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Abstract of the Dissertation
Decomposition Theorem for Semisimple Local Systems
by
Ruijie Yang
Doctor of Philosophy
in
Mathematics
Stony Brook University

2021

In the first part of this dissertation, I will discuss the Decomposition Theo-
rem for semisimple local systems. In complex algebraic geometry, the decom-
position theorem asserts that semisimple geometric objects remain semisimple
after taking direct images under proper algebraic maps. This was conjectured
by Kashiwara and is proved by Mochizuki and Sabbah in a series of long pa-
pers via harmonic analysis and D-modules. My work gives a new geometric
proof in the case of semisimple local systems, adapting the method developed
by de Cataldo and Migliorini. My main contribution is two-fold: on the one
hand, I complement Simpson’s theory of weights for local systems by proving
a global invariant cycle theorem in the setting of semisimple local systems;
on the other hand, I relate Simpson’s notion of polarizations on pure twistor
structures to Poincare pairings for local systems and give a useful criterion for
non-degeneracy of restrictions of Poincare pairings to various subspaces of the
cohomology groups of local systems arising from geometry.

In the second part of this dissertation, I will discuss a birational invariant
of algebraic varieties measuring how far they are from being stably rational.
Then I calculate this invariant for very general hypersurfaces in projective
spaces. This section closely follow my paper [57].
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Chapter 1

Introduction

This dissertation represents several pieces of my research during the graduate
school. Besides the material presented here, I have also written additional
papers [13], [42], [48], [58].

In the first part of this dissertation, I will discuss the Decomposition Theo-
rem for semisimple local systems. In complex algebraic geometry, the decom-
position theorem asserts that semisimple geometric objects remain semisimple
after taking direct images under proper algebraic maps. This was conjectured
by Kashiwara and is proved by Mochizuki and Sabbah in a series of long pa-
pers via harmonic analysis and D-modules. My work gives a new geometric
proof in the case of semisimple local systems, adapting the method developed
by de Cataldo and Migliorini. My main contribution is two-fold: on the one
hand, I complement Simpson’s theory of weights for local systems by proving
a global invariant cycle theorem in the setting of semisimple local systems;
on the other hand, I relate Simpson’s notion of polarizations on pure twistor
structures to Poincare pairings for local systems and give a useful criterion for
non-degeneracy of restrictions of Poincare pairings to various subspaces of the
cohomology groups of local systems arising from geometry.

In the second part of this dissertation, I will discuss a birational invariant
of algebraic varieties measuring how far they are from being stably rational.
Then I calculate this invariant for very general hypersurfaces in projective
spaces. This section closely follow my paper [57].



Chapter 2

Decomposition Theorem

2.1 Introduction

The purpose of this chapter is to give a new and geometric proof of the De-
composition theorem for semisimple local systems under proper direct images
of algebraic maps, which was originally proved by Sabbah [43].

2.1.1 Historic background

Sabbah’s theorem (Theorem |A]) is a vast generalization of the Hard Lefschetz
theorem in classical algebraic geometry. I will start by reviewing this theorem.
Let X be a smooth projective variety of dimension n and L be an ample line
bundle on X. Classically the theory of harmonic forms puts an extra structure
on each singular cohomology group H*(X) := H*(X, C), which is the so-called
Hodge structure. Moreover, one has the Hard Lefschetz theorem: cup product
map with ¢;(L) determines an isomorphism

L' HY(X) 5 H"(X)
a— aAc (L)
The Hard Lefschetz theorem naturally generalizes to the relative setting. Deligne
observed that not only there is a relative Hard Lefschetz theorem, but also the

cohomology of smooth proper maps behaves like the cohomology of product
maps.

Theorem 2.1.1 (Deligne [20, 22]). Let f : X — Y be a smooth proper map of
smooth algebraic varieties. Assume that f has fiber dimension n and that L is
an f-ample line bundle on X.

1. (Relative Hard Lefschetz) The cup product map with L is an isomor-
phism:
L': R"*f,C S R f.C.

2. (Decomposition Theorem) There exists a (non-canonical) splitting

L
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Here f, denotes the total direct image functor.
3. (Semisimplicity Theorem) R’ f,C is a semisimple local system for each .

Now if one only assumes f : X — Y is a projective map, even if X
and Y are projective, all three statements break down due to the fact that f
typically has singularities. The correct statements are formulated using the
theory of perverse sheaves introduced by Beilinson-Berstein-Deligne-Gabber
[5], which stems from the study of topology of stratified spaces by the work of
Goresky-MacPherson [29] 30]. This circle of ideas finally lead to the following
Decomposition Theorem, which is one of the deepest result concerning the
homology of complex algebraic varieties.

Theorem 2.1.2 (Beilinson-Bernstein-Deligne-Gabber [5]). Let f: X — Y be
a proper map between algebraic varieties and let n be an f-ample line bundle
on X.

1. (Relative Hard Lefschetz Theorem) The cup product map with n is an
isomorphism

' PHFICK) S PHY(FICK).

Here PH* denotes the I perverse cohomology, f. denotes the total direct
image functor. ICx is the intersection complex of X.

2. (Decomposition Theorem) There ezists a (non-canonical) splitting

£ICx = @ PH(f.ICx)[—1).

L

8. (Semisimplicity Theorem) PH(f,ICx) is a semisimple perverse sheaf for
each £.

The original proof of the Decomposition Theorem was arithmetic in nature
and used positive characteristic methods. In particular, it ultimately relied on
Deligne’s work on the Weil conjectures and the theory of weights.

In 2005, de Cataldo and Migliorini [I7] found a geometric proof of the
Decomposition Theorem. Their proof just used the classical Hodge theory
and rested on new Hodge-theoretic results on the cohomology of projective
varieties.

On the other hand, inspired by the Decomposition Theorem and Saito’s
Decomposition Theorem for pure Hodge modules, Kashiwara [35] conjectured
that the Decomposition Theorem is true for arbitrary semisimple holonomic
D-modules, which are the analogy of the pure complex in [5] and the pure
Hodge module in [44]. This is the so-called Kashiwara’s conjecture.

Kashiwara’s conjecture was proved in the case of semisimple local system
by Sabbah [43] using his theory of polarizable twistor D-modules, which com-
bines the ideas of Saito’s theory of pure Hodge modules and Simpson’s theory
of pure twistor structures. Later, Mochizuki [39] proved the full Kashiwara’s



conjecture. Mochizuki’s method is analytic in nature and rests on his gener-
alization of the theory of harmonic bundles on smooth projective varieties to
arbitrary algebraic varieties.

Kashiwara’s conjecture for semisimple perverse sheaves was also proved by
Drinfeld [25], Gaitsgory [28], Bockle-Khare [7] using results from Langlands
program. Very roughly speaking, after reduction to positive characteristic,
they can relate semisimple perverse sheaves with perverse sheaves of geometric
origin and reduce to the Beilinson-Bernstein-Deligne-Gabber Decomposition
Theorem.

Recently, El Zein, Lé and Ye [59] give a different geometric proof of the
Decomposition Theorem of variation of Hodge structures (which is weaker than
Saito’s filtered Decomposition Theorem) using the local purity theorem.

2.1.2 What is new?

The original contributions of this part of the dissertation include

1. I'set up the theory of Hodge star operators for differential forms on com-
pact Kahler manifolds with harmonic bundle coefficients (§2.4)), which
is necessary for the discussion of harmonic forms with harmonic bun-
dle coefficients. The latter is briefly mentioned in [52]. This should be
well-known to experts but I could not find an adequate reference.

2. I relate Simpson’s notion of polarizations of pure twistor structures to
twisted Poincaré pairings and give a criterion for non-degeneracy of re-
strictions of twisted Poincaré pairings (Corollary [2.3.24] and Corollary
2.3.58)).

3. I complement Simpson’s theory of weights by proving a global invariant
cycle theorem for semisimple local systems (Theorem [2.3.99)).

4. 1 obtain new twistor-theoretic results for cohomology of algebraic va-
rieties with semisimple local systems, which include the Hard Lefschetz
Theorem for Perverse Cohomology Complexes (Theorem and the Gen-
eralized Hodge-Riemann Bilinear Relation for cohomology of semisimple
local systems (Theorem@. Theorem actually follows from Mochizuki’s
results [38], but my proof is more elementary.

5. As the main application, I give a new and geometric proof of the Decom-
position Theorem for Semisimple Local systems (Theorem adapting
the method of de Cataldo-Migliorini.

2.1.3 Outline of the chapter

For the convenience of the reader, here is the general outline of this chapter.
In is about the statement of main results and various technical results
which will be used in the course of proof of the Decomposition Theorem.



In concerns the extra structures on the cohomology of semisimple lo-
cal systems on algebraic varieties. Since this is the longest section, I would
like to give more details. In §2.3.2] I review the definition of polarizable pure
twistor structures and discuss Simpson and Sabbah’s constructions of natu-
ral pure twistor structures on the cohomology of semisimple local systems on
smooth projective varieties. An equivalent definition of polarization is intro-
duced, which is related to the twisted Poincaré pairing in §2.3.3] This is the
key observation of this thesis where a non-degenerate pairing from topology
can be related to a positive-definite pairing. In Simpson’s theory of
weights for semisimple local systems is discussed. As a complement, I prove
a global invariant cycle theorem for semisimple local systems. In §2.3.5 I set
up various definitions concerning weight filtrations for nilpotent operators and
polarization of the associated graded spaces on two vector spaces related by
a non-degenerate pairing. This is slightly different from the classical setup in
Hodge theory, but it is natural from the perspective of polarizations on pure
twistor structures. It will finally allow us to prove the Generalized Hodge-
Riemann Bilinear Relation for cohomology of semisimple local systems (The-
orem @ In , it is proved that perverse filtrations on cohomology of
semisimple local systems on smooth projective varieties underlie natural pure
twistor structures using the geometric characterization via hyperplanes found
by de Cataldo and Migliorini [19].

In §2.4] T set up the theory of Hodge star operators for differential forms
with harmonic bundle coefficients. It can be regarded as a replacement of
the Weil operator in Hodge theory and therefore is useful in the discussion of
polarizations of pure twistor structures on the cohomology of semisimple local
systems.

In §2.5 I collect some topological facts about constructible complexes and
perverse sheaves, which will be used in the proof of the main results. In
particular, the weak Lefschetz hyperplane theorem and the splitting criterion
for perverse sheaves are recalled.

In - , building on the foundation set up in previous sections, I give
the proof of Decomposition Theorem for semisimple local systems (Theorem
, Hard Lefschetz Theorem for Perverse Cohomology Complexes (Theorem
and the Generalized Hodge-Riemann Bilinear Relation for cohomology of
semisimple local systems (Theorem [D)).

2.2 Statement of main results

In this section, I will state my results for projective maps f : X — Y where
X is smooth projective. Using standard reductions (see , these results
remain valid for f : U — Y and V|y, where f is a proper map, U is a Zariski
open subset of a smooth projective X and V is a semisimple local system on
X. In particular, one recovers Sabbah’s Decomposition Theorem [43], which
is stated under this setting.



The projective case

Here is the main setup of this chapter.
Set-up 2.2.1. -

o Let f : X — Y be a map between projective varieties, where X is
nonsingular of dimension n and dim f(X) = m.

e Let V be a semisimple local system on X and denote K := V[dim X].

e Let 1 be an ample line bundle on X and A be an ample line bundle on
Y. Denote L := f*A to be the pull-back line bundle on X.

e Denote V* to be the dual local system and K* := Dx(K) = V*[dim X]
to be the dual perverse sheaf.

The following statement is proved by Sabbah [43].
Theorem A. Suppose we are in the Set-up|2.2. 1.

(a) (Relative Hard Lefschetz Theorem) The following cup product map is an
1somorphism.:

' PHT(LE) S PH(fK).

(b) (Decomposition Theorem) There exists a (non-canonical) splitting in D(Y'):

fK = @rH(fK)[-1).

L

Here f,K denotes the total direct image functor.

(c) (Semisimplicity Theorem) For each i, "H'(f.K) is a semisimple perverse
sheaf. More precisely, given any stratification for f so that'Y = 11,S,,
there is a canonical isomorphism in Perv(Y):

dimY

PH(f.K) = @D 1Cs (L)

(=0
where the local system L; o = H ' (PH(f.K))|s, on Se are semisimple.

Remark 2.2.2. The Relative Hard Lefschetz Theorem actually holds for f-
ample line bundles, which can be deduced from ample lines as in [I7, Remark
5.1.2]. This stronger statement will be used in the inductive proof (see §2.6.3)).



Auxiliary results

I would like to state two auxiliary results, which are important for the proof
of the Semisimplicity Theorem [A]c). Before doing so, I would like to use the
following notation adapting from [17].

Notation 2.2.3. Let f : X — Y be an algebraic map between algebraic
varieties and let K be a perverse sheaf on X. We denote the perverse Leray
filtration on H°(X, K) as follows

HY (X, K) = Im{H(Y, 7o, f.K) — H'(Y, f.K)} C H'(X, K),

and
H?(Xa K) = HgZ(Xa K)/Hgé—l(Xa K)

Remark 2.2.4. Tt is straight forward to see that the cup product map with n
satisfies 7 (Hgg(X, K)) C H?ZJQFZ(X, K). Together with cup product map with
L, we have the following maps

n: HY(X,K) — H[3(X, K),
L:H)X,K)— H' (X, K).

Remark 2.2.5. Note the difference between our notations and de Cataldo-
Migliorini [I7, Definition 4.2.1]. Here we don’t shift the cohomology degrees
by [dim X, which has been built into the perverse sheaves.

Remark 2.2.6. Assuming the Decomposition Theorem, one can obtain the
following identification map depending on the choice of splitting:

Hy (X, K) = H'™(Y,"H'(f.K)).

Theorem B (The Hard Lefschetz Theorem for Perverse Cohomology Com-
plexes). Suppose we are in the Set-up(2.2.1. Let € and j be any integer. Then
the following cup product maps are isomorphisms

L H (X, K) S HY (XK,
n': H,N(X, K) 5 HIYY(X, K).

Equivalently, assuming the Decomposition Theorem, we have

A HI(YPH (LK) S (Y, PHY(FK)),
0’ W (Y PH(fK)) = B (Y, PHE(fK)).

Consider the following spaces: if £, 7 > 0, set
P} :=Kernt' nKer L' C H- [ (X, K);

if ¢ <0orj <0, onesets P:g = 0. As in the classical Lefschetz decomposition,
Theorem [B] implies that



Corollary C. There is a double Lefschetz decomposition:
HZ (X K) = @ n"L'PT,
m,i>0
Recall that K* = V*[dim X]. Using representatives in

HZ'J (X, K) CH (X, K) = H" (X, V)

Hi;j (X, K*) CH " (X,K*) = H" "9 (X, V")
one defines a bilinear pairing

St H, (X, K)®c H-, /(X,K*) = C
(@€ [B@ ) — C(n,ﬁ,j)/ Me) - AL AaAB
C(n,t,5) =i~ =9 (= 1)(n€j))((n€j1)/2_

Here a, f are (n — ¢ — j)-forms on X and e € C*(H), A € C*(H*), where
H =V ®c C¥ is the harmonic bundle associated to V and H* is the dual
harmonic bundle. By Theorem [2.3.30, we can represent cohomology elements
by harmonic forms with coefficients in H and H*.

Remark 2.2.4. Here SZL is induced by the twisted Poincaré pairing in §2.3.5
for k =n —i—j. It will be proved in Corollary that as a consequence o
Theorem , SZJ-L is non-degenerate.

Theorem D (The Generalized Hodge-Riemann Bilinear Relations). Suppose
we are in the Set-up |2.2. 1|

o The double Lefschetz decomposition in Corollary [( is orthogonal with
respect to SZL in the sense that if (m,i) # (m',d"), then

Sy (" LP g ™ LT P05 0) = 0.
Here szj denotes the corresponding primitive subspace of H:f_j(X, K*).

e Fach direct summand nmLzP i ;fn underlies a natural pure twistor struc-

ture F' (Deﬁmtzon where
Floy =" LP2,
There is a canonical map
¢ Floey =" L'P7750
so that F' is polarized by the bilinear pairing
SIE(0,6(0)) : Floy @c Flmy — C
in the sense ofDeﬁnitz'on up to a constant depending on (n,m, .1, j)

(see Remark|2.5.112).

e As a corollary, SZJ.L restricts to a non-degenerate pairing:
Sy gL P @c " LIPY7L Y — C.

8



The algebraic case

Using the standard reductions in [16, Page 71-74] and [15], we obtain Sabbah’s
main Theorem in [43]. For the proof, see §2.9

Theorem E. Let f : U — Y be a proper map between quasi-projective varieties
where U is the Zariski open subset of a smooth projective variety X. Let ) be
a semisimple local system on X . Then Theorem[A|(b) and Theorem[A|(c) hold
for [ and V|y.

If in addition, f s projective and n is f-ample, then the Relative Hard
Lefschetz Theorem [4)(a) holds as well.

Remark 2.2.6. In [43], to use D-module theoretic methods, Sabbah assumed
that Y is smooth projective. The topological methods used here enables us to
deal with any singular base Y. On the other hand, if one assumes the much
stronger Decomposition Theorem for semisimple perverse sheaves and pro-
jective maps between smooth quasi-projective varieties, then de Cataldo [15]
showed that the Decomposition theorem remain valid without the smoothness
assumptions.

Technical results: weights and polarizations

In this section we would like to introduce some technical results regarding the
structures of cohomology of semisimple local systems on algebraic varieties.
Unlike the trivial local system C, these cohomology groups don’t necessarily
carry mixed Hodge structures. However, Simpson observed that they always
underlie mixed twistor structures [51] (see Definition [2.3.4). To prove Theo-
rem [B] and Theorem [D] we need the following two generalizations of classical
results in Hodge theory to twistor theory, which play the role of weights and
polarizations.

Theorem F (Theorem [2.3.99, Global Invariant Cycle Theorem for Semisimple
Local Systems). Consider the following chain of inclusion maps:

75U X,

where X is a smooth projective variety, U is a Zariski open subset of X and
Z is a proper subvariety of X contained in U. Let V be a semisimple local
system on X. Then for any integer k, the following two restriction maps have
the same image:

(joa) : H(X,V) = H*(Z, (j o a)"V)
o H (U, j*V) = H"(Z,(j o a)*V).
Remark 2.2.7. This Theorem will be used to prove injectivity of the following

cycle map:
HO(Y, iaPHO(f.K)) — H(Y,PH°(f.K)).

where o : y < Y is a point in the support of H(PH’(f.K)) (see Corollary

R300).



The next result provides a useful criterion for proving non-degeneracy of
bilinear pairings under restrictions.

Lemma G (see Corollary [2.3.24). Let f : V — V be a map of vector spaces.
Assume that

1. f underlies the morphism of pure twistor structures F' : E — E (see
Definition , i.e. B and E are two holomorphic vector bundles over
P! with the same slope and there is a commutative diagram

FE L>

levzzl Jevzzl

V= E‘Zzl % ‘7 = E‘z:l-

ey

2. E is polarized by a non-degenerate bilinear pairing (see Definition|2.3.21

S E|Z:1 Qc E|Z:_1 — C.

Then S restricts to a non-degenerate pairing
S:Ker f®@cKer f.; = C,
where f_q: E|,—1 — E|Z:_1 is the evaluation of F: E — E at z = —1.

Lemma H (Lemma[2.3.52)). Let X be a smooth projective variety and V be a
semisimple local system on X. Then for each k, H*(X,V) underlies a natural
pure twistor structure E so that there is an isomorphic canonical map

¢ El.—_1 5 HY (X, V).
where V* is the dual local system.

Remark 2.2.9. This lemma enables us to relate the polarization on the twistor
structure E with the twisted Poincaré pairing. See Corollary [2.3.55]

Strategy of the proof

We want to illustrate the main idea of the proof. The overall strategy is
borrowed from de Cataldo-Migliorini (see [I7, §2.6]). But the main inputs are
different.

Step one. By Deligne’s Lefschetz splitting criterion [20, Theorem 1.5],
the Decomposition Theorem for semisimple local systems [Al(a) is reduced to
the Relative Hard Lefschetz Theorem [A[b), which will be proved inductively
together with the Semisimplicity Theorem [Af(c).

Step two. Using the construction of universal hyperplanes in §2.5.2] one
can prove the Relative Hard Lefschetz Theorem using the inductive Relative
Hard Lefschetz and the inductive Semisimplicity Theorem by induction on the

10



defect of semismallness. This strategy actually already appears in Beilinson-
Bernstein-Deligne-Gabber, but the topological inductive feature is explored
more systematically by de Cataldo-Migliorini.

Step three. The key part of the proof is to use the Relative Hard Lefschetz
to prove the Semisimplicity Theorem. To achieve this, one proves several
auxiliary results as stated in §2.2 along with the induction process. In this
process, besides the defect of semismallness, one also needs to induct on the
dimension of the image of the map.

First, the Relative Hard Lefschetz Theorem implies the Hard Lefschetz
Theorem for Perverse Cohomology Complexes (Theorem , with the help of
the inductive Generalized Hodge-Riemann bilinear relation (Theorem [D]). The
fact that perverse filtrations of cohomology of semisimple local system (Lemma
underlie natural pure twistor structures is also used.

Second, the Generalized Hodge-Riemann bilinear relation is proved induc-
tively together with a precise relation between the weight filtrations induced
by f*A and lim.,o(f*A + en), where f : X — Y is the proper map, A is
an ample line bundle on Y and 7 is an ample line bundle on X. Here is
where the setup of weight filtrations on two companion vector spaces is used
(§2.3.5). Then one reduces to the classical Hodge-Riemann bilinear relation
for semisimple local systems on smooth projective varieties by Simpson and
Sabbah (Theorem . This is the most subtle part of the argument.

Last, with these auxiliary results at hand, one proves the Semisimplicity
Theorem [A]c) in two steps: first splits PHC(f,K) into a direct sum of intersec-
tion complexes of local systems on strata and then show that each local system
is semisimple. To verify the splitting criterion of de Cataldo-Migliorini, one
uses the global invariant cycle theorem for semisimple local systems (Theo-
rem [2.3.99)), the Generalized Hodge-Riemann Bilinear Relation and the fact
that bilinear pairings polarizing a pure twistor structure still restricts to non-
degeneracy pairings on subspaces underlying sub-twistor structures (see Propo-
sition [2.7.12)). Semisimplicity of local systems over strata comes after relating
them to direct images of semisimple local systems under smooth projective
maps, which are semisimple by Simpson.

2.3 Cohomology of semisimple local systems

In this section, we would like to recall and prove several results of semisimple
local systems, which generalize the classical statements in Hodge theory.

2.3.1 Statements
Classical results

Let X be a smooth projective variety of dimension n. Let V be a semisim-
ple local system on X, which means that the corresponding representation of
m(X) is semisimple. Denote V* to be the dual local system. Let n be an
ample line bundle on X.

11



Theorem 2.3.1. -

1. (Hard Lefschetz Theorem) For each j > 1, the following cup product map
18 an isomorphism

W H (X, V) 5 H™(X, V).

2. (Primitive Lefschetz decomposition) For each k > 1, H*(X,V) underlies
a natural pure twistor structure of weight k (Definition . Moreover,
for j < n, there is a direct sum decomposition

H"™(X, V) = P2,
m>0

Pnfjf2m = Ker nj+1+2m g anijm(X’ V)

mPnfjf2m

so that each primitive space n underlies a pure sub-twistor

structure which is polarizable.

Remark 2.3.2. -

1. The Hard Lefschetz Theorem for semisimple local systems is proved by
Simpson [52, Lemma 2.6].

2. The second statement is proved by Simpson [51], Theorem 4.1] and Sab-
bah [43, Theorem 2.2.4]. It will be referred later as the Hodge-Simpson
Theorem [2.3.26]

Theorem 2.3.3 (Semisimplicity Theorem for smooth projective maps). Let
f X =Y be a smooth projective morphism between smooth quasi-projective
varieties. Let V be a semisimple local system on X so that V ®@c CY is a
harmonic bundle on X, then

RfV
is a semisimple local system on'Y for every g > 0.

Proof. In [50), Corollary 4.2], Simpson proved the case where X and Y are
both smooth projective. The above version actually follows immediately from
Theorem [50, Theorem 4.1]. It is because we assume that V comes from a
harmonic bundle on X. Also we use the fact that the local system associated
to a harmonic bundle on a smooth variety is always semisimple. O]

New results

We will prove the following results in this section.

Theorem 2.3.4 (Corollary , Polarization by twisted Poincaré pairings).
With the notation in Theorem [2.3.1. Let F be the natural pure twistor struc-
ture on the primitive space n™P"I=*m_ Denote the corresponding primitive
subspace in H" (X, V*) to be

P*nfj72m -— Ker nj+1+2m g anjf2m(X7 V*)

12



Then there exists a canonical map
¢ Fley Sm P2,
so that the twistor structure F' is polarized in the sense of Definition by
the bilinear pairing
Sx(e,p(®)): Fl.oy ®¢ F|.—_; — C.
Here Sx is the twisted Poincaré pairing (Definition .

Theorem 2.3.5 (Theorem|2.3.99| Global Invariant Cycle Theorem for Semisim-
ple Local Systems). Consider the following chain of inclusion maps:

75U X,

where X 1s a smooth projective variety, U is a Zariski open subset of X and
Z is a proper subvariety of X contained in U. Let V be a semisimple local
system on X. Then for any integer k, the following two restriction maps have
the same image:

(joa) : H(X,V) » H(Z, (j o a)'V)

o HY(U,j*V) — H*(Z,(j o a)*V).
Lemma 2.3.6 (Lemma [2.3.122) Perverse filtrations underlie twistor struc-
tures). For any integers £ and b, let E be the natural pure twistor structure

on H 4mX(X V) in Theorem |2.5.1. Set K = V[dim X|, then the subspace
induced by the perverse filtration (Notation

HY,(X,K) CH(X,K) = H ™ X(X, V)
underlies a pure sub-twistor structure of E. In particular, the quotient space
Hy(X,K) == H2,(X,K)/H2y (X, K)
inherits a natural pure twistor structure of weight (b + dim X).
Remark 2.3.7. -

1. The relation between polarizations of pure twistor structures and twisted
Poincaré pairings is one of the main observations of this paper. It will
be discussed in length in §2.3.3|

2. We will prove the Global Invariant Cycle Theorem for Semisimple Local
Systems using Simpson’s theory of mixed twistor structures [51] in §2.3.4]
This should be well-known to experts, but we include a proof here for
lack of references.

3. The existence of pure twistor structures on the perverse filtrations is
a natural generalization of the Hodge-theoretic results by de Cataldo-
Migliorini [19]. It will be proved in §2.3.6f This result will be used
in the proof of the Hard Lefschetz Theorem for Perverse Cohomology
Complexes [B| to simplify the original argument in [I7], as suggested by
[18].

13



2.3.2 Cohomology of smooth projective varieties and
pure twistor structures

In this section, we review Simpson’s notion of polarizable pure twistor struc-

tures [51] and the Hodge-Simpson Theorem [2.3.26] which states that the co-

homology groups of semisimple local systems on smooth projective varieties
underlie natural pure twistor structures.

Pure twistor structures
Definition 2.3.8. -

1. A twistor structure is a holomorphic vector bundle £ on P'. A twistor
structure E is pure of weight w if F is a direct sum of copies of Op1(w).

2. Morphisms of twistor structures are morphisms between holomorphic
vector bundle over P*.

We say a complex vector space V' underlies a twistor structure if V = F|,_4
(the fiber over the point 1 € P!) for some holomorphic bundle E. We also say
that E is a twistor structure on V.

Remark 2.3.9. By Grothendieck’s theorem on holomorphic vector bundles
over P!, the category of pure twistor structures of a fixed weight is equivalent
to the category of complex vector spaces.

Identification maps and canonical trivializations

For the purpose of discussing polarizations on pure twistor structures, let us
define some canonical structures associated to a pure twistor structure.

Notation 2.3.10. Denote Qy and €. to be the standard A! neighborhoods
of 0 and oo in P! respectively.

Definition 2.3.11 (Identification map). Let E be a pure twistor structure of
weight w. We would like to define an identification map

Iden : E|,—1 — E|.—_1.

1. If the weight of F is 0, the identification map is defined to be

evy—1)~! evy—_1

Iden : B[, HOPL, E) &% Bl,_ ..

where ev,_,, is the evaluation map for global sections, which are isomor-
phisms because F is a trivial bundle.

2. If the weight of E is w, set V = H°(P', E(—w)) and choose u €
H°(P!',Op1(1)) to be the unique section up to scaling so that u|g, is
nowhere zero. Notice that the evaluation of pu®" at z = 2y € Qg gives
the isomorphism, which we denote

Vimzy 1 V = V &c Op1(0)]52zg = E(—w)]5z @ Op1(W)|o=zy = Elaesq-

14



The map V' — E(—w)|.—, is an isomorphism because E(—w) has weight
zero. Then the identification map is defined by the composition map:

eVy— -1 eVy—_
Iden : F|,—; (ev=1) \% - El.—
and it involves no choice of p.

Definition 2.3.12 (Canonical trivialization). Let £ = @®Op:(w) be a pure
twistor structure of weight w. Set V' = H(P!, F(—w)), then we have a natural
isomorphism

E(—'LU) =V Qc Opl.

We define canonical trivializations of E by the vector space V' over two charts
Qo and 2, as follows.

e Over Qq: let p € HY(P', Opi(1)) be the unique section up to scaling so

that plg, is nowhere zero. Then u®Y gives a unique trivialization of E
over )y up to scaling:

~ Qw
Q50 Vv Xc OQO — E(—w)|go ,u_) E|QO.

e Over Q.: let A € H°(P!, Op1(1)) be the unique section up to scaling so
that A|o. is nowhere zero. Then A®" gives the trivialization over {.:

~ Qw
gboo : V®(c OQOO — EJ(—U)”Q(><> A—) E|Qoo

Remark 2.3.13. Set G,, = 2y N ., we can calculate the transition map
L o ¢g of the two canonical trivialization maps:

Rw A\Quw)—1
V@ 0g, = E(-w)la, “— Ela, > E(~w)la, =V ® O,
Rw
w %
V@1 p® |Gm'(U®1)HW‘Gm'U®1

Since p(o0) = 0 and A(0) = 0, we can denote z := ﬁ so that z is the coordinate
on . Therefore this verifies that the transition map for £ = ©Op:(w) sends
veVitoz"velVl.

Remark 2.3.14. By the proof of Birkhoff’s Theorem or equivalently Grothendieck’s

theorem for vector bundles over P!, for any two trivializations of E over €
and €., up to automorphisms over 0y and €, the transition map can be
written in the form v — z7%v.

Remark 2.3.15. Let E be a pure twistor structure of weight w and suppose
there is a trivialization of E over €)g

ngv : E|Qo gVV@(OQO'
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This induces an isomorphic evaluation map at z = z:

eV,—py : W = El,—,,
w = (¢ ) (w @ 1)(2)

Then the identification map can be calculated as

evy—1)" evy=_1

1
Bl s W s Bl

It is okay to choose any trivialization because one can identify W with V' by

®0 (V)1
V®OQO — E’QO _— W®OQO.

where ¢q is the canonical trivialization map in Definition [2.3.12]

Polarization and bilinear pairings
In this section, we review Simpson’s notion of polarization on pure twistor
structures [51, Page 20]. Let o denote the antipodal involution of P! where
1
o(z)=—-.
() =3
In particular, it is antilinear, interchanges 0 and oo and interchanges 1 and
—1.

Construction 2.3.16 (Conjugation over P!). Let E be a pure twistor struc-
ture. We would like to define a locally free sheaf of Opi-modules ¢*E as
follows. Let U C P! be any open subset. Set

e (0*E)(U) := E(c(U)).
e For e € (¢*E)(U) and a € Op:(U), define

a-e:=o.(a)e.

In particular, o*F is also a pure twistor structure.

Notation 2.3.17. Let V be a C-vector space. We use the following convention
to put a C-vector space structure on V' by defining

Vi=V®:C
where C is viewed as a C-module via the conjugation map:
C—C, X— A\

Remark 2.3.18. On the level of global sections, ¢ induces a natural isomor-
phism of C-vector spaces:

o:HY(PL E) = H'(PY, 0" E).
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Definition 2.3.19 (Polarization). Let E be a pure twistor structure of weight
w. A polarization on E is a morphism of pure twistor structures

P:E®o,, c"E — Op:(2w),
which is equivalent to
P(—2w) : E(~w) ®o,, 0" (E(-w)) — Opx,

so that the induced morphism on global sections

H°(P', E(—w)) ®c H(P', E(—w))
HY(P!, BE(~w)) ®c H (P!, 0*(E(-w))) — C

Id®o
—

is a positive hermitian pairing. Here o is the isomorphism in Remark [2.3.18
We say E is polarizable if there exists such a morphism P.

For our purpose, it is more convenient to reformulate the notion of pairing
in terms of a bilinear pairing between fibers of E, which will be finally related
to the twisted Poincaré pairings (see Corollary [2.3.55)).

Lemma 2.3.20. Let E be a pure twistor structure of weight w. Then E is
polarizable in the sense of Definition iof and only if there exists a bilinear
pairing
S : E‘ZZ]. ®(C E‘z:—l — (C
so that
S(e,Iden(e)) : E|,—; ®¢ El.o1 = C
is a positive hermitian pairing, where Iden is the identification map in Defini-

tion [2.3. 11

Proof. First we assume that F is of weight 0. Suppose E is polarizable by
P:FE®oc*E — Opi. We have the following commutative diagram

HO(P!,E) ®c H(P',0*E) —— C

levz:1®evz:1 lld

E‘z:l Qc E‘z:fl L C

Here T" and S are two bilinear pairings induced by P on global sections and
fiber at z = 1 respectively (note that by the construction of o, the fiber of 0*FE
at z =11s El,__4).

Now we would like to show that for any 0 # v € F|,—_;, we have

S(v,Iden(v)) > 0.
By the construction of o, there is a C-linear isomorphism
o:H(PL E) = H(PY,0*E).
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The polarization condition on P means that
T(a,0(@)) >0, Y0+#ac HY(PE).
On the other hand, the conjugation of the evaluation map factors through o:
ov,—1: HY(P',E) S H'(P',0*E) =% E|,__,.

By Definition [2.3.11] the identification map is expressed using the evaluation
maps

—1
€Vz=1 ) eVz=—1

Iden : E|,_; HOP', B) =% Bl
Let 0 # v € E|,—; and set 0 # « := (ev,—) ' (v) € H'(P', E). We have

S(v,Iden(7)) = S(v,ev,—_1 o (ev.—1)~L(v)) = S(v, Vi1 (@))
= S(v,ev,—1(0(@))) =T(a,o(a)) > 0.

The last equality comes from the commutative diagram above.
Conversely, given a bilinear pairing

S E‘z:l KR E|Z:_1 —C
one can construct a morphism
P:E®c"E— Op:

using the canonical trivializations in Definition [2.3.12| so that if T" is the re-
sulting bilinear morphism

T: H(P',E) ® H'(P',o"E) — C,
then for any v € E|,—; and a = (ev,—1) *(v), we have
T(a,0(@)) = S(v,Iden(v)).

Let E be a pure twistor structure of weight w. It can be reduced to the
case of weight 0 using the following commutative diagram

_— H®w®u®w —_
E(—w)|,z1 ® E(—w)|,21 ——— El,21 ® E|,—

lld@ﬁ lld@ﬁ
_— M®w®u®w [
E<_w)|z:1 X E(_w>|z:—1 —_— E|z:1 X E|z:—1
Here u € H°(P',O(1)) is a section only vanishing at oco. O

As a result of Lemma [2.3.20, we introduce an equivalent definition of the
polarization which depends on bilinear pairings of vector spaces.
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Definition 2.3.21 (Polarization by a bilinear pairing). Let E be a pure twistor
structure. Assume there is a bilinear pairing

S : E|z:1 KR E‘z:—l — C.
We say E is polarized by S if
S(Q,Iden(o)) : E’z:l Rc E’z:l — E|z=1 Rc E’Z:,1 —C

is a positive hermitian pairing on E|,—;, where Iden is the identification map
in Definition 2.3.171

As in Hodge theory, the following statements show that the bilinear pairing
polarizing the twistor structure is always non-degenerate and any sub-twistor
structure is automatically polarized.

Lemma 2.3.22. If S is a bilinear pairing that polarizes a pure twistor structure
E | then S is non-degenerate.

Proof. Use the fact that Iden : E|,—; — F|,—_ is an isomorphism. O

Lemma 2.3.23. Let E be a pure twistor structure and let G C E be a pure
sub-twistor structure. If E is polarized by a bilinear pairing

Sg : El.-1 ®c El.——1 — C,

then its restriction
Se 1 Gl.z1 ®c Gl,=m1 — C

polarizes the pure twistor structure G.
Proof. The identification map is compatible with the inclusion G — E:
G’z:l A E|z:1

l Ideng J{ Ideng

R

Therefore S¢ (e, Ideng(e)) is the restriction of Sg (e, Ideng(e)) to G|.—1 @G| ..
In particular, Sg polarizes G and it is non-degenerate. O

Lemma 2.3.24. Let f : V. — V be a map of vector spaces underlying a
morphism of pure twistor structures F': E — E. If E is polarized by a bilinear
pairing

S E|Z:1 Qc E|Z:_1 — C.
Then S restricts to a non-degenerate pairing

S : Ker f ®c Ker F_; — C,
where F_1 : E|,—_1 — E|Z:_1 15 the evaluation of F at z = —1.

Proof. Notice that Ker F' C FE is pure sub-twistor structure. O
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Example: complex Hodge structures

The following statement is taken from [43, §2.1.d]. Let H = @4 =0 HP? be a
vector space equipped with a complex Hodge structure of weight w, polarized
by a Hermitian form S in the sense that

(—1)PS(aP?, @) > 0, Vol e HP9.

Lemma 2.3.25. Then H underlies a twistor structure E pure of weight w so
that E|,—_1 = H. The identification map of E

Iden : E|,.—1 — E|.= 1

coincides with the map HP? — HPY oP? — (—1)PaP 1.
Moreover E is polarized by S viewing as a bilinear pairing

S:H®cH= E|.-1 ®c E|,=—1 —» C.
Proof. First we construct the twistor structure E as follows. Denote

FPH = @ ]_Ir,u)—r7 F'PH — @ He—rr

r>p r>p

to be the Hodge filtration. On g, the Rees module associated to (H, F'*H)
gives
@ FPHzP = @ HPY=P27PC[2].
p p

On Q. the Rees module associated to (H, F"*H) gives

@F"szp = @Hp’w_pzw_p((:[l/z].
P P

The glueing map on the level of sections is defined by
PP D _y [Pw—p w—p
aPlz7P s P 120P,
Therefore these two Rees modules glue to a vector bundle E on P! so that
E >~ ®0pi(w), El|.—,, = ®H"z".
Since H(P!, E(—w)) = @HP9z7P, the identification map (Definition
for E is
Iden : E|,—; = @H" — H(P', B(—w)) — ®HPY(—1)P = E|,—_1,
AP s PP s qP(—1) 7P = (—1)PaPe
Therefore, the identification map changes the sign by (—1)? on H1.

Now we would like to verify the polarization condition in Definition [2.3.21]
Using the identification of E|,—_; with H, we can view S as a bilinear pairing

S E|Z:1 Qc E|Z:_1 — C.

Since S polarizes H as a complex Hodge structure, for any a?? € HPY we
have
S (a?9,Iden(aP9)) = (—=1)PS(a?9,aP9) > 0.



Cohomology of smooth projective varieties with semisimple coeffi-
cients

In this section, we review the proof of the following fundamental

Theorem 2.3.26 (Hodge-Simpson). Let X be a smooth projective variety and
let V be a semisimple local system on X. Let n be an ample line bundle on X .

1. H*(X,V) underlies a natural pure twistor structure of weight k.

2. Assume k < dim X. The pure sub-twistor structure on
H*(X, V) prim 1= Ker pdmX=k+l C k(X V)
15 polarizable.

Remark 2.3.27. The first statement is proved by Simpson in [51, Theorem
4.1]. The second statement is proved by Sabbah in [43] Theorem 2.2.4].

Remark 2.3.28. In the sequel, I will provide Simpson’s construction and Sab-
bah’s construction. They have advantages for different purposes. Simpson’s
construction is better suited for the theory of weights for semisimple local sys-
tems, while Sabbah’s construction is more convenient for the application to
twisted Poincaré pairings.

Simpson provided two equivalent constructions for the natural pure twistor
structure on H*(X, V). To begin with, we need the following theorems about
semisimple local systems.

Theorem 2.3.29 (Corlette [14], Simpson [52]). Let X be a smooth projective
variety and let V be a semisimple local system on X with a flat connection V.
Then the C*®-bundle H :=V ®c C¥ admits a harmonic metric h so that there
s a decomposition of V into four operators:

v:a/_*_el_’_a//_i_gll7
0 H— AY ®cy H,
0 H— AY ®ce H,
O H — AY ®cp H,
0" : H — AY ®cy H.
Here 0" is a (1,0)-connection, 0" is a (0, 1)-connection and 0"+ 9" is a metric

connection of h. 0" is C¥-linear and 0" is the adjoint of 8" with respect to h.
Set D' :=9 4+ 0" and D" .= 0" + 0, we have

(D/)2 — (D//)Q = 0.

The operator D" induces a Higgs bundle structure on the holomorphic bundle
associated to the complex structure 0" + 60" on H.
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Theorem 2.3.30. With the notation in Theorem[2.3.29. There is an isomor-
phism

H*(X,V) 2 Harm(X, H) := {a € C*(A% @c H): Ay(a) = 0}.

Here Ay is the Laplacian of V and A% is the sheaf of C* k-forms on X. In
particular, each cohomology element of H*(X,V) is uniquely represented by
harmonic k-forms with coefficients in H.

Moreover, for any (a,b) # (0,0), there is an isomorphism

H*(X, A% (H);aD' 4+ bD") = {a € CP(A% ®ce H): Naprippr(ar) = 0}
= {Oé S COO(A’;< ®c)o(o H) Av(a) = O}
where A% (H) := A% ®ce H denotes the de Rham complex associated to H.

Proof. In [52], Simpson proved a generalized Kahler identity:
Ay = 2Ap = 2Apn.

We will give a proof sketch in Lemma Similar calculations will show
that

2 b 2
Aaprybpr = MAV-

2

Now we recall the constructions of the natural pure twistor structures.

Construction 2.3.31 (Differential geometric construction). Let X be a smooth
projective variety. Let V be a semisimple local system on X and let H =
VY ®@c C¥ be the associated harmonic bundle on X as in Theorem [2.3.29, Let

p1, p2 be the projection maps X <= X x P! 22 P'. We consider the following
bundles on X x P!:

F'i=pi(Ax (H)) @ p3(Op1 (i), Vi > 0.

Let A, 1 be two sections of Op1(1) which vanish respectively at 0 and co. Then
we have a natural differential operator

= \D' +uD" : F* = F'.

We can extend d so that it gives a complex (F*,d) on X x Pl
The natural twistor structure on H*(X, V) is defined to be

E* := RFp, . (F*,d).

For z = [a,b] € P!, after identifying Op:1 (k)|.—=., with the vector space C, we
have the following isomorphism via harmonic representatives using Theorem

2.3.30
Ek|z:[a,b] = Hk(Xv A;{(H)’ aD’ + bD”) = Hk(Xa V)7
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so that combining with the projection formula it implies that
E* = H*(X,V) ® Opi (k).

Therefore one conclude that E* is a pure twistor structure of weight k on
H*(X,V). Moreover for z € P!\ {oo}, we have

E¥ . =2 HY(X, AS(H); 200 + 0 + 0" + z0").

Remark 2.3.32. In [51, Theorem 4.1, Simpson showed that the complex
(F*,d) is isomorphic to the Rees bundle complex associated to two Hodge
filtrations on A‘(H). Since we only use the Rees construction associated to
one filtration in this paper, to avoid confusion, we choose this more explicit
construction.

Remark 2.3.33. On the level of harmonic representatives, the identification
map for the pure twistor structure E* in the Differential geometric construction
is an “identity” after identifying fibers of E* with various cohomology
groups of A% (H) in the following sense. Let

be a harmonic representative of an element in H*(X,V), where a?? are (p, q)-
forms and m, , are sections of H. Because choosing the harmonic representa-
tive gives the trivialization of E* over Qq, by Remark , the identification
map can be calculated as

Iden : E¥|,_, =2 H*(X,V) = H¥(X, A% (H);—-D' + D") = E*|,__,

§ At Q@ my gl = [ § a”t @ my,
P

p+q=k +q=k

In particular, one cannot see the sign change, in contrast to Lemma |[2.3.44

Definition 2.3.34 (Rees bundle). Let (V, F*V) be a complex vector space
equipped with a decreasing filtration. The Rees bundle £(V, F'*) is defined as
the bundle on A! = Spec(C|z]) associated to the C[z]-module

prv-
l

Let X be a complex manifold and let (£, F*FE) be a vector bundle on X with
a decreasing filtration F*E. The Rees bundle £(E, F*) is defined to be the
bundle on X x A! associated to

@FfE 2t
V4

Construction 2.3.35 (Analytic construction). We use the notation in Con-
struction [2.3.31} Denote £ = p}(H), which is a C*°-bundle on X x P!. Denote
0 and Q. to be the standard neighborhoods A! of 0 and oo in P! respectively.

We define the following triple (G, £, G) associated to V:

23



1. Let (G, Vg) be the holomorphic bundle on X x € associated to the com-
plex structure 0" + z6” on the bundle &|x«q,, where z is the coordinate
on 2. And

Vg : g — g ®OX><QO Q}XXQQ/QO
is a z-connection on X x /€ induced by 20’ + €', which means that
V(f-e)=z-d(f)®@e+ fV(e)

for sections f of Oxxq, and e of G.

2. Let (5, V) be the holomorphic bundle on X x Qo associated to the

complex structure &' 4+ 270’ on the bundle €|x,q_, where 27! is the
coordinate on 2.,. And

.o ~ 1
Vg:G = G ®oy QYme/Qoo

X XQoo

is a z~'-connection induced by z~19” + #”. Here X denotes the complex
conjugated manifold of X (with the same underlying topological space
but conjugated structures sheaf) and &,0”,0', 0" represent the corre-
sponding operators of the harmonic bundle H on X. Note

3. Let £ be the local system over X*°P x G,,, associated to the flat connection
on 5 ’XXGm:
a/ 4 2716/ + a// 4 ZH//.
Here G,, := Q0N Q.
Now we would construct two bundles over 2y and €2, respectively so that one
can glue them over G,, = QoM to get a bundle over P!. Abusing notations,

we also use py for the second projection map X x €y — g, the same for G,,
and Q.

e Over Qq: let £(Q%, F*) be the Rees bundle (Definition [2.3.34) on X x €
associated to the bundle of holomorphic differential forms with the Hodge
filtration (Q%, F*Q%) where

7k_
F'of =gt
p>t

Then we have the Rees bundle complex £Q%(G) on X x €, with the
differential given by the z-connection Vg and

EQ%(G) = &(%, F*) @00, G-
Then the bundle over ) is defined to be
My := R*p,.(£2%(G)).
Note that the fiber of M, at zy € €y is isomorphic to
H*(X, Q% ® Glxx{ao}s 200 +0').

Here, by abusing notation, d',0 denote the induced operator on the
holomorphic bundle G|x .o}
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e Over Q. let £Q’Y(Q) denote the corresponding Rees bundle complex on
X X Q4 so that

fﬂky(@ = f(Qky, F") ®0 G.

X X Qoo

where § (Q’%, F") is the Rees bundle on X x Q. associated to the filtered
bundle (2%, F* Q%) where

ok _ pk—p __ k—p,p
P - o - Do
p>L p=>L

The bundle over 2, is defined to be
M., == RFp, ,(60%(G)).

Note that the local system L is the flat bundle associated to (G, 27'Vg) and
it is also the flat bundle associated to (G,2V3). Moreover, when calculating

RFpy . (L) over G,,, one can rescale by z or z=! (for more details, see the
rescaling map in Definition [2.3.36]) and therefore obtain glueing isomorphisms

Mola,, = Rfpy.(L) = My|a,,-

Then M, and M, glue to a holomorphic bundle M* over P!. By Lemma
2.3.37| below, we know that M* = ®Opi(k). Moreover, it follows from the
Dolbeault lemma that

Mo 2 HY(X, Q% ® G|xxpy, 0 +0) = HY (X, V).

Therefore M* is a pure twistor structure of weight k& on H*(X,V).

Now we want to compare the bundle M* with the bundle E* in the Dif-
ferential geometric construction [2.3.31} Since G is the holomorphic bundle
associated to the complex structure 9" + z0” on pi(H)|xxq,, We can use a
Dolbeault resolution to show that there is a quasi-isomorphism

EO%(9) = F*lxxa

where F* = p; (A% (H))®p5(Opi(e)) is the complex on X x P! in Construction
2.3.31| so that for zg € {2y we have a fiberwise isomorphism:

HA (X, 0% @ Glxxiz) 200 +0) =2 HY (X, A% @ H; 200 + 0 + 9" + 20").

In particular M* = E¥|q,. One can argue similarly over the chart Q.. Since
M* and E* both have slope k, we conclude that there is a natural isomorphism

MF =~ EF,

Now we would like to recall Sabbah’s rescaling map in [43, Theorem 2.2.4]
and use it to provide trivializations of the bundle M* in Simpson’s Analytic
construction [2.3.35|and prove that the bundle is indeed isomorphic to ®Op: (k).
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Definition 2.3.36. We define the rescaling map to be
v: Clz] ®c AR ®ce H — 27PCl2] ®c AR @cee H
a” T @m— 27 Pa?T @ m.

Under ¢, the differential 20’ 4+ 6+ 9" + 26" is changed into &' + 270’ + 9" + 20"
For 0 # 2y € €y, we denote

Ly * Az))éq ®C§(° H — Agéq ®C§(° H

Pt @m i z, "ot @ m.
Abusing notations, we also denote the resulting map on the cohomology to be
Lay - HN(X, A% (H); 200" +0'+0"4+200") = H¥(X, AS(H); 0 +25 10" +0"+20").

Lemma 2.3.37. With the notation in the Analytic construction then
My and My glues to a bundle M* so that

M" = a0p1 (k).

Proof. Recall D' = 0" 4+ 6" and D" = 0” + #'. Consider the space of harmonic
k-forms on X with coefficients in H:

Harm(X, H) = {a € C*(A% @ H) : Apypr(a) = 0.}
- {OZ S COO(AI)C( X H) . AZOD/+D//(O{) = 0720 c QO}

In this proof, we fix the identification of M, with the bundle E*|q, in the
Differential geometric construction [2.3.31] whose fiber at z = z; is

H*(X, A%(H), 2D’ + D",

as showed in the end of Analytic construction [2.3.35] By Theorem [2.3.30]

there is a trivialization of M;, via choosing harmonic representatives
Oq, ® Harm(X, H) = M,.

By the construction in Definition [2.3.36] we know that under the rescaling map
t, the differential zD' + D" = 20’ + 0’ + 9" + 20" is changed into & + 216" +
0" + z0". Therefore the glueing isomorphism

MO‘GM = Rkpz*(ﬁ)

can be realized by the rescaling map ¢ and after precomposing the map of
choosing harmonic representatives, it becomes

Og,, ® Harm(X, H) — Mo|a,, — RFps.(L)

1®( Z Pt @my,) = 1® ( Z 2Pt @ m,,,).
ptq=k pt+a=k

p,q 1 1
Here > . . a9 ®@m,, is an element in Harm (X, H).
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Similarly, by identifying M, with E*|q__ with fiber at z; ' € ., isomorphic
to
H*(X, A% (H), D' + z,'D").

We can trivialize M., over €).:
Oq.. ® Harm(X, H) = M.
We can define a conjugate rescaling map 7 by
T:Cl1/z] ®c AY ®cee H — 21C[z] ®@c AY' ®cee H
T @ m — 27”1 ® m.

Under 7, the differential D' + 27 1D" = @ + 2710' + 2719” + 6" is changed into
0+ 2710 + 0" + 20”. Then 7 provides the glueing isomorphism

Myla,, = R'ps (L)
so that we also have
Og,, ® Harm(X, H) — My|a,, — R¥py.(L)
1®( Z P! @my,) 1@ ( Z 290”1 @ my,,).

ptq=k pta=k

Now we can put them together to calculate the transition function of M* from
Qy to Q, which is

Og,, ® Harm(X, H) — Molg, - Rps. (L) =5 Mlg, — Og,, ® Harm(X, H)

1®( Z P! @my,) — 1@ ( Z 2 PaPt@my,) — 1@ ( Z 27 1PaPt @ my, )
pta=k pte=k pra=k

Therefore we see that any harmonic representative is multiplied by 27~ = z=*

after the transition map from 2y to .. From Remark [2.3.13] we conclude
that MP" is isomorphic to direct sum of Op1 (k). O

Proof of Hodge-Simpson Theorem[2.3.26. The Differential geometric construc-
tion and Analytic construction [2.3.35 give the same natural pure twistor
structure on H*(X,V). In this proof, we use the notation in the Differential
geometric construction , i.e. there is a pure twistor structure E* so that

By = HYX,V)
EF - 2 HY (X, AN (H); =0 +0 + 0" —0").
Now we want to verify the polarization condition on H*(X,V)pim. By
taking the primitive part of the complex in the Differential geometric con-

struction, one can get a bundle El’;rim C E which is a pure twistor structure on
H*(X, V) prim s0 that

Elg im|Z=ZO = Hk<X7 AB((H), 208' + 9/ -+ 8" + 209//>prim7 \V/Z() S Qo. (21)

T
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Consider the bilinear map

S HMX,V)®c HH(X, A% (H); 0 — 0 +0" —0") — C

[a®@m]® [ Qn]— i_k(—l)k(k_l)ﬂ/ h(m,7m) - n¥™*=F A a A B.
b

Recall the rescaling map from Definition
Loy HNX AY(H); =0 + 60+ 0" —0") = HYNX, A% (H); 0 — 0+ 0" —0").
Then we claim that the bilinear pairing

S(e,771(e)) : Egrim|z:1 ®c Efipl=—1 = C

. . k, . . k .
polarize the twistor structure £ ;.. Here one identifies the fibers of £ with

the appropriate primitive spaces as in (2.1]). By Theorem [2.3.30}, we can choose
a harmonic representative of an element in H*(X, V) im and write it as

0= E ,\O‘pg@mp,q

where a7 are primitive (p, ¢)-forms and m,,, are sections of H. By Remark
2.3.33| the identification map for the twistor structure E* satisfies

Iden( [Z P! ® mp,q]) = [Z aP?l® mp,q] .

Then it follows from classical Hodge theory [56, Theorem 6.29] that

$ (10" @ my ), 77 o Tden ([P & ] )
$ (1079 @ my) 7077 & ) )
:i_k(—l)k(k_l)/Q(—l)p/X h(my.q, My q) - nImX=R A PO A oPd
_ / h(my g, T3) - AP A 5GP > ).
X

where * is the Hodge star operator for forms. In particular, one has

S([o], 71 o Iden([o]) > 0, V(o] € EL

rim|Z=17

which is exactly the polarization condition in the sense of Definition[2.3.21] [

It follows immediately from the proof of Theorem [2.3.26|that the restriction
maps to smooth closed subvarieties is compatible with the natural twistor
structures.

Lemma 2.3.38. Let X be a smooth projective variety and Z be a smooth
subvariety of X. LetV be a semisimple local system on X . Then the restriction
map

fHNX, V) = HYZ,V|7)
underlies the morphism of natural pure twistor structures in Theorem |2.3.26]
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Proof. We use the notation in the Differential geometric construction [2.3.31].
Let i : Z — X be the inclusion map. The we have a map on X x P:

A% (H) R Op1 (k) — {inAZ(H|2)} B Op1 (k).

where X is the box product for X x P. Moreover, it is clear from definition
that this map is compatible with the differentials d for X and Z. n

Sabbah’s construction

In [43, Theorem 2.2.4]|, Sabbah constructs a different but isomorphic pure
twistor structure on H*(X,V). For reader’s convenience, we briefly recall his
construction here.

Definition 2.3.39. Let M be a C[z]-module. The conjugation M is defined
to be o
M = M ®¢p, Clz7]
where C[z7!] is viewed as a C[z]-module via the following map
Clz] = C[z7Y]
Zry —z
AeC— A

Remark 2.3.40. We can view M as a O-module over P!\ {0} and M as a
O-module over P!\ {oo}.

Construction 2.3.41 (Sabbah’s construction). We use the notation in Con-
struction [2.3.31} Denote Qg and Q. to be the standard Al-neighborhoods of

0 and oo in P!. Assume k < dim X. Denote the projections of X x Qg to be
X & X x QB Qp and define A% q, to be the m-th wedge product of
A%{XQO = Z_lAﬁ(—XQo/Qo'
Let M be the C[z]-module defined by
M = HNX, A%y, @ Pi(H), 0 + 2710 + 9" + 20")
so that
M|Z:0 - H" (Xv (Q;( oy F, 9}7))

where Q% is the complex of holomorphic forms on X and (F,0%) is the holo-
morphic Higgs bundle associated to the semisimple local system V. Sabbah
showed that M is a free C[z]-module.

Let S to be the unit disk in P! and Mg is viewed as a Og,-module restrict-
ing to S. Denote Og := Ogq,|s. Consider the following sesquilinear pairing

M|s ®ps Ml|s — Os
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induced by
[a®@m]|®[f@n]— / hs(m, @) - nX=F A a A B.
X

This pairing induced an Og-linear isomorphism

Mls = (M]g)"Y = HomoQO(Myoﬂo”S'

Sabbah showed that M and M glue to a holomorphic bundle ¥ ¥ over P! with
slope k so that F*|q, = M and F¥|o = MY. Moreover,

F¥._ =2 HYX,V).

Remark 2.3.42. Our presentation is slightly different from Sabbah’s original
construction. First, we omit the sign before the sesquilinear pairing, which is
okay since we don’t discuss the polarization here. Second, Sabbah used the
glueing L

Mls = (Mls)”,

so that the resulting bundle over Q. is M. We adjust it so that the fiber
E*|,_ is isomorphic to H*(X, V).

Remark 2.3.43. The twistor structures in Sabbah’s construction and Simp-
son’s construction are not identically the same because of the following reason.
For zg € G,,, the fiber at z; of the twistor structure in Simpson’s construction
is naturally isomorphic to

H*(X, A (H); 200 + 0 4+ 0" + 20",

while the fiber at z; of the twistor structure in Sabbah’s construction is natu-
rally isomorphic to

H(X, A (H); 0 + 250 + 0" + 20").
These two spaces are isomorphic via the rescaling map ¢, (Definition [2.3.36)).

Lemma 2.3.44. With the notation in Sabbah’s construction|2.5.41. Then on
the level of harmonic representatives, the identification map for F* is

Iden : F¥|,_; =2 H¥(X,V) = H¥(X, A% (H);0' =0 + 9" —0") = F*|.__,

Z s L [ Z (=1)PaP? @ my,
P

pt+a=k +te=Fk

Here Y~ aP? ® m,, is a harmonic representative of an element in H*(X,V)
where oP? are (p, q)-forms and my, , are sections of H.

Proof. Denote Harm(X, H) to be the space of harmonic representatives. Let
A € H*(X,V) be an element and let

o = Z aPt @ my,
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be a harmonic representative of A. The rescaling map ¢ in Definition [2.3.36
gives the trivialization map F*|q, = Harm(X, H) ®c Ogq, with

Harm(X, H) = H¥(X, A% (H); 0 + 250" + 0" + 20")
D= [z ()]

Then by Remark [2.3.15] the identification map for F* is

Iden : H*(X,V) = F¥|._; — F¥(Qo) — F*— 2 HYX, A% (H);0 =0 + 9" - 0")
(@] > ® @1 [1_1(P)].

In particular, on the level of harmonic forms, we see that

Iden : [Z ol ® mp,q} — [Z(—l)pap’q ® mp,q] :
O

Remark 2.3.45. A more conceptual way of understanding Sabbah’s construc-
tion can be described as follows: over G,,, there is a bundle F' with fiber at
z = 7z identified with

H*(X, A (H), 0 + 250 + 0" + 20").
Using the rescaling map, there is an isomorphism
F = Myla,,

where M, is the holomorphic bundle over €y in Simpson’s Analytic construc-

tion [2.3.35| with fiber at z = z; identified with
H*(X, AS(H), 200 + 60 + 0" + 200").

In particular, the fiber of M is well defined for zy = 0 and therefore F' extends
to My over {0} under the rescaling map. Similarly, F' extends over {oo} using
the conjugate construction. Finally, one use the glueing map to show that F
is isomorphic to ®Op: (k).

Remark 2.3.46. The fiberwise description of Sabbah’s construction has the
following advantage over Simpson’s construction. Suppose T C X is a smooth
subvariety, the operator

a/+z()—10/+8//+209//

restricts to T" and defined the corresponding cohomology group.

On the other hand, if one identifies the fiber of Simpson’s construction with
harmonic forms on X with coefficient in H, they don’t necessarily restrict to
harmonic forms on 7.
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2.3.3 Twisted Poincare pairings and polarizations

In this section, we will relate the twisted Poincaré pairings with polarizations
of the natural twistor structure on H¥(X,V) and use this relation to show
non-degeneracy of certain restricted twisted Poincaré pairings. We will work

in the following Set-up from Theorem [2.3.26| and Theorem [2.3.29
Set-up 2.3.47. -

e X is a smooth projective variety of dimension n and V is a semisimple
local system on X with a flat connection V. 7 is an ample line bundle
on X.

e (H,h) is the harmonic bundle on X associated to V and
V:8/+6/+8/I+0//

where 0" + ¢’ is the Higgs structure. Here we view h as a C¥-linear
morphism
h:H®ce H— CY.

e E* is the natural twistor structure on H*(X,V) so that
Ek’z:l = Hk(Xv V)

and
Mooy 2 HY(X, AY (H); —0' + 6/ + 0" = 0"),

where A% (H) is the de Rham complex associated to H.

Definition 2.3.48. Assume k£ < n. Denote V* to be the dual local system
of V. We define the twisted Poincaré pairing Sx determined by 71 to be the
bilinear pairing

Sx : H*X,V) ®c H*(X,V*) = C

[a®el ®[BR A — i_k(—l)k(k_l)/z/ Ae)-n"F AaAB.
be

Here a, 8 are k-forms on X and e, A are global sections of VV and V* respectively.

Remark 2.3.49. There are two ways to understand the wedge product be-
tween cohomology elements. On the one hand, it can be defined to be the
descent of wedge product of the forms (A* @c V) A (A* @c V*), where a local
section of V is paired with a local section of V*. On the other hand, one can
represent the cohomology elements in H*(X, V) by harmonic k-forms with co-
efficients in V using Theorem Same for V*, whose associated harmonic
bundle is H* as explained in Construction

Construction 2.3.50 (Dual harmonic bundle). Assume we are in the Set-up
Let H* be the dual bundle of H. In [52], Simpson showed that H*
is equipped with the following harmonic structure so that it is the harmonic
bundle associated to V*.
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1. (Dual metric) For two sections A, u € C*(H*), h* is defined by
h* (A1) = Ale),

where e € C*(H) satisfying /(o) = h(e,€).

2. (Dual Higgs structure) D" is defined by
(D"X)(e) + A[(9" + 8')e] = D(A(e)),

where A € C*(H*),e € C>*(H).

3. (Dual connection) V is defined by
Vi=0+0+0"+0"

where 0’ + 0” is a metric connection for h* and 6” is the adjoint of ¢’
with respect to h*.

Remark 2.3.51. Here we use the same notation D” and V for relevant struc-
tures on dual harmonic bundles. It should not cause confusions.

Lemma 2.3.52. Assume we are in the Set-up [2.3.47, then there is an isomor-
phism

h: HENX, A% (H); 0 — 0 + 0" —07) — HY (X, V),
which is induced by the C-linear isomorphism between CS -bundles:
h:H— H* & hie,e),
where H* is the dual harmonic bundle in Construction [2.3.50.

Proof. Recall that V is the connection on H* associated to V*. Then we claim
there is a commutative diagram

h
— H*

H
J{h*(V) lv
Heo A, 2249 gre AL

where L

h*(V):=0"—0"+0 — 0. (2.2)
Granting this claim, we see that h induces the isomorphism on the cohomology,
which is what we want. To prove the claim, we calculate the pull back of each
component of V. =09 + 60" + 0" + 6" under h.

1. @ — —0". The definition of # on H* is defined by
O'N)(e) + A(#'e) = 0.

where A\ € C*(H*) and e € C*(H). Since we want to calculate the pull
back of 0, we can test on the dual section A = h(e,é3). Then

0lh<.7e_2)<€1) == —h(glel,e_g) — h(ﬁ,T”@),
Therefore 6'h(e,e;) = h(e,—0"¢y), which means that ' corresponds to

—o".

33



2. 9"+ 0. The definition of 9" on H* is
(") (e) + A(0"e) = OA(e).
Let us test on the dual section A = h(e, e3):
J"h(e,3)(e1) = Oh(e1, &) — h(0"e1,83) = h(ey, D'es).

The last equality comes from the fact that 0’+09”" is the metric connection
with respect to h. In particular 0"h(e,e3) = h(e,0'e2) and this means
that 0” corresponds to 0.

3. 0" — —0 and & — 0" can be verified using their definition through the
dual harmonic metric A*.

]

In this paper, the map in Lemma [2.3.52]is the key to relate the topological
intersection pairings with the polarization on twistor structures.

Definition 2.3.53. Assume we are in the Set-up [2.3.47, The canonical map
is defined to be the map

¢p=hotlq:FEF,—_ 1 ZHFX A% (H); =0 + 6 4+ 0" —0")
SNHF(X, AN (H), 0 — 0 + 0" — 0") 2 HF (X, V7).

where ¢_; is the rescaling map in Definition [2.3.36]

Remark 2.3.54. Notice that ¢ depends on the choice of harmonic metric on
H =Y ®cC¥.

Corollary 2.3.55. Assume k < n. Denote E¥. C E* to be the sub-twistor

rim =

structure of the natural twistor structure on H*(X,V):

H*(X, V) prim 1= Kern" ¥ C H¥(X, V).

Then E’gﬂm is polarized by the bilinear form
ok T ld®¢. .k k « Sx
SX(°> Cb(')) . Eprim‘zzl ®Eprim|Z=—1 —H (X’ V)prim®H (X> v )prim — C.

where ¢ is the restriction of the canonical map in Definition|2.5.55. The same
statement holds for any other direct summand in the Lefschetz decomposition
of H*(X,V) with respect to 1.

Proof. We will only deal with the case of H k(X . V)prim and leave other cases to
the reader. The proof is quite similar to the proof of Hodge-Simpson Theorem
2.3.26l For any element in H*(X,V), consider the harmonic representative



where o9 are (p, q)-forms and m,, are sections of the harmonic bundle H.
Then by Remark [2.3.33| and the construction of ¢, we see that

¢(Iden[ar4 @ m, 4|) = d([aP1 @ my, ]) = (=1)PaP?® m;)/,q
where m  is the section of the dual harmonic bundle H* satisfying

m;\;q(.) - h<.> m_m)'

Therefore

Sx ([Z o™l ® mp,q] ;¢ 0 Iden [Z Pt @ mp,q])

= > Sx (077 ©my ), [(~1aT @ my )
pta=k

= 3 Bl ) 02 AT >0
prq=Fk X

The positivity follows from the classical calculation of the Hodge star operators
for primitive forms [56, Theorem 6.29]. O

Remark 2.3.56. The construction of the canonical map actually works for
harmonic bundles over any smooth algebraic varieties. In particular, if 7' C X
is a smooth open subvariety, by Lemma (whose proof is independent of
this section), there exists a vector bundle E¥ so that EX|.—; = H*(T,V|r) and
there is an isomorphic canonical map

¢: Ebl.—_1 = HNT, V7).

Lemma 2.3.57. Assume we are in the Set-up [2.5.47. Denote ¢x to be the
canonical map in Definition associated to (X, V).

e Let m be an ample line bundle on X. Then there is a commutative dia-

gram:

o, Fle=ma, B

l(ﬁx l(ﬁx
4
HF(X,V*) —— HM2(X,V*)
where F : E¥ — EF2 s the morphism of twistor structures induced by
the cup product with n’.

e Let T be a smooth (open or closed) subvariety of X and let EX. be the nat-
ural mized twistor structures on H*(T,V|r) as in Lemma|2.3.84. Let ¢
be the canonical map as in Remark|2.5.560. Then there is a commutative
diagram:

- Flye_ S —
Ek|z:—l | - E§€“|Z:—1

Jos Jor

oYX, V) s HYT,V¥|7)
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where F : E*¥ — E% is the morphism of twistor structures induced by the
restriction map and R* 1is the restriction map.

Proof. The commutativity with cup product is clear and we focus on the re-
striction to subvarieties. Recall that (H,h) is the harmonic bundle on X as-
sociated to V. Then denote (Hr, hr) := (H|r, h|7) to be the harmonic bundle
on T associated to V|p. We have the following commutative diagram

(H, _a/+gl+a//_0//) s (HT,—8’+0’+8”—0”|T)

[~ |~

([_L o —0 + o' — 9//) ; (HT7 o — 0 + o' — 9//|T)

[ [

(H*>V) — (H;WVT)

Since T' is open or closed , it would follow from Lemma [2.3.84f or Lemma [2.3.26
that
EY|.— =2 HYT,A%(Hy); =0 +0 + 0" —0"|7).

Taking the cohomology of this diagram, we obtain the desired commutativity.
O

Corollary 2.3.58. Assume we are in the Set-up[2.5.47. Let n be an ample line
bundle on X. Let T C X be a smooth (open or closed) subvariety. Consider
the restriction maps

R: H*(X,V)prim — H(T,V|7),
R HY(X, V") peim — H* (T, V*|1).
Then the twisted Poincaré pairing Sx (Definition restricts to a non-

degenerate pairing
Sx : Ker R ®c Ker R* — C.

Proof. Tt follows from Corollary [2.3.55] Lemma [2.3.57] and Corollary [2.3.24]

More precisely, one uses the following commutative diagram:

Ek‘z:l —_— Eéc“|z:1

llden J/Iden
k
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Remark 2.3.59. Even though we only use the case of smooth subvarieties,
the statement is actually true for arbitrary subvariety Z C X. One can reduce
to the smooth case by considering a resolution map 7 : Z — Z and proving a
similar lemma in Hodge theory that

Wka(Z, Vlz) — Hk(Z, W*(Vlz))
where W, is the weight filtration of the mixed twistor structure on H*(Z, V|y).

Lemma 2.3.60. Let E be the natural pure twistor structure on the space
H*(X,V)prim as in Theorem [2.5.20, Let * be the Hodge star operator (see
Definition . For integers k < n, consider the following composition
map

(L™ "y os: HY (X, V) prim — H™ F(X,V )prim — H (X, V) prim-

Then its complex conjugation can be identified up to a scaling constant with
the composition map

¢olden : H*(X,V)pwim = El.o1 — El.——1 = H* (X, V*)prim.

Here Iden s the identification map in Definition|2.5.11] and ¢ is the canonical

map in Definition |2.5.55

Proof. Let a”? be a primitive harmonic (p, ¢)-form and e is a global section of
H =V ®cC¥. By Lemma [2.4.16| we have

(_1)k(k+1)/22'p7q pq®_\/ (_1)k(k+1)/2ifk
a’ e’y =

(L) me)) = ) (n—F)!

(=1)PaPi®eV.
Here e" is the section of H* so that
e’ (o) = h(e,e).
On the other hand,
p(Iden(aPT @ e)) = (—1)PaP1 @ e".
O

2.3.4 Cohomology of algebraic varieties and mixed twistor
structures

In this section, we will prove the Global Invariant Cycle Theorem for Semisim-
ple Local Systems (c.f. Theorem . To do this, we will review the notion
of mixed twistor structures and Simpson’s theory of weights for cohomology
groups of semisimple local systems on algebraic varieties.
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Mixed twistor structures

As explained in [51], the notion of mixed twistor structures is a natural gen-
eralization of mixed Hodge structures so that the passage from “Hodge” to
“T'wistor” is simply forgetting to have an action of G,,.

Definition 2.3.61. -

1. A mized twistor structure is a twistor structure E (see Definition
so that FE is filtered by an increasing sequence of strict subbundles W; E
such that

Gr}'(E) = W,E/W; 1 E

2

is a pure twistor structure of weight i for all 1 € Z.

2. A morphism of mixed twistor structures is defined to be a morphism of
filtered bundles on P! preserving the filtration.

Remark 2.3.62. Since there is no morphism from a semistable vector bun-
dle of weight k to a semistable vector bundle of weight < k, the morphisms of
mixed twistor structures are automatically strict with respect to the weight fil-
trations. In particular, Simpson [51], Proposition 1.2] proved that the category
of mixed twistor structures is abelian.

Remark 2.3.63. For comparison with Hodge theory, Simpson [51, Lemma
1.3] also proved the category of G,,-equivariant mixed twistor structures is
naturally equivalent to the category of complex mixed Hodge structures.

The theory of weights for semisimple local systems

In Hodge theory, generalizing the classical theorem about Hodge structures
on cohomology groups on smooth projective varieties, Deligne [22], 23] showed
that there are other situations that one can get (mixed) Hodge structures.

Definition 2.3.64. A mixed Hodge structure (V, W, V) is of weight ¢ if Gr}"' V'
is a pure Hodge structure of weight ¢ + .

Theorem 2.3.65 (Deligne’s yoga of weights [23]). Let X be a complex alge-
braic variety and V be a local system on X underlies a polarizable variation of
Hodge structures of weight w. Then H*(X,V) carries a mived Hodge structure
of weight k +w. Moreover,

e If X is proper, then Grl¥ H*(X,V) =0 for i > 0.
e If X is smooth, then Gr}¥ H*(X,V) =0 fori < 0.
e If X is smooth and projective, then Gr)' H*(X,V) =0 if i # 0.

In [51, Theorem 5.2], Simpson generalized Deligne’s results of the existence
of mixed Hodge structures to mixed twistor structures.
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Theorem 2.3.66 (Simpson). Let X be a complex quasi-projective algebraic va-
riety. LetV be a local system on X coming from the restriction of a semisimple
local system on a smooth projective compactification X O X. Then H¥(X,V)
carries a natural mized twistor structure, which s functorial in X.

In the remark under [51, Theorem 5.2], Simpson says that the same yoga
of weights hold as in [23] Theoréme 8.2.4]. In particular, we have the following
statement.

Theorem 2.3.67 (Simpson’s yoga of weights). With the assumption in Theo-
rem (2.5.66. Denote W, to be the weight filtration on H*(X,V) induced by the

natural mixzed twistor structures.
e If X is proper, then Gr)” H*(X,V) =0 fori > k.
e If X is smooth, then Gr}" H*(X,V) =0 fori < k.
e If X is smooth and proper, then Gr)Y H*(X,V) =0 fori # k.

Remark 2.3.68. The shift of weights by k arises from different conventions
between twistor structures and Hodge structures. On the one hand, as in

Definition [2.3.61], Simpson defines
weight Cr} H*(X, V) = 1.

On the other hand, in Hodge theory, if V is a polarized VHS of weight 0, then
H*(X,V) is a mixed Hodge structure of weight k, therefore

weight Gr)¥ H*(X,V) =i + k.

Remark 2.3.69. In [51], Simpson only proved the last statement of Theorem
2.3.67, which is the Hodge-Simpson Theorem [2.3.26 We provide a proof for

open varieties (Corollary [2.3.87) and projective varieties (Corollary [2.3.97)).
Mixed Twistor Complexes

In this section, we will recall Simpson’s notion of mixed twistor complexes,
which is the generalization of mixed Hodge complex in the sense of Deligne
[22]. It will be used to construct mixed twistor structures.

Definition 2.3.70. A mized twistor complez is a filtered complex (M*®, WPr)
of sheaves of Opi1-modules on P! such that

H(Gry " (M*))
is a locally free sheaf of Opi-modules of finite rank, pure of weight ¢ + i.

A standard argument using the strictness between morphisms of Op: bun-
dles yields the following
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Lemma 2.3.71. ([51, Lemma 5.3]) Let (M*®, WP™) be a mized twistor com-
plex. Then the spectral sequence for a filtered complex which calculates H'(M®)
degenerates at E3. In particular

Ef’q _ Gr[j/pprc (]\4])4-(1)7 Eg,q — Griwpprch_‘_q(M.).

Moreover, ‘ ‘
W H! (M) s= WESHI (")
is the weight filtration for a mized twistor structure on H'(M®).

Remark 2.3.72. In Hodge theory, we always say the spectral sequence asso-
ciated to the weight filtration degenerate at Ey-page. Simpson’s convention is
slightly different because he starts one page later so that his Fs-page is the
Es-page in Hodge theory.

Remark 2.3.73. The shift of the weights in this Lemma is the reason Simpson
called this the pre-weight filtration and he used the superfix WP,

Degeneracy at FEs-page makes the explicit description of the lowest piece
of the weight filtration possible.

Corollary 2.3.74. Let (M*®, WPF*) be a mized twistor complex. Suppose the
lowest weight of WP*M?® is {, then

WESHA(M*) = Tm {HE (WP M) = HE (M)}
the latter is induced by the inclusion map W} M*® — M®.

Proof. Let p,q be integers so that £k = p+ ¢ and { = —p. Since the spectral
sequence associated to the weight filtration degenerate at Fs-page and —p is
the lowest weight, we know that

WPEHPHI(M®) = G 7 HPT(M®) = E5Y
By definition, we have E}? = Gr'V™ (MP*) and ED? = HPH9(Gr? ™ (M?*)).
Then EY? is the cohomology of
M (G (M) (G (M) > e (GE (0°)) = 0.

The last equality comes from the assumption that —p is the lowest weight.
By [50, Lemma 8.24], ¢ is the connecting map of the long exact sequence
associated to the short exact sequence of complexes

0— WPyM® — WP M® — Gr!V7" (M*) — 0.
Therefore

WPIHPT(M?®) = coker(d)
= Im {HPTU(WP (M®)) — HPI (WP (M)}
= Im {HPTU(WPF(M®)) — HPTI(M®)} .
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Glueing construction

In previous section, we have seen how to glue two vector bundles over coor-
dinate charts of P! to construct a twistor structure on H*(X,V). Since the
natural mixed twistor structure on H*(U, V|y;) will be obtained via a mixed
twistor complex, we would like to review Simpson’s glueing construction for
complexes.

Set-up 2.3.75. -

1. Let M* and N* be filtered complexes of sheaves of O-modules (with the
pre-weight filtrations denoted by WP (—)), respectively over 2y and €,
which are the standard neighborhoods A! of 0 and oo in P*.

2. Let P* be a filtered complex of sheaves of O-modules on G,, = Qo N Q.
3. There are filtered quasi-isomorphisms
Mg, <P % N,

Notation 2.3.76. -

o Let i denote one of the three inclusions Qy — P! or Q. — P! or
G,, — P! Denote Ri. := i, 0 Go, the composition of direct image with
the Godement resolution, and require that there is a fixed functorial
quasi-isomorphism

F* — " Ri (F*).

e Denote M = Rio M®, P = Ri P* and NJ := Ri/N®, with ¢ being

the appropriate inclusions.

o If f: A* — B°® is a map of filtered complexes, then there is a filtered
complex Cone(A — B) defined as

Cone(A — B)* := A" ¢ B*
with differential equal to d4 + dg + f.
Definition 2.3.77. With the notation above, we define
Patch(M < P — N) := Cone(P%. Y72 M2 N2,
Remark 2.3.78. If the third condition in Set-up becomes
Mg, 5 PP Na,,
then one define

Patch(M — P < N) := Cone(Mg, & N, Yoo, Peol=1].
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Definition 2.3.79. Suppose we have filtered quasi-isomorphisms
M®|g,, < P*— Q®*+ R*— N°%g,,
where P, (Q°, R® are filtered complexes over G,,, then we define
Patch(M, P,Q, R, N) := Patch(M <+ Cone(P & R — Q)[—1] — N).
Lemma 2.3.80. Suppose we have filtered quasi-isomorphisms
Mg, L P& N,
Then there is a natural filtered quasi-isomorphism
Patch(M — P «+ N) = Patch(M, M|g,,, P, Nl|g,,, N),
where the latter is induced by
M|, €& M*|g, — P* « N°|g, - N,

Proof. Denote T' = Cone(M*®|g,, ® N°®|a,, — P)[—1]. By definition, we have
natural morphisms

Tex — Cone(Ms, & N3 — Pe)[—1] = Patch(M — P < N).
Tex = (M®|g,, )ex — Cone(Tex — M. @ NZ.) = Patch(M, M|g,,, P, Nl|g,,, N).

Tex — (N®G,, )ex — Cone(Tox — M2 & N ) = Patch(M, M|g,,, P, N|a,,, N).

The first one is a filtered quasi-isomorphism because it is determined by its
restriction to G,,,, which is an identity map. The second one and the third one
are also filtered quasi-isomorphism by the fact that if A, B, C' are three filtered
complexes, A — B is a filtered quasi-isomorphism between two complexes and
A — C is any morphism, then the natural morphism

C' — Cone(A — Ba C)

is a filtered quasi-isomorphism. O

Simpson proved that the glueing construction has the effect of glueing cor-
responding cohomology sheaves in §2.3.2)

Lemma 2.3.81. The sheaf of Opi-modules
H* (G Patch(M < P — N))

is the sheaf of Op1-modules obtained by glueing together H*(Gr™"™ M*®) over
Qo with H*(Gr""™ N*) over Qo via the isomorphism of cohomology sheaves
induced by the filtered quasi-isomorphisms

Mg, &P % Nl
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Let X be a smooth projective variety and let }V be a semisimple local
system on X. We would like to review the construction of the natural pure
twistor structure on H*(X,V) (c.f. Theorem from the point of view
of the glueing construction. Recall from Construction [2.3.35, there is a triple
(G, L, G) associated to the local system V:

e (G,Vg) is a holomorphic bundle on X x Qg with a z-connection.

o L = {L, }:ea, is a family of local systems so that L., is the local
system over X' consisting of flat sections of (G|xx{z}: 20 Valxx{z0})-
[Note that L; has no reference to the holomorphic structure of X which
is important for the patching].

1

° (§ , Vg) is a holomorphic bundle with a z~'-connection on X x Q.

Let p: X x P! — P! be the second projection.

Lemma 2.3.82. Consider the complex of sheaves of Op1-modules
Patch ((Rp. (605 () = Fp.(£) < Rp.(€2%(3)))

Then the k-th cohomology sheave of this complex is the natural pure twistor

structure on H*(X,V) in Theorem |2.3.26,

Proof. By Lemma [2.3.81], the k-th cohomology sheaf is obtained by glueing
RFp.(£Q%(G)) and RFp, (€925:(G)) over Gy, which is exactly the natural pure
twistor structure on H*(X,V) by the construction in Theorem [2.3.26] ]

Mixed twistor structures on open varieties

Let X be a smooth projective variety and U C X be a Zariski-open subvariety
where D := X \ U is a normal crossing divisor. Let V be a semisimple local
system on X. In this section, we will review the construction of the natural
mixed twistor structure on H*(U, V|y) (c.f. Theorem using the glueing
construction.

First, we would like to review some basic properties of the complex of
holomorphic logarithmic differentials 2% (log D). Denote j : U < X to be the
open embedding, it is a standard fact that we have a quasi-isomorphism

Rj,.Cy = Q% (log D)

so that
H*(U,V|y) =2 H*(X, Q% (log D) @c V).

There are two filtrations on Q% (log D).

1. The weight filtration W¥Fre:

WP Q% (log D) := A'Q% (log D) A Q5.
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2. The filtration 7:
702% (log D) 1= 7<% (log D)

which is the truncation functor associated to a complex so that for a
complex (K*,d),

K* ifa</,
(T<eK*)* =< Kerd ifa=/,
0, ifa>".

Notice that
WO (log D)* = Q% (log D)*,  Vk < (.

Therefore we can define a natural filtered morphism
(% (log D), W) = (2% (log D), 7). (x)

Moreover, Deligne [22, Proposition 3.1.8] showed that this is a filtered quasi-
isomorphism.

Now, consider the following complexes on subsets of the topological space
Y := X%P x P! In the following construction, p denotes the second projection
map to the Pl—directiog and 7 : U — X denotes the open embedding. Recall
there is a triple (G, £, G) associated to V from Construction .

1. On X X g, set
M?® = (gﬁ;((log D) ®OX><SZO g, Wopre)

where £Q% (log D) is the Rees bundle complex associated to the Hodge
filtration on Q% (log D) (as in Construction [2.3.35) and WP™ is the in-
duced filtrations from the first projection map.

2. On X x G,,, set
P* = (ng((log D) ®OX><Gm g’T)

Q" = (EjAY ®p10g, L,7)
R* = (£Q%(log D) ®o.

XxXGm

G.7)
Here 7 denotes the induced filtration from the projection map to X.
3. On X x Q., set
N* := (£0%(log D) @0, G, W™).
Here are the filtered morphisms between these complexes.
e The morphism induces the filtered quasi-isomorphism

M.‘XxGm — P*
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e The morphism P* — )° is defined by
P* = (fQS((IOg D) ®OX><Gm Q,T) - (SJ*Q(.J ®OX><Gm g’T)
— (é]* ;] ®OX><Gm g,T) = (5]* ;] ®p*1(9(;m ‘677—)

where 7 all denotes the filtration induces by truncations. The last equal-
ity comes from the fact that G|xxp = Oxxqy ®c Llxxq (because
L|x g is the local system of flat sections of (G|xxg,t™ Vgl xx)-

e One defines similar filtered quasi-isomorphisms
Q* <+ R* = N°|x.q..
with X and G replaced by X and G.

At the end of day, we have the diagram of filtered quasi-isomorphisms of com-
plexes on G,,:

Rp.M®|g,, < Rp.P* — Rp.Q® < Rp.R* — Rp.N°|q,,

with filtration defined by WP*Rp, K := Rp,(WP*K), where (K, WP*K) is
any one of the five complexes.

Construction 2.3.83. The complex associated to the open set U and the
local system V is defined by

MTC(V) := Patch(Rp. M, Rp. P, Rp.Q, Rp.R, Rp.N)
as in Definition 2.3.79

Lemma 2.3.84 (Simpson). Let X be a smooth projective variety and V be a
semasimple local system on X. Let U C X be a Zariski open subset. Then the
complex MTC(V) is a mized twistor complez in the sense of Definition[2.3.70,
In particular, for any integer k, H*(U,V|y) underlies a natural mized twistor
structure, which is H¥MTC(V).

Remark 2.3.85. This gives an outline of the construction for the natural
mixed twistor structures on smooth algebraic varieties in Theorem [2.3.66|

Remark 2.3.86. It is actually enough to only use three complexes P*, Q°, R*®
and

Patch(Rp,P — Rp.Q < Rp.R)

to construct the mixed twistor structure on H*(U, V|y).

Corollary 2.3.87. Let X be a smooth projective variety and V be a semisimple
local system on X. Let U C X be a Zariski open subset. Then H*(U,V|y)
underlies a natural mized twistor structure so that

Gr) H*(U,V|y) =0, VI <k.
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Proof. Let m: X — X be a log resolution of (X, X \U) so that 7~ 1(X\U) is a
normal crossing divisor in X and U := 7~'(U) — U is the identity map. Since
V is associated to a harmonic bundle, the local system 7*V is also semisimple.
Then Lemma says that

HE U, V) = HYU, 7*V)|;)

underlies a natural mixed twistor structure. Moreover, it follows from the
construction that the weight is greater or equal to k. O

Lowest weight filtration on cohomology of open varieties

As an analogy with the classical yoga of weights, there should be a result saying
that the lowest piece of weight filtration of Hodge structure on the cohomol-
ogy of an Zariski open subset coincides with the restriction from the ambient
smooth projective variety. Since Simpson didn’t mention about it explicitly
either, we decide to include the proof of this statement here, which will be the
key step for proving the Global Invariant Cycle Theorem for Semisimple Local
Systems [2.3.99]

Lemma 2.3.88. Let j: U — X be the inclusion of a Zariski open subset U of
a smooth projective variety X. LetV be a semisimple local system on X, then

Wka(U>V|U) = j*Hk<X7 V)v

where W, is the weight filtration of the natural mized twistor structure on

HYU, V|y).

Proof. Step 1: it suffices to assume that X \ U is a normal crossing divi-
sor because one can show that the image of restriction map j*H*(X,V) on
H*(U,V|y) is independent of the compactification of U. More concretely, con-
sider the following commutative diagram

)

Here X \ U is a normal crossing divisor. If V' is semisimple, then 7*) is also a
semisimple local system on X. Then

W, H (U, j*V) = W, H*(U, j*7*V) = j*H¥( X, 7*V).
We just need to show that
JHNX, V) = HRN (X, V).

Note that in general 3
H*(X,mV) £ T H* (X, V).
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But they become equal after restricting to U because the extra terms live on
X \ U via Leray spectral sequence for the map 7 : X — X.

E}? = HY(X,V ® R'm,C) = H'(X, R'm.(n"V)) = H"" (X, *V).

Note here that R, C supports on X \ U when ¢ > 0.
Step 2: We will prove the statement

W H*(U,V|y) = j*H*(X, V)

on the level of twistor structures. Let EF be the natural twistor structure on

H*(X,V) as in Theorem [2.3.26| By Lemma and Lemma
E* = H*Patch <Rp*(§(23((g)) — Rp.(L) Rp*(m'y(é)))
~ 7{*Patch (Rp*(fQ}(g)), Rp.(69%(9))| G Bp. (L), Rp(69%(G)) a,n, Rp*(fﬂ'y(g)))

By Lemma [2.3.84) the map j* : H*(X,V) — H*(U,V|y) can be lifted as a
morphism of mixed twistor structures induced by the following morphisms of
complexes.

e (O G — Q% (logD) ®G.
o L= &30, L.
By Corollary [2.3.74) Wi, H*(U, V|i;) underlies the glueing of the images of the

inclusion maps

1. Rep, (W€ (log D) @ G) — R*p.(£Q% (log D) ® G).

2. Rfp.(W5€Qx (log D) @ G) — R¥p.(£Q% (log D) ® G).

3. Rfp.(WG5&5.Qp @ L) — RFp.(£.Qp @ L).
By the residue map, we have

WieQk(log D) @ G = Q% ® G.
Topological calculations from [22] 3.1.8.1] show that
WgQk(log D) ® G = H (2% (log D) ® G) = £Q% ® G
and by definition of the truncation functor
Wi&i.Q8 @ L =H(&.Qp @ L) = L.

In particular, on each corresponding subset of P!, the lowest weight filtration
coincides with the image of restriction from X. Since the glueing construction
preserves the quasi-isomorphism, this is what we want. O]
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Mixed twistor structures on projective varieties

In this section, we will construct natural mixed twistor structures on projective
varieties, which is enough for the purpose of proving the Global Invariant
Cycle Theorem for semisimple local systems. One can construct mixed twistor
structures on arbitrary proper varieties as described in [51] using simplicial
methods.

Instead of simplicial methods, we will adapt the method of El Zein [26],
where we first construct mixed twistor structures on normal crossing varieties
as in Griffiths-Schmid [31] and then use resolution of singularities to deal with
arbitrary projective varieties. For construction of mixed Hodge structures on
the cohomology of projective varieties, see [27].

We use the following convention for spectral sequences.

Theorem 2.3.89 ([56], Theorem 8.21). Let (A®, FPA®) be a filtered complex
in an abelian category with a decreasing filtration. Assume that there exists an
integer £ so that

F'A* =0, Vk.
Then there is a spectral sequence
(EP.d,), d,: BP9 — prrmartl

so that
EP? = GrgAerq, EPt = GrngJrq(A').

Corollary 2.3.90. Let (A**,d,§) be a double complex in an abelian category
with

d: APY — AP
5 APy APatl
dod=0dod.

Let (A®, D) be the total complex associated to the double complex with D =
d+ (=1)P§ on AP9. Consider an increasing filtration W so that

WA = A

r<p
Then there is a spectral sequence
(EP.d,), d,: BP9 — prrmartl
so that

Equ :Aq,p’ dy = d: AP AdtLp
EPT = Hy(A™?), dy = (=1)%5 : Hj(A™) — Hj(A*"™)
EPS = Gry HRFI(A®).
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Proof. We consider a decreasing filtration W* on A® where

WPAn — Wn—pAn _ @ AN

s$>p

By Theorem [2.3.89] there is a spectral sequence
(EP4.d,), d,.:EP9— Eprartl

so that i
EpT = Gr) APt = A% dy =d.

Therefore EY'? is the ¢-th cohomology of A*?. Finally,

EP4 — NVN[/'I?H%JFQ (A.> — W(p+‘1)_PH%+q(A.> — GI'WHZP;_(](A.).
T WPHHR(AY) Wiy enHp (A0

]

Remark 2.3.91. Because of the way the weight filtration W, is defined, we
have to use a decreasing filtration different from the one in [56, Proposition
8.25).

Proposition 2.3.92. Let X be a smooth projective variety and ) be a semisim-
ple local system on X. Let Z = D1 U...U Dy be a normal crossing divisor of
X. Then H*(Z,V|z) underlies a natural mized twistor structure so that

Gr) H*(Z,V|z) =0, YI> k.
Moreover, the restriction map
HY(X,V) = HYZ,V|z)
underlies a morphism between natural mized twistor structures.

Proof. We follow the construction in [31] but with the convention in Corollary
2.5.90);
Step 1. For g > 1, we set

Dl = | Dy.
[1|=q

Here for an index set I = {iy,...,i,} C {1,...,N} with |I| = ¢, we set
Dy = D;; N...ND,;,. For each ¢, there is a natural morphism 77 : Dl 5 X
and we denote

Vo = (79)*V.

Now we define a double complex
(A7, d, 6)

with p > 0,¢ > 1 in the following way.
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1. For ¢ > 1, AP := HO(D[‘I},A%[Q] ® Vpia) is the space of C* p-forms
on the smooth projective manifold D9 with coefficient in the pull-back
local system.

2. The differential d : AP? — APTL4 is the composition of the exterior
derivative on D9 with the pull-back connection on Vpia-

3. A form ¢ € APY can be written as

¢:Z¢1-

|I|=q

The Cech differential § : AP4 — AP9*+1 is defined by

q

/=1

Note that § is well-defined because Vg restricts to Vp41) via

platl]l  pld.

4. It is easy to verify that § commutes with d.

Step 2. Define the weight filtration on the associated total complex (A°®, D)
to be
WAt = A

r<p

By Corollary [2.3.90] there is a spectral sequence
(EPY.d,), d,.:EP9— Eptmartl
so that

BV = HI(A*P) = HY(DWV Vpy), dy = (—1)9: HI(A?) — HI(AT).
EPS = Gr) HpM(A®).

Step 3. We claim that the spectral sequence degenerates at Fy-page. This
is similar to the proof of Lemma [2.3.71f To do this, we consider a double
complex

(B".d, )

with values in holomorphic bundles over P! whose restriction at z = 1 recoverd
the double complex AP?. The same applies to the spectral sequence associ-
ated to BPY with the same weight filtration on the total complex. Abusing
notations, we use the same notation for the spectral sequence.

From the previous step, we see that E?'? is a pure twistor structure of
weight ¢ so that EP?|,_; = HY(DP,V,,) and the differential

dy = (=1)% : EP? — BT
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is a morphism of pure twistor structures. Hence EY'? is a pure twistor structure
of weight ¢q. Now for » > 2 we have

. Pq p+7r,q—r+1
d, : BT — EY :

EP4 is a pure twistor structure of weight ¢ but EPT™4~"t! is a pure twistor
structure of weight ¢ — r + 1 < ¢. Therefore we conclude that d, = 0 and

Gy Hp(B*) = EXf = E3*

is a pure twistor structure of weight g. Therefore (H%(B®),W,) is a mixed
twistor structure where the weight filtration is the one from the spectral se-
quence.

Step 4. By a similar argument in [31, Lemma 4.6], we conclude that

Hp(B)|.=1 = HY(Z, V] 2).

Therefore Step 3 implies that H*(Z,V|;) underlies a natural mixed twistor
structure so that
WeH"(Z,V|z) = WeH}(B®)] =1

Moreover by the construction, both indices of the double complex AP and
BP? are non-negative, we conclude that
Cr)V HY(Z,V|z) = B4 .21 =0, V0> k.
O

Remark 2.3.93. The degeneracy statement in Step 3 can also be proved
by showing that the total complex (B®, W) with the pre-weight filtration
(modified from W, using the convention in Lemma is a mixed twistor
complex. Therefore the weight spectral sequence degenerates at Fs3-page in
the notation of Lemma 2.3.71]

Lemma 2.3.94 (Trace map). Let 7 : X' — X be a proper morphism of
complex smooth varieties of the same dimension. Let V be a local system on
X and denote V' = *V. Then there is a trace map

Tr, : HY( X' V) — HY(X, V)

so that Tr, o m* = Id.
Moreover, if Y C X is a close subvariety and denote Y' = w=1Y, then the
trace map restricts to

Trepy « HE (Y, V|y:) = H*(Y, V]y)

satisfying Trr vy o my = Id. The induced trace map commutes with the restric-
tion map.
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Proof. There is trace map defined by Verdier [54] in the derived category
Tr, : RmZxr — ZLx
so that the composition map is the identity:
Zx = Rm.Zx =% Zx.
Then for the local system V), the trace map induces
Tr, : Rm(Zx @c V') = RrZx @cV — Zx ¢ V,

whose cohomology gives the trace map we want.
Let Y C X be a subvariety and denote Y' = 7=1(Y"). El Zein [26] Part I,
Proposition] showed that the Trace map restricts to

Trw/y : Rm oy — Loy .

The trace map over Y is defined by taking the cohomology of the morphism
above twisted with V|y. O

Remark 2.3.95. By the Differential geometric construction [2.3.31] the trace
map is compatible with the natural pure twistor structure on H*(X’, V') and

H*(X, V).

Proposition 2.3.96. Let X be a smooth projective variety and ) be a semisim-
ple local system on X. Leti: Z — X be a closed embedding. Let

(X', 7)) = (X,72)

be a log resolution of (X, Z) without modifying X \ Z. Denote V' = 7*V, then
there 1s a short exact sequence

S Tr, )y +i*
0 — HE (X', V) Z70m gl V) @ HYNX, V) —22 BRZ,0),) — 0.

Proof. Denote j : U := X \ Z — X to be the open embedding. The distin-
guished triangle
1Cr@cV =V —=i,CpacV

and the corresponding one on X’ give to the following commutative diagram
of long exact sequences

HYU, V) —2 HNX,V) —2— HYZ,V|;) — HYU,V)

ﬂf]lg ﬂ—*l WEJ( ﬂ{]lg
o

HFU', V" ]—/> HFX' V) —— HZ' V') LN HMY UV

Here U’ := X'\ Z' and H*(U, V) := R*T'(X, jiCy®cV), the same for H*(U', V).
0 and ¢’ denote the connecting map.
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By Lemma [2.3.94] and the fact that the trace map for forms on smooth

manifolds commutes with the exterior product, we have another commuting
diagram with respect to trace maps

HYU, V) -2 HNX,V) —2 HNZ,V|;) —2— HMYU,V)

TTW/UT Ter Trﬁ/zT TI"W/UT

Sy

H?(U',V/) Jx s Hk(X’,V/) ¢ s Hk(Z’,V"/Z) &’ H£€+1(U,,V,)

Now, we would like to prove the proposition.

1. The map i* — Tr, is injective.
Let o/ be a cohomology class in H*(X’,V’) so that

(i,*o/, —Tr.(a)) = (0,0).

The first vanishing implies that there is an element ' € H*(U’,V’) so
that

O/ — j//Bl
Since 7}; is an isomorphism, there is an element 8 € H¥(U, V) so that
B = mp.

Then by the commutativity,
o =B =gy =n"jp.

Now because
Tr.(o/) =0, Tryon*=1Id,

We conclude that o = 0.

2. Im{i™* — Tr,} = Ker{Tr,/z + i*}.
First, since Try/z o i*=i*o Tr,, we have

(Trryz +i*) 0 (i — Tr,y) = 0.
Now let (o, B) € H¥(Z',V'|7) ® H*(X,V) be a tuple so that
Trz(aly) + 36 = 0.
Using the commutativitys, we see that
Tr i (0'ay) = 0Ty z(ay) = —01" B = 0.

Since Trr/y is an isomorphism, we have

§aly =0.
Therefore there is an element o/ € H*(X’, V') so that

oy =%l (2.3)



Moreover,
*Trp(af) = Trpyz(i ') = Trpz(aly) = —i*B.
This implies that *(Tr.(a’) + §) = 0 and there is an element v €

H*(U,V|y) so that
Tre (') + B = jur. (2.4)

Now we claim that o/ — j.77y is the element in H*(X’ V') satisfying
(0. 8) = (i*(&/ = jimi), =Teale! = i)

This is because
! . /x /@a

(o = i) = o' Bay,

and
_Trﬂ‘(O/ - jiﬂ-*U’y) = _Trﬂ'(O/) + j*Trﬂ/UW87 = _Trﬂ'(a/) + ]*7@ﬁ

3. The map Trr,z + 4" is surjective.
Since Try/z o m, = Id, the map Try /7 is surjective. In particular, the
surjectivity of Tr,,; + " follows.

]

Corollary 2.3.97. Let X be a smooth projective variety and Y be a semisimple
local system on X. Let Z C X be a closed subvariety. Then H"(Z,V|yz)
underlies a natural mized twistor structure so that

Gr) H*(Z,V|z) =0, VI>k.

Proof. Choose a log resolution of (X, Z) as in Proposition By Proposi-
tion and Remark , the map * — Tr, underlies a morphism of the
natural mixed twistor structures on H*(X’, V') and H*(Z',V'|,) ® H*(X, V).
Since the category of the mixed twistor structure is abelian (Remark ,
we define the natural mixed twistor structure on H*(Z,V|z) to be the induced
quotient mixed twistor structure. It follows from Proposition that

Gr) H*(Z,V|z) =0, Vl{>k

since this is true for X', X and Z’ with the appropriate local system coefficients.

The proof that the resulting mixed twistor structure on H*(Z,V|z) is the
same as Simpson’s construction in [51, Theorem 5.2] is similar to the proofs
in [26, 7] where they showed that the mixed Hodge structure on H*(Z,C)
constructed this way is the same as Deligne’s mixed Hodge structure. O]

Remark 2.3.98. An alternative construction of H*(Z,V|,) is to use the nat-
ural quasi-isomorphism in the proof of [26] Theorem I11.1.1]

i*QZ W—Z) Cone (R’/T*QX/ ﬂ) i*Rﬁzy*Qzl ) Qx)

to produce the corresponding quasi-isomorphism for ¥V and prove that the cone
gives rise to a mixed twistor complex and finally the natural mixed twistor
structure on H*(Z,V|z). We find our presentation is notationally less heavier.
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Global Invariant Cycle Theorem for Semisimple Local Systems

Now we are ready to prove the Global Invariant Cycle Theorem for semisimple
local systems which are the key ingredients for the Semisimplicity Theorem.
It follows immediately from the yoga of weights discussed above. Because of
lack of reference, we give a proof sketch.

Theorem 2.3.99. Consider the following chain of inclusion maps:
75U % X,

where X 1s a smooth projective variety, U is a Zariski open subset of X and
Z is a proper subvariety of X contained in U. Let V be a semisimple local
system on X. Then for any integer k, the following two restriction maps have
the same image:

(joa) s H (X, V) = HNZ,(j o a)'V)
o HY(U, 7*V) — H*(Z,(j o a)*V).

Proof. Since V is a semisimple local system, by the theory of weights (c.f.

Theorem Corollary and Corollary , we know that
e if i >k, then Gr)V H*(Z, (j o @)*V) = 0 [Z is proper],
e if i < k, then Gr)¥ H*(U, 7*V) = 0 [U is smooth].
Since both pull-back maps are morphisms of mixed twistor structures, we have

Im o = Im o* "W, H*(Z,(j o a)*V)
= o (W, H"(U, j*V)).

The last equality follows from the strictness of morphisms between mixed
twistor structures. Now Lemma [2.3.88| says that

W H*(U, j*V) = j*H*(X, V).
Putting these two equality together, we conclude that

Im o* = o*j*(H*(X,V)) = Im(j o a)*.

Surjectivity of restriction maps

In this section, as the consequence of Global Invariant Cycle Theorem for
Semisimple Local Systems (Theorem , we prove two surjectivity state-
ments about restriction maps of cohomology groups of perverse complexes
assuming the Decomposition Theorem. They will play an important role in
the proof of non-degeneracy of intersection forms (c.f. Proposition [2.7.12)).
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Lemma 2.3.100. Suppose we are in the Set-up and assume there exists
an isomorphism

f.K = @PH(f.K)]-1).

Then for each point i : {y} — Y in the support of the sheaf HO(PH(f.K)) on
Y, the restriction map

H(Y,PHO(f.K)) — HO(Y, i HO (f.K))
18 surjective.

Proof. Now we have the Global Invariant Cycle Theorem for Semisimple Local
Systems (c.f. Theorem [2.3.99)), the proof follows the same line as in the proof
of [I7, Proposition 6.2.2]. O

Corollary 2.3.101. With the assumption in Lemma |2.3.100, the cycle map

below s injective
HO(Y, i PHO(f. K)) — H°(Y,"H°(f. K)).
Proof. Lemma [2.3.100] also holds for K* = V*[dim X|]. Hence we have a sur-

jective restriction map
HO (Y, PH(fB7)) — HO(Y, 10 PH (7)),
Therefore the cycle map, being the dual of the restriction, is injective. O
We need a relative version of Lemma [2.3.100l
Lemma 2.3.102. Consider the following diagram
x -y
ol
T — T
and 0 :'T"— Y is a section of w. Suppose
1. X is nonsingular of dimension n, T is nonsingular of dimension ¢;
2. F is surjective and smooth projective of relative dimension n — {;

3. The map P is stratified and the strata of Y map smoothly and surjectively
onto T';

4. 0(T) is a stratum of Y.

5. Decomposition holds for ®,V[dim X|, where V is a semisimple local sys-
tem on X.

Then there is a surjective map of local systems on T':
RF.(V[dim X]) — H (0P H" (2. V[dim &))).

In particular, the latter local system on T is semisimple.
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Proof. The proof is basically identical to [17, Lemma 6.4.1]: by working stalk-
wise, one can reduce to Lemma [2.3.100] which is the local system version of
[T7, Proposition 6.2.2]. One also need the Semisimplicity Theorem for smooth
projective maps (c.f. Theorem .

O

2.3.5 Weight filtrations

In this section, we would like to set up weight filtrations in the category of
polarized pure twistor structures. The outline is pretty close to [I7, §4.5]. By
Remark all results in [17, §4.5] hold automatically in the category of
pure twistor structures. But for our purpose, it is important to set everything
up so that they work for bilinear pairings between two different vector spaces
in view of Definition 2.3.21]

One weight filtration

Let H be a finite dimensional vector space with an increasing weight filtration
W. We denote the associated graded space to be

CGr)" H := W;/W,_,.
Here is a standard lemma from linear algebra [47, Lemma 6.4].

Lemma 2.3.103. Given a finite dimensional vector space H and a nilpotent
endomorphism N, there is a unique filtration W with the properties that

1. NW; C W;_,.

2. By abusing notations we denote N to be the induced map on grade spaces,
then ‘
N :Gr)VH = G H.

3. There is a Lefschetz decomposotion

Gr)f =@ NP, il

ez
where P~ := Ker N**! C G}V and P~* = 0 for i < 0.

Definition 2.3.104. Let N be a nilpotent endomorphism on a finite dimen-
sional vector space H. We denote W to be the unique filtration in Lemma
2.3.103| and call it the weight filtration of N. For ease of notation, we also
denote

Gr¥H := Gr)VH.
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Two vector spaces

Definition 2.3.105. Suppose we have two vector spaces (H, N) and (H*, N*)
equipped with nilpotent endomorphisms so that dim H = dim H* and the
orders of N and N* as linear operators are the same. We say that (N, N*) are
infinitesimal automorphisms of (H, H*,S) if there is a non-degenerate bilinear
pairing
S:H® H* - C
so that
S(Na,b*) + S(a, N*b*) =0, Vae€ H,b* € H".

Definition 2.3.106. Let S : V @ W — C be a non-degenerate pairing be-
tween two vector spaces. Let Vi C V be a subspace, we define the orthogonal
complement of Vi in W to be

(Vi)+ = {w € W|S(v,w) = 0,Yv € V1 }.

Lemma 2.3.107. If (N, N*) are infinitesimal automorphisms of (H, H*,S).
Let WY and W™ be the associated weight filtrations. Then the weight filtra-
tions are orthogonal to each other, i.e.

WME=wN",, VieZ.

—i—1
Proof. This can be proved by induction on the order of N as in the construc-
tion of weight filtration. To demonstrate the idea, let us check the simplest
situation:
N?=N*?=0.
Then one can write down the weight filtration:
WY =Im(N), W =Ker N,W} = H.
WY =Im(N*), W =Ker N*, W} = H.
Suppose we want to verify
Im(N)* = (WY)+ =W = Ker N*.
Note that if b* € H* satisfies
0= 95(Na,b") = —S(a, N*b")
for all a € H is equivalent to b* € Ker N* due to the non-degeneracy of S. [

Corollary 2.3.108. With the assumption in Lemmal|2.5.107. Then S descends
to a non-degenerate bilinear pairing

S;: GrVH @ GrN"H* — C
where ‘
Si(lal, [0*]) == S(a, N**b"), fori> 0.
And one require that N* and N** preserve the pairing between S; and S_; in
the sense that ' 4
S-i(N'[a}, N*[b"]) = Si([a], [b])
for [a] € GtNH and [b*] € Gr¥" H*.
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Remark 2.3.109. The Lefschetz decomposition is orthogonal with respect to
S; in the following sense. Recall that

Grf =@ NP, il
Le
G =P NP, Qe
LeZ

Then _ ‘ _ _
Si(N—H-ﬁPz—ZE’ N*—H—Z’P*z—%’) _ 07 / 7& él,

Two weight filtrations

Let H and H* be two vector spaces with a non-degenerate bilinear pairing
S:H® H — C.
Assume

1. N, M are two commuting nilpotent operator on H and N*, M* are two
commuting nilpotent operator on H*.

2. (N,N*) and (M, M*) are infinitesimal automorphisms of (H, H*,S) in
the sense of Definition [2.3.705]

3. The shifted weight filtration W™[j] (with W*[j]; = W}{}) is the weight-
j filtration of M relative to W on H for every j € Z (see [17, §4.5]) in
the sense that

MWL) C Wi, WG H) = (Wh)ssit,
Here (WN)SiM denotes the weight filtration on Grj-v H induced by
Gr; M : GréVH — Grj-VH,
since M is a nilpotent endomorphism of H preserving W. Same as-
sumption for M* and N*.
In this setting, we have
M : Gr%iGrij = Grj]\/ﬁiGrij, 1> 0.
M GrGrY H* = GriGr) H*, i > 0.
For 7,7 > 0, define
P~/ = Ker M N Ker N7t C Grﬁi(}rij,
otherwise set P:Z-j = 0. Define Pfi_j to be the corresponding spaces for M*
and N*. Then we have the double Lefschetz decomposition

i i ) ..
G}, GrYH = @5 M~ N pIim i el
LmeZ
* * g 4 1 —2 . .
Gr%i(}rév H* = @ M*—HHEN It mp B G e 7,
LmeZ

Moreover, the following lemma can be proved using similar arguments as in
the previous section.
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Lemma 2.3.110. With the notation above, the nondegenerate pairing S; :
GrY ® GrY" — C in Corollary [2.3.108 descends to a non-degenerate pairing
Sij : Gri,GrlYH @ GG} H* — C,

by defining o
Sij(lal, [b°]) = S(a, M™N*™b%), i,j > 0.

Moreover, the double Lefschetz decomposition is S;;-orthogonal in the sense
Si‘(M_i+€N_j+mR{_22£m, M*—i—l—Z’N*—j-i—m’P;;j;;m’) =0, /¢ 7& ? orm 7§ m’.
Remark 2.3.111. Fix n € Z and assume that the spaces Gr%iGréVH and
Gr?{;Gré\f "H* underlie pure twistor structures so that they are identified as

fiber at z = 1 and z = —1 respectively, and that the maps
M AN M N
N Grjy,Gr) H — Gry_y, ,Gr; o H
WM AN M N
M : Gryy,Gri'H — Grjy,; ,Gr)'H
underlie morphisms of twistor structures of weight 2 so that the fiber at z =
—1 identifies with the corresponding map for N* and M*. Then the double
Lefschetz decomposition underlies a direct sum of pure sub-twistor structures.

Remark 2.3.112. If in addition the pairing S;; polarizes the pure twistor
structure on P~/ for every pair (i,7) # (0,0) such that i,j > 0, then one
can show that there is a constant C' depending on (n,¢,m,i,j) so that C -
S;; polarizes the pure twistor structure on the summands M+ N—J+m p/-2m
except possibly for PJ). For the signs in the setting of Hodge theory, see Remark
[17, Remark 4.5.2]. Note that there the polarization of Hodge structures of
weight k& means (—1)%P~9 = (—1)Pi* on HP4, here we use (—1)? on HP4. One
can translate the signs from there to here.

Filtrations on H*(X,V)
Assume we are in the Set-up [2.2.1 Denote

H'(X,V) =P H(X,V).

The two complex vector spaces we start with are
H:=H*"(X,V), H":=H"(X,V").

We will construct a pairing between H and H* and put two weight filtrations
on each space.

1. Denote n and L to be the cup product maps with the corresponding
line bundles on H. In particular, n and L are two commuting nilpotent
operators on H. They induce weight filtrations W", W% on H.
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2. To keep track of the filtrations on H*, denote n* and L* be the cor-
responding operators on H* respectively. Same for W and W* on
H*.

3. The twisted Poincaré pairing
S:H® H* = C
is defined by

S(Z er ® ag, Z A ® By) = Z C(k) /X Aon—k(€x) - o A Pon—i

k
C(k) =i F(—1)kk-1/2

where e, € C*(V), A\, € C*(V*) and ay, By are k-forms on X. This is
compatible with the twisted Poincaré pairing in Definition [2.3.48

Remark 2.3.113. It follows immediately from definitions that (n,7*) and
(L, L*) are infinitesimal automorphisms for (H, H*,5).

By the Hard Lefschetz Theorem for semisimple local systems [2.3.1] the
weight filtrations of W" can be described explicitly

W= @ H' (X, V)= P H'(X,K).

>n—i {>—1

One also consider the total filtration on H = &,H*(X, K)

Wi e @, (X, K).

beZ
Denote W and W™ to be the corresponding filtrations on H*.

Remark 2.3.114. Here we switch to K and use the notation on perverse
filtrations from Notation 2.2.3

Then we have
HZ (X, K) =G, ,Gi'H, i,jeZ
H7/(X,K*) = Gil, Gl 1, i,j € L.

Remark 2.3.115. As in [I7], we will show that W& = W®* and W =
Wt as the consequence of Hard Lefschetz Theorem for Perverse Complexes
(Theorem . The pairing S;; will then be identified with the twisted Poincaré

pairing in Theorem [D] See Corollary

Remark 2.3.116. Assuming W1 = Wt and W* = W' then by Lemma
2.3.110} there is a non-degenerate bilinear pairing
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2.3.6 Perverse filtrations and twistor structures

In this section, we use the Set-up [2.2.1l We would like to prove that perverse
filtrations are twistor-theoretic using the geometric description found by de
Cataldo and Migliorini [19].

Perverse filtrations via flag filtrations

Let us recall the main results of [19]. Suppose that dimY = k and let Y C PV
be a fixed affine embedding.

Definition 2.3.117. A linear k-flag § on P¥ is defined to be
F={PV=A2DA D DA}

where A_, is a codimension ¢ linear subspace. A linear k-flag § is general if
it belongs to a suitable Zariski dense open subset of the corresponding flag
variety parametrizing all such k-flags.

Let §' = {Al}, 3 = {A2} be two, possibly identical, linear k-flags on P,
They induce two pre-image flags X,, Z, on X:

X=XoDX_ 122X 12X 41=9, with X,:=f 1A NY).
X=2027Z 12 2Z 1 DZ 4 1=2, with Z,:=fHAINY)

Notation 2.3.118. Let i: W C X be a locally closed embedding. We denote
(=)w =i (=)

to be the complex compactly supported on W. We also denote Hjj,(—) to be
the local cohomology group with support in W.

Notation 2.3.119. (c.f. Notation [2.2.3) The perverse Leray filtration on
H(X, K) is defined to be

HY (X, K) = Im{H"(Y,P 7. f.K) — H(Y, f.K)} C H'(X, K).

Theorem 2.3.120 (Theorem 4.2.1 [19]). With the notation above. Assume
the pair of flags ', §* are general. Then there is a natural isomorphism

oY (X, K) Nlm{ P H), (X Kxx) —>]I-]Ib(X,K)}.
jH+i=b+4
where X; and Z_; are subvarieties of X determined by the flags.

Remark 2.3.121. In [I9] the authors use the decreasing perverse filtrations.
We transform their results to increasing filtrations, which is consistent with
the notation in this paper.
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Perverse filtrations are twistor-theoretic

Lemma 2.3.122. For any integers { and b,
HY)(X,K) C H'(X,K)
underlies a pure sub-twistor structure of weight (b+ dim X') inherited from the
natural pure twistor structure on H°(X, K). In particular, the quotient space
H)(X,K) = H%e(X> K)/H%€—1<X’ K)

inherits a natural pure twistor structure of weight (b + dim X).

Moreover, if we assume the Decomposition Theorem for f and let F' be the
natural twistor structure on H:(X, K), then the canonical map ¢ in Definition
restricts to

¢: Fl.— — H)(X,K").

Proof. We study the image space in two steps.
Step 1: we would like to show that for each ¢, the image space
Im {H"(X, Kx\x,) = H(X,K)}
underlies a pure twistor structure. Consider the distinguished triangle in
D%(X) associated to the closed and open embeddings X; — X L x \ Xi:

Kxx, = BB K = BAK — K — a.a'K 1

We have the associated long exact sequence:
= HY(X, Kxy,) = (X, K) = HY (X, .a™K) — - - -

One can choose a general §' so that X; is smooth projective. It follows from
Lemma that Im {H(X, Kx\x,) — H’(X, K)} underlies a pure twistor
structure F. Since X \ X; is smooth, it also follows from Lemma that
the canonical map ¢ in Definition [2.3.53| restricts to

Fley — Im {H"(X, K%\ x,) = H(X, K*)}

Step 2: For each j, the local cohomology group HY, (X, K) fits into the

long exact sequence associated to the closed and open embeddings Z_; A
X E X\ 7
o= HYy (X, K) = H(X,K) - H'(X,B.B*K) — - --

i
structure as in Step 1. Similarly, we have a diagram of short exact sequence

H) (X.Kxyx,) —— HY) (X,K) —— H) (X, a.a'K)

J J J

| | l

H'(X,Kxx,) —— H(X,K) —  H(X, a.0"K)

! | l

H(X, B.B*Kx\x,) — H'(X,B.B'K) —— H(X,a,a*(B.B'K))

Therefore the image space Im {Hbz_ (X,K) - H(X, K )} admits a pure twistor
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where the vertical maps come from local cohomology and the horizontal maps
come from Step 1. One concludes that the image space

(B, (X, Kxx,) = BY(XK) }

admits a natural pure sub-twistor structure. And the statement for the canon-
ical map ¢ can be argued in a similar fashion. O]

Now we can prove a strengthening of Lemma [2.3.38| and Lemma SO
that the statement also works for perverse filtrations.

Corollary 2.3.123. Assume that we are in the Set-up [2.2.1. Assume the
Decomposition Theorem holds for f. Let T C X be any smooth subvariety
of X and let F and Fr be the natural pure twistor structures on H{(X, K)
and HY(T, K1) as in Lemma[2.3.123, where Ky = K[dimT — dim X]|7 is a

perverse sheaf on T'. Then we have

1. The restriction map
R:H)NX,K)— H)T,Kr)

underlies a morphism G : F — Fr between the natural pure twistor
structures of weight b+ dim X .

2. There is a commutative diagram:

- Glo=— -
F|z:—1 | - FT|z:—1

Jflﬁx l(ﬁT
HY(X,K*) —"— HYT,K})
where ¢x is the canonical map in Lemma|2.5.122

Proof. The proof of Lemma [2.3.122 works for the smooth variety 7" and one
obtains a natural mixed twistor structure on HY(T, Kr). Moreover, by Lemma
there is a compatible canonical map ¢r making the diagram commu-
tative. The other parts follow from Theorem [2.3.120 O]

Corollary 2.3.124. With the notation above. Recall from Corollary[( that
PJ(X,K)=Kern "' n /" € H7(X, K).
Consider the restriction maps
R:P)(X,K)— P7}(T,Kr),
R : P /(X,K) — P (T, Kr).

Then these restriction maps underly morphisms of pure twistor structures and
the twisted Poincaré pairing Sx in Theorem [D restricts to a non-degenerate
pairing

Sy : Ker R® Ker R* — C.
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2.4 Hodge star operators

In this section, for the lack of appropriate references in the literature, we briefly
set up the theory of Hodge star operators for differential forms with Harmonic

bundle coefficients. It is used to help understand the natural pure twistor
structures on H*(X,V) as in Theorem [2.3.26]

2.4.1 Harmonic bundles

Let X be a complex manifold. Let (H,h) be a harmonic bundle on X where
the flat connection has the decomposition

V=90+60+9 +86".

where 6’ is the Higgs field satisfying 6’ A ¢’ = 0 and 6" is the adjoint of #’ with
respect to the harmonic metric A. We denote

D// — 8// + 0/’ D/ — a/ + 9//
to be the Higgs operator so that
V=D"+D.

Remark 2.4.1. Since there are calculations involve conjugation, to avoid con-
fusions, we use 9" and 9" to represent the usual notation dg and dg and we
use # and #” instead of 6 and 6 to represent the Higgs field and its dual.

Definition 2.4.2. The Higgs operator D" can be defined inductively for all
k-forms:
D" : H ®cze Ay — H @cee AL

where A% is the sheaf of C* k-forms on X so that
D'(e®a)=D"(e) Aa+e®d(a).
Similarly we can define
D' H ®cee A — H ®cee A
so that it satisfies
D'(e@a)=D'(e) Na+e®d(a).

Lemma 2.4.3. As in the usual exterior calculus, one have the Leibniz rule for
higher order differential forms:

D'e@anp)=D"e@a)AB+ (=1 exa)Adp),
where e @ « € H @ A% and 8 € A%. Similarly
De@anB)=D(e@a)AB+(-1)fexa)Ad(p).
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Proof. We will only prove it for D”. This follows from the usual Leibniz rule
for differential forms.

LHS =D"(e® (aApB))
=D"(e)®(aApB)+e®d(aApB) [Higgs definition for a A f]
=(D"e)@a)AB+e@d(a)AB+ (—1)f(e®a) AI(B) [Leibniz
=D"(e®a)AB+ (=1)*(e®a)Ad(B) [Higgs definition for o]
= RHS.

2.4.2 Dwual harmonic bundles

Let (H*,h*) be the dual harmonic bundle from Construction [2.3.50, Recall
that D" and V are the corresponding operators on H*.

Remark 2.4.4. As in the previous section, we can extend the Higgs field D"
inductively to all k-forms:

D" H* ® Ay — H @ A
where B
D'(e®@a)=D"(e) Na+e® I(a).

Definition 2.4.5 (Wedge product). We define the following wedge product
map

(Ho A%) @ (H* @ A%) — A5m

by
(e®@a,A®B) — Ae)-aAp.

Lemma 2.4.6. We have the following Leibniz rule between harmonic bundles
and their duals:

IANB)=D"(A)AB+(-1)*AAD"(B)

where A is a k-form with coefficient in H and B is a form with coefficient in
H*. Simularly, we have

I)ANB)=D'(A)AB+ (-1)"AAD'(B).

Proof. We only prove the formula for D”. Write A = e ® o with e € C*(H)
and « being a k-form. Write B = A® ( with A € C*°(H) and § being a form.
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(
=9(\e)- ) A B+ (=1)"
= 0Ae) ANa A B+ Me)d(a
= [MD"(e)) + (D"N)(e)] Aa A B+ Ne)d(a
RHS =D"(e®@a) N(A®B) + (=1)*(e®a)A D
A 1)
) 1

Ja AI(B)

A B+ (=1)"Ae)a A D(B)

) A B+ (=1 A(e)a A O(B)
"(A® B)

Ae
)

=[D"(e)Na+e®d(@)]AA@B)+ (-1 (e@a) A\D"(A® )
= MD"(e)) ANaAB+Xe)d(a) AB+ (~1) (e®a) A[D"(A\) A B+ A®0(B)]
= AD"(e)) A A B+ (1) (e®a) AD"(A) A B+ Me)d(a) A B+ (=1)* Ale)a A O(B)

Now notice that the second term is
(=) e@a) AD"W)AB=e@D"NAaAB=(D"Ne)AaAp.
Hence LHS=RHS. O

2.4.3 Hodge star operators

Assume X is a compact complex manifold of complex dimension n. Assume
X admits a metric so that there are induced Hermitian pairings on the sheaf
of sections A% . Let H be a harmonic bundle on X with harmonic metric h.
For any point x € X, we have a product Hermitian pairing on every fiber

H, @ A%,

There are two ways of defining a Hodge star operator for bundle valued forms.

Anti-C-linear Hodge star operator

Definition 2.4.7 (Anti-C-linear). The x-operator is defined to be the following
anti-C-linear map

x: H, ® A%r — Hom(H, ® Al)f(,mc) — H, ® Agg;k’

where

(aam Bac)VOI =y A */8387
here a, 3 € H @ A% In particular,

(&,ﬂ)z/xa/\*ﬁ.

where («, 3) is defined to be [, (g, 8;)Vol.

Remark 2.4.8. The L? norm on the space of forms with bundle coefficients
depend on the global geometry of X. For example, the definition makes sense
since we assume that X is compact. Otherwise we need to work with compactly
supported forms.
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Lemma 2.4.9. We have
x: H ®A§éq — H* ®A§(_p’”_q.

Remark 2.4.10. The advantage of this definition is that we don’t need to
consider operations on the conjugate bundle H and this is what Voisin did in
[56]. The disadvantage is that it is different from the classical definition

k1 AL AT

for Hodge star operators on forms, so that to verify the formula of primitive
forms, one need to check each step again.

Let e be a C* section of H. One construct a section e¥ € C*°(H*) via

where h is the harmonic metric.

Lemma 2.4.11. The *x-operator for H can be expressed by
xle®a)=-e" ® (xa),
where e @ « € H @ A% and x« is the x-operator on A% so that
(o, B) :/ a A xf.
X

Lemma 2.4.12. The formal adjoint of V, D" and D' are

V* = — x Vx,
(D//)* — _*D//*7
(D) =—%D"x.

Proof. Let us verify the second property. Suppose A is a k-form with coefficient
in H and B is a (k + 1)-form with coefficient in H.

(D"(A), B) = ; D"(A) A (+B)

= | O(AN%B)— (—1)]‘3/ AND"(xB) [Lemma [2.4.6
b X

= —(=1)k /X AND"(xB) [AAxBisa (2n — 1)-form]

:AAAWWU»E[Q:GN1
= (A, —x D" % B).

Therefore (D")* = — x D"x. O
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C-linear Hodge star operators

Definition 2.4.13 (C-linear). The x-operator is defined to be the following
C-linear map

1 H, ® A%, — Hom(H, ® A ,,C) — H} © A%,

where

(aan B:c)VOI =a; A\ *_ﬁam
here o, 3 € H @ A%. In particular,

<a,6):/onAE.

where (o, ) is defined to be [ (g, 3;)Vol.
Lemma 2.4.14. We have

i H @AY o He @ A P =T @ A,
Let e be a C* section of H. One construct a section eV € C®(H*) via
e’(e) := h(e e),
where h is the harmonic metric. Or equivalently,
eV(e) = h(e,e).
Lemma 2.4.15. The x-operator for H can be expressed by
x(e®a) =e¥ ® (xa),

where e @ a« € H @ A% and x« is the x-operator on A% so that

(o, B) :/ a A *f.
b's
This lemma gives the calculation on primitive forms with bundle coeffi-

clents.

Lemma 2.4.16. Let L be an ample line bundle on X. Let e® « be a primitive
(p, q)-form with coefficient in H so that p+ q = k. Then for k <n we have

se®@a)=CeV@ L" " Aa,
where C' = % 15 a constant depending on n and k. For k > n we
have

*(e®@a)=CeV @ (LF") (),

here Lk 1 represents the inverse of
p
[k—n . A2n7k Ak: )
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Lemma 2.4.17. The formal adjoint of V, D" and D" are

V* = — % Vx,
(D")* = — % D",
(D) = —% D' %

Proof. Let us verify the second property. Suppose A is a k-form with coefficient
in H and B is a (k + 1)-form with coefficient in H.

D// / D// /\ >I<B

/ I(AN*B) — (—1)* /XA/\D”( B) [Lemma [2.4.6

/8A/\>x<B (— )/A/\D”*B [Definition of D"

=—(— )/A/\D”*B [AA*B is a (2n — 1)-form]
X

:/XAAm [ = (=1)"]
= (A, —* D" % B).

Therefore (D")* = — % D"x. O

2.4.4 Properties of Hodge star operators
Let (H,V) be a harmonic bundle and the Laplacian is defined by
Ay :=V*'oV+ VoV

where V*: H ® A% — H @ A% is the formal adjoint of V via the harmonic
metric on H and the Kahler metric on X. It follows immediately from the
theory of second order elliptic operators that

Theorem 2.4.18 (Simpson [52]). Let V be the semisimple local system asso-
ciated to the harmonic bundle H. There is an isomorphism

H*(X,V) = Harm(X, H),

where Harm(X, H) := Ker Ay C C*®°(H ® A%) is the space of harmonic k-
forms with coefficient in H.

Corollary 2.4.19. With the same assumption above, denote x to be the C-
linear Hodge star operator for harmonic bundles

¥ Ho Ay — H* @ A2,
Then we have an isomorphism of complex vector spaces

«: HH(X,V) = HH(X, V).
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Proof. One represents a cohomology element by a harmonic form with coeffi-
cient in H and apply the Hodge star operator. O

Lemma 2.4.20. Denote * to be the C-linear Hodge star operator for harmonic
bundles L
x: Heo A — Hr@ AP

Then we have the following identity
*x0 Ay = Ag o *.

Corollary 2.4.21. The Poincaré pairing with a semisimple local system coef-
ficient
H*X,V)® H*(X,V*) = C

1s non-degenerate.

Proof. One can represent a nonzero cohomology class in H*(X,V) by a har-
monic form A = ) e; ® ;. Then we know that Ag(xA4) = *Ag(A4) = 0.
In particular, xA is a closed form, thus represents a cohomology class on
H?"=F(X,V*). Hence *A represents a cohomology class on H>"~*(X,V*) and

/A/\H>O.
X

2.4.5 Kahler identities

No matter which definition one choose to define Hodge star operators, they
always satisfy the Kahler identity.

Lemma 2.4.22 (Simpson). We have identities
A, D"] = —i(D")*,[A, D] = i(D")".

Proof. By Lemma [2.4.11] we know the expression of *. Therefore one can
reduce this to the standard Kahler identities. O

Lemma 2.4.23 (Simpson). As a consequence, there are second order Kahler
identities

Av = QAD// = 2AD/.
2.5 Preliminary results

In this section, we collect some topological facts about constructible complexes
and perverse sheaves, which will be used in the proof of the main results.
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2.5.1 The cup product with a line bundle

Let X be a projective variety and let n be a line bundle on X. Let D(X) be
the derived category of constructible complexes of C-vector spaces on X and
let K € D(X) be an object. Denote Dy to be the Verdier dual functor on X.
The first Chern class of 7 corresponds to an element in Hompx)(Qx, Qx|2])
via isomorphism with H?(X, Q).

Definition 2.5.1 (Cup product). The cup product map
n: K — K2
is defined by K =2 K ® Qx — K ® Qx[2] = K|2].
Lemma 2.5.2. As a map in D(X) we have
Dx(K — K[2]) = (Dx(K) — Dx(K)[2])[-2].

Proof. Let D be a divisor corresponds to n so that ¢ : D — X defines a
normally nonsingular codimension one inclusion. By [17, Remark 4.4.1], the
map 1 : K — K|[2] can be identified with the composition of the following
maps:

K —i,d*K = ii'K[2] = K[2].

Taking Verdier dual, we get
Dx(K)[-2] = Dx(iyi' K[-2]) = Dx(i,i*K) — Dx(K).
The compatibility between those functors implies that
Dy oijoi i, 0i" o Dy,

and
. . . .1
Dxoi,0i" =407 0Dx.

Hence the dual of 5 : K — K[2] isomorphic to
Dx(K)[=2]i.i" Dx (K)[~2] 2 ii' Dx (K)[~2][2] — Dx (K)[~2][2],

which is exactly the shifted cupping product map (n : Dx(K) — Dx(K)[2])[-2].
[

Corollary 2.5.3. Suppose we are in the Set-up then
Dy {n": PH ' f. K 5 "H ' £ K} = {n": "H ' £.Dx(K) - "H ' f.Dx(K)} .

2.5.2 Weak-Lefschetz-type results

Suppose we are in the Set-up [2.2.1] The central idea of the induction proof of
Theorem [A] is to reduce the complexity of f via “cutting with hyperplanes”.
There are several ways and each case has the corresponding weak Lefschetz
theorem. These results are obtained in [I7, §4.7, §5.2, §5.3]. We would like to
review them in the category of pure twistor structures (see Definition [2.3.§).
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A general weak Lefschetz Theorem

Lemma 2.5.4 (Lemma 4.7.6 [I7]). Let

X s X I X\ X

oL

Yy Id/ 1% Id Yy

be a comutative diagram of algebraic varieties with i a closed embedding, f
proper, u affine and let K € Perv(X). Then

1. the restriction map *H =4 (f. K) — PH(g.5* K) is iso for £ > 2 and mono
fort =1,

2. the Gysin map PH*(g.i*K) — PHY(f.K) is iso for ¢ > 2 and epi for
(=1.

Universal hyperplane

Let us recall the construction of universal hyperplane map associated to a map.

Construction 2.5.5. Fix a projective embedding X C P, consider the fol-
lowing commutative diagram (not a Cartesian square!):

X & X
I
Yy 22—y
Here Y :=Y x PY and X is defined to be
X :={(z,s): s(z) =0} C X x P".

The map g is defined to be the restriction of f x Id: X x PY - Y x PY to X
so that

g(ZE, h) = (f(w)7 h)

Two horizontal maps py and py are natural projections.
Definition 2.5.6. The defect of semismallness of the map f is defined to be
r(f) := max,{dim Y, + 2k — dim X : Y}, # @}.
where YV, = {y € Y: dim f~'(y) = k}. If r(f) =0, we say f is semismall.
Here are several facts from [I7], §4.7].

Proposition 2.5.7 (The Relative Weak Lefschetz Theorem). Let d = dim PV
and M = p K[d — 1].

1. If r(f) > 0, then r(g) < r(f).
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2. The restriction map
PP H(FE)d) = PH T (9. M)
18 180 for £ > 2 and mono for £ =1,

3. The Gysin map
PHTH (9. M) = pyPH(fK)[d]

18 1so for £ > 2 and epi for £ = 1.

4. pyPHY(f.K)[d] is the biggest perverse subsheaf of PH°(g.M) coming
from Y, and piPH(f.K)[d] is the biggest quotient perverse sheaf of
PHO(g. M) coming from Y.

Restriction to hyperplanes of X

The following results come from [I7, Proposition 4.7.5, Lemma 4.7.6].

Proposition 2.5.8. Suppose we are in the Set-up [2.2.1 There exists mq so
that for any m > my, the following statements hold: let i : X' — X be a
general hyperplane section of [n®™| and f': X' — 'Y be the restriction map.
Set K' :=i*K[—-1]. Then

1. r(fY) <max{r(f) —1,0}.

2. The natural restriction map
PHT(LK) = PR K
18 an isomorphism for £ > 2 and a monomorphism for { = 1.
3. The natural Gysin map
PHEU IR = PHA(fK)
15 an isomorphism for ¢ > 2 and an epimorphism for { = 1.

Corollary 2.5.9. With the notation above and assume the Decomposition The-
orem holds for f.

1. The natural restriction map
" H, 7 (X,K) - HO (XL KEY), 520
is an isomorphism for £ > 2 and an injective map for { = 1.

2. There is an injective morphism of pure twistor structures
i P)(X,K) = P (X' KY), (>1,5>0.
It is an equality when ¢ > 2.
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Moreover, all morphisms underlie morphisms of pure twistor structures.
Proof. (1) follows from previous Proposition and the identification
H77 (X, K) = H(Y,PH T (f.K)).
For (2), recall that
PJ(X,K)=Kern ' n /" € H[7/(X, K).
The generality of X' € |n| induces the following diagram
PHfE) —— PH(fIKY)
ln“l l(nlxl)z
PHA2(fK) «—— PHAN(FIKY

By Proposition [2.5.8] the bottom row is always an isomorphism for ¢ > 1.
Therefore we have the inclusion

(P (X,K)) C P} (XYK", (>1,7>0.

By Proposition [2.5.8] the top row is an isomorphism for £ > 2 and the corre-
sponding inclusion is an equality.
Lastly, by Corollary [2.3.123] and Corollary [2.3.124] all morphisms underlie

morphisms of pure twistor structures. O

Restriction to hyperplanes of Y

The following result follows from applying Lemma and taking hyperco-
homology.

Proposition 2.5.10. Suppose Y; is a general section in |A|, transversal to
the strata to Y. Set X, = f~Y(Y1), f1 : X1 — Y] the restriction, and K, :=
K[—1]|x,. Then

1.or(f1) =r(f)
2. The natural restriction map
H (Y, PHO(fK) — B (Y, PHO(fir.Ky)
18 an isomorphism for 7 > 2 and an injection for j = 1.
3. The Gysin pushforward
(Y1, PH (frek)) — H (Y PHO(fK)
18 an isomorphism for 7 > 2 and a surjection for j = 1.

4. Assuming the Decomposition Theorem (b), there is an injective mor-
phism ‘ 4
i*(Py (X, K)) C P/ (X, Ky), > 1.

It 1s an equality when 5 > 2.

Moreover, all morphisms underlie morphisms of pure twistor structures.
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2.5.3 p-splitness and weak Lefschetz
We need the following result from [17, Lemma 4.3.8].

Lemma 2.5.11. Suppose we are in the Set-up[2.2.1]. Let

X 2+ X

bl

) Y 4
be a Cartesian diagram of maps of algebraic varieties and f is projective. Let
X and9) be a stratification for f. Assume that f.K satisfies the Decomposition

Theorem and that u is either smooth or it is a normally nonsingular inclusion.
Then we have the following base-change formula

PHY(for K) =2 u P HY(fK).
Equivalently, set K = v*K[dim X — dim X],

PR (fo' K) =2 uH(f.K)[dim X — dim X].

2.5.4 Splitting criterion

In this section, we would like to recall two splitting criterions for perverse
sheaves from [I17, 37]. For MacPherson and Vilonen’s description of the cate-
gory of perverse sheaves [37], we follow the presentation in [18, §5.7].

de Cataldo-Migliorini’s criterion

Let Y be an algebraic variety and d be an integer. Suppose that there is a
stratification ) byof Y with

Y=UUS, U=|[]JSs, S=35.

d'>d

Here Sy denotes a d’-dimensional stratum. Let P be a perverse sheaf on Y

which is constructible with respect to this stratification. Let S = Y LU be
the closed and open embedding.

Lemma 2.5.12 (Lemma 4.1.3 in [17]). Assume dim H~¢(ca'P), = dim H~4(a.a* P),
for any y € S. Then the following are equivalent:

1. P=B.B*P &N P)[d).

2. H Yo' P) — H=P) is an isomorphism.
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MacPherson-Vilonen’s criterion

Let S be a closed and contractible d-dimensional stratum of Y. Denote by
SEy Ly s.

Theorem 2.5.13 (Theorem 5.7.2 in [18]). There is a one-to-one correspon-
dence between a perverse sheaf P on Y which is constructible with respect to
) and B*P with the exact sequence

H 4N B.B*P) = H 4 a'P) = H 4 a*P) = H Y a*B.B*P).
Corollary 2.5.14. With the notation above, if there is an isomorphism
HUY, a0 P) =2 H Y, ,a* P),

then we have

P = B,*P®H YP)d].

2.6 Proof of Theorem [A]

In this section, we will prove Theorem [A] Theorem [B] and Theorem [D] by
double induction on the defect of semismallness r = r(f) (see and
m = dim f(X). In particular, we will prove that if these statements are true
for (' < r,m’) and (' = r,m’ < m), then they are true for (r,m). This
strategy is borrowed from de Cataldo-Migliorini [I7, Remark 2.6.3].

To illustrate the idea, we will omit m. Suppose we know the statement is
true for r and all ' < r, we would like to prove the statement for " > r. The
induction will be carried out in the following way:

(©71) Thm A(b), + Thm B, -, + Thm C,r-, = Thm B,,
(§2.7.2) Thm A(b) + Thm B, + Thm C,.., = Thm C,.,
(§2.8) Thm A(b), + Thm C, + Thm A(c),,_, = Thm A(c),,
(

(§2.6.3— §2.6.3) Thm A(c), => Thm A(a),,., = Thm A(b),..,

Remark 2.6.1. The basic reason for double induction is that in the proof
of Theorem [B] and Theorem [D] one needs two different ways of cutting hy-
perplanes. Cutting on X gives ' < r and cutting on Y gives ' = r and
m' < m.

T

r

2.6.1 Set-up

We will work with the Set-up We fix two finite algebraic Whitney
stratifications X on X and ) on Y adapting to the map f. All perverse sheaf
we work with are constructible with respect to these stratifications. For precise
definitions, the reader can consult [17, §6.1].
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2.6.2 Base case

We start from the case m = 0. In this case, all three Theorems follow from
Simpson’s Hard Lefschetz Theorem for semisimple local systems (c.f. Theorem
2.3.1) and the fact about polarization of primitive parts by twisted Poincaré

pairings (c.f Corollary [2.3.55)).

2.6.3 Induction step

Suppose all three Theorems are true for (7’ < r,m’) or (r' = r,m’ < m). We
will prove them for (r,m). There are two cases.

Case I: 7(f) = 0. Then f is semismall. By [34, Prop 8.2.30], f.K is a
perverse sheaf. In particular, Theorem [A|(a) and Theorem [A|b) automatically
hold. The reader can directly proceeds to for the proof of Theorem |B| and
Theorem [D] After that, Theorem [A]c) will be proved in §2.8|

Case II: r(f) > 0. Fix a projective embedding X C P. Consider the
following diagram

X & X
I
Y 2y
where g is the universal hyperplane map associated to f (c.f. . Since

we know that r(g) < r(f), we can apply the inductive hypothesis. In the next
three subsections, we will explain the proof of Theorem [A]

Theorem [A|(a): Relative Hard Lefschetz Theorem
Let d = dimPY, M := p% K[d — 1]. Since the functor pj [d] is fully-faithful, it
suffices to show that

py ()] pyPHT(fK)[d] — py HE(fE)[d]

is an isomorphism. There are two cases.
Case I:. / > 2. Consider the following diagram

Py H(fK)[d] —— PH (g M)
lp?(né)[d] lp*x(n)“‘”
PP HLK)[d] «—— PHN (M)

The Relative Weak Lefschetz Theorem [2.5.7|implies that both horizontal maps
are isomorphic. Then the Relative Hard Lefschetz Theorem [Ala) follows from
the inductive hypothesis applying to the g-ample line bundle p% (7).

Remark 2.6.2. Note here we actually need the Relative Hard Lefschetz The-
orem [Af(a) for f-ample line bundles, which can be deduced from the ample
case as in [I7, Remark 5.1.2]: Let 77 be a f-ample line bundle, choose m > 0
so that 7+ mL is ample on X. Then we have

PR () = PH (0 + mL).
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Case II: / = 1. The cup product can be factored as follows:
py(m)ld]: pyPHT(fE)d] = PH (9. M) — py 7 (K d).

Since PH°(g.M) is semisimple by the inductive hypothesis, combining with
Theorem [2.5.7|(4), a standard argument as in the proof of [I7, Lemma 5.1.1]
implies that

N PHT (LK) = PR (LK) (Cup)
is a monomorphism. Since K* := Dx(K) = V*[dim X| and V* is also a
semisimple local system, we know that

n: PHTH L) = PR (fEC) (Cup®)

is a monomorphism. By Corollary [2.5.3] the Verdier dual of (Cup*) can be
identified with the morphism (Cup]). Hence the morphism (Cup) is also an

epimorphism. This finishes the inductive proof of Relative Hard Lefschetz.

Theorem [A|(b): Decomposition Theorem

By Deligne’s Lefschetz splitting criterion [20, Theorem 1.5], the Relative Hard
Lefschetz Theorem [Af(a) implies the Decomposition Theorem [A|(Db).

Theorem [A](c): Semisimplicity Theorem

There are two cases.

Case I: / # 0. The semisimplicity of PH‘(f.K) follows from the Relative
Weak Lefschetz Theorem and the inductive semisimplicity of PH** (g, M)
and PH"1(g. M).

Case II: ¢ = 0. Since we have proven the Decomposition Theorem [A[(b),
the semisimplicity of PH°( f,K) will follow from Proposition , whose proof
is postponed to the end of this chapter.

2.7 Proof of Theorem Bl and Theorem

In order to prove the Semisimplicity Theorem in the case of ¢ = 0, we need to
prove two auxiliary results Theorem [B| and Theorem [D]

2.7.1 Theorem Bt Hard Lefschetz for Perverse Coho-
mology Complexes

Proposition 2.7.1. Assume the Theorem[A|(a) and Theorem[A](b) hold for f.
Assume Theorem B and Theorem [D} hold for all f': X' — Y" so that

r(fy<r(f) or r(f)=r(f), dimY' <dimY.
Then Theorem [B holds for f, i.e.
A HO(Y,HLK)) = B (Y PHA(LK)),
' (Y, PHT(fK)) = B (Y, " HY(fK).

Il
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Proof. The statement for n follows from the Relative Hard Lefschetz Theorem
(a) for f. To prove the statement for A, the plan is to cut X by hyperplane
sections in |n| or |L| and use the corresponding weak Lefschetz theorem.

Case I: ¢ # 0. By the Relative Hard Lefschetz Theorem [Afa), we can
assume ¢ < 0. Choose a general hyperplane section X! € |n|. Set

ffo Xt =Y, K':i=K[-1]x.

Since it suffices to prove Theorem [B]for any tensor powers of 7, we can replace
n by n®™ for some integer m using Proposition so that

r(fy<r(f)=1 or r(f)y=r(f)=0, dimf(X")<dim f(X).

Now consider the diagram
H (Y, PH(fK)) —— H9(Y,PH (LKD)

lAj lAj
HY (Y, PH(fK)) —— HI(Y,PH(fFLEY))

This diagram is commutative because cup products with n and L = f*A are
commutative. By Proposition [2.5.8 the pull-back map ¢* and the Gysin push-
forward i, are both injective. Then the injectivity of A7 follows from inductive
hypothesis. The surjectivity follows from a dual argument as in the Case II of

$2.6.3

Case II: / =0 and 7 > 2. Consider the commutative diagram
X =f1) — X
| |s
Y, — Y

where Y; is sufficiently general hyperplane section in |A| so that f~!(Y7) is
nonsingular and Y] is transversal to all strata of Y. Then we have

r(fi) =r(f), dimfi(X;) <dim f(X).

This leads to the following commutative diagram of the restriction and Gysin
maps, where K := K[—1]|x,:

H (Y, PH(fK)) —— HT (Y, PHE(frK))

lAj lwyl)f*l

HY (Y, PH(fK)) = HIN Yy, PH(f1K))

By Proposition [2.5.10, both horizontal maps are isomorphic, therefore the
bijectivity of A7 follows from the inductive Theorem [B|for (Aly, )7t

Case III: / =0 and j = 1. This step we need to use the polarization. We
use the same choice as in Case 11, where

Vi €A, Xi:=f1(N).
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The cup product with L = f*A can be decomposed into
L: HN(X, V) % H (X, V|x) S H™Y(X, V)

where () denotes the restriction map and G denotes the Gysin pushforward.
Similarly, for V* we have

L: HYX, V) S Y (X, V) S B (XL VY.

Remark 2.7.2. Here Q* and G* denote the corresponding restriction and
Gysin push-forward. Note that G* can be identified with the dual of () and
Q" is the dual of G.

Since we already have the Decomposition Theorem for f and V', these maps
give decomposition of cup product with A:

A (Y PHO(fLK) S BV, PHO (£ L) S B (Y, PHO(£.K).
Dually we also have
AT HT Y PHOLET) S B PHO (LK) ) S5 HE (Y, PHO (LK)

To prove that the cup product map A is bijective, we will produce a non-
degenerate pairing in several steps:

S:KerG®KerG*— C.

Here G and G* are the maps for ¥; and Y.
Step 1: Consider the twisted Poincairé pairing as in §2.3.5}

S H*(X,,V|x,) ® H' (X1, V"|x,) — C.

By definition, the pull back map ) and the Gysin morphism G* are adjoint to
each other with respect to S:

S(Q(@), B7) = S, G*(6Y))-

for o € H" (X, V) and 8* € H" (X1, V*|x,).
Step 2: By the inductive Generalized Hodge-Riemann Bilinear relation
(c.f. Theorem @ for f1 : X — Yj, S restricts to a non-degenerate pairing

S HO()/DPHO(]C*K”H) ® HO(KvaO(f*K*MYl) —C

where we represent elements in HO (Y, PH%(f.K)|y, ) by elements in H" (X1, V|x,).

Step 3. By Corollary [2.3.123] and the fact that G is the dual of Q*, the
Gysin map
G H (Y1, "1 (fK)ly,) — H' (Y, PHO(f.K))

underlies a morphism of pure twistor structures. On the other hand, using the
inductive Theorem [D] we see that the vector space

Ker A|y1 C HO(YL pHO(f*K)|Y1)
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can be decomposed into primitive subspaces nmLiP:QQ,il with each of them being
polarized by SZL(O, ¢(e)), where ¢ is the restriction of the canonical map in

Definition to the pure twistor structure on ™ L* P*; . In particular, one
can put all polarization together and show that S restricts to a non-degenerate
pairing

S : Ker Aly, ® Ker Aly, - C

note that the second kernel is a subspace of HO(Y1, PHO(f.K*)|y,).
By the property of Gysin morphism, we have a natural inclusion map

Ker G C Ker Aly,,

which also underlies a morphism of pure twistor structure. Moreover, because
this inclusion map is compatible with the double Lefschetz decomposition, S
is non-degenerate when restricting to

S:KerG(G @ KerG* = C

using Corollary and Corollary [2.3.123]
Step 4. Finally we can prove the injectivity of A. Suppose by contradiction

that there is a nonzero o € Ker A = Ker G o ), then Q(«) € KerG. Step 3
says that
S:KerG®KerG* — C

is non-degenerate, hence we can find an element $* € Ker G* so that

S(Q(a), B%) # 0.
On the other hand,

S(Q(@), B7) = 5(, G*(67)) = 5(a,0) = 0.

This is a contradiction! Therefore Ker A = {0}. The surjectivity of A follows
from the injectivity of A for the dual local system V*. m

Corollary 2.7.3. Let WF and W, be the weight filtrations on H*(X,K) :=

(2

@, H*(X, K) induced by cup products with L and n (see . Then
L W!'= @, H(X,K), Gl = H(X,K),
2. WiL = @bez Hng(Xa K), GriL = @bez Hll;+i(X> K).

3. Gr?JrZGrLH*(X, K) = H-[/(X,K) and the twisted Poincaré pairings
SZL in §2.3.5 are therefore defined on

Si Ho, (X, K)®c H-y (X, K*) = C.
4. The filtration W"[j] is the weight-j filtration of n relative to W* and

H (X, K)= @ n"L'P

m,i>0

where P:Ej = Kern*' N Ker L+,
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5. Fach direct summand nmLiP__gj__f; C H (X, K) underlies a pure sub-
twistor structure F so that the canonical map ¢ in Definition
restricts to

¢: Fley = " L'P77 0

where szj = Kern™!' N Ker L/ C Hj_j (X, K*).
Proof. The description of weight filtration of 7 follows from the Hard Lefschetz

theorem for Semisimple Local Systems (c.f. Theorem [2.3.1). For the weight
filtration of L, we need to show that

b L(@beZ H%b-s—i(X? K)) C @bez H%b+i+2(X7 K).

o L': @bez Hg—&-i(X? K) = @bez H,i’ifi(X, K).

The first and second claims follow from repeated use of definition of L : K —

K[2] and Theorem [B] The rest follows from Lemma [2.3.110]and Lemma

(the canonical map is compatible with cup products). O

2.7.2 Theorem D] Generalized Hodge-Riemann Bilinear
Relations

Proposition 2.7.4. Suppose we are in the Set-up|2.2.1. Assume the Theorem
[A(b) and Theorem [B hold for f. Then Theorem [D} holds for f: Let F be

the pure tunstor structure on nmLiP:g:;Z and ¢ be the canonical map from

Corollary [2.7.3, we have

e F is polarized by SZL<.7¢(O)) in the sense of Definition |2.3.21] up to a
constant depending on (n, ¢, m,i,7).

e In particular, SZ].L restricts to a non-degenerate pairing

Sit e LIPT T @ LIPT N — C
Proof. The double Lefschetz decomposition and the existence of pure twistor
structure on each direct summand is proved in Corollary 2.7.3] We will focus
on the part about polarizations, whose proof is divided into two cases.

Case I: Consider all

N"LP S # By
It suffices to deal with the case ¢, j > 0 by definition and Remark [2.3.112] We
can also assume ¢ = m = 0. Now there are two subcases.

Case 1.1: P~/ for £ > 1. Cut X by general hyperplane in || and apply
Corollary [2.5.9 Corollary and the compatibility of twisted Poincaré
paring between X and its hyperplanes up to a constant depending on dim X.

Case 1.2: Py for j > 1. Cut X by general hyperplane in |L| and apply
Proposition Corollary and the compatibility of twisted Poincaré
paring between X and its hyperplanes up to a constant depending on dim X.
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Case II: P). We follow the same strategy as in [17, §5.4] by investigating
the relations between P = Kern N Ker L and lim,_,o Ker(L + €n). For € > 0,
consider

A :=Ker(L + en) CHY(X,K) = H"(X, V).
A :=Ker(L +en) CHY(X, K*) = H"(X, V).

By the Hodge-Simpson Theorem [2.3.26] each A, underlies a pure twistor struc-
ture and has the same dimension b = dimH°(X, K) — dimH?*(X, K). Let F
be the pure twistor structure on H°(X, K). By Definition , there is a
canonical map ¢ so that

¢: FBl.—1 = H" (X, V") = H(X, K*).

Lemma 2.7.5. Consider the limiting spaces in the Grassmannians of b-dimensional

subspaces of H*(X, K) and H°(X, K*):
Ai=lim A, € G(b,H'(X, K).
€E—
A= lir%A: € G(b,H" (X, K*)).
e—

Then A underlies a pure sub-twistor structure F C E. And the composition of
the identification map (see Definition |2.3.11) and the restriction of ¢

polden: A= F|._y — Fl.—_; — A*
15 the restriction of the conjugated Hodge star operator
C:H"(X,V)— H"(X,V").

Notation 2.7.6. In this section, we denote the conjugated Hodge star operator
by C.

Proof. 1t suffices to prove there is a natural map
A — A,

which can be used to construct the pure sub-twistor structure on A.
Suppose F, C F is the pure sub-twistor structure on A.. Then by Lemma

3
(bo:[d(fn.A€—F6|Z— >Fe|z—_ >A:

is the restriction of the conjugated Hodge star operator
C:H"(X,V)— H"(X,V").

In particular, because we work with middle cohomology and the Hodge star
operator doesn’t depend on the choice of ample line bundles, there A, — A’
is the restriction of the same map for all e. Therefore, the limiting map is the
restriction of C' as well. O]
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To remember the cohomological degrees, we set
LF-H (X, K) - H (X, K).
L*: H (X, K*) — H (X, K*).

Notation 2.7.7. To differentiate between subspaces of H" (X, K) and H" (X, K*),
we denote L* and n* to the cup product maps for H" (X, K*).

Lemma 2.7.8. With the notation above, we have
nKer Ly N (n* Ker L3H) NN (n* Ker Lyt = {0} e H'(X, K), > 0.
Proof. We will prove the following more precise equality by induction on i:
nKer Ly N (n* Ker L3N -~ N (0™ Ker L)+ = nKer Ly n W Vi > 0.

where W[ denotes the weight filtration on H*(X, K) with respect to L.
Base case: i = (0. We need to show that

nKer Ly = nKer Ly N W
First, the hard Lefschetz for weight filtration L* : ng/L = ngVkL implies that
Ker LF C Wl |
In particular, it follows from the commutativity of n and L that
nKer Ly C nWe C Wi
Inductive case. Suppose it holds for 7, we need to show that
nKer LynWk,_, = nKer Ly n W% N (" Ker L)) .

Here the orthogonal decomposition is taken with respect to S as in the Defi-
nition [2.3.106l
For the inclusion “C”: as in the base case, we have
Ker Lyit) C Wl
Therefore ‘ ‘
7t Ker L;E - 77*Z+1M/z‘L* - WiL* = (W—Li—l)L'
The last equality follows from the self-duality in the sense of Lemma [2.3.107]

For the inclusion “2”, we will use the non-degeneracy of S?JfZ,i' As in the
proof of [17, Lemma 5.4.1], one can show that

a€nKer LyNWE = a=nLi .o, o € Ker Ly,
B e Ker LT = 47 =AY, Y € Ker LT
Then by the definition of S?f% we have

/

St (@), [87]) = S(Lia! , 1 B*) = S(a, B%),
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where [o/] and [3*'] are viewed as classes in the associated graded space of W
and WE*. If we have

a € nKer Ly nWE N (" Ker Ly)) ™,

then .
Sih ([0, [87]) =0, V8" € Ker L**1.

Since Ker L'tt C H-?,%(X, K), it follows from Theorem @ and Lemma [2.3.23

that S?fz,z' restricts to a non-degenerate pairing on
S?szi : Ker L' @ Ker L* — C.
This implies the class of o/ in H-?,?(X, K) is zero. In particular,
o € WE,.

Therefore ‘
o = nLZO/ E nWE’ifl g Wf’i*l'

Lemma 2.7.9. We have

A=KerL{n (ﬂ(n*i Ker L;;i)L> C H2((X,K)

i>1
we have a direct sum decomposition,
Ker Lj = A @ nKer Lj.
and we have an “orthogonal decomposition” in the sense that
A = (n* Ker L3 N Ker L.
Proof. First, we show that
A C (0" Ker Ly, Vi>1,e>0.

Let ae € Ac = Ker(L + en), then

On the one hand, for 8* € Ker L}, we have
S(ae,n*B*) = S('awe, %) = (—€) ' S(L'are, *) = (—€) 7' S(awe, L*B*) = 0.
Therefore, by taking limits we have

A C ﬂ(n” Ker L))+

i>1
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On the other hand, let a = lim._,ga, € A. Then

La = 11_1}13 La. = ll_I)%(—G)T]OéE = 0.

Hence
A C Ker L.

From the previous lemma we know that,
nKer Ly N ﬂ(n’” Ker L))+ = {0}.
i>1

Therefore
nKer Ly N A = {0}.

Now counting dimensions, we conclude that

Ker Lj = A @ nKer L3,

A=KerLin (ﬂ(n*i Ker L;;i)i>

i>1
For the orthogonality, because the twisted Poincaré pairing is non-degenerate,
using the direct sum decomposition we see that

dim(n* Ker L3')* N Ker Ly = dim Ker L§ — dim n* Ker L3!
= dim Ker Lj — dim 5 Ker L} = dim A.
In particular,
(n* Ker L") NKer Ly = A.
O

Lemma 2.7.10. Define Ao := A/(ANH2_ (X, K)). Then Ay underlies a pure
twistor structure, which is polarized by the form Siy (e, ¢(e)).
Proof. Let F be the pure twistor structure on A. Lemma implies that
the pairing
J— nL
ST (e, C(#)) : A® K 292% A @ A* 20, ¢
is semipositive definite, where C' = ¢ o Iden is the restriction of the conjugated
Hodge star operator C': HO(X, K) — H°(X, K*).
On the other hand, since Hgfl(X , ) underlies a pure twistor structure,
then Ag is a pure subtwistor structure Fy with the descent canonical map
¢ Foleoy — A= A"/ (AN HZ_ (X, KY)).
By Lemma [2.3.107| we have (WF*)+ = W, therefore the descent pairing
S A @AY — C
is non-degenerate. In particular S’ (e, C'e) descends to a non-degenerate pair-

ing o
SgOL(.,C.) : A() ®A0 — C.

Therefore S (e, C'e) is positive definite being semipositive definite and non-
degenerate at the same time. In particular, Ay is polarized by SIt (e, ¢(e)). [
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Remark 2.7.11. Note here that, in contrast to [I7, Lemma 5.4.1], we don’t
multiply Sii* by (—1)" because the sign is built into the Hodge star operator
C.

Now we can finish the proof the Generalized Hodge-Riemann Bilinear Re-
lation for PJ. By definition

P) = KernnKer Ly N Hy (X, K).

Here HJ(X, K) is a quotient space of H*(X, K) and the third intersection
means the descend of the subspace on the quotient space.

By the characterization of perverse filtration in terms of the weight filtra-
tion, we have HJ(K) C Gr§. Therefore

PO KernNKer Lgn Wy _ Kern N Ker Lg ‘
0= KernnKer LINWE — KernnKer L N W

Using Kern C (n* Ker L)+ and Lemma we have

RO C (n* Ker LyY)+ N Ker L} A

= = Ao.
T (prKer LiHYt nKer LN WE  AnWE 0

Moreover, since the inclusion P C Ay underlies a morphism of pure twistor
structures and Ay is polarized by S{i (e, ¢(e)) by Lemma [2.7.10, we conclude
by Lemma [2.3.23| that P is polarized by the restriction of Sgy (e, ¢(e)). [

2.7.3 Non-degeneration of intersection forms

In this section, we use the Generalized Hodge-Riemann Bilinear Relation The-
orem |[D| to verify the splitting criterion needed for the proof of Semisimplicity
Theorem.

Proposition 2.7.12. Suppose we are in the Set-up [2.2.1. Assume Theorem
(b) and Theorem @ hold for f. Let v :y — Y be a point in the support of
HO(PHO(f.K)). Then the following natural map is an isomorphism

HO(Y, ii* HO(f.K)) =2 H(Y, 4,0 HO(f. K)).
Proof. Consider the adjunction map induced by :
bi' [, K — f.K — i . K.
The Decomposition Theorem (b) gives f.K =2 @, H"(f.K)|—{] and induces
WiPHO(f K) — PHO(f.K) — i, 0" HO (f.K).
The cohomology of this map gives the desired natural map

HOY, i " HO(f.K)) S HO(Y,PHO(f.K)) — HO(Y, i i HO(f.K)).  (25)
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where cl is the natural cycle map.
Let j : U =Y \ {y} — Y be the smooth subvariety. The distinguished

triangle associated to {y} 5 Y <& U gives rise to the following short exact
sequence:

HOY, i HO(f.K)) S HO(Y,PHO(f.K)) — HO(Y, j ™ HO(f.K))

Since the map cl is injective by Corollary [2.3.101] we can use Corollary [2.3.123
to conclude that H°(Y,4i'*H°(f.K)) underlies a pure sub-twistor structure F

so that the canonical map ¢ in Corollary restricts to
¢: Fle_i — HOY,ig" HO(f.K)).
Notice that we have an inclusion
Im(cl) C Ker L C H(Y,"H"(f.K)) = H{ (X, K).

One can decompose this inclusion with respect to Lefschetz decomposition of
n so that each direct summand of H{(X, K) is polarized by Sg(f(o,gb(o)) by
Theorem [D] Using Lemma and the compatibility of ¢ with restrictions,
we conclude that the twisted Poincaré pairing SgOL restricts to a non-degenerate
pairing

SIL HOY, iyi'"HO (f.K)) @ HO(Y, iyi'*HO (f.K*)) — C
e~ [ ans

where we represent a class in H(Y, iyi"HO(f.K)) — HO(Y,PH°(f.K)) by a
class in HY(X, K). Using Verdier duality, the twisted Poincaré pairing gives
rise to the map

HOWY, i HO(£.K)) S5 HOY, 1P HO(f.K))Y Y2 HOY, i HO(f.K).

which can be identified with the map ({2.5). Therefore, the non-degeneracy of
the twisted Poincaré pairing implies that the map (2.5)) is an isomorphism. []

2.8 Semisimplicity Theorem for /=0

Proposition 2.8.1. Suppose we are in the Set-up [2.2.1. Assume Theorem
[A(b) and Theorem[D for f. Assume Theorem [A|(c) hold for all f': X' — Y’
so that

r(f) <r(f) or r(f)=r(f) =0,m <m.
Then Theorem[A|(c) holds for f, i.e. PHO(f.K) is semisimple.

We first show that PHC(f,K) decomposes into the direct sum of intersection
complexes of local systems over the strata of Y.
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Proposition 2.8.2. There is a canonical morphism in Perv(Y):

PHO(LE) = D 10 (M CH(f)s,)-

d=dim S

Proof. Let S; be a d-dimensional stratum on Y and

Us= | Sa-

d'>d

We denote two embeddings to be S; = Uy <ﬁ Uqs1. Since the intersection
complex can be defined using iterated truncations, it suffices to show that

PHO(f K uy = BuCH (B u,) © HOCHO(fB)]u,)d)-

Here (. = 7<_4-18.. There are two cases.
Case I. If d > 1, it can be handled by induction on d. By Lemma [2.5.12]
it suffices to show

H ™ (a1 (f.K)) = HTCHO(f.K))

is an isomorphism. Notice that this is a local condition so that we can check it
stalkwise. Let y € S; be any point, choose a generic d-dimensional complete
intersection Y; C Y which contains y and is transversal to all strata of Y.
Then we have the following Cartesian diagram

X, -4y X

lfd lf
Yd — Y

Notice that dimY; < dimY and r(f;) < max{r(f) — d,0} by repeated use
of Proposition [2.5.10, Set K; = i;K[—d], then one can apply the inductive
hypothesis to conclude that

PHO(farkSa)

is semisimple. Denote the inclusion to be i : y < Y;. We have the following
commutative diagram

HO (0P H (faka)) —— HOCH(faKa))y

§ |-

H’d(a!a!pHO(f*K))y — Hid(pHo(f*K))y

The isomorphisms in the vertical direction follows from Lemma [2.5.11] In-
ductive assumption on the decomposition of PH(f4.K4) coupled with Lemma
2.5.12 imply that the first horizontal map is an isomorphism, so is the second
one.

Case II. If d = 0, we apply MacPherson and Vilonen’s criterion (c.f.

Corollary [2.5.14)) and use Proposition [2.7.12]
O
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Proof of Proposition |2.8.1. By Proposition [2.8.2] it suffices to show the local
system

HCH(fE)|s,)
is semisimple over S; for each d = dim Sy. Let ¢ : y — Y be a point lying in
Sy, the fiber of the local system at y is

H (Y, i ™ HO(f.K)) CH(f 7 (y), Klp-1¢p) = H(f (), V]p-1p))-

Case I.d =0or d =m. If dim$S; = 0, the semisimplicity is trivial. If
d = m = dim f(X), it follows from the Semisimplicity Theorem for smooth
projective maps (c.f. Theorem that R"9f,V|s, is semisimple, so is the
sub-local system H~¢(PHO(f.K)|s,)-

Cast II. 1 < d < m — 1. Since f|: f71(Sq) — Sq may not be smooth
projective, we cannot apply Theorem directly. Instead, we use a geomet-
ric construction from [I7, §6.4], which roughly means “change a point to its
complete intersection normal slice in Y”. Concretely, choose A to be an very
ample line bundle on Y, one can get to the following situation:

1. T'C Sy is a Zariski open subset.
2. There is a commutative diagram

X 25 X

[ b
Vr 25 Y
lﬁ
T

Here Yr — T admits a section 6, px and py are smooth projective maps
of relative dimension zero and ® inherits a stratification from the one on
f. Moreover all strata on )y map surjectively and smoothly onto T

3. For every t € T, Y; := 7 1(t) is a complete intersection d hyperplanes
passing through ¢t € T C Y, meeting all strata of Y transversally and
such that X; := (o ®)71(¢) is a smooth projective variety of dimension
n —d.

Let FF = wo ®. Since px is smooth projective and V is a semisimple local
system on X, we have p% )V is a semisimple local system on Ar. Apply Lemma

2.3.102| to p%V and the diagram
Xr BV 5T 5 vy,

we obtain that H=4(0""H°(P,p% K)) is a semisimple local system on 7. Now
the standard base change formula implies that

HUOPH (D5 K) = HU(OPH (3 f.K))
H YO piPHO (f.K))  [p} is t-exact]
= HCH(fK)|r)

1%
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Since T is Zariski-dense in Sy, we conclude that H=4(PH (. K)|s,) is a semisim-
ple local system on Sj. m

2.9 Sabbah’s Theorem

In this section, we prove Sabbah’s main Theorem [E|in [43] using the standard
reductions in [16, Page 71-74] and [15] to Theorem [A]

Theorem 2.9.1. Let f : U — Y be a proper map between quasi-projective
varieties where U is the Zariski open subset of a smooth projective variety X .
Let V be a semisimple local system on X. Then Theorem [A|(b) and Theorem

[Al(c) hold for f and V|y.
If in addition, f is projective and n is f-ample, then the Relative Hard
Lefschetz Theorem [A(a) holds as well.

Remark 2.9.2. Let Y be a normal variety and let Y, C Y be a Zariski dense
open subset, then a local system V on Y is semisimple if and only if V|y, is
semisimple. This is because the natural map

™1 (Yo, y) = m(Y,y)
is surjective for any y € Y.

Proof. We will prove the theorem by progressively relaxing conditions on
(f, X,Y,V). The hypothesis in Theorem [A]is denoted by

(fprojv X;m7 Y;” V)

which means that f is projective, X is smooth projective, Y is projective and
V is a semisimple local system on X.

1. Theorem [A| holds for (fyroj, X3™, Yop, V).
Choose a closed embedding ¢ : Y — P¥ and apply Theorem [A| to
h := go f. One needs to identify perverse sheaves on Y with perverse
sheaves on PV with support on Y.

2. Theorem [A|holds for ( foro;, U, Yyp, V|u), where U is a Zariski open subset
of a smooth projective variety X and V is a semisimple local system on
X.

Let Y’/ be a projective compactification of Y so that Y is a Zariski dense
open subset of Y, then f can be viewed as a rational map

f:X-->Y"

Then we can use Hironaka’s theorem to resolve the indeterminacy of f
by blowing up smooth subvarieties of X disjoint from U so that we have
a following commutative diagram

U % X’
fl lf’
Yy — Y’
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Here X’ is a smooth projective obtained by blowing up X, U can be
viewed as a Zariski dense open subset of X’ and f'|y = f. One can
pull back the semisimple local system V on X to get a semisimple local
system V' on X’ (this is because the harmonic metric on V ® C¥ pulls
back to a harmonic metric on V' ® C). Moreover, V| is the restriction
of V' to U. Hence we have

PHI(fVIw) = PHI(LV )y

we can apply Theorem [A]to (f/, X', Y, V') and Remark 2.9.2]to conclude
that PH°(f.V|y) is semisimple (semisimplicity can be inherited when
restricting to Zariski-dense subset over each smooth stratum). The rest
of the proof of Theorem [A] can be carried out in the same way.

. Theorem [A(b) and Theorem [A|(c) hold for (foroper, U, Ygp, V|v), where U
is a Zariski open subset of a smooth projective variety X and V is a
semisimple local system on X.

Let g : U' — U be a Chow envelope for U so that g is projective and
birational and f’ := f o ¢ is projective. Notice that we have

Rg.(9"V|v) =Vt @ R

for some R € Ob(D(X)). Then one apply Theorem [A[b) and Theorem
[Alc) to (¢9,U",Y, g*V|v) and argue as in [16, Theorem 10.0.6].

]
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Chapter 3

Stable Irrationality of
Hypersurfaces

The purpose of this chapter is to study various measures of irrationality for
hypersurfaces in projective spaces which were proposed recently by [4],[1]. In
particular, we answer the question raised by Bastianelli that if X C P"*! is a
very general smooth hypersurface of dimension n and degree d > 2n + 2, then
stab.irr(X) = uni.irr(X) = d—1. As a corollary, we prove that irr(X x P™) =
irr(X) for any integer m > 1.

3.1 Introduction

There has been recent interest in studying measures of irrationality for alge-
braic varieties [4],[I]. For example, given an irreducible projective variety X
of dimension n, the degree of irrationality of X is defined as

irr(X) := min {0 > 0 | 3 degree ¢ rational covering X --» P"}.

Therefore irr(X) = 1 if and only if X is rational. It was established in [3],[4]
that if X € P"*! is a very general smooth hypersurface of dimension n and
degree d > 2n + 1, then irr(X) = d — 1.

By analogy with notions of stable rationality and unirationality, Bastianelli
[1] introduced two birational invariants measuring the failure of a projective
variety to be stably rational or unirational:

stab.irr(X) := min { irr(X x P™) | m € N},
uni.irr(X) := min { irr(7") | 3 a rational covering 7' --» X }.
Thus

stab.irr(X) =1 <= X is stably rational,
uni.irr(X) =1 <= X is unirational,

and in general one has the inequalities

uni.irr(X) < stab.irr(X) < irr(X).
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It was established by Bastianelli in [1] that if X is a very general surface of
degree d > 5, then

stab.irr(X) = uniirr(X) =d — 1,

and Bastianelli also classified the exceptional cases. Here we extend the com-
putation to hypersurfaces of all dimensions.

In fact we will consider more generally correspondences on P™ x X. We
consider the following birational invariant:

corr(X) := min { deg(m;) | 3 a correspondence I' C P" x X}.

where 7y is the first projection map from I' to P™ and I' is any subvariety of
P" x X that both dominates P" and X.
Our first results concern corr(X):

Theorem A. Let X C P! be a very general smooth hypersurface of degree
d>2n-+2. Then
corr(X) =d— 1.

Lopez and Pirola [36, Theorem 1.3] classified correspondences with null
trace (see Def of minimum degree on smooth hypersurfaces in P3. Our
results can be seen as a partial generalization to higher dimensions: if we
restrict ourselves to null trace correspondences on P" x X, we can compute
their minimal degree.

As in [I], we notice that the study of uni.irr(X) is equivalent to the study
of correspondences on P" x X. In particular, we will show that corr(X) =
uni.irr(X) (cf. Lemma [3.3.2)). From this we deduce our second result, which
answers the question of [1]:

Theorem B. Let X C P" be a very general smooth hypersurface of degree
d>2n+2. Then

stab.irr(X) = uni.irr(X) = d — 1.
In particular, we have the following

Corollary C. Let X C P"! be a very general smooth hypersurface of degree
d>2n-+2. Then
irr(X x P™) = irr(X),

for any integer m > 1.

Totaro [53] showed that a very general hypersurface X C P™"*! of degree
d > 2[™27 is not stably rational. A couple of years later, Schreieder [49] found
a very striking lower bound where d > log, n + 2, which means that most of
hypersurfaces are not stably rational. Therefore, one has stab.irr(X) > 1 if
d > log, n+ 2. It’s interesting to ask further what is the stable irrationality of
a degree d hypersurface in this range.
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On the other hand, Bastianelli, Ciliberto, Flamini and Supino [2, Section
5.2] conjectured that

V8n+9—1

conn.gon(X) < d — L 5

J < d—1=uniirr(X).

This means that even though it’s very hard to determine whether rationally
connected varieties are unirational (equivalently whether conn.gon(X) = 1
implies uni.irr(X) = 1), when d is large these two invariants should capture
very different phenomena.

For the proof of Theorem A, we first show that if the degree of a corre-
spondence is less or equal than d — 2, then one can find on X a relatively
large subvariety with bounded covering gonality; this is impossible for very
general hypersurface. The method is essentially the same as [4] but the differ-
ence is that we work directly on the correspondence instead of passing to the
Grassmannian.

In we discuss some properties of correspondences with null trace and
3.3 is devoted to the proof of the main theorems.

3.2 Correspondences

In this section, we sketch some basic properties of correspondences following
[3].

Let X and Y be smooth irreducible complex projective varieties of dimen-
sion n.

Definition 3.2.1. An correspondence of Y-degree m on Y x X is a reduced
pure n-dimensional subvariety I' C Y x X such that the projectionsm : I' = Y,
7o : I' = X are generically finite dominant morphisms with deg(m;) = m.

Recall that for any correspondence I' C Y x X, one has Mumford’s trace
map (cf.[3]):
TrX/Y : HO(X, Kx) — HO(Y, Ky)
In brief, Trx/y (w) = Trr/y(m3w), where Trp/y is the trace map associated to

the generically finite morphism I' — Y.

Definition 3.2.2. A correspondence I' C Y x X has null trace to Y if the
associated trace map is identically zero.

Using the Cayley-Bacharach properties, correspondences with null trace on
a smooth hypersurface are analyzed by Bastianelli, Cortini and De Poi in [3]
Theorem 2.5]. Their result is

Theorem 3.2.3. Let X C P"*! be a smooth hypersurface of degree d > n+3
and let
rcyxXx
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be a correspondence of Y -degree m with null trace to' Y. Let y € Y be a point
such that dim 7y (y) = 0 and let 7y *(y) = {(y,2:) €T | i =1,...,m} where
the x; are distinct points. Then

m >d—n,
and if m < 2d — 2n — 3, then the 0-cycle Z, = Y| x; lies on a line in P
We will work with the following

Set-up 3.2.4. Denote by X C P"*! a very general smooth hypersurface of
degree d, and suppose given a correspondence I' C P” x X of P"-degree m.
We assume that

d>2n+2and m <d— 2.

Corollary 3.2.5. Assume that we are in the situation of[3.2.4 For general
y € P", define Z, as in the previous theorem. Then we have

1. m>d—n.

2. Z, lies on a line I, C Pt

Proof. Notice that I' has null trace to P™ because H°(P™, Kpx) = {0}. More-
over the pair (d, m) satisfies the condition m < 2d—2n—3. Therefore Theorem
3.2.3| applies. O

3.3 Proofs

In this section, we give the proof of main theorems in the introduction. We
will establish Theorem A first.

We assume until the end of the proof of Theorem A that we are in the
situation of[3.2.4] Notice that any rational covering X --» P" of degree ¢ gives
rise to a correspondence of P™"-degree 6 on P" x X. Hence by [4, Theorem C]

we have
corr(X) <irr(X) =d — 1.

Therefore it suffices to show that corr(X) > d — 1 and we will argue by con-
tradiction.

Since we are in the situation of|3.2.4] by Corollary one has a classifying
map:

»:U—->G=G(l,n+1).

Here U is the Zariski-open subset of P where the fiber Z, = 7, ' (y) consists
of m distinct points. Note that U being open in P" is a rational variety itself.
Another observation is that ¢ is a generically finite map onto its image because
my : I' = X is generically finite.
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Now we have the following diagram:

w2 Wy prt

U — G

Here 7 : W — G is the tautological P-bundle on G, p : W — P"*! is the
evaluation map and

W' =qet &"W
is the pullback of W via the classifying map ¢.

Claim 3.3.1. W' is an irreducible n + 1-dimensional variety and 1 =gep pro ¢’
is dominant onto P™1.

Proof. Notice that 7’ : W/ — U is a Pl-bundle and U is irreducible, so W’
must be irreducible. Since dim (W') < n + 1, it suffices to show that 1 is
dominant. We prove this by contradiction. Suppose dim (W) < n. Since
I' - X is dominant and an open subset of I is contained in W’ by Corollary
, this would imply that X contains ¢¥(W’) as an open subset. Therefore
X is uniruled, but this is impossible since deg(X) is greater than n+ 1. [

Proof of Theorem A. Recall that we are in the situation of where I' C
P" x X is a correspondence of P"-degree m < d — 2 by contradiction. Define
I to be the restriction of I' to U x P". By Corollary I is a divisor in
W' of relative degree m over U. Let X’ be the full pre-image of X in W’ so
that X’ is a divisor in W' of relative degree d over U. We can write

X' =T'+F,

where F' is a divisor of relative degree d — m > 2 over U. Now fix any
irreducible component R C F' that dominates U and view R as a reduced
irreducible variety of dimension n. Thus R sits in a diagram

X +— R

| | 3.)

P W —— U

p=pod!
and we have
0 <e=qedeg(R—U)<d—m. (3.2)
Put
S =aet ¥(R) € X, (3-3)

and let s = dimS. Suppose first that s = 0, i.e. S consists of a single point
p € X. But this would imply deg(I' — U) = d — 1, which contradicts with our
assumption. Therefore we may assume that 1 < s <n — 1.
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Note next that cov.gon(S) < e. In fact, one can choose a rational subvariety
L C U of dimension s with the property that an irreducible component R* C R
of the inverse image of L in R is generically finite over S. Since deg(R* —
L) < e, and since L is rational, we see that cov.gon(R*) < e. Hence [4, lemma
1.9] applies to show that cov.gon(S) < e.

Now denote by Ky /pnt1 the relative canonical bundle of v, and consider
a general fiber [ =1, of (W' — U). We assert: [[| ]

- Ky pnir = n. (3.4)
Grant this for now. Since dim ¥(R) = s, by [4, Corollary A.6] we have
ordr(Kyrjpnt1) > n — s. (3.5)
Hence we must have
n=1- Ky prir > ordg(Ky/pri1) - 1- R> (n—s)-deg(R — U) > (n — s)e.

Now recall that we assume s > 1. Then it follows from the computations of
Ein and Voisin [4, Proposition 3.8] that

e > cov.gon(S) >d—2n + s.
One finds that

d§2n—s+e§2n—s+L§2n+1.
n—s

which is impossible since d > 2n + 2.
It remains to prove (3.4). We consider the restriction of the tangent map
Ty — ¢¥*Tp to | = P, By the Euler sequence, one has

¢*Tp|l = Opl(]_)@n D Op1(2).
For Tw|;, we have the following exact sequence:
0— TW’/U|l — TW’|l — 7T/*TU|Z — 0.

The first term is isomorphic to 7} = Op1(2), and the third term is isomorphic
to O%’f. Notice that this exact sequence of vector bundles splits because

Extp: (027, Op: (2)) = H'(P', 0(2))®" = {0}.

Hence we have
TW’|l = Og? @ Opl (2)

Therefore the restriction of the tangent map to [ = P! becomes

Og? @b Opl (2) — Opl(l)®n ©® Opl (2),

!Notice that even though we are working on an open variety, this intersection product
still makes sense because we are intersecting a divisor with the fiber of a proper map.

2Bastianelli pointed out to me that it is possible to avoid this assertion by passing to the
Grassmannian and argue as in [4].
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whose degeneracy locus is thus given by a linear form of degree n on P*!. Since
a general fiber doesn’t lie in the ramification locus, we must have

l . KW//Pn+1 =nNn.
]

Now we turn to the proof of Theorem B. We first establish a lemma con-
necting corr(X) and uni.irr(X).

Lemma 3.3.2. Let X be an irreducible smooth projective variety, then
uni.irr(X) = corr(X).

Proof. Let T be a smooth n-dimensional variety with two dominant rational
maps
f:T--+P" g:T--+X.

By considering the closure of the graph of f and g, we see that T maps onto a
correspondence I' C P x X and deg(f) is a multiple of deg(I' — P™). Hence
uni.irr(X) > corr(X). The other inequality is obvious. O

Proof of Theorem B. By Lemma and Theorem A, one has
uni.irr(X) = corr(X) =d — 1.
On the other hand, by [4, Theorem C] and [I, Lemma 2.2]
d—1=1irr(X) > stab.irr(X) > uni.irr(X),

we conclude that stab.irr(X) = uni.irr(X) =d — 1. O
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