exist a universal constant A and
an integer N, with 0 < A < X < 1 and N > N’, such that for every n > N, k > 0,
and P« gk(Ag),

(4.5) arca(P ~ Z"*?) > \arca(P U P).
We shall prove by induction on £ > —1 that for every n > N,
(4.6) area(Z)" \ Vpt?) > Narea ().

For the induction basis, note that the puzzle pieces which belong to A" have disjoint
interiors. Thus, summing up the first estimate in (4.4) over all P < A", we obtain

area(Z2", N Y"?) = area(Z", \ 2"1?) > X area(A") > Narea(Y",).

For the induction step, assume (4.6) holds for some £k — 1 > —1. Writing Z}! =
Z  UGL(AFUQE), we have the following estimates in which the sums are taken over
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all puzzle pieces P < Gp(An) which do not intersect Y_:

area(Z) \ Ypt?) > area( 2], N VPP + Z arca(P ypt?)

P
(by Lemma 4.12(iv)) = area(Z} | \ Y1) + Z area(ﬁ N Z?)
P
(by (4.5) and (4.6)) > Narea(Y; ;) + Z Aarea(P U P)

P
(by Lemma 4.12(iii)) > Aarea()y).

This completes the induction step. It now follows from (4.6) that for every £ > —1
and n > N,

area(Y" N YpPt?) > area(Yp N Ypt?) > area(Z7 N ViT?) > Narea())).

Taking the limit as & — oo yields area(Y" \ Y"*2) > \area(Y™), which is equivalent
to (4.2).
The proof of (4.3) is now immediate. Let 0 < :=1— X < 1 and let N be as
above. Then by induction we obtain
area(Y") < ne area(Y"h) < nn_g_l area{z : G(z) < 1},
where G : A(co) — R is the Green’s function on the basin of infinity. Since this last
area is bounded by a universal constant C' > 0, we obtain

area(Y") < Cns
for all n > 3N + 3, which proves (4.3) with ¢ := 3. O

5. PROOFS OF THEOREMS A AND B

In this section we prove Theorems A and B cited in the introduction. As indi-
cated there, Theorem B implies that a David-Beltrami differential supported on D
extends to an F-invariant David-Beltrami differential on C by pull-back. Note that
the statement of this theorem is completely independent of the arithmetic of the ro-
tation number 6. Thus, with Theorem B in hand, it follows that Theorem A is true
for any arithmetical condition on # for which the more elementary Theorem C holds
(compare Questions 2 and 3 in the introduction and the discussion there).

5.1. Concentrating Lebesgue measure. Consider the Blaschke product f = fy
of (3.1) and the modified map F = Fp y of (3.2) for any irrational 0 < # < 1 and
any homeomorphism H. We will associate to f a measure v = 1y depending only on
6, supported on the closed unit disk and with total mass equal to area(K (F)). This
measure is obtained by summing up the push forward of Lebesgue measure on each
drop U by the minimal iterate of f mapping U to ID. More explicitly, let go : D — U
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denote the univalent branch of f~! = F~! and let G be as in Definition 4.10. Then,
for any measurable set £ C D,

(5.1) v(E) := area(E) + Z area(g o go(E)).
9€g

Evidently v is absolutely continuous with respect to Lebesgue measure on D so that
v(E) — 0 as area(F) — 0. Remarkably, it is possible to control the rate of this
convergence by the following power law:

Theorem B. The measure v = vy is dominated by a universal power of Lebesque
measure. In other words, there exists a universal constant 0 < § < 1 and a constant
C > 0 (depending on 6) such that

v(E) < C (area(E))”
for every measurable set E C .

Following the notations of section 4, we consider the sequence of puzzle pieces

{P . —1tn>1 in D containing the critical value z_; (compare Fig. 6). For simplicity,

we set A" := ﬁqﬁb L1—1, and thus we obtain the nest of puzzle pieces
A'DA*D - DA"D - D{x 4}

Note that diam(A") = [}, ;| by Lemma 4.4 and Lemma 4.9. In particular,
diam(A") — 0 as n — oo, and hence

(A" ={z1}.

n>1
Define
DY =D~ Al and D" = A"~ AT for n > 1.
Using the a priori area estimates we developed in the previous section, it is quite easy
to prove Theorem B in the special case where £ = D" for large n:
Lemma 5.1. There exists a universal constant 0 < 31 < 1 such that the following
asymptotically universal bound holds:
v(D") < (area(D™))".
Proof. Since
D"y U gogo(D")C 2"

geg
for all n > 1, it follows from (5.1) and Theorem 4.13 that
(5.2) v(D") < area(2") < area(Y") < 6"

We claim that
area(D") =< area(A").
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I n
qn+1';‘;

Nl e
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FIGURE 6. Puzzle pieces A™ and A"™! near the critical value x_;.
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n+1
an+1— [

In fact, s

orem 2.5

, and , are interiorly disjoint subintervals of I} and by The-

qn4+1—17
+2 - +1 -
|I;Ln+1*1| - |I;’In+271| - ‘I;Lnjtl*ll'

2 C D" (compare Fig. 6). By Lemma 4.5 and

It follows in particular that ]3q"+
n+1

Lemma 4.9,

area(A"™) > area(D") > area(ﬁgﬁ_l) <12 P = |17 P < area(A"),

which proves our claim. It follows that
(5.3) area(D") < area(A") < |I;n+1_1|2 = ol

where 0 < 07 < 1 is the universal constant given by Lemma 2.7. Now by (5.2) and
(5.3), any positive constant 3; < (logd)/(6logoy) will satisfy the condition of the
lemma. O

Lemma 5.2. We have the following asymptotically universal bound:
dist(z_1,0P) N S') < |I}

qn+1—1"

Proof. The upper bound dist(z_1, 0P, ~S') < |[1! .| follows immediately from
Proposition 4.2 combined with Lemma 4.9. For the lower bound, we use some more
refined estimates from [P2]. Throughout this and only this proof, we change the
definition of C; in (4.1) to C; := (C* . S') U J. Define the arcs J" :=]x_,, ., T_q, |
and JY :=]T_q, . 4q.> T—gu, | SO that J§ = J" U J? U{z_,,,, }. The boundary of the
exterior puzzle piece P" = FjJ' can be partitioned into 5 distinguished subarcs

OP"=1"UO"UB"UR"UG",
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where I" = [(P") = P"NS', O" = P"NU,, B" = P"NU,,, and R"UG" C C\ D is
the remaining subarc. By Lemma 3.3 of [P2], the following asymptotically universal

bounds hold:
E(C \E(Rn U Gn) = 1, f]ﬁ (On) = 1, gJﬁ(Bn) = 1.

(The last bound has the form £;»(B") < 1 in [P2], but the same argument gives
the above bound.) The proper holomorphic map fe+1~1: f‘q"““((cjg) — Cyn is
a covering, hence a local isometry by the Schwarz lemma. Let g denote the branch
of f~a+1+1 which maps z_,,,, to z_1, J§ diffeomorphically to Jo -1 and P iso-
morphically to P7 ;. Then, since frmat(C ) & C V. for any open interval
J C J§ the map g is contracting for the hyperbolic metric of C; on the domain and
the hyperbolic metric of Cy;) on the range. Similarly, g contracts the hyperbolic

metric on C ~.ID. This yields the following asymptotically universal bounds:
le p(9(R"UG")) < lc p(RTUG") <1,
lymy(9(O™)) < £m(O") =< 1,
Co(rm)(9(B")) < Ly (B") < 1.
The lower bound dist(z_1, 0P ., \S") = [[I' .| ;| now follows since 9Py | \S' =
g(O"uUB"UR"UG"). O

Corollary 5.3. Let T := {rxz_y : r > 1} be the radial line segment going from the
critical value out to infinity. Then we have the following asymptotically universal
bound:

diamcp(D") < 1.

Proof. This easily follows from the above Lemma 5.2 since D™ = A"\ A" [ | <
|71 ], and the hyperbolic metric of C \. T' at z is comparable to 1/dist(z, 7). O

An+2—

Since each g o gy for ¢ € G has a univalent extension to C \. T, we obtain the
following result by applying Theorem 4.7 and Corollary 5.3:

Corollary 5.4. We have the asymptotically universal distortion bound
X(g©g0, D) =<1,
which holds uniformly in g € G.

Proof of Theorem B. Choose positive constants C7,Cy and C3 (all depending on 0),
such that for all n > 0 and all g € G,

v(D")
X(g © g0, D")
area(D")

(avea(D™)™,

ININ TN

Cy
(s,
C30".
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The existence of these constants is assured by Lemma 5.1, Corollary 5.4 and the
estimate (5.2), respectively. Fix a measurable set £ C D and decompose it into the
disjoint union

E=E'UE'UE*U
where £ := D" N E for n > 0. Then,

v(E") = area(E™)+ Z area(g o go(E™))

9eg
, area(E™) .
< G 2 rea( D7) (area (D™) +gz€;area g o go(D"™ )))
_ parea(E”)
= G area(D”) v(D")
_ e YD) arca(E™)\ ' g
- ¢ (gﬂ‘qfea(D”))ﬁ1 (area(D")> ( (E™)™,

which gives

(5.4) v(E™) < C) C2 (area(E™))™  for all n > 0.

Choose any 0 < # < (3 and let 5 := [ — 8. Then, it follows from (5.4) and Hélder’s
inequality that

v(E) < C1C3 i(area(E"))ﬁ+ﬁ2

n=0

o] 1-6 o)
C,C5 (Z(area(E”))ﬁ—Qﬁ> (Z area(E"))

n=0

B

IN

IN

00 1-p
C, C2CP <Z 5%> (area(E))".

n=0

This completes the proof of Theorem B. O

5.2. Main Theorem. Now we are ready to prove the main result of this work:

Theorem A. Let £ denote the set of irrational numbers 0 = [ay,as,as,...| which
satisfy the arithmetical condition

loga, = O(v/n) asn — oo.

If 6 € &, then the Julia set of the quadratic polynomial Py : z — e*™%z + 22 is locally-
connected and has Lebesque measure zero. In particular, the Siegel disk Ay of Py is a
Jordan domain whose boundary contains the finite critical point of Py.
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Recall that € has full measure in [0, 1] by Corollary 2.2.

Proof. Fix an irrational § € £ and consider the Blaschke product fy in (3.1). By
Theorem C (see the end of _subsection 2.6 as well as the appendix), there exists a
David homeomorphism H : D — D, with H o fg0o H™! = Ry on S!, such that

area{z €D : |ug|(z) >1—e} < Me ¢ forall 0<e < e

Here M > 0 is universal, & > 0 depends on limsup,,_, . (loga,)/v/n, and 0 < g < 1
depends on 0. Let F' = Fp i denote the Blaschke map modified by H as in (3.2). We
define an F-invariant measurable Beltrami differential u on C as follows: First, on
the unit disk D, let
_ 0H dz

F= 0= 50 4z
be the pull-back of the standard (=zero) Beltrami differential by H. Then, pull u|p
back to the union of all drops by the univalent branches g o go for ¢ € G. Finally, on
the rest of the plane, define i to be the standard Beltrami differential. By the very
construction, F*(u) = p. Also, the iterated branches g o go of F~! used to spread pu
around are all conformal, so they do not change |u|. It follows that

area{z € C: |u|(z) > 1 —c}=v{zeD:|u[(z) > 1—¢},

where v is the measure we defined in (5.1). By Theorem B, there is a universal con-
stant 0 < 3 < 1 and a constant C' > 0 depending on 6 such that v(E) < C (area(E))?
for all £ C ID. It follows that for all 0 < & < &g,

area{z € C: |p(z) > 1 —e} < C (areaf{z € D : |u|(z) > 1 —e})’ <O MPe .

One can actually get rid of the constants in front of the exponential by making ¢
smaller. In fact, choose any w such that 0 < w < a8 and define

—mind o AP —w
g1 = 80, log(CMﬂ) .

Then a brief computation shows that if 0 < & < &4,
area{z € C: |pu|(z) > 1 —¢} <e =.

This shows that p is a David-Beltrami differential, thus integrable by Theorem 2.9.
Let ¢ : C — C be the solution to the Beltrami equation p, = g, normalized by
©(H7X0)) = 0, p(1) = —e?™/2. Then the conjugate map P := ¢ o F o ¢! is
a topological degree 2 branched covering of the sphere which preserves the standard
Beltrami differential of C, hence is holomorphic. It easily follows that P is a quadratic
polynomial with a Siegel disk A = ¢(D) of rotation number §. By the way we
normalized ¢, we must have P = F,. Local-connectivity of Jy; now follows from
Theorem 3.1 and the fact that ¢ is a homeomorphism. That area(Jy) = 0 follows
from Theorem 3.2 and Theorem 2.8. U



32 C. L. PETERSEN AND S. ZAKERI

We would like to draw the reader’s attention to the following corollary which is
implicit in the above proof. It describes how the conjugating map in the above
construction depends on various parameters; this point may be of interest in the
possible future investigations, when one considers a family of such David conjugacies
as # varies in &:

Corollary 5.5. Let 0 € € and let ¢ be the conjugating homeomorphism between Fy
and Py given by Theorem A. Then ¢ is a David homeomorphism on C so that its
dilatation satisfies an exponential condition of the form (2.7). Moreover, the constant
M in (2.7) can be chosen to be 1, but in general o depends on limsup,,_.(loga,)//n
and ¢ depends on 6.

By [P5], the boundary of the Siegel disk of Py is a quasicircle containing the critical
point if and only if 8 belongs to the class Dy of bounded type irrational numbers.

Corollary 5.6. Let 6 belong to the full measure set £ ~ Dy. Then the boundary
of the Siegel disk of the quadratic polynomial Py is a Jordan curve of measure zero
containing the critical point, but it 1s not a quasicircle.

As a final remark, let us briefly sketch how to generalize Theorem A to the case of
Siegel disks of higher periods (we assume familiarity with the theory of polynomial-
like maps). Let P : z — z? + ¢ be a quadratic polynomial with a Siegel disk A of
period n > 1 and rotation number § € £. It follows from a separation lemma of
Kiwi [Ki] that P is renormalizable, i.e., there exists open topological disks U and V/,
with A ¢ U c U C V, such that P°"|y : U — V is a degree 2 proper holomorphic
map (compare [Z1], Theorem 4.2). According to Douady and Hubbard [DH2|, P°"|;
is hybrid equivalent to the quadratic polynomial Py. In particular, the “little Julia
set” J:=0{z € U: P"*(2) € U for all k > 1} is quasiconformally homeomorphic to
the Julia set Jy. It follows from Theorem A that J is locally-connected and has
measure zero. From this, it is not hard to draw the same conclusions for the “big
Julia set” J(P). The fact that local-connectivity of J implies that of J(P) is standard
in renormalization theory (see for example [P3]). That J(P) has measure zero follows
from the general principle (see [Ly| or [Mc1]) that the orbit of almost every z € J(P)
converges to the postcritical set of P, which is the union A U --- U P°""!(A) in
this case. Thus, up to a set of measure zero, J(P) = Uy, P7*(J), which shows
area(J(P)) = 0. -

6. APPENDIX: A PROOF OF THEOREM C

In this appendix we present a proof of Theorem C, which is substantially based
on Yoccoz’s work in the unpublished manuscript [Yo2]. The idea of the proof is
to construct two combinatorially equivalent dynamically-defined cell decompositions
for the upper half-plane using the critical circle map and the corresponding rigid
rotation. The cells in these decompositions have bounded geometry and are labeled
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by an integer, called their level. The closer the cell is chosen to the boundary of
H, the higher its level and the smaller its Euclidean diameter will be. The required
extension quasiconformally maps each cell of level n of the first decomposition to a
unique cell of level n of the second decomposition, with the dilatation depending only
on the (n+1)-st term a,1 of the continued fraction expansion of the rotation number
f. The cell decompositions of bounded geometry, a fundamental inequality of Yoccoz
(Theorem 6.6 below), and a construction of Strebel (Lemma 6.10 below) are the main
ingredients of the proof.

6.1. Two cell decompositions for the upper half-plane. As in subsection 2.4,
let f: T — T be a critical circle map with a critical point at 0 and irrational rotation
number 0 = [ay, as, as, . . .] with convergents p,,/q¢,. We set z,, := f~"(0) for all n € Z.

Consider the dynamical partition II"(f) as defined in subsection 2.4. It is easy
to see that the collection of endpoints of the intervals in II™(f) is precisely the set
{z; : 0 < j < @guy1 + gn}. By Theorem 2.5, these points chop the circle up into
comparable adjacent pieces. Unfortunately, this is not true for the corresponding
partition for the rigid rotation Ry unless € is of bounded type. To circumvent this
problem in our forthcoming arguments, we choose a slightly different partition as
follows.

For every integer n > 0, consider the collection of points

Q, ={z;:0<j < q,}
on T, so that Qy = {0}. It is not hard to see that

T~ Qn - U ]xj—‘rqnfmmj[ U U ]xj’xj"t‘Qn_anl[

0<j<gn—qn-1 0<j<gn—1

Thus z; and xy, with j < k, are adjacent in Q,, if and only if either £ = j 4 ¢,,—1 and
0<7i<@p—qn1,0rk=74+q,— qn1 and 0 < 75 < q,_1. It follows that in the first
case

(61) [$k7 xj] N Qn+1 = {xkv Lhtgns Thk42qns -+ + » Tht(ant1—1)gn — Ljtqn+1—qn>s xj}7

and in the second case

(6'2) ['Tjﬂ xk] N Qnt1 = {33]', Ljtaqnr Lj+2qns -+ s Litansign — $k+Qn+1_Qn7xk}'

As a result, we see that z; and zj, with j < k, are adjacent in both Q,, and Q,; if
and only ifa,.1 =1, k=7+¢,—1,and 0 < j < gy — @n_1-

Using the canonical projection R — T = R/Z, we lift the set Q,, to the translation-
invariant set Q,, := Q,, + Z in R. By the above construction, for n > 1, the closure
of each interval in T \. Q,, is either an interval or the union of two adjacent intervals
in II"(f). Hence, by lifting to R, Theorem 2.5(ii) implies the following:
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Lemma 6.1. Any two adjacent intervals in R ~ @n have lengths comparable up to a
bound which is asymptotically universal. In other words,

I ~
maX{H : I, J are adjacent in R \ Qn} = 1.
Forn >0 and z € érm let

M, (z) := %(mr — ),

where z, and x; are the points in én immediately to the right and left of z. Evidently,
M, (x) > M,1(z) unless z, and x, are adjacent to = in Q, 1 also, in which case
M, (z) = M,,41(x). Observe that My(z) =1 for all z € Qy = Z. Define

() =z 4+iMy(z) n>0, z€Q,

Using the sequence {z,}, we shall define an imbedded graph I" in the upper half-plane
H as follows: The vertices of I" are the points {z,(z) : n >0 and z € Q,}. Note that
zn(2) = zpa1(x) if and only if M, (z) = M,41(x), in which case the corresponding
vertex of I' is doubly labeled. The edges of I' are the vertical segments

{[zn(2), 2n1(x)] : >0 and x € Q, with M, () # M1 (x)}
as well as the non-vertical segments
{[zn(2), 2a(y)] : > 0 and z,y are adjacent in Q,}.

By a cell of I' we mean the closure of any bounded connected component of H \ T'.
Any cell v of I is uniquely determined by a pair of adjacent points x < y in Q,, with
the property that either M,,(x) # M,41(x) or M,(y) # M,+1(y). The integer n > 0
will be called the level of ~y, or we say that v is an n-cell. The top of the n-cell v is
formed by the non-vertical edge [z,(z), z,(y)] while its bottom is formed by the union
of non-vertical edges

[2n41(t0), Znr1(t1)] U [2n1(t1), a1 (B2)] U o U {201 (Bke1)s 2o (8]

where the points x =ty < t; < ... < t;, = y form the intersection [z, y] N én—l—l- The
sides of ~ are formed by the vertical edge [z, (), z,11(x)] (which collapses to a single
point if M, (z) = M, 11(z)) as well as [2,(y), z,1+1(y)] (which similarly collapses to a
single point if M, (y) = M,.1(y)). If K =1 so that =,y are also adjacent in Q, 1,
then + is either a triangle or a trapezoid. Otherwise k£ > 2 and by (6.1) or (6.2), ~ is
a (k + 3)-gon, where k is either a,1 or a,; + 1.
Note that for m > n, any m-cell v is contained in the horizontal strip
{z€eH:0<Im(z) < max M,(z)}.

CCEQn

Hence, Lemma 2.7 implies the following
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Crrr ] Trr] Trr ] | ] T 1T [

Xtn.1- O X3y, Xotln.y Xy 0 Xq, XGyr Oy Xap.,

FIGURE 7. The imbedded graph I'" for the rigid rotation with selected
cells and points in Q. In this picture a,, = 3 and a,; = 4. The labels
on cells denote their level.

Lemma 6.2. Fiz any integer n > 0. Then the union of all the m-cells of T for all
m > n is contained in a horizontal strip {z € H : 0 < Im(z) < ¢} whose height
satisfies an asymptotically universal bound ¢ < of, where 0 < oy < 1 is the universal
constant given by Lemma 2.7.

The next lemma is a straightforward consequence of the construction of I' and
Lemma 6.1:

Lemma 6.3. The cells of I" have “bounded geometry” in the following sense: There is
a constant C' > 1 such that the top, bottom, and sides of any n-cell v of I have lengths
comparable up to C'. Moreover, the slopes of non-vertical edges of v are bounded by
C. The constant C' is asymptotically universal.

In a completely similar fashion, we can construct the above objects for the rigid
rotation Ry, for which we choose similar but “primed” notations. Thus, we have the
backward iterate x; of the point 0, the sets Q! and Qv;, the functions M) (-) and 2, (),
and the imbedded graph I with a typical cell 4" (compare Fig. 7). Note that in this
case any two (adjacent or not) intervals I and J of R~ Q/, satisfy 1/2 < |I|/|J] < 2.
We thus obtain the following analogue of Lemma 6.3 for rigid rotations:

Lemma 6.4. The cells of I have “bounded geometry” in the following sense: There
is a universal constant C > 1 such that the top, bottom, and sides of any cell v' of I

have lengths comparable up to C'. Moreover, the slopes of non-vertical edges of v are
bounded by 1/2.

6.2. Constructing the extension. Now let h : T — T denote the conjugacy be-
tween the critical circle map f and the rigid rotation Ry, normalized by h(0) = 0,

given by Yoccoz’s Theorem 2.4. Let h : R — R be its lift with A(0) = 0. Note that h
fixes the integer points and h(Q,,) = Q., for all n > 0. We shall extend h to a homeo-

morphism H between the imbedded graphs I' and I'" by mapping each vertex of I' to
the corresponding vertex of [V and each edge of I' affinely to the corresponding edge
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of T". Strictly speaking, for each n > 0 and z € Qn, we define H(z,(z)) == 2, (h(z)).
Then [z, w] is an edge of I' if and only if [H( ), H(w)] is an edge of I". Thus we can
extend H further to a homeomorphism I' — T by mapping each such edge [z, w]
affinely to [H(z), H(w)]. Note that H defined this way is the identity on the horizon-
tal line R + 4 so we can define H(z) = z for all z € H with Im(z) > 1. It is easy to
check that for each cell v of I", the boundary 0v is mapped by H homeomorphically
and edgewise affinely onto the boundary 07’ of a unique cell 4" of T".
The following is the key result of this appendix:

Theorem 6.5 (Yoccoz). There exists a constant C > 0 with the following property:
For any n-cell v of T, the edgewise affine boundary homeomorphism H : oy — 0
extends to a quasiconformal homeomorphism H : v — " whose dilatation is at most
C(1+ (log ans1)?). The constant C' is asymptotically universal.

Assuming this result for a moment, let us show how Theorem C cited at the end
of subsection 2.6 follows:

Proof of Theorem C. Consider the extension H:H->H obtained by gluing var-
ious extensions to cells given by Theorem 6.5. Clearly H is ACL and satisfies
H(z+ 1) = H(z) + 1 for all z € H. Since loga, = O(y/n) by the assumption,
there is a constant C'; > 0 and an integer N; > 1, both depending on 6, such that
1+ (logani1)? < Cyn whenever n > N;. By Theorem 6.5, there is a universal con-
stant C, > 0 and an integer N, > 1 depending on f such that the dilatation K
in the interior of any n-cell of T is at most Cy (1 + (log a,+1)*) whenever n > Nj.
Finally, by Lemma 6.2, there is a universal constant C'; > 0 and an integer N3 > 1
depending on f such that if n > Nj,

U {v:v isan m-cell of I'} C {z € H:0 < Im(z) < C305}.
Set N := max{Ny, Ny, N3} and define
Ko := max{K(z) : z belongs to the interior of an m-cell of I" with m < N}.

If Kg(2) > K > Ky, then either z € I' (which has Lebesgue measure zero), or else z
belongs to the interior of an n-cell of I' with n > N, so that K < K(z) < C1Csn,
or equivalently n > K/(C1Cs). It follows that

K log o
arca{z € H: 0 < Re(z) <1 and K;(2) > K} < C3 05" = Cs e~ 010
The exponential map z +— €2 does not change the dilatation and has norm of the
derivative bounded by 27 when restricted to the upper half-plane H. Therefore, the
induced ACL homeomorphism H : D — D satisfies

_logog

area{z € D: Ky(z) > K} < 4n? Cy e 1%
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whenever K > K. It follows that H is a David homeomorphism as in (2.8), with
M = 472Cs, a = (log 09) /(C1Cy), and K defined as above. Moreover, M is universal,
« depends on C (which in turn depends on lim sup,,_, . (log a,)/v/n), and Ky depends
on f. a

6.3. The proof of Yoccoz’s theorem. It remains to give the proof of Theorem 6.5.
Before we proceed, some preliminaries are in order.

Let n > 1 and z,y be adjacent points in Q,,. Let {x = to,t1,... . tr_1,tx =y} =
[,y] N Q,41. Note that by (6.1) and (6.2), k = a,41 or an41 + 1. By Lemma 6.1, we
know that each interval [¢;_1, ;] in this cascade has length comparable to the next one
[t;,tj+1]. However, for large values of k, the action of f°? on this cascade of intervals is
uniformly close to the action of a Mobius transformation on its fundamental domains
near a parabolic fixed point. This idea led Yoccoz to the following much sharper
statement about the relative size of these intervals, a proof of which can be found in
[Yo2] or [dFdM]:

Theorem 6.6 (Yoccoz’s almost-parabolic bound). The lengths of the intervals in the
above cascade satisfy

|[to, te]
min{j, k —j + 1}2

|[tj-1, ]| =<
uniformly in j, 1 < j < k.

Mobius transformations with two distinct fixed points on the real line will play a
basic role in the proof of Theorem 6.5. For our purposes, it will be convenient to put
them in the normal form

a>2, z€C.

(6.3) Ca(2) = - (a-1z %2

Note that (, preserves the real line, has an attracting fixed point at z = 0 with
multiplier D{,(0) = a~! and a repelling fixed point at z = 1 with multiplier D(,(1) =
a. (Here and in what follows, D is the differentiation operator.)

zZ ~

Lemma 6.7. The derivative D(,(x) is monotonically increasing from 1/a to a on

0 <z < 1. Moreover, for 0 < x < x+ ¢ <1, we have the estimates

D¢y (x +¢)
Diu(x)
e3a 1 2e 1

(0 teaf Qg Swlete) -Gl s T g%

In particular, if € is comparable to 1/a so that 1/(Ca) < e < C/a for some C > 1,

then the above estimates take the form

D(u(x +¢)
D(y(z)

1< < (1 +e¢a)?,

(6.4) 1< <(1+0)?
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1 1 1
G+ O (i —ap =@l He) m Gl =20 Ga—y

Proof. This is an elementary computation which will be left to the reader. For the
second set of inequalities, it is convenient to estimate D(, and apply the Mean Value
Theorem. 0]

(6.5)

Finally, let us also recall the following standard result in quasiconformal theory:

Lemma 6.8. Let K > 1 and g : R — R be a piecewise differentiable homeomorphism
such that for all x € R,

1
% < Dg(x) < K.

Then the homeomorphic extension G : H — H given by G(x + iy) = g(x) + 1y is
K -quasiconformal.

The proof of Theorem 6.5 begins as follows. Throughout we may assume k > 4, for
otherwise v and +' are m-gons of bounded geometry for some m < 6 (compare Lemmas
6.3 and 6.4) and evidently there is an extension H : ~v — ~' with asymptotically
universal dilatation. It will be convenient to normalize both v and ' by mapping
them to the upper half-plane. Let H=HUR U {co} and R = RU {oc}. As before,
let the projections on R of the vertices of the n-cells v and 4" consist of the points

to <t <...<tg and  ty <t] <...<t,

where t; = E(tj). Since k > 4, we have M, (ty) # M,41(to) and M, (tx) # Mui1(tr).
It follows from Lemma 6.3 that the top of 7 is bounded by the graph of a positive
affine map g1, with |Dg;| < 1. The bottom of ~ is bounded by the graph of a positive
piecewise affine map go with |Dgs| < 1. Moreover,

sup g1(z) — g2(x) < inf gi(z) — ga(z) <t — to.

to<z<ty, tosaestp

Define a homeomorphism p : v — SQ := {z +dy : |z| <1 and 0 <y < 2} by

L a—t . y—g
p(z,y) = ( 1+2tk —750’291(37) _92(35)) |

Note that p is affine in the z-coordinate, is fiberwise affine in the y-coordinate, and
maps the corners z,(to), zn(tx), znt1(to) and z,41(tx) to =1+ 2¢, 1 4+ 2i, —1 and 1,
respectively (see Fig. 8). Since v has bounded geometry as seen in the above condi-
tions on ¢g; and ¢», it is not hard to check that p is a quasiconformal homeomorphism
whose maximum dilatation is asymptotically universal.

Similarly, map +' onto the square SQ by a quasiconformal homeomorphism p’ which
is affine in the x-coordinate and is fiberwise affine in the y-coordinate as above. Then,
by Lemma 6.4, the maximum dilatation of p’ will be bounded by a universal constant.
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n(t ) n(tk) ﬁ(t ) é(tk)
n+ (t ) -
' n+1(tk)
Z:1+1(t0 ) +1(tk )
p p’
-1+ 2i 1+2i -1+ 2i 1+2i

-1 1

FIGURE 8. Normalizing the cells v and v, where k = 9.

q

To finish the normalization process, we should map the square SQ to H in an
appropriate way. Let p; : SQ — H be the unique conformal isomorphism, which
fixes —1,0,1. A brief computation shows that p; maps the corners +1 4+ 2¢ to +3.
Postcompose p; with the quasiconformal homeomorphism p, : H — H given by

1+ (=11 —p; 1~z 1)) if |2 —1] <1
pe(2) =< =1+ C+)A+p'(=1+z+1]) iflz+1<1
z otherwise

It is easy to check that the composition ps o p; is a quasiconformal homeomorphism
SQ — H with pyopi(t) =t for all =1 <t <1 (note that both p; and p, are common
for all cells and thus universal). The quasiconformal homeomorphisms

¢:=propiop:iy—H and ¢ =popop:y ~H
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have maximum dilatations which are asymptotically universal and universal, respec-
tively. They give the required normalizations of v and ~'.

Define a new homeomorphism H := ¢/o Ho¢~! : R — R, and set s; = ¢(znt1(t;)),
sh = ¢'(2,1(t))) = ﬁ(sj). Note that H is the identity when |z| > 1, and maps the
interval [s; 1,s;] affinely onto the interval [s}_,,s’] for every 1 < j < k. From
Theorem 6.6 and the explicit form ¢ = p and ¢’ = p’ on the bottoms of the cells v
and v/, it follows that there is an asymptotically universal constant Cy > 1 and a
universal constant Cp(= 2) such that for every 1 < j <k,

1 Co

. < s5:—8:._1 <
(6.6) Cominj h—j+ 12 =757 minjk—j + 112
and
1 / / Cl
(6.7) ik S8 — 81 < T

Thus, we have reduced Theorem 6.5 to the situation described in the following

Lemma 6.9. Let H : R — R be a homeomorphism such that f-\l(x) =z when |z| > 1.
Suppose that k > 4 and there are points sop = —1 < s1 < ... < Sp_q1 < & = 1
mapping to H(s;) = s such that H is affine on each interval [s;,s;1]. If {s;} and
{s%} satisfy (6.6) and (6.7), then there exists a quasiconformal extension of HtoH

whose dilatation is at most C' (1+ (log k)?), where C' > 0 depends only on Cy and C}.

The idea of the proof is to change H up to a quasiconformal factor to make it into
a piecewise Mobius transformation on [—1, 1] for which the result is easier to prove.
Write k = a + b, where a, b are integers such that 2 <a <b <a+ 1. Let (_ and (,
be the Mobius transformations defined by

== ) (5.

C(2) =5+ (1—5)) G ( - ) |

1—¢
Here (, and ¢ are the Mobius transformations defined by (6.3). Define a homeomor-
phism ¢; : R — R by
(@) ~1<a<s

@) =4 o) syl
T otherwise.
Then by (6.5) and (6.7) there exists a constant Cy > 1 depending only on C) such
that for all 1 < j <k,
1 Cs

68  Gmmnr = rIE S U ) < e
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Moreover, let 15 : R — R be the piecewise affine map which is the identity when
|z| > 1 and satisfies 15(s;) = 11(s;). Then by (6.4) there exists a constant C3 > 1
depending only on C) such that the homeomorphism 93 = 1; o 1);* : R — R
is piecewise differentiable, with 1/C5 < Dis(z) < Cj for all z € R. Finally, let
Yy : R — R be the piecewise affine map which is the identity when |z| > 1 and
satisfies 14(s;) = ¥1(s}). Then by (6.6) and (6.8) there exists a constant Cy > 1
depending only on Cy and Cy such that 1/Cy < Dipy(x) < Cy for all z € R. Note
that

H = 1py ' othy = 1hy t ohg 04y,
because H is piecewise affine. By Lemma 6.8, 13 and 14 have quasiconformal ex-
tensions whose dilatations are bounded by C5 and C, hence depend only on Cj and
C1. Thus the proof of Lemma 6.9 will be complete once we show that the piecewise

Mébius map v, has an extension to H with the bound 2(1+ (log k)?) on its dilatation.
But this is a special case of the following lemma due to K. Strebel:

Lemma 6.10. Let 1) : R — R be an orientation-preserving homeomorphism which is
piecewise Mobius in the following sense: There exist n > 2 fixed points x1 = X, 11 <
Ty < --- < x, and n Mobius transformations C*,¢%, ..., (" preserving R such that
Dliaj ) = ¢/ for1 < j<mn. Let k> 1 be the largest among the multipliers of the
repelling fized points of the (7. Then v has a quasiconformal extension ¥ : H — H
whose dilatation is bounded by 2(1 + (log k)?).

Proof. Let us first consider a related but easier problem on the horizontal strip S :=
{z € C:0 < Im(z) < n/2} with ¢(2) = z on the bottom edge R and 9(z) =
z 4 log A on the top edge R + im/2, where A > 1. In this case, we can extend 1 to a
quasiconformal self-homeomorphism ¥ of S by interpolating linearly:

2
U(z) = z+ —Im(z) log \.
m

It is easy to verify that the dilatation of this W is less than 2(1 + (log A)?). (As an
exercise, the reader can show that this is the best possible extension.)

Back to the original situation, consider the hyperbolic convex set D; bounded by
the interval [z;,2;,1] C R and the hyperbolic geodesic T; in H with endpoints z;
and z;41. Each D; is conformally isomorphic to the strip S above, with [z}, z,41]
mapping to R+i7/2 and Y; mapping to R. The action of ¢ on [z, z;,1] corresponds
to z — z £ 1log \;, where \; > 1 is the multiplier of the repelling fixed point of ¢7.
Thus, by the initial construction, ¢ can be extended to a quasiconformal homeo-
morphism ¥ : D; — D; which interpolates between 1|(, .., and the identity on
T;, with dilatation less that 2(1 + (log A;)?). On H ~ Uj—, Dj, an ideal hyperbolic
n-gon, extend ¥ as the identity map. Evidently the dilatation of ¥ on H is less than
2(1 + (log(max; A\;))?) = 2(1 + (log k)?). O
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