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Xavier Gómez-Mont†

Matilde Martı́nez‡

May 2, 2016

Abstract
Given a lamination in a compact space and a laminated vector field X which
is hyperbolic when restricted to the leaves of the lamination, we distinguish a
class of X-invariant probabilities that describe the behaviour of almost every
X-orbit in every leaf, that we call u-Gibbs states. We apply this to the case
of foliations in compact manifolds having leaves with negative curvature, using
the foliated hyperbolic vector field on the unit tangent bundle to the foliation
generating the leaf geodesics. When the Lyapunov exponents of such an ergodic
u-Gibbs states are negative, it is an SRB-measure (having a positive Lebesgue
basin of attraction). When the foliation is by hyperbolic leaves, this class
of probabilities coincide with the classical harmonic measures introduced by
L. Garnett. If furthermore the foliation is transversally conformal and does
not admit a transverse invariant measure we show that the ergodic u-Gibbs
states are finitely many, supported each in one minimal set of the foliation,
have negative Lyapunov exponents and the union of their basins of attraction
has full Lebesgue measure. The leaf geodesics emanating from a point have
a proportion whose asymptotic statistics is described by each of these ergodic
u-Gibbs states, giving rise to continuous visibility functions of the attractors.
Reversing time, by considering −X, we obtain the existence of the same number
of repellors of the foliated geodesic flow having the same harmonic measures as
projections to M . In the case of only 1 attractor, we obtain a North to South
pole dynamics.
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1.1

Introduction
Foliated hyperbolicity versus partial hyperbolicity

Hyperbolicity is a fundamental tool for understanding chaotic behavior of dynamical
systems, even for non hyperbolic systems. The aim of this paper is to show that
ideas from partially hyperbolic dynamics may be useful in the study of foliations, in
particular when the leaves carry a negatively curved, or better a hyperbolic, Riemannian metric. The foliated geodesic flow is then hyperbolic along the leaves. However,
we make no assumption on the normal direction of the foliation, so that the foliated
geodesic flow does not need to be partially hyperbolic: the directions along the leaves
are hyperbolic, the normal directions may be anything.
This behavior resembles the notion of partially hyperbolic diffeomorphism f , where
the tangent bundle of the whole manifold splits in a sum of three Df -invariant bundles E s ⊕ E c ⊕ E u , the stable and unstable bundles being uniformly contracted and
expanded, respectively. In the center bundle, no expansion nor contraction are required: the only requirement is that the center bundle is dominated by the stable and
the unstable ones, meaning that no contraction in the center bundle is stronger than
the contraction in the stable one and no expansion is stronger than the expansion in
the unstable bundle. Partial hyperbolicity implies the existence of stable and unstable
foliations, tangent to E s and E u , respectively. Furthermore a fundamental tool for
the ergodic theory of partially hyperbolic dynamics is the fact that these foliations are
absolutely continuous with respect to Lebesgue, assuming that the diffeomorphism f
is C 2 , and distinguishing certain probabilities, called u-Gibbs states.
The foliated geodesic flow of a foliation by leaves with negative curvature is not
necessarily partially hyperbolic: the hyperbolic behavior in the leaves does not dominate the normal behavior, that is, the holonomy along the geodesics. However, this
lack of domination is substituted by the a priori existence of a foliation carrying the
flow, allowing to recover the existence of the stable and unstable foliations tangent to
the hyperbolic stable and unstable manifolds, their absolute continuity with respect
to Lebesgue, as well as distinguishing the corresponding u-Gibbs states . Thus we
will define the notion of foliated hyperbolicity.

1.2

Foliated hyperbolicity

In Section 2 we consider a lamination F in the compact space M and an F -hyperbolic
vector field X: a C r , r ≥ 1, vector field in each leaf that varies continuously for the C r
topology and is uniformly hyperbolic when restricted to any leaf of F (Definition 2.5).
The behavior of an F -hyperbolic vector field is very close to the one of a continuous
family of Anosov vector fields, and Section 2 states classical properties of the hyperbolic dynamics which can be straightfowardly generalized to F -hyperbolic vector
fields. Thus the leaves of F are foliated by stable and unstable foliations (WFs ,X ,
WFu ,X ) whose leaves are C r and vary continuously for the C r topology (Theorem 2.6).
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The central unstable foliation WFcu,X is generated by WFu ,X and X, its leaves are contained in the leaves of F and since for backward time Xt is contracting, it is formed
of X-orbits which share the same asymptotic past.
For X an F -hyperbolic vector field, we introduce in Definition 3.5 the u-Gibbs
states of (F , X), which are X-invariant probability measures on M which are absolutely continuous along the leaves of the unstable foliation of X in F and have a
prescribed positive density in each unstable leaf (coming from the distant past). In a
similar way to the partially hyperbolic setting (see [5, Theorem 11.16]), we prove in
Section 3 that the statistical behavior of most of the orbits of X is described by the
u-Gibbs states:
Theorem 1. Let (M, F ) be a compact metrizable space with a C r -lamination and X
an F -hyperbolic vector field. Then there exists a set E ⊂ M intersecting every leaf
of the center unstable foliation WFcu,X of X in F on a full Lebesgue measure subset,
such that for any p ∈ E, every accumulation measure ν of
νT,p := X∗ (·, p)|[0,T ]

dt
T

with T −→ ∞ is a u-Gibbs state.
If furthermore F is a C 1 foliation (that is, if the transverse structure of F is
C 1 manifold), the linear holonomy cocycle over the flow of X is well defined on the
normal bundle to F . Oseledets’ theorem can then be applied to every X-invariant
ergodic probability, defining the normal Lyapunov exponents of the measure. They
describe the exponential rate of growth of the holonomy of the foliation along most
of the X-orbits contained in the support of the measure.
When the vector field is not just C 2 in the leaves, but C 2 in the ambient manifold,
Pesin theory can be applied to fully describe the ergodic attractors of the flow. Recall
that an X-invariant measure µ is an SRB-measure if its basin of attraction has positive
Lebesgue measure. In section 5 we prove:
Theorem 2. Let M be a compact manifold with a smooth foliation F and X an
F -hyperbolic vector field which is C 2 on M, then:
1) If µ is an ergodic u-Gibbs state for X with normal Lyapunov exponents which
are all negative, then µ is an SRB-measure.
2) If for every ergodic u-Gibbs state for X the normal Lyapunov exponents are all
negative, then there are only a finite number of ergodic u-Gibbs states, each being an
SRB-measure and the union of their basins of attraction has full Lebesgue measure.

1.3

Laminations by negatively curved leaves

If one considers laminations F by leaves with a C 3 -Riemannian metric along the
leaves of F with leafwise strictly negative curvature, the laminated geodesic flow is
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a flow in the unit tangent bundle T 1 F of the lamination, which is uniformly C 2 and
hyperbolic in the leaves. Therefore the behavior of most of the foliated geodesics is
described by the u-Gibbs states of the geodesic flow:
Corollary 1. Let M be a compact Riemannian manifold with a foliation F , such
that the metric is C 3 and its restriction to every leaf has negative sectional curvature.
Denote by X the generator of the foliated geodesic flow on T 1 F .
1) Let µ be an ergodic u-Gibbs state for X with normal Lyapunov exponents which
are all negative, then µ is an SRB-measure for the foliated geodesic flow.
2) If all ergodic u-Gibbs states for X have all their normal Lyapunov exponents
negative, then there are only a finite number of ergodic u-Gibbs states, each being an
SRB-measure and the union of their basins of attraction has full Lebesgue measure in
T 1F .
It is natural to consider the projection p∗ on the manifold of these u-Gibbs measures defined in the unit tangent bundle of the foliation. One gets in this way a
well defined class of measures absolutely continuous with respect to Lebesgue inside
the leaves, and with strictly positive density (so that their support consists of entire
leaves, see Theorem 4.1).
For case 2 in Corollary 1, we define in section 6 the visibility function fi : M −→
[0, 1] which associates to a point p of M the spherical Lebesgue measure in Tp1 (M)
of the set of directions at p that correspond to geodesics through p whose forward
statistics tends to the ergodic u-Gibbs state µi . We show:
Theorem 3. Under the hypotheses of part 2 of Corollary 1, the visibility function fi
is continuous in M and the value of fi is 1 on the support of the measure p∗ µi .
If the laminations we consider are not just by negatively curved leaves but by
hyperbolic leaves (that is, constant −1 sectional curvatures) then the projection of
u-Gibbs states to M are precisely the harmonic measure introduced by L. Garnett in
[14]. In this case the visibility function are harmonic, in the sense that their foliated
Laplacian is zero.
We consider in section 7 smooth foliations by hyperbolic leaves which are transversely conformal. In this setting, Deroin and Kleptsyn in [11] proved that, if the
foliation does not admit any transverse invariant measure, then the foliation has
finitely minimal sets, each of them carries exactly one harmonic measure, and the
normal Lyapunov exponent of each of these measures is negative for the Brownian
motion in the leaves. We prove that the normal Lyapunov exponent of the corresponding u-Gibbs state coincides with the one of the Brownian motion, and therefore
is negative, giving:
Theorem 4. Let M be a compact manifold with a transversly conformal foliation
F of class C 1 , with no transverse invariant measure, endowed with a leafwise C 3
hyperbolic metric and denote by X the generator of the foliated geodesic flow on the
unit tangent bundle T 1 F to the foliation. Then:
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1) Every ergodic u-Gibbs state for X has negative normal Lyapunov exponent.
2) There are only a finite number of ergodic u-Gibbs states, each of them is an
SRB-measure and the union of their basins of attraction has full Lebesgue measure
on T 1 F .
Our initial interest in such foliations comes from the study of holomorphic foliations on complex surfaces. In some cases, one knows that the leaves are conformally
hyperbolic surfaces but the hyperbolic metric can a priori depend only continuously
on the leaves [9]. This explains why some of our statements do not require transversal
smoothness.
These results may be seen as generalization of [6] where the 2 first authors proved
the existence of a unique u-Gibbs state for foliatons obtained as suspension of the fundamental group of a Riemann surface over finite volume hyperbolic surfaces, leading
to the same result for some Riccati equations.
In sections 2 to 4 we deal with laminations, in sections 5 and 6 we deal with
foliations and in this last section the foliation has leaves of negative curvature. In
section 7 we deal with transversely conformal foliations with hyperbolic leaves.

2

Laminated hyperbolicity

2.1

Basic definition of foliations and laminations

Definition 2.1. A lamination or foliated space (M, F ) is a metrizable space M
together with an open covering {Uα } and homeomorphisms ϕα : Rn × Tα → Uα such
that:
· Tα is a locally compact space.
−1
· Whenever Uα ∩ Uβ 6= ∅, the change of coordinates ϕ−1
β ◦ ϕα has the form ϕβ ◦
ϕα (x, t) = (gαβ (x, t), hαβ (t)).

· For fixed t in Tα , the map gαβ is differentiable.
A lamination is a foliation (of class C r ) if Tα = Rm and the maps ϕ−1
β ◦ ϕα are
r
differentiable (of class C ), in which case the space M is a manifold of dimension
n + m.
The Uα ≃ Rn × Tα are called foliated charts. As usual, the notation for a foliated
chart we will omit the homeomorphism ϕα . In a foliated chart, the sets of the form
Rn × {t} are called plaques. Maximal connected manifolds that can be obtained by
glueing plaques via de gαβ are called leaves.
Definition 2.2. A Riemannian metric on a lamination (M, F ) (of class C r ) is a
choice of Riemannian metric on each leaf that, when seen in a foliated chart Rn × Tα ,
has a continuous variation (in the C r topology) with respect to t ∈ Tα . It induces on
every leaf a distance function dF .
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In a foliation, a Riemannian metric can be obtained by restricting to the leaves a
Riemannian metric in the ambient manifold M. In a lamination, Riemannian metrics
can be obtained by defining them locally and using partitions of unity.
Definition 2.3. Given a lamination (M, F ) with a Riemannian metric, its tangent
bundle T F is the lamination whose leaves are the tangent spaces to the leaves of F ,
where the laminated structure is defined in the natural way. The unit tangent bundle
T 1 F ⊂ T F is formed by those vectors of norm 1.

2.2

Definition of laminated hyperbolicity

For the rest of section 2, let M be a compact metric space endowed with a lamination
F ,a Riemannian metric and X a continuous vector field on M tangent to the plaques
of F .
Definition 2.4. The vector field will be called uniformly C r in the plaques if its
expression in any laminated chart of F induces a C r vector field in each plaque of F ,
varying continuously with the plaque for the C r -topology.
Example 1. Let K ⊂ R be the compact set {0}∪{ n1 }n∈N∗ and M = S 1 ×K (where S 1
is the circle R/Z) trivialy laminated by the circles S 1 × {t}. We consider the vector
field X tangent to the leaves and whose expression in S 1 × { n1 } is
1
1
∂
X(t, ) = sin(2πnt)
n
n
∂t
and X vanishes on S 1 × {0}. Then X is a continuous vector field, smooth in every
leaf but not uniformly C 1 in the plaques.
Assume that X is uniformly C r in the plaques. Let {Xt }t∈R denote the flow of
X. For every t, Xt is a homeomorphism of M which is uniformly C r in the plaques.
This allows us to consider the differential DF (Xt ) along the plaques, which defines a
map on the tangent bundle to the lamination T F which is uniformly C r−1 along the
plaques.
Definition 2.5. Let M be a compact metric space, F a C r -lamination, r ≥ 1 on
M with a Riemannian metric on T F . Let X be a non-zero vector field tangent to
F which is uniformly C 1 in the plaques. We say that X is laminated hyperbolic, or
shortly F -hyperbolic, if T F splits in DF (Xt )-invariant bundles
T F = E s ⊕ RX ⊕ E u
such that there is T0 > 0 and λ > 1 such that, for every x ∈ M and any vectors
u ∈ E s (x) and v ∈ E u (x) and any T ≥ T0 one has
kDF (XT )(u)k ≤ λ−T kuk

and
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kDF (XT )(v)k ≤ λT kvk.

2.3

Stable and unstable laminations

Exactly as in the usual hyperbolic case, the stable and unstable bundles of a laminated
hyperbolic vector field are always continuous.
Given any x ∈ M we call the F -stable manifold of x, and we denote it by WFs (x),
the set of points y in the leaf Fx through x such that limt→+∞ dF (Xt (x), Xt (y)) = 0.
In the same way the F -unstable manifold WFu (x) is the set of z ∈ Fx such that
limt→−∞ dF (Xt (x), Xt (z)) = 0.
The local laminated stable and unstable manifolds of radius δ, denoted by WFs ,δ (x)
and WFu,δ (x), are the subsets of the laminated stable and unstable manifolds whose
positive (resp negative) iterates remain at distance (in the leaf) less than δ.
The proof of the existence of stable and unstable foliations ([20]) can be directly
adapted to this case leading to the following statement:
Theorem 2.6. Let (M, F ) be a C r -lamination on a compact space and X an F hyperbolic vector field which is uniformly C r along the plaques, r ≥ 1, then there is δ >
0 such that the local laminated stable manifold WFu,δ (x) is a C r -disc centered at x in Fx
of the same dimension as E s and tangent to E s . The family of disks {WFs ,δ (x)}x∈M is
continuous for the C r -topology. The laminated local unstable manifolds {WFu,δ (x)}x∈M
form a family of C r -discs tangent to E u and varying continuously for the C r topology.
The global stable manifolds satify:
[
WFs ,X (x) =
X−t WFs ,δ (Xt (x)).
t>0

The global F -stable manifolds are C r -inmersed manifolds which fit into a C 0 -lamination
of M by C r -plaques, sublaminating the plaques of F and varying C r -continuously:
WFs ,X and WFu ,X .
Sketch of proof. The classical proof of the existence of invariant manifold in the theory
of hyperbolic diffeomorphisms consists in considering the space of C 1 -disc-families
{Dxu }x∈M , of a given radius and tangent to an invariant cone field around the unstable
bundle (in particular tranverse to the stable bundle), and depending continously with
x for the C 1 -topology. Then one considers the natural action of the diffeomorphism
on one such family of discs: the discs become larger (since the dynamics expands the
unstable direction) and one shrinks them in order to recover a family of discs with
the same properties. The transverse contraction implies that the action of the space
of all such families is contracting, leading to a unique fixed family of discs which is
the announced family of local unstable manifolds. This family depends continuously
on the dynamics for the C 1 -topology. Applying the same argument to the differential
of the diffeomorphism, one gets that the invariant manifolds are indeed C r , and that
they depend continouly on the point and on the diffeomorphism for the C r -topology.
Here we consider the families of discs Dxu contained in the leaves, of a given
radius, and tangent to a conefield in the leaves around the unstable bundle, and
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depending continously on x ∈ M for the C 1 -topology. One defines the action on
the set of such families of discs exactly as in the classical way. This action is still a
contraction, leading to a unique fixed point which is the announced family of local
unstable manifolds. The higher regularity is obtained with the same trick.

3

Gibbs u-States For F-hyperbolic Vector Fields

In this section we consider a compact lamination (M, F ) endowed with an F -hyperbolic
vector field X which is uniformly leafwise C 2 and a Riemannian metric.

3.1

Distortion control

As explained in the previous section, the foliated unstable leaves form a foliation by
C 2 leaves depending C 2 -continuously from the point. Hence, the restriction of the
flow XT is also uniformly C 2 . Furthermore, for T large enough, X−T induces a uniform contraction in the F -unstable leaves. In particular, given two points x, y in the
same F -unstable leaf, the foliated distance dF (X
P−nT (x), X−nT (y)) is decreasing expodF (X−nT (x), X−nT (y)) converges
nentially (with the rate λ−T so that the sum +∞
0
and is bounded proportionally to dF (x, y). Furthermore the function log DetD u X−T
is uniformly C 1 along the F -unstable leaves, where the unstable derivative D u X−T is
the restriction of the derivative DF X−T to the unstable direction E u .
One deduces the following foliated version of the classical distortion lemma:
Lemma 3.1. There is C > 0 such that for every x, y ∈ M in the same F -unstable
leaf and for every T > 0 one has
|log |DetD u X−T (x)| − log |DetD u X−T (y)|| < CdF (x, y)
Proof:
Pn−1
0

|log |DetD u X−n (x)| − log |DetD u X−n (y)|| ≤
|log |DetD u X−1 (X−i (x))| − log |DetD u X−1 (X−i (y))|| ≤
P
C0 0n−1 dF (X−i (x)X−i (y))

where C0 is a bound for the derivative of log
|DetD u X−1 | along the F -unstable leaves,
P+∞

and the constant C is given by C = C0 · 0 λ−i .

3.2

Absolute continuity of the F -stable and unstable foliations

When X is uniformly C 2 in the leaves, an important consequence of the distortion
control is the absolute continuity in the leaves of F of the F -stable and F -unstable
foliations.
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Definition 3.2.
1. Let M be a manifold and G be a foliation on M. One says
that G is absolutely continuous with respect to Lebesgue measure in M if given
any foliated chart U of G and Σ a cross section intersecting the plaques Px of G
in U in exacly 1 point one has the following property: Given any measurable set
A in U such that A has positive Lebesgue measure, consider the set ΣA ⊂ Σ of
points x in Σ so that the plaque Px through x cuts A in a positive Px -Lebesgue
measure set. Then ΣA has positive measure for the Lesbesgue measure of Σ.
2. Assume that F is a lamination or a foliation of M and that G is a subfoliation
of F . One says that G is absolutely continuous with respect to Lebesgue in the
leaves of F if, for any leaf L of F the restriction of G to L is a foliation which
is absolutely continuous with respect to Lebesgue in L.
Theorem 3.3. When X is uniformly C 2 in the leaves, the F -stable and F -unstable
foliated invariant manifolds form foliations W s and W u of M which are absolutely
continuous with respect to Lebesgue in the leaves of F .
The proof is identical to the one for hyperbolic systems, see [8].

3.3

Definition of u-Gibbs states

The distortion control provides a map which associates to pair (x, y) of points in the
same leaf of W u the limit
DetD u X−T (y)
> 0.
ψ (x, y) = lim
T →+∞ DetD u X−T (x)
u

(See [5, Theorem 11.8].) Futhermore this map is uniformly Lipschitz along the unstable leaves for the distance dW u along the unstable leaves. Finally, the map ψ u
depends continuously on the unstable leaves in the following sense: Let U be a foliated chart of the F -unstable foliation. Then the map ψ u is continuous on the set of
pairs (x, y) ∈ U 2 such that x and y belong to the same plaque.
We will denote ψxu = ψ u (x, .). Notice that, for y ∈ Wxu , one has
ψyu = ψyu (x) · ψxu .
Given a compact domain D in an unstable leaf, we denote by MD the probability
measure on D whose density with respect to the unstable volume dmu is proportional
to ψxu for x ∈ D. In other words, given x ∈ D one gets
ψxu
· (dmu |D ).
u dmu
ψ
D x

MD = R
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Remark 3.4. If U ⊂ V are two domains contained in an unstable leaf, then MU =
1
MV |U . The probability measure MD is the limit of the image by XT of the
MV (U )
normalized volume on X−T (D):


1
u
MD = lim (XT )∗
(dm |X−T (D) )
T →+∞
mu (X−T (D)
Definition 3.5. Let µ be a probability on M. One says that µ is a u-Gibbs state for
the (M, F )-hyperbolic vector field X if:
1. µ is invariant by the flow of X;
2. for any foliated chart of the unstable foliation, the desintegration of µ along the
plaques induces the probability measure MP on µ-almost every plaque P .
Let us state more precisely the second condition in the definition: let ϕ : U →
V × Σ ⊂ Rk × Σ be a foliated chart of the unstable foliation {WFu (x)}x∈M . Rokhlin’s
desintegration theorem ([19]) asserts that there is a probability measure θ on Σ and
a family of probabilities {µp }p∈Σ such that µp (V × {p}) = 1 for θ-almost every p ∈ Σ
such that for any continuous function h with support on V × Σ one has

Z
Z Z
hdµ =
hdµp dθ(p).
Σ

M

U ×{p}

µ is a u-Gibbs state iff µp = MV ×{p} for θ almost every p ∈ Σ. In other words

Z
Z Z
hdMV ×{p} dθ(p).
hdµ =
M

3.4

Σ

U ×{p}

Existence and properties of u-Gibbs states

Proposition 3.6. For any F -unstable leaf Lu and for any measurable set E contained
in Lu having a positive Lu -Lebesgue measure 0 < mu (E) < +∞, every accumulation
point of the sequence of probability measures


Z
1 T
muE
µT :=
dt
T −→ ∞
Xt∗
T 0
muE (E)
is a u-Gibbs state.
Proof: As explained in the proof of [5, Lemma 11.12], we can assume without loss
of generality that E is a domain inside an F -unstable leaf. Then, the same arguments
as in the proof of Pesin and Sinai’s theorem [5, Theorem 11.8] yield the desired result.
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Remark 3.7. The conclusion of the Proposition extends to C 2 -disks contained in a
leaf L of F and transverse to the F -centerstable foliation W. In order to see this, just
project such a disk onto an unstable domain in some unstable leaf, along the F -center
stable foliation. The disk and its projection have the same average.
u
Proposition 3.8. The set Gibbs
of u-Gibbs states is a non-empty closed convex subset
of the space of X-invariant probabilities. Given a u-Gibbs state, its ergodic components are u-Gibbs states.
u
Proof: The fact that Gibbs
is non empty follows from Proposition 3.6. The fact that
u
u
Gibbs is convex is straightforward. The fact that Gibbs
is closed comes from the fact
that for any u-Gibbs state its desintegration along the leaves has prescribed density
functions ψ u , which depend continuously on the leaves.
Finally, let us show that the ergodic components of a u-Gibbs state µ are u-Gibbs
states. Recall that a point x is regular if its positive and negative average along the
orbit are defined and are equal for every continuous function. In other words, the
probabilities

1
1
dt|X[0,T ] (x) and µ−T (x) = dt|X[−T,0] (x)
T
T
converge to the same probability measure µx . The set of regular points has full µmeasure. Given a measure ν one says that a point x is regular for ν if it is regular
and if µx = ν.
The ergodic decomposition of µ is given as follows: We consider the probability
measure on the space of X-invariant ergodic probabilities P(X) such that the measure
of a subset P of P(X) is the µ-measure of the union of the regular points for the
elements of P. We can intersect this set of points with any measurable set of µmeasure 1.
As µ is a u-Gibbs state, there is a set E of full µ measure of regular points for
which the intersection of E with the unstable leaf has total Lebesgue measure. Note
that for x, y regular in the same unstable leaf, one has µx = µy . Hence the set of
regular points for any probability in the ergodic decomposition of µ contains a subsets
of full Lebesgue measure for the corresponding unstable leaf.
That is, for any ergodic component ν of µ, there is at least one unstable leaf Lu
in which almost every point is regular for ν. That is the limit of µT (x) for almost
every x ∈ Lu is ν. One deduces that the limit of Lebesgue measure restricted to a
disc in Lu is ν. But such a limit is a u-Gibbs state according to Proposition 3.6. So
ν is a u-Gibbs state, ending the proof.

µT (x) =

Definition 3.9. An X-invariant probability measure µ on M is absolutely continuous in the unstable direction if for every laminated box U = VF × Σ of W u such
that µ(U) > 0 the conditional measure of µ|U with respect to the partition into unstable plaques {WFu × {y} : y ∈ Σ} are absolutely continuous with respect to Lebesgue
measure along the corresponding plaque, for µ almost every plaque.
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As a consequence of Proposition 3.6 and the Proposition 3.8, one gets:
Corollary 3.10. If an X-invariant probability µ is absolutely continuous in the unstable direction, then it is a u-Gibbs state.

3.5

Almost every orbit accumulates on u-Gibbs states

We will now prove Theorem 1, which says that the X-orbit of Lebesgue almost every
x ∈ M distributes according to a u-Gibbs state.
Proof of Theorem 1: The proof follows the line of argument of the proof of the
similar statement ([5, Theorem 11.16]) where one is assuming partial hyperbolicity.
In the present case, we do not have the hypothesis of an invariant transversal bundle
to the F -unstable foliation W u for which the flow X is expanding less than in W cu .
What we do have is the foliation F .
We first fix an unstable domain D, that is a disc contained in an F -unstable leaf
L. We want to show that, for almost every point x ∈ D every accumulation point of
the measures µT (x) = T1 dt|X[0,T ] (x) is a u-Gibbs state. That is, the mass of µT (x), for
large T , is well distributed along the unstable leaves according to the densities ψxu .
We will now formalize this idea.
Let U ⊂ M be a W u -foliated chart endowed with coordinates so that U = B × Z
where the B × {z}, z ∈ Z are unstable discs ; one chooses this foliated chart so that
it is also a flow box for X: the set U is of the form X[0,1] (B × Y ), where Σ = B × Y is
a cross section of X. We require furthermore that the unstable discs B × {y}, y ∈ Y
are unstable discs of the same volume.
In order to understand the measure µT (x) in U we have to understand the returns
of the X-orbit of x in U. Notice that each component of a return map of the disc D on
Σ is at constant time and is contained in a plaque B × {y}: the flow preserves the F unstable leaves, D is contained in a F -unstable leaf, and Σ is foliated by F -unstable
plaques.
One considers a disc A ⊂ B far from the boundary of B: A is a subdisc centered
at the same point as B but with a radius 10 times smaller. Up to shrinking Y one
may assume that for every y ∈ Y the A × {y} have the same volume mB×{y} (A × {y})
as A:
mB×{y} (A × {y}) = mB (A).
The proof consists in showing that for almost every point x of D every accumulation points of the measures µT (x) = T1 dt|X[0,T ] (x) gives A a weight smaller than
KmB (A) where K is a constant independent of A. That is expressed in the following
proposition which is Proposition 11.17 in [5].
mB (A)
C, where C is the distortion control bound
Always following [5], let K0 = m
B (B)
given in Lemma 3.1.
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Proposition 3.11. Let D be any unstable domain contained in a leaf of W u . There
exists c > 0 such that given any subdisc A far from the boundary of B there exists n0
such that for T ≥ n0
mD ({x ∈ D : µT (x)X[0,1] (A × Y ) ≥ 10K0

mB (A)
}) ≤ e−cT .
mB (B)

In order to prove Proposition 3.11 one first shows:
Lemma 3.12. Let 1 ≤ k ≤ n and 0 ≤ n1 < . . . < nk < n be fixed. Then the
mD -measure of the set of points x ∈ D which hit A × Y at times n1 , . . . nk is bounded
mB (A) k
) .
by (K0 m
B (B̄)
Proposition 3.11 is deduced from Lemma 3.12 by using Stirling’s formula exactly
as in [5, Lemma 11.20] Let us just give the idea of the proof of Lemma 3.12 ([5,
Lemma 11.19 ])
Proof: First assume (even if it is not realistic) that the returns of the plaques A×{y}
in A × Y are Markovian, that is, each time Xt (A × {y}) ∩ (A × Y ) 6= ∅ it consists in a
plaque of A × Y . Then the distortion lemma implies that for each sequence n1 , . . . , ni
of return times of a plaque A × {y} to A × Y , the proportion of points having a return
in A × Y at time ni+1 will be exactly MD (A) times the proportion of points for which
ni+1 − ni is a return time to A × Y leading to the announced estimates.
However, the returns are not Markovian and we need to deal with returns of A×{y}
which are only partially crossing A × Y . However, this partial returns correspond to
returns of points very close (exponentially close) to the boundary of A, because of
the uniform dilation of A by the dynamics. [5, Lemma 11.19] shows that replacing
Xt by some large iterates so that the expansion will be very large in comparison with
the ratio of the radius of B and A, one can increase a little bit A and B in Ã ⊂ B
and B̃ so that for every return of A in B the return of B̃ covers the whole B̃. This
allows us to neglect the effect of the non complete return.

Proposition 3.11, together with a Borel-Cantelli argument, proves that given any
disk A ⊂ B far from the boundary of B, there exists a full mD -measure subset of
points x ∈ D such that
µT (x)(X[0,1] (A × Y )) ≤ 10K0

mB (A)
mB (B)

for all but, at most, a finite length set in of T ∈ [0, ∞). Consequently, the same
upper bound holds for µ(X[0,1] (A × Y )), for any accumulation point µ of the measures
µT . Applying the conclusion to a countable generating family of disks far from the
boundary of B, and then taking the intersection of the corresponding full measure
subset of D, we get a full mD -measure subset of points x ∈ D for which
µ(X[0,1] (A × Y )) ≤ 10K0
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mB (A)
mB (B)

for any measurable set A far from the boundary of B.
To complete the proof, cover the manifold by foliated boxes X[0,1] (B ×Y ) such that
the foliated boxes obtained by replacing each X[0,1] (B × Y ) by X[0,1] (A × Y ) –where
A is, as before, far from the boundary of B– still covers M. If µ(X[0,1] (B × Y )) = 0
there is nothing to prove. Otherwise, by the previous paragraph,
µ(X[0,1] (A × Y ))
10K0
mB (A)
≤
µ(X[0,1] (B × Y ))
µ(X[0,1] (B × Y )) mB (B)
for every disk A ⊂ B far from the boundary. This implies that µ is a u-Gibbs state,
as claimed.


4
4.1

Laminations by leaves of negative curvature
u-Gibbs states

In this section, we consider laminations F whose leaves have dimension n, admit a
metric with strictly negative curvature, and the metric depends continuously on the
plaques for the C r -topology, r ≥ 3. We denote by (T 1 F , F̃) the unit tangent bundle to
the foliation, which is itself a space laminated by (2n-1)-dimensional leaves, each leaf
being the unit tangent bundle of a leaf of (M, F ) which carries a natural laminated
Riemannian metric coming from the Riemannian metric on M and the unit spherical
metric on the tangent vectors to the lamination. Let us call X the vector field on T 1 F
generating the laminated geodesic flow Xt , π : T 1 F → M the canonical projection,
and π∗ the map it induces between measures on T 1 F and measures on M. The fact
that the metric tensor varies from leaf to leaf in a continous way with respect to
the C r topology implies that the flow Xt , which has continous dependence on the
derivatives of the metric up to order two, is a continuous flow on the space T 1 F .
Then the foliated geodesic flow defined on T 1 F is uniformly C 2 in the leaves
and is foliated hyperbolic. Then Theorem 1 implies that at every point x ∈ M
and for Lebesgue almost every direction v ∈ Tx1 F every accumulation point of the
probabilities associated to the positive orbit of the geodesic flow is a u-Gibbs state.
u
The set of probabilities Gibbs
on T 1 F which are u-Gibbs states for X is a closed
convex subset of the set of probability measures invariant under the geodesic flow.
For every u-Gibbs state, its decomposition in ergodic components is through ergodic
u-Gibbs states (Proposition 3.8).
As a direct consequence, the projection on M of these u-Gibbs states are the
probability measures which describe the asymptotic behavior of almost all geodesics
in each plaque. In the case of hyperbolic leaves, these measures coincide with the
harmonic measures ([10]). However, in the case of variable curvature, these measures
are a priori no longer harmonic measures. These measures form a new class of
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measures which are naturally associated to the lamination and are interesting for
understanding the dynamics of the lamination F . They have also been studied by
Alvarez in [1], [2] and [3], where their relations with other classes of measures –e.g.
harmonic measures– is clearly explained.
Theorem 4.1. Let (M, F ) be a C 3 -lamination with a plaque Riemannian metric of
negative sectional curvature and let µ be a u-Gibbs state of the geodesic flow on T 1 F .
Let π : T 1 F → M be the natural projection. Then ν := π∗ µ is a probability measure
on M whose desintegration νk along the plaques of F satisfies:
• {νk } are absolutely continuous with respect to the Lebesgue measure of the
plaques of F .
• The density of νk with respect to Lebesgue on the plaques is strictly positive on
the whole plaque, and its logarithm is uniformly Lipschitz along the plaques on
the whole manifold.
In particular the support of ν is F invariant (it consists of entire leaves).
Proof: Let Lx , x ∈ M be a leaf of F and consider a direction v ∈ Tx1 Lx . Consider
now the center-stable manifold W cu (v) of v for the geodesic flow. It consists of all
the vectors in Tx1 Lx whose corresponding geodesic tends to the same point of the
boundary at infinity of the universal cover L̃x . We fix a lift x̃ of x on L̃x .
W cu (v) is either diffeomorphic to an Euclidian space (if v does not belong to the
stable manifold of a closed orbit) or to a cylinder. We denote by W̃ cu (v) its universal
cover and we fix a lift ṽ of v. The natural projection of W̃ cu (v) on L̃x sending ṽ on
x̃ is a diffeomorphism. Hence we endow every center unstable plaque with the lifted
metric.
The desintegration of µ along center-stable plaques has a prescribed positive density whose logarithm is uniformly Lipschitz along the plaques. Form the invariance
of the metric by the geodesic flow and the fact that the action of the geodesic flow on
the centralstable plaque has a bounded Jacobian, one deduces that the desintegration of µ on centerstable plaques has a logarithm which is uniformly Lipschitz with a
prescribed constant.
If a family of positive functions has their logarithm which is Lipschitz for a given
constant, then its sum or average has the same property. One deduces that the
projection of µ on L̃x and therefore on Lx has a density with respect to the Lebesgue
measure whose logarithm is uniformly Lipschitz. As a consequence, the density is
bounded away from 0 and +∞ in all compact domains.


4.2

Laminations by hyperbolic leaves

We will now take M to be a compact metrizable space with a lamination F by
hyperbolic manifolds of dimension n (each leaf carries its metric of sectional curvature
15

-1), such that the variation of the metric, as well as its derivatives, is continuous in
the transverse directions. The unstable lamination in (T 1 F , F̃) will be called the
unstable-horosphere lamination W u . The laminated geodesic flow is preserving the
foliation W u (but not the horospheres themselves), being a uniform expansion on
the horospheres. By a horocycle measure we mean a measure on T 1 F such that
its desintegration with respect to W u is a constant multiple of the volume of the
horospheres. In this case, they coincide with the u-Gibbs states, since in fact the
unstable Jacobian equals n − 1 so ψ u (x, y) ≡ 1.
Theorem 4.2. ([4], [10]) Let (M, F ) be a compact lamination by hyperbolic manifolds, π∗ induces a bijective correspondence between horocycle measures on T 1 F which
are invariant under the laminated geodesic flow and harmonic measures on (M, F ).
Corollary 4.3. Every Gibbs u-state on T 1 F projects to a harmonic measure on M.

5

Normal Lyapunov exponents and SRB-measures

Let F be a smooth foliation on a compact manifold M and X a uniformly C r vector
field tangent the leaves, r ≥ 2. Let NF be the normal bundle of F , that is, the
quotient of the tangent bundle of M by the tangent bundle to the foliation. To each
path γ in a leaf, one may associate the linear holonomy from NF (γ(0)) → NF (γ(1)).
In this way, one defines a flow X on NF as follows:
• X is a linear cocycle over X, that is, X leaves invariant the bundle structure
over M, the action on the leaves is linear and X projects on X ;
• Xt |NF (x) : NF (x) → NF (Xt (x)) is the linear holonomy of F over the path
X[0,t] (x)
For time 1 we obtain a linear cocycle over a continuous dynamical system on
a compact manifold, and we may apply Oseledets’ theorem ([15]). Hence for every
X-invariant ergodic probability there is an associated measurable X -invariant decomposition of the normal bundle in Lyapunov spaces on which the rate of exponential
growth of the vectors is well defined and constant and called the normal Lyapunov
exponents of the ergodic measure.
We will now give a proof of Theorem 2. The first statement follows form classical
results due to Pesin and Pugh and Shub, together with Oseledets’ theorem.
Proof of Theorem 2:
1. The flow Xt is a smooth flow on M whose Lyapunov exponents for the measure
µ are λc = 0 (corresponding to the direction of the flow), λsj < 0, λuj > 0 (corresponding to the directions of the stable and unstable tangential directions to
F , respectively) and the normal exponents λj which are negative by hypothesis.
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Oseledets’ theorem gives us a set R (the regular set) that has full measure with
respect to µ, and over which there is an invariant measurable splitting
TR M = E s ⊕ E c ⊕ E u ⊕ E ⋔

(5.1)

such that for every x ∈ R
1
log ||Dx Xt (v)|| = −, 0, +
t→∞ t
lim

(5.2)

if v ∈ E j , for j = s, c, u.
Pesin Stable Manifold Theorem (see [17] or [13]) tells us that for µ-almost every
x ∈ R the local stable manifold at x
1
W s (x) = {y ∈ M : lim sup log d(Xt (x), Xt (y))}
t
t→∞
is an embedded smooth disk. Furthermore, Pesin proved that this foliation is
absolutely continuous, see [17].
Under this circumstances, there is a well known theorem due to Pugh and Shub
(see [18, Theorem 3]) that guarantees that the measure µ is an SRB measure
for the flow Xt .
2. The arguments on the proof of this theorem are contained in [7], although they
are stated for and used in a different context – that of partial hyperbolicity
with an additional assumption called “mostly contracting center direction”.
The strong similarity of the “mostly contracting” condition in the partially
hyperbolic setting and negativity of normal Lyapunov exponents in the setting
of foliated hyperbolicity, allows us to follow [7] closely.
More precisely, the difficulty in proving the finiteness of ergodic attractors stems
from the fact that the Pesin stable manifolds (tangent to the stable direction and
the transverse direction) vary in a measurable way. In particular, we have no a
priori lower bound on their size. This problem is handled in [7, Proposition 2.1],
where the absolute continuity of the Pesin stable “foliation” is also established.
This in turn implies, as a consequence of [7, Corollary 2.2] and Hopf’s argument
[8], that accessibility classes are open, which is [7, Lemma 2.7]. The finiteness
of u-Gibbs states follows, as in [7, Lemma 2.9].


6

SRB measures for the foliated geodesic flow: visibility functions of the attractors

In this section we will consider a smooth foliation F of the compact manifold M and
a C 3 Riemannian metric on M which induces negative curvature on all the leaves of
17

F . We denote by F̃ the foliation on the unit tangent bundle of the foliation whose
leaves are the unit tangent bundles of the leaves. The geodesic flow Xt leaves the
foliation F̃ invariant.
We assume here that all the transverse Lyapunov exponents of the foliated geodesic
flow are negative for all ergodic u-Gibbs states. In other words, one assume the
hypotheses of part 2 in Theorem 2. As a corollary of Theorems 1 and 2 one gets:
Corollary 6.1. Given any point x ∈ M, for Lebesgue almost all unit vector v ∈ Tx1 F ,
the corresponding orbit of the foliated geodesic flow belongs to the basin B(µi ) of one
of the SRB measures µi .
Proof: Consider a plaque ∆ of F containing the point x and consider the unit tangent
bundle T 1 ∆. According to Theorem 2, for almost every vector v in T1 ∆ there is i
so that the orbit of Xt through v belongs to the basin S
of µi . Therefore, by Fubini
1
theorem, there is a point y ∈ ∆ so that the set Ty ∆ ∩ i B(µi ) has total Lebesgue
measure. Now
foliation. Thus the image
S each Bi is invariant under the F -centerstable
1
1
of Ty ∆S
∩ i B(µi ) by the centerstable holonomy from Ty ∆ to Tx1 ∆ is contained in
1
Tx ∆ ∩ i B(µi ). As the center
S stable foliation is absolutely continuous in the leaves
of F , one gets that Tx1 ∆ ∩ i B(µi ) has total Lebesgue measure, as announced. 
This property makes it natural to define

Definition 6.2. We call visibility functions of the measure µi and we denote by
fi : M → [0, 1] the function defined by
fi (x) = Lebx (Tx1 F ) ∩ B(µi )
where Lebx is the spherical measure on Tx1 F .
P
Then corollary 6.1 implies that i fi (x) = 1 for every x ∈ M.

Remark 6.3. B(µi ) is invariant for the center-stable foliation inside the leaves of F̃.
According to the above remark, the functions fi vary smoothly along the leaves,
and the set of point for which fi (x) > 0 is saturated for the foliation F . More
precisely, each basin corresponds to some subset of the boundary at infinity of the
universal cover of the leaf, and the fi is the mass of the vectors corresponding to this
set at infinity.
We are now in a position to prove Theorem 3.
Proof of Theorem 3: Every orbit in the basin of an SRB measure has well defined
transverse Lyapunov exponents for positive iterations, and these Lyapunov exponents
are negative. Hence the orbits have a transverse Pesin stable manifold and this family
of stable manifolds is absolutely continuous with respect to Lebesgue measure. One
deduces that the functions fi are lower semicontiuous. As the sum of the fi is 1, the
semi continuity of the fi implies the continuity.
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7
7.1

Transversely Conformal Foliations with a C 2 Fhyperbolic vector field
Negativity of the Lyapunov Exponent

Throughout this section, let (M, F ) be a compact manifold with a smooth transversely
conformal foliation and X a C 2 F -hyperbolic vector field. In this case, the normal
Lyapunov exponents are all equal.
We will make the additional assumption that the foliation is endowed with a
Riemannian metric along the leaves that has a Hölder variation in the transverse
direction.
Under the above hypothesis, Theorem 2 says that if µ is an ergodic u-Gibbs state
for X and its normal Lyapunov exponent is negative, then µ is an SRB-measure.
A special case of this is the following:
Corollary 7.1. Let (M, F ) be a compact manifold with a smooth transversely conformal foliation, and suppose that M has a C 2 -Riemannian metric that induces negative
curvature on the leaves. Denote by X the generator of the foliated geodesic flow on
T 1 F and let µ be an ergodic u-Gibbs state for X. If the Lyapunov exponent of the
normal bundle of F along X is negative, then µ is an SRB-measure for the foliated
geodesic flow.
In the special case where the leaves have not only negative curvature but constant
curvature -1, this gives rise to Theorem 4, the proof of which is the object of the
present section.
Let us fix a transverse metric compatible with the conformal structure on transversals; | · | is its associated norm. If γ : [0, +∞) → M is a path lying on a single
leaf, let hγ|[0,t] be the holonomy transformation corresponding to the path γ between
times 0 and t. The Lyapunov exponent corresponding to γ is the limit
1
log |Dhγ|[0,t] |,
t→+∞ t

λ(γ) = lim

(7.3)

if it exists. (When writing Dhγ|[0,t] we omit the point γ(0) where we are taking the
differential.)
The Birkhoff Ergodic Theorem and the Random Ergodic Theorem tell us that for
ν-almost every x ∈ M0 and almost every Brownian path γ starting at x, the above
limit exists and is independent of both x and γ. It is called the Lyapunov exponent
of the measure ν, λ(ν).
The following result can be found in [11]:
Theorem 7.2. (Deroin-Kleptsyn) Let (M, F ) be a compact minimal subset of a transversely conformal foliation having a Riemannian metric whose variation in the transverse direction is Hölder-continuous. Let ν be an (M, F ) harmonic measure. If
(M, F ) admits no holonomy invariant measures, then λ(ν) < 0.
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The requirement that the transverse variation of the metric be Hölder continuous
is necessary, see [12].
Let µ+ be the ergodic horocycle measure on T 1 F which is invariant under the
geodesic flow and projects onto ν. It is an ergodic measure for the geodesic flow,
and we can define the Lyapunov exponent λ(µ+ ) as the Lyapunov exponent of the
holonomy along a generic geodesic; namely
1
log |Dhγ|[0,t] |,
t→+∞ t

λ(µ+ ) = lim

(7.4)

where γ(s) = gs (v) and v ∈ T 1 F is generic for µ+ .
Lemma 7.3. With the above notations,
λ(ν) = λ(µ+ ).

(7.5)

The remainder of this subsection will be devoted to the proof of this result.
We will need expressions for the Lyapunov exponents λ(ν) and λ(µ+ ) which are
easier to deal with. We follow [11, Sec.3.1].
Consider a holonomy-invariant local normal vector field u in T 1 F . Such a vector
field can be defined in every foliated chart, and its norm |u| is globally defined up
to a multiplicative constant on plaques. Therefore, ω = d log |u| is a globally defined
foliated 1-form on M. (Here d is the exterior derivative in the leaf direction.) Together
with the Riemannian metric on the leaves, it determines Ỹ = ∇ log |u|, which is a
vector field along the leaves of T 1 F .
Applying the same argument to the foliation F , we obtain the vector field Y =
∇ log |u| on M which is tangent to the leaves of F .
As in [11], we can write the Lyapunov exponent of the ergodic harmonic measure
ν as
Z
Z
λ(ν) =
∆ log |u| dν =
div Y dν,
(7.6)
M

M

where div is the leafwise divergence.
Now consider a path γ : [0, T ] → T 1 F lying on a leaf, and let hγ be the holonomy
tranformation it determines. The contraction or expansion of the holonomy along γ
is
R
|Dhγ | = e γ ω .
Therefore, the Lyapunov exponent along a geodesic orbit is
Z
1 t
ω(gs(v)) ds.
λ(v) = lim
t→+∞ t 0

(7.7)

If X is the vector field that directs the foliated geodesic flow on T 1 F , the Lyapunov
exponent of the measure µ+ is
Z
Z
+
+
λ(µ ) =
λ(v) dµ (v) =
ω(X) dµ+.
(7.8)
T 1F

T 1F
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Desintegration of the harmonic measure ν on a flow box of (M, F ) yields a measure
on its transversal and conditional measures of the form h · vol on its plaques, where h
is a positive function which is harmonic in the leaf direction and vol is the volume on
leaves. On two overlapping flow boxes, the corresponding harmonic densities h and
h′ coincide up to multiplication by a positive function which is constant on plaques.
Therefore, η = d log h is a well-defined foliated 1-form, which is called the modular
form of F .
The following result, which we will use to relate the exponents λ(ν) and λ(µ+ ),
appears in [9, p.210].
Lemma 7.4. The modular form satisfies
Z
Z
div Y dν = −
η(Y ) dν
M

M

for every vector field Y along the leaves with an integrable divergence.
Taking Y = log |u| as above, the term on the left is the Lyapunov exponent of the
measure ν. Equation (7.5) translates into
Z
Z
−
η(Y ) dν =
hỸ , Xi dµ+.
(7.9)
T 1F

M

(Here h·, ·i is the leafwise metric on F in the term on the left and the leafwise metric
on T 1 F in the term on the right.)
Considering a partition of unity {ϕi } subordinated to a foliated atlas on M and
the corresponding partition of unity {ϕi ◦ π} on T 1 F . The proof of equation 7.9 is
reduced to a local computation. So let E ≃ D × T be a foliated chart on M, where
D is a ball in hyperbolic space, and π −1 (E) ≃ D × T × S n−1 its preimage on T 1 F .
Notice that the transverse components of ν and µ+ are equal, and therefore equation
(7.9) must actually be an equation on each plaque. Namely, we have to prove that
Z
Z
− hZ(x), Y (x)ih(x) dx =
hX, Ỹ i dµ+
(7.10)
D×S n−1 ,
D×S n−1

D

where h is the harmonic density induced by ν in a plaque of E, µ+
D×S n−1 is the
+
−1
conditional measure induced by µ on the corresponding plaque in π (E), and Z =
∇ log h.
Each plaque in π −1 (E) is itself foliated by (local) central-unstable leaves, parametrized
by ξ ∈ ∂D. We define a 1-form which is a foliated form for this central-unstable foliation by the expression
η̃ = d log k(·, ξ)
on the leaf corresponding to ξ, where k is the Poisson kernel on the D. This is a
globally defined 1-form on T 1 F .
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Lemma 7.5.

Z

+

η̃(Ỹ ) dµ =

T 1F

Z

η(Y ) dν.

(7.11)

M

Equation (7.10) follows from this lemma, and the proof of the lemma is straightforward. Nevertheless, we will write it in full detail.
Proof: It is enough to prove the lemma in a foliated chart E ≃ D × T where
π −1 (E) ≃ D × S n−1 × T . Since desintegration of the measures ν in E and µ+ in
π −1 (E) yield the same measure on T , it is in fact enough to prove it at plaque level.
Notice that Ỹ = π ∗ Y , and therefore it is constant on the fibers of π.
If h is a positive harmonic function on D, we call mh the measure on S n−1 = ∂D
which corresponds to h via Poisson’s representation formula. The symbol ∇ will
always refer to the gradient with respect to x ∈ D with the leafwise metric.
Z
Z
Z
Z
η̃(Ỹ )k(x, ξ) dx dmh(ξ) =
h∇ log k(x, ξ), ∇ log |u|(x)ik(x, ξ) dx dmh(ξ)
S n−1 D
S n−1 D


Z Z
∇k(x, ξ)
=
, ∇ log |u|(x) k(x, ξ) dmh(ξ) dx
k(x, ξ)
D S n−1

Z Z
=
∇k(x, ξ)dmh (ξ), ∇|u|(x) dx
D
S n−1

Z  Z
=
∇
k(x, ξ)dmh (ξ), ∇|u|(x) dx
D
S n−1
Z
=
h∇h(x), ∇ log |u|(x)i dx
D
Z
=
h∇ log h(x), ∇ log |u|(x)i h(x)dx.
D


Finally, we will complete the proof of Theorem 4.
Proof of Theorem 4: Equation (7.10) follows directly from Lemma 7.5 when we
observe that on the central-unstable leaf for the geodesic flow in D × S n−1 ≃ T 1 D
corresponding to geodesics born at ξ ∈ S n−1, X = −∇ log k(·, ξ).


7.2

The regular orbits

We have seen that almost every positive orbit of the foliated geodesic flow follows one
of the SRB measures corresponding to the harmonic measures. That is, if ν1 , . . . , νk
+
are the ergodic harmonic measures on (M, F ), they give rise to µ+
1 , . . . , µk which are
SRB measures for the positive orbits of the foliated geodesic flow. We can follow
the same line of reasoning for the negative orbits of the geodesic flow, thus obtaining
−
measures µ−
1 , . . . , µk which also project onto the νi . In general the the measures
−
µ+
i and µi do not coincide. They do so if and only if the harmonic measure νi is
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totally invariant, which means that in each foliated chart it can be expressed as a
transverse holonomy-invariant measure times the leaf volume. This is the content of
the following proposition:
Proposition 7.6. If µ is a measure on T 1 F which is invariant by the geodesic flow
and which has constant density along both stable and unstable horospheres, then it
projects on M as a measure whose desintegration in the leaves is the volume in the
leaves, implying that this measure is locally the product of the volume in the leaves by
a transverse invariant measure.
Proof: That is exactly the same proof as in [6], and can also be found in [10,
Theorem 5.2].

Recall that, according to Birkhoff’s theorem, almost every orbit (for any invariant
measure) is regular in the sense that the positive and negative averages exists and
are equal.
Proposition 7.7. Assume that F does not admit any transverse invariant measure.
Then the set of regular point in T 1 F has Lebesgue measure equal to 0.
+
−
Proof: For each i, let B(µ+
i ) the basin of attraction of µi , and B(µi ) the set of
points whose negative orbit is contained in the basin of attraction of µ−
i . Assume that
E ⊂ M̃ is a positive Lebesgue measure set of regular points of the foliated geodesic
flow. Up to removing from E a 0 Lebesgue measure set, one may assume that almost
−
every x ∈ E belongs to some B(µ+
i ) and to some B(µj ). As the positive an negative
SRB measures are finitely many, this impies that there are i, j and a positive Lebesgue
−
measure set E0 ⊂ E included in B(µ+
i ) ∩ B(µj ). However, as the points in E (hence
in E0 ) are assumed to be regular, the positive and negative averages coincide, that
−
is, the integral of every continuous function for µ+
i or µj are equal, meaning that
−
+
−
µ+
i = µj . Since µi and µj project onto νi and νj respectively, this immediately
−
means that i = j. Therefore µ+
i = µi is a measure which is invariant by the geodesic
flow, and it has constant density along both stable and unstable horospheres. This,
together with Proposition 7.6, gives a contradiction.


Corollary 7.8. If F has no transverse holonomy-invariant measure, each of the
1
measures µ+
i is singular with respect to Lebesgue measure on T F .
For x ∈ M and v ∈ Tx1 F , let ℓ(x,v) (T ) be the geodesic segment in the leaf Lx
centered at x and directed by v. Let m(x,v) (T ) the normalized length measure of
ℓ(x,v) (T ), which is a probability measure on M.
Proposition 7.9. If F admits only one harmonic measure ν which is not totally
invariant, then for Lebesgue almost every x ∈ M and Lebesgue almost every v ∈ Tx1 F ,
the measures m(x,v) (T ) converge to ν as T → +∞.
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Proof: If (M, F ) admits only one harmonic measure ν which is not totally invariant,
Lebesgue almost every orbit of the geodesic flow in T 1 F distributes according to µ+
in the future and µ− in the past. Such orbits project onto geodesics with the desired
property.

Example 2. Riccati Equations: Let S be a compact hyperbolic Riemann surface and
ρ : π1 (S) −→ P SL(2, C) a representation of its fundamental group into the group
of Moebius transformations of the Riemann sphere P1 . Let p : Mρ −→ S be the
(ruled) algebraic surface obtained by the suspension of ρ (i.e. S̃ ×π1 (S) P1 with the
holomorphic foliation Fρ transversal to the ruling obtained by taking the quotient of
the trivial foliation ∪t∈P1 S̃ × {t}). It is a Ricatti equation ([6],[16]). Let T 1 S → S
be the unit tangent bundle to S with the induced morphism of fundamental groups
p∗ : π1 (T 1 S) −→ π1 (S). The unit tangent bundle T 1 F is obtained by suspending the
representation ρ ◦ p∗ : π1 (T 1 S) −→ P SL(2, C). The geodesic flow and the foliated
geodesic flow commute with the projection p̃ : T 1 F → T 1 S. It is shown in [6] that
there are measurable sections σ ± : T 1 S → T 1 F commuting with the geodesic flows,
such that µ± := σ ± (dLiouvT 1 S ) are the attractors and repellors (the u-Gibbs states)
of the foliated geodesic flow. If ρ is the representation of the universal cover of S, or
another quasi-Fuchsian representation, the sections are continuous, the limit sets of
the discrete groups are circles or quasi-circles, and the support of the u-Gibbs states
are the 3-manifolds σ ± (T 1 S). We have in this case a north to south pole dynamics.
If the representation is non-discrete, so that the limit set of the representation is the
Riemann sphere, the general orbit of ρ(π1 (S)) will be dense in P1 , the general leaf of
F will be dense in Mρ and the support of the u-Gibbs state is all of T 1 F . In this last
case one has a strange attractor/repellor dynamics.
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Stat., 44(6):1078–1089, 2008.
[5] Christian Bonatti, Lorenzo J. Dı́az, and Marcelo Viana. Dynamics beyond
uniform hyperbolicity, volume 102 of Encyclopaedia of Mathematical Sciences.
24

Springer-Verlag, Berlin, 2005. A global geometric and probabilistic perspective,
Mathematical Physics, III.
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[16] Elifalet López-González. Patterson-Sullivan-type measures on Riccati foliations
with quasi-Fuchsian holonomy. Bull. Braz. Math. Soc. (N.S.), 44(3):393–412,
2013.
[17] Ja. B. Pesin. Families of invariant manifolds that correspond to nonzero characteristic exponents. Izv. Akad. Nauk SSSR Ser. Mat., 40(6):1332–1379, 1440,
1976.
25

[18] Charles Pugh and Michael Shub. Ergodic attractors. Trans. Amer. Math. Soc.,
312(1):1–54, 1989.
[19] V.A. Rokhlin. On the fundamental ideas of measure theory. Transl. Amer. Math.
Soc., 1(10):1–52, 1962.
[20] Michael Shub.
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