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Lecture Plan

Gentle introduction to qc surgery
@ Quasiconformal and quasiregular mappings

@ Almost complex structures and the MRMT

@ Surgery: classical examples and general principles

Applications to transcendental dynamics
e Moving asymtptotic values (linearization of neutral fixed
points)

@ Bishop's qc folding construction (existence of oscillating
wandering domains)
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For details

Branner, F. Quasiconformal Surgery in Holomorphic Dynamics
Cambridge University Press, 2014.

Surgery in
Holomorphic
Dynamics

Contributions by Buff — Henriksen, Bullet, Epstein — Yampolsky, Haisinsky,
Petersen and Pilgrim — Tan Lei.
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1. Quasiconformal maps

@ Quasiconformality is a degree of regularity : the right one to study
(e.g.) structural stability of holomorphic maps.
e Topological conjugacies between holomorphic maps can be upgraded to
gc conjugacies.
e QC = (O
e QC-C! and Cl= QC

@ They are very flexible (as opposed to holomorphic maps) — good to
construct models.
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Quasiconformal maps

o If F is conformal at zp, it preserves angles between curves crossing at
Zg, because

DF(z) : C — C is a complex linear map z — F'(z) z.
@ In general , if ¢ is differentiable at zy:

D¢(z)) : C — Cis a linear map z+— az + bZ.
with a = 0,¢(2) and b = d5¢(20)

@ |t defines an ellipse in the tangent space at z

) o [
Es, = (Do) " (S) 0 qb(zy
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Quasiconformal maps

If F is orientation preserving, the dilatation of the ellipse E,, is given by

o avis of E b
|maJor axis o zo| _ |a| +| ’ c []_,OO)-

K = =
+(20) |minor axis of E,|  |a| — |b]

The Beltrami coefficient at zp is the quantity

b 03¢
M(ZO):EZ 0,0

which codes the information of the ellipse, up to scaling.

(Zo) eD

A map which is OP and differentiable almost everywhere defines a field of
ellipses o (up to scaling) a.e. in the tangent bundle, The dilatation of the
field of ellipses, or the dilatation of the map is

Ky = ess sup Ky(z).
zeU
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Quasiconformal maps

Formal definition and examples

Definition (Analytic definition of qc maps)
Amapo¢:U— V, U,V CC is K—quasiconformal if :
@ ¢ is an orientation preserving homeomorphism,

@ ¢ is absolutely continuous on lines (= differentiable a.e.)

e Ky(z) < K < o0 a.e. where defined.

Examples:
@ ¢ conformal < ¢ is 1—quasiconformal < ¢ is qc and 07 =0 a.e
(Weyl's lemma).
e Every o.p. R%2—linear map is qc (Ky(z) ctant)

e C! o.p. diffeos are quasiconformal on any compact set.
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Quasiconformal maps

Formal definition and examples

Quasiconformal maps can also be defined in terms of what they do to the
moduli of annuli.

Definition (Geometric definition of gc maps)

Amap¢:U— V, U,V C C is K—quasiconformal if and only if ¢ is an
grientation preserving homeomoprhism and for every annulus A with

AcCU
1

K

mod(A) < mod(¢(A)) < K mod(A).

Conformal maps preserve the moduli of annuli.
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Quasiconformal /Quasiregular maps

Properties

(1) Pasting quasiconformal maps along “reasonable” curves preserves
quasiconformality.
(This gives great flexibility!)

(2) If pis Ki—qc and ¢ is Kb—qc = ¢ oy is (K1Kz)—qc
(3) If ¢ is K—qc then ¢~ 1 is also K—qc.
Definition

f:U— V isa K—quasiregular map if f is locally K—quasiconformal
except at a discrete set of points.

conformal +— holomorphic
quasiconformal <+— quasiregular
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2. Almost complex structures

An almost complex structure (or conformal structure) o on U is a
measurable field of ellipses (EZ)Z defined almost everywhere, up to scaling,
with bounded dilatation
K =ess sup K(E;) < oc.
zelU
Any measurable function g : U — D defines an almost complex structure
with dilatation

14k
K= K(o) = Lk > 1 where k = ||il|oc < L.

The standard complex structure o is defined by circles at every point, or
by o = 0.
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Pullbacks

Quasiconformal (or quasiregular) maps ¢ : U — V can be used to pull
back almost complex structures in V' to almost complex structures in U.

Given o and a.c.s. on V, we may define a new a.c.s. ¢/ = ¢*o on U, by
the field of ellipses

E, = (D¢z) " Ey)

defined almost everywhere.

E; Ey(z)

2 D )
[
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Pullbacks

We say that ¢ transports o to ¢/, and write it as a pullback
o' =¢'0) o W=¢u o (Uo) % (Vo)

Finally, o is ¢p—invariant if ¢ : U — U transports o to itself, i.e.

Remark
e If ¢ is holomorphic, then K(¢*(c)) = K(o).
o If ¢ is K— q.c. then K(¢*(0)) = K - K(0).
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3. Main tool for surgery: MRMT

We saw that every quasiconformal map ¢ : U — V induces and almost
complex structure o = ¢*(0g) with bounded dilatation.

Question: Is the converse true?

Integrability Theorem (Morrey, Ahlfors, Bers, Bojarski)

Let U~ D (resp. C or C via charts) and o be an almost complex structure
on U with dilatation K, < oo. Then, theAre exists a quasiconformal
homeomorphism ¢ : U — D (resp. C or C) such that

o= ¢ og.

Moreover,

@ ¢ is unique up to post-composition with conformal self maps of D
(resp. C or C).

e If o depends continuosly on a parameter, so does ¢. (If U~ C or C,
we also have ho/omorph/c dependence)

N Ha—(Uni t.deB. I | JackeEestm28-20./5/2016. 13w/e80
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4. Surgery: constructing dynamical models

Surgery is about constructing maps with prescribed dynamics.
Quasiregular maps often are used as dynamical models of holomorphic
maps.

We say that a qr map f is a dynamical model of F holomorphic if there

exists ¢ qc such that
pof=Fog

or equivalently, the following diagram conmutes

v 9y
oao) | | otae)
u o,y
We write f ;; F
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Surgery: constructing dynamical models
Question: Given a quasiregular map f,
@ when is it a dynamical model for some holomorphic map F?

@ equivalently, when does there exist F holomorphic such that f ~ F?

qc

The answer comes from the MRMT.
Theorem (Key lemma)

If 3o such that f*oc =0 = dF holomorphic such that f ~ F
qc

Apply the MRMT to o to obtain ¢ the integrating map. Then define F as:

(C,0) —— (C,o)

5| &

~ Fi=¢fop™1 A
(C,00) 2= (T, o)

Since F is qc and F*op = 0p we conclude (Weyl's lemma) that F is
holomorphic.
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Soft Surgery

Deforming holomorphic maps

@ If f is holomorphic to start with, we may still find an almost complex
structure o # og which is f—invariant.

e After conjugating by the integrating map ¢ we obtain F := ¢f¢—!

holomorphic and f ~ F. We then say that F is a quasiconformal
qc
deformation of f.

@ In some cases, all quasiconformal deformations of f result int he same
map we started with. Then we say that f is (quasiconformally) rigid.

o Example: Centers of hyperbolic components are rigid. All other
maps in the component are deformations of each other.
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Soft Surgery

Deforming holomorphic maps

z»—>z2+c1 z»—>22+cz

c1, ¢ belong to the same hyperbolic component (2/5) of the Mandelbrot
set. The two maps are quasiconformally conjugate.
(Sullivan, Dounady and Hubbard, 1984)
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5. Application: the straightening theorem

Question: Why do we see polynomial Julia sets in the dynamical plane of
non-polynomial mappings?

Newton’s method of a cubic pol. z— 22 -1
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The straightening theorem
The answer is given by the Straightening theorem, one of the first surgery
applications.

Theorem (Douady and Hubbard, 1985)

Let U', U C C be topological discs such that U’ C U. Suppose f : U’ — U
is a proper holomorphic map of degree d > 2. Then, there exists a
polynomial P(z) of degree d such that

f~P onlU.
qc

V)
U/
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The straightening theorem
In particular, there is a (qc) homeo between the small filled Julia set of f
Kf={ze U |f"(z) e U forall n>0}.

and the filled Julia set of P

Kp={zeC|f"(z) » oo}.
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The straightening theorem

(1) Let R : C\ U — C\ Dga be a conformal map. It extends to
@ :0U — Sga. (w.l.o.g. we assume QU and QU’ are at least C?).

U f R =
<)

¥
R4

(2) Define ¢ : OU" — 0Dg so that

Extend to ¢ : A — A K—quasiconformally (Extension lemma).
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The straightening theorem

(3) Define a new map (the model)

R4
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The straightening theorem

(4) g is quasiregular: it is continuous, locally quasiconformal in 4 and
holomorphic in C \ A.
(5) We construct a g—invariant complex structure: let A, :=f~"A

* on A
(spreading by B SOfn(Cio) A
the dynamics) o= ()e onA,

oo elsewhere
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The straightening theorem

(6) Apply the MRMT to o to obtain ¢ the integrating map. Normalize so
that ¢(c0) = oo. Then define P as:

(C,s) —f— (C,o0)

o) |o
~ P:=¢go~?! ~
(C,00) 2222, (T, 00)

(7) P is holomorphic (Weyl's lemma). In fact P is entire and oo is a
superattracting fixed point . Hence P is a polynomial of degree d,
and it is qc-conjugate (by ¢) to f inside U.

(8) 0 =00 on K(f) = 0z¢ =0 on K.

Hence, P and f are conformally conjugate in the interior of Kr (if
any).
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Parameter version

In parameter space, we see that bifurcations occur with the same patterns.

Newton parameter space Bifurcations of z — z2 4 ¢

To prove the existence of copies of M involves dealing with the continuity
of integrating maps, and of the resulting polynomials with respect to the
parameters.
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6. Surgery: general principles

There exist some criteria which are useful in many occasions.

Shishikura's Principle 1
Suppose
e f is holomorphic in C\ X and K—quasiregular in X
o FI(X)NX =0 forall j > N (orbits pass through X at most N times).

Then, there exists F holomorphic such that f ~ F.
qc

Proof:

We construct an f—invariant almost complex structure by defining o = o
on U :=Uj>nf/(X) and spreading o by the dynamics.

Observe that U is invariant and f is holomorphic in U, so f*o = ¢.
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Surgery: general principles

Shishikura's Principle 2

Let U C C and suppose
e f is holomorphic in C \ U;
o fly=y~lo H o1 where ¢ : U — U is quasiconformal (the gluing
map) and H : U — U is holomorphic.

Then, there exists F holomorphic such that f ~ F.
qc

P HY
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Application: Turning Herman rings into Siegel disks

@ Suppose f has a Herman ring and -y is an invariant curve. Then
J4p : St — 5 analytic conjugation to Ry(z) = e’z

@ We can "glue" a Siegel disk in the interior of v (or also in the
exterior).

e Ahlfors-Berling or Douady-Earle: v : S' — ~ extends to W : D — D.,,
which is quasiconformal in ID. This map is the “‘gluing” map.

@ Define

Flz) = (WoRgoW)(z) ifzeD,,
R ) if z€ X\ D,

_X

f ” o

GO

VoR,oW
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Application: Turning Herman rings into Siegel disks

o fis quasiregular

@ Pull back op on D and
spread by the dynamics.

e (MRMT) Obtain ¢ qc and
F := ¢f¢~1 is holomorphic.

e ¢(D,) is contained in a
Siegel disk of F with the
same rotation number.

F ~ f on any domain whose forward orbit is disjoint from D,
con

N. Fagella (Universitat de Barcelona) Quasiconformal surgery Jack Fest, 28-29/5/2016 29 / 80



Application: Turning Herman rings into Siegel disks

This is a local procedure, but depending the map we start with, we end up

with a different result.

@ Starting with the degree 3 Blaschke family

i zZ—ad . . .
B, = 627r/tz2177 with a > 3 (so B, is a diffeo on S*.
—az

after the surgery we would obtain a quadratic polynomial.

@ Starting in the complexified Arnold family
Ara(z) = e¥™tze3(H2)  with 0 < a,t < 1,

after the surgery we would land in the semistandard family
Ep(z) = ™0 ze?.

This is used to transport features from certain families to others.
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Application: Turning Herman rings into Siegel disks
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Some results proven with this tool

The gluing can in fact be done in much more general settings, and it can
also be reversed [Shishikura], converting maps with Siegel disks into
Herman rings. Both have been used to prove many results in holomorphic
dynamics.

@ Existence of Herman rings of any Brjuno rotation number.

@ Existence of critical points on the boundaries of rotation domains of
certain maps.

e Existence of Siegel disks (or Herman rings) with Jordan curve
boundaries with no critical points.

@ etc etc
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Surgery: general principles

The most powerful of all principles is due to D. Sullivan (1981).

Sullivan's Principle

f . U — C is quasiconformally conjugate to some holomorphic F : U — C
if and only if

JK < oo such that for all n > 1, the iterates {f"} are (uniformly)
K —quasiregular.

Moreover, F is unique up to conformal conjugacies.
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Proof of Sullivan's Principle (rough sketch)

@ One implication is obvious: If f = ¢ o F o ¢! with ¢ K—qc, then
f?"=¢oF"0¢ ! are uniformly K?>—qc.

@ Now suppose " is K—qc for all n > 0, and let

pn(2) := (F7)" (po(fn(2)))-

We may interpret these as a (uniformly) bounded set of points in D,
with the Poincaré metric.

@ Special case: Using that f* : M(f(z)) — M(z) is an isometry in the
hyperbolic metric plus other ingredients one can prove (in some
special cases) that p,(z) converges pointwise and
1(z) := limp_ 00 1tn(2) is @ measurable function with ||| < 1.
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Proof of Sullivan's Principle (rough sketch)

@ Moreover

and therefore

pnt1(z) = F(pa(f(2)))

u(z) = fu(f(2)).

which means that p is f*-invariant or f*u = p.

NS f NP
I&2s AN
JQ N o) Q
Oaﬂc7QO f Oa047Qo
S T Sbe
S N VSDE, S QWD
0 ocao L 0 0go L

e (MRMT) There exists ¢ qc such that F = ¢ o f o ! is holomorphic.
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Proof of Sullivan's Principle (rough sketch)

@ General case: In general, pin(z) does not converge.

@ We then define u(z) as the circumcenter of the set {u,(2)} (the
center of the unique minimal hyperbolic disc containing the set).

@ Again using that *: M(f(z)) — M(z) is an isometry, and the
uniqueness of the circumcenter, we have that f*u = pu.

(Tukia'86)
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7. Extension theorems

@ The actual construction of the models (quasiregular maps f) is often
done by pasting different maps in several pieces of the plane.

@ Often (as in the examples) we need to interpolate in between to maps
or to fill in certain regions with given boundary values. There are
many Extension theorems which deal with these situations.

@ These theorems have nohthing to do with dynamics — they are
examples of how complex analysis plays an important role in complex
dynamics.
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Extension theorems
Here are two examples which can be proved by simple interpolation.

Theorem (Extension of boundary maps to an annulus)

Let Ay and Ay be standard annuli. Suppose 1) : 0A; — OAs is an o.p. C!
covering of degree d > 1. Then, there exists a C' covering W : Ay — Ay of
degree d, such that Wy, = ).

Moreover, W can be chosen to be conformal on any annulus A C A; as
long as mod(A) < mod(Az).

Theorem (Extension of boundary maps to Jordan domains)

Let ¢p : ST — St be a C! diffeomorphism. Then there exists a piecewise C*
map V : D — D such that V =1 on S*.

Moreover, W can be chosen to be conformal on any smaller disc D
compactly contained in D.

Conditions can be relaxed to a great extend (quasicircles, quasisymmetry,

etc)
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8. Other applications

Surgery techniques have been used to prove plenty of results of very
different nature.

Nonexistence of wandering domains for rational maps (Sullivan 82)
Construction of examples of and counterexamples to dozens of
conjectures.
e There exist Siegel discs and Herman rings of any Brjuno rotation
number.
e For rotation numbers of bounded type, Siegel disks have Jordan
boundaries with a critical point (rational maps).
Connectivity of the Julia set under certain hypothesis (e.g. Newton's
methods).
Bound the number of non-repelling cycles for a given system.
Parametrization of structurally stable components in parameter
spaces.
Constructing homeomorphisms between parameter spaces of different
families.
and a very very large ETC.
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9. Transcendental dynamics - Generalities

~

If f: C — C (or to C) has an essential singularity at infinit we say that f
is transcendental.

The set S(f) of singularities of f~! consists of critical values and
asymtpotic values (and the closure of such).
f:C\ f71(S(f)) — C\ S(f) is a covering map of infinite degree.

Definition
A point a € C is an asymptotic value if there exists a curve y(t) — oo

such that f(y(t)) — a. (Morally, a has infinitely many preimages collapsed
at infinity).

Example: z =0 for f(z) = \e”.
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Transcendental dynamics - Generalities

Special classes of transcendental maps are:

@ The Speisser class or finite type maps:
S = {f ETF such that S(f) is finite}
@ The Eremenko-Lyubich class

B = {f ETF such that S(f) is bounded}

sinz(z) :

Example: A

Transcendental maps allow for two extra types of Fatou components:
wandering domains an Baker domains. However,

@ maps in S cannot have either of them;
@ maps in B cannot have Baker domains nor wandering domains whisch
escape to infinty uniformly.
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10. Surgery: Moving asymptotic values

Theorem (Geyer '01)

Let E(z) = \ze?, with A = €*™® and € R\ Q. Then, E is linearizable at
z =0 iff € B (set of Brjuno numbers).

One implication holds generally for any analytic function. To prove the
other one we shall do some surgery and use the following proposition.

Proposition (Yoccoz, Pérez-Marco '93)

If f2(2) = f(z) + c(a)z2g(z) is uniformly linearizable for |a| < e, where
f,g and c are analytic, f(0) = c¢(0) =0, f'(0) = A = e*™*, a ¢ R\ Q,
g(0) # 0 and c is non-constant, then the quadratic polynomial

P\(z) = Az + z? is linearizable and o € B.
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Moving asymptotic values

Assume E(z) = A\ze? is linearizable.

A
[&@ ‘ N ez= —1 is the only critical

point.

@ z =0 is an asymptotic value
and a fixed point. The
surgery will split them up.

@ For all U small nbd of 0,
E~1(U) has one unbounded
component U’ and
E : U — U is a universal
covering.
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Moving asymptotic values

@ Choose § very small. Let
A= 025(0) \ D(;(O) and
A" = (unique c.c of)
E~1(A).

@ Define a new map:

E(2) if z¢ Dl
Ei(z)=E(z)+a if zeD;
©(2) if ze A

where ¢ is a qc interpolating
map between E(z) and

E(z) + a.
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Moving asymptotic values

e E, is quasiregular (holomorphic off A’,
quasiconformal on A’).

&
//K\ 2R ‘ In fact |pg, ()| < ka —> 0 as a — 0.

AN

D } @ Orbits pass through A’ at most once.
e Jey (| j\5{\_‘7 @ Hence 3¢, : C — C qc, such that
: — 750k { F;:= ¢s0E,0¢;" is holomorphic.

¢4 is conformal on §S.

Normalize setting ¢,(0) = 0 and

¢$a(—1) = —1. Then a > ¢,(z) is
holomorphic for all fixed z.
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Moving asymptotic values

o 5, := ¢,(S) is still a Siegel disk, with

multiplier A .
Dr Az Dr P
l l @ ¢, 0 ¢ is a linearizing map of the Siegel
@ ® .
disk.
s f.s
@ z=0is NOT an asymptotic value any
d)al ld)a more. The new asymp. value is
N F Vo= ¢a(a) €S. The map a— v, is
a —— S, analytic.

@ Since ¢,(0) — 1 as a — 0, for a small enough F, has a Siegel disk of
uniform size.
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Moving asymptotic values

@ Imposing the conditions on F, and rescaling one can prove that F; is
conjugate to

Ga(2) = Mca + €(z + ca(z — 1)) = Aze® + c,2° </2\ + O(z))

with ¢, analytic, non-constant and ¢y = 0.

@ This satisfies the conditions of Pérez-Marco's proposition and
therefore we conclude that 6 is a Brjuno number.

@ Observation: We have embedded E(z) into a one parameter family of
maps G,. This works for small values of a but the family is interesting
in itself and it has a persistent Siegel disk and two singular values
which can interchange their roles (Berenguel, F '10).
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11. Constructing entire functions

Bishop's qc-folding construction

Let f : C — C be a transcendental entire function with
@ exactly two critical values, say —1 and +1

@ no finite asymptotic values

Question: What does f look like ?
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Bishop's qc-folding construction

T = f~}([~1, +1]) is an infinite bipartite tree.

C

C

/_\\
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Bishop's qc-folding construction

T = f~Y([~1,+1]) is an infinite bipartite tree.

C C
T
f
/\\ -1 +1
H

% r
é i.(2k+1)n cosh
% i(2k)T
—
% 1
Z

cosh : H, — C\[—1,+1] is a universal cover.
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Bishop's qc-folding construction

T = f~Y([~1,+1]) is an infinite bipartite tree.

C C
T
f
/\\ -
-1 +1
Q
\
H,
T cosh
7

VQc.c. of C\T, 119 = (cosh™1 ofiq) : 2 — H, is conformal.
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Bishop's qc-folding construction

Conversely: How to construct f from (T,7) ? J

More precisely: Given

@ an infinite bipartite tree T C C with “good enough” geometry
@ a map 7 such that 7g : Q — H, is conformal, VQ c.c. of C\T

Question: Does there exist an entire function f : C — C such that
f = coshor ? J

Main problem: In general, cosh o7 is not continuous across T. J
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Bishop's qc-folding construction

Strategy:
Step 1: Modify (T, 7) in a small neighborhood T(rp) of T.

More precisely, replace (T,7) by (T’,n) such that
e TCT CT(n
e n =17 off T(rn)
o 1 : Q' — H, is K-quasiconformal, VQ' c.c. of C\ T’

@ cosh on continuous across T’ (quasiregular map)

Step 2: Apply MRMT .

Obtain a qc map ¢ (the integrating map of ficoshor) SO that
f 1= coshon o ¢! is entire. In particular

f o ¢ = cosh ot off T(ry)
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Bishop's qc-folding construction

AN
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Bishop's qc-folding construction

H,

AW
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Bishop's qc-folding construction

H;
=
——
—
——
=
cosh
C /
-1 +1
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Bishop's qc-folding construction

H,
=
/
—
=
=
cosh
C /
4+
o(T)
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Bishop's qc-folding construction

H,
=
/
—
——
—

cosh
C /
\ -1 +1
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Bounded geometry
Definition: We say that T has bounded geometry if
e edges of T are C? with uniform bounds

@ angles between adjacent edges are uniformly bounded away from 0
@ Ve, f adjacent edges, % < 3;%5?; <M
@ Ve, f non-adjacent edges, gll:tlzle(i)) <M

dist(z,.e -

diam(e) ~

T(r)= U {z e C / dist(z,e) < rdiam(e)}
e edge of T
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Bounded geoemtry

Lemma
If T has bounded geometry, then dry > 0 such that

VQ c.c. of C\T, V square Q C H, that has a 7/q-edge as one side,
Q C g (T(ro) N Q>

Hy

LAV

Every edge has two 7-sizes!!!
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Bishop's Theorem

Theorem (Bishop'12)

If (T, T) satisfies the following conditions
© T has bounded geometry
@ cvery edge has T-size >

then 3 an entire function f and a quasiconformal map ¢ such that

f o ¢ = coshor off T(ry)

Moreover
o f has exactly two critical values, —1 and +1
e f has no finite asymptotic values
o ¢(T) C FY[=1,+1]) (=¢(T"))
@ Vc critical point of f, degoc(c, ) = deg(c, dp(T"))
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Bishop's qc-folding construction
The main technical difficulty is to find a quasiconformal map ¢ from a
square to itself such that

1 maps the left side to an edge of length =
1 is the identity on the right side

N

3m T
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Bishop's qc-folding construction
The main technical difficulty is to find a quasiconformal map ¢ from a
square to itself such that

1 maps the left side to an edge of length =
1 is the identity on the right side

Solution: Add some extra edges and “unfold”.

\}

o N
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Bishop's qc-folding construction
The main technical difficulty is to find a quasiconformal map ¢ from a
square to itself such that

1 maps the left side to an edge of length =
1 is the identity on the right side

Solution: Add some extra edges and “unfold”.

Yy

—

3m m

~1is called a quasiconformal folding.
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Bishop's qc-folding construction
The main technical difficulty is to find a quasiconformal map ¢ from a
square to itself such that

1 maps the left side to an edge of length =
1 is the identity on the right side

Solution: Add some extra edges and “unfold”.
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Bishop's qc-folding construction
The main technical difficulty is to find a quasiconformal map ¢ from a
square to itself such that

1 maps the left side to an edge of length =
1 is the identity on the right side

Solution: Add some extra edges and “unfold”.

X

131

~1is called a quasiconformal folding.
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Bishop's qc-folding construction — adding singular values

Generalization: We may also construct f with
@ more critical values than only —1 and +1
@ some finite asymptotic values

@ arbitrary high degree critical points

Let T be an infinite bipartite graph.

+1
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Bishop's qc folding construction - adding singular values

The c.c. of C\T are sorted into three different types:

R-components: 1) : Q2 — H, conformally
D-components:  7)q : 2 — D conformally
L-components: 1) : 2 — Hj conformally
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Bishop's qc folding construction - adding singular values

The c.c. of C\T are sorted into three different types:

R-components: 1) : Q2 — H, conformally
D-components:  7)q : 2 — D conformally
L-components: 1) : 2 — Hj conformally

Rl 25 m
O 2, p
Lo 5 m
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Bishop's qc folding construction - adding singular values

The c.c. of C\T are sorted into three different types:

R-components: 1) : Q2 — H, conformally
D-components:  7)q : 2 — D conformally
L-components: 1) : 2 — Hj conformally

R 0 TIQ Hr cosh
Q 2, b
Lo 5 m
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Bishop's qc folding construction - adding singular values

The c.c. of C\T are sorted into three different types:

R-components: 1) : Q2 — H, conformally
D-components:  7)q : 2 — D conformally
L-components: 1) : 2 — Hj conformally

T‘Q

H, - C\[-1,+1]
Q% — (D,0)
L| @ e H,
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Bishop's qc folding construction - adding singular values

The c.c. of C\T are sorted into three different types:

R-components: 1) : Q2 — H, conformally
D-components:  7)q : 2 — D conformally
L-components: 1) : 2 — Hj conformally

T‘Q

H, - C\[-1,+1]
T zi— 24

Q%) — D0 % (D,0)

L] Q @ M,
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Bishop's qc folding construction - adding singular values

The c.c. of C\T are sorted into three different types:

R-components: 7 : 2 — H, conformally
D-components:  7)q :  — I conformally
L-components: 1) : 2 — Hj conformally

R o -2 H, _Coh, C\[-1,41]
D| (@x) —25 @0 =% o) 2 (D, wg)
L] (Q00) —25  (Hp,-o0)

where pg : D — D is quasiconformal with pq(z) = z, Vz € dD.
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Bishop's qc folding construction - adding singular values

The c.c. of C\T are sorted into three different types:

R-components: 7 : 2 — H, conformally
D-components:  7)q :  — I conformally
L-components: 1) : 2 — Hj conformally

TIQ cosh

R Q — H, — C\[-1,+1]]
D| (@% — 0 % (1,0)
L| (o) —25 (Hy,-00) —25 (D,0)
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Bishop's qc folding construction - adding singular values

The c.c. of C\T are sorted into three different types:

R-components: 7 : 2 — H, conformally
D-components:  7)q :  — I conformally
L-components: 1) : 2 — Hj conformally

TIQ cosh

R Q — H, — C\[-1,+1]]
D| (@%) 2 @0 % (Do)
L| (Qo00) —5 (H,—o0) —25 (D,0) —25 (D)
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Oscillating wandering domains in class B

Recall that functions in class B have no “escaping” WD.

But the question remained of whether functions in class B could have WD,
which would need to be oscillating or bounded (in the sense of limit
functions).

Theorem (Bishop'12) J

There exists f € B which has an oscillating wandering domain.
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Oscillating wandering domains in class B

f=Fo¢ with {

F : C — C quasiregular (transcendental)
¢ : C — C quasiconformal so that pi,-1 = F*(10)

F is constructed using an infinite graph.

o

Thobd

P

N. Fagella (Universitat de Barcelona)
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Oscillating wandering domains in class B

Asinh cosh

F. St H, C\[-1,+1]
z | cosh(Asinh(z))

Asinh

Z

is fixed so that f" (%) — +00 very fast.

n—+o0o
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Oscillating wandering domains in class B

Asinh cosh

F. St H, C\[-1,+1]
z | cosh(Asinh(z))

(7

Asinh 0

| LT cosh 7
. s /\% Z
/1 1
[ [ [ / /// %

7
is fixed so that f" (%) — +00 very fast.

n—+o0o

o
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Oscillating wandering domains in class B
For every n > 1,

zi3(z—2,)%n
Em—

F: (Dn,zn) (D,0) —2— (D, wy)
z I Pn ((Z - Zn)dn)
pn D — D quasiconformal
with < pp(0) = w,

for some parameters | d, —— +oo|and |w, —— % .

n—+o0o n—o0
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Oscillating wandering domains in class B
For every n > 1,

z3(z—2zp)%n
REE AN

F: (D, z,) (D,0) —2 (D, wy,)
z } > Pn ((z—z,,)d")

pn D — D quasiconformal
with ¢ pn(0) = w,
supp(p1p,) C {3 < |z[ <1}

for some parameters | d, —— +oo|and |w, —— % .

n—+o0o n—o0
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Oscillating wandering domains in class B
Using Bishop’s construction F may be extended to a quasiregular map
F : C — C such that:
o VzcC, F(—z) = F(z) and F(z) = F(2)
o Crit(F) = {-1,+1} U{w,, n>1}U {3} C D with w, —— 1

n—-+o0
e Asym(F) =10

00 GO,

clejelelstele
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Oscillating wandering domains in class B
Using Bishop’s construction F may be extended to a quasiregular map
F : C — C such that:
e Vz€C, F(—z) = F(z) and F(Z) = F(z)
o Crit(F) = {-1,+1} U{w,, n>1}U {3} C D with w, —0
e Asym(F) =10
@ supp (F*(uo)) is small enough

N[
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Oscillating wandering domains in class B
Using Bishop’s construction F may be extended to a quasiregular map
F : C — C such that:
e Vz€C, F(—z) = F(z) and F(Z) = F(z)
o Crit(F) = {-1,+1} U{w,, n>1}U {3} C D with w, —0
e Asym(F) =10
@ supp (F*(uo)) is small enough in order that ¢|s+ ~ Ids+

N[

Let f = F o ¢ with ¢ : C — C quasiconformal so that p,-1 = F*(uo).
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Oscillating wandering domains in class B

12 s* 112) M1112) 1/2) f
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Oscillating wandering domains in class B

l

O

n+1
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Oscillating wandering domains in class B
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Oscillating wandering domains in class B
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Oscillating wandering domains in class B

Dn Dn+1
|~
?Dn+1
' Un+1 ‘ . '
! "ttt/ T Tttt oottt TTto n+1
12 gt f2) 1112) (1/2) 02)
| | Tttt T/

(U, = %5,, and inradius(U,) > ) (ch"

FrY(Upyr) = %Dnﬂ and  inradius(U,y1) >

N. Fagella (Universitat de Barcelona) Quasiconformal surgery Jack Fest, 28-29/5/2016 64 / 80



Oscillating wandering domains in class B

FrY(Upyr) = %5,,“ and  inradius(U,.1) > C. (dg:l ‘X:%)_l
W e f(3D,)  and diam (£ (3D,)) < €.(H)”
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Applications of Bishop's theorem

By considering appropriate trees and appropriate conformal maps, Bishop's
theorem can be used to prove many different results (mostly in function
theory but also in dynamics). We give two examples:

@ (Bishop'12) There exists an ETF in class S for which the strong
Eremenko conjecture fails to be true (i.e. not every point in the
escaping set can be joined to oo by a curve in the escaping set)

e (Bishop'12) There exists an ETF with a spiriling tract that spirals
arbitrarily fast.

e (F, Godillon and Jarque, '13) There exist f, g € B having no
wandering domains such that f o g has a wandering domain. (This
required to prove that Bishop's example has no “unexpected”
wandering domains. )
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12. Adding an essential singularity — Configurations of
Herman rings

Shishikura in 1989 associated a tree to every configuration of Herman
rings and showed that every tree satisfying certain conditions is realizable
by a rational map. Later we it was shown that these configurations are
also realizable by transcendental meromorphic maps.

Theorem (Peter, F. '12)

Let g be a rational function with Herman rings A1, --- , Ay, realizing a
certain configuration C in C. Then, for every configuration C' in C
“equivalent” to C, there exists f meromorphic transcendental which
realizes Cg.

In other words, we can “glue” an essential singularity inside any
component of C \ U;A;, and produce a TMF realizing that configuration.
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Adding an essential singularity

We shall sketch the surgery only in the simplest case, Shishikura's example
of a nested two-cycle of Herman rings.
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Adding an essential singularity

We want to “glue” an essential singularity at oo (or any point in int(7)).
Consider E(z) = A(e” — 1) with |A] < 1 chosen so that

mod (A) = mod (A1) = mod (A').
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Adding an essential singularity

Construct a quasiconformal homeomorphism ¢ : C—C (the gluing map)
satisfying:

P(o0) =00; ®(7) =0, P(g(7))=E(0); Eod=0dogony

®(int(y)) = int(0); P(ext(g(v))) = ext(E(5));  conformal off U U g(U)
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Adding an essential singularity

g on ext(7)

dloEod onint(y).

@ The iterates of F are uniformly K—quasiregular (since orbits pass
through U U g(U) at most once).

@ Hence there exists ¢ : C—C qc fixing oo such that f := ¢~
is in M and realizes the "same” configuration of rings as g.

@ Defineanew map F = {

1oFogp
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Adding an essential singularity

g on ext(y)

dloEod® onint(y).

@ Observe that we added no new poles: the poles of F are the poles of
g and preimages under ® of poles of E, which don't exist.

@ Defineanew map F = {

o Note that we added no new critical points (E has none) and one new
asymptotic value at o(®71(—=N)) € p(A).
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13. Other applications

There are other surgery constructions with applications in transcendental
dynamics that should have been here. One of them is due to Kisaka and
Shishikura in 2005.

Theorem (Kisaka — Shisikura '05)

There exists a wandering domain W such that f"(W) has connectivity 2
for all n > 0.

@ The regions where the model map g is quasiconformal are nested
annuli A, and g is K, — —quasiconformal on Ap,.

@ Orbits visit every A, at most once, but they may have the full orbit
in the quasiconfromal reguion.

@ It is essential that [[ K = Koo < 0.

@ This is an example where Sullivan’s principle is useful.
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Thank you for your attention!!!!

Homeomorphic bifurcation loci [B. Branner — N.F. 1999]
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Interpolation on the infinite strip

We may explcitely define

£ = £(2) 2 (1E2)

where 7 : R — R is a C* function equal to 1 in (—o0, 1) and equal to 0 in
(4,00).
Then one can actually compute the partial derivatives and prove that

9E(2) _ _2Mla|

= =k, —0
el 0E(z) — g—ZI\/I\a| 7 a0
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Bishop's QC-folding for entire maps in class B
C
be b
| |

S+

ST
=

/T:)\sinh
n=r

H

Remark: The blue and red points correspond to 7iZ.
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Bishop's QC-folding for entire maps in class B

C
™
g »
0 - R
b3 St
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Bishop's QC-folding for entire maps in class B
C
Sk
Dy

[NIE]

NI

S

T=Zz—2z
n=rt

/T = Asinh
nm=rT dj-th roots of unity

% cosh(z) /
H o(z) = pr(7(2)%)
pk(o) = wi = %7pk|0D =Id
Pk dc
pk conformal in D(0,3/4)
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Bishop's QC-folding for entire maps in class B

C
o Sk Dy
i
B 13
\
0} o AN R

o = cosh
o = exp T=Zz— 2z
n=r

e 4 = p(r%)

pk(0) = wy = %:pk\ao =Id

e

N

C
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Bishop's QC-folding for entire maps in class B

Important remarks about ¢:

1
® ¢ is conformal on S* and ZDk's.

¢ is uniformly K-quasiconformal for all the values of A and d's.

The dilatation of ¢ is supported inside T(rp) and this neighborhood
decays exponentially in |z|.

Moreover ¢ is symmetric (1-to-1 on R), ¢(0) = 0, ¢(c0) = oo and
o(z)=z+ z +0 (\272\)

for some |z| > R (Dyn’kin’s Theorem).

¢’ should be bounded by below from 0.

Estimates get better when increasing the parameters.
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Bishop's QC-folding for entire maps in class B
C

| 99 ¢

S+

S ARNTE]
=]

NI

Consequently: f/(x) = d%’( cosh (Asinh(¢(x))) > 16x for A large enough.
Hence we may choose A so that x, = " (%) tends to infinity (exponential

speed) as n does.
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