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Abstract of the Dissertation

Deformations of Axially Symmetric Initial
Data and the Angular Momentum-Mass
Inequality

by

Ye Sle Cha

Doctor of Philosophy
in
Mathematics
Stony Brook University
2013

In this dissertation, we study geometric inequalities for black holes,
mainly the angular momentum-mass inequality and the angular
momentum-mass-charge inequality.

Firstly, we show how to reduce the general formulation of the an-
gular momentum-mass inequality, for (non-maximal) axially sym-
metric initial data of the Einstein equations, to the known maximal
case. This procedure is based on a certain deformation of the ini-
tial data which preserves the relevant geometry, while achieving

the maximal condition. More importantly, we compute the scalar
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curvature formula for the deformation of initial data, which shows
that the dominant energy condition holds in a weak sense.
Through this procedure, we develop a geometrically motivated sys-
tem of quasi-linear elliptic equations which is conjectured to admit
a solution. The primary equation bears a strong resemblance to
the Jang-type equations studied in the context of the positive mass
theorem and the Penrose inequality.

Secondly, in a similar sense, we show how to reduce the gen-
eral formulation of the angular momentum-mass-charge inequality,
for (non-maximal) axially symmetric initial data of the Einstein-
Maxwell equations with zero magnetic field, to the known maximal
case, whenever there exists a solution for the system of quasi-linear
elliptic equations.

Lastly, we combine these two results and the area-angular momen-
tum inequality to show the lower bound of the area in terms of
ADM mass, angular momentum, and charge for black holes under

the same assumptions.
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Chapter 1

Introduction

The standard picture of gravitational collapse [0], [I1] asserts that generically,
an asymptotically flat spacetime should eventually settle down to a stationary
final state, consisting of (possibly multiple) disconnected black hole space-
times. The black hole uniqueness theorem implies that, in vacuum, each of
these solutions must be the Kerr spacetime; note that there are still important
unresolved technical aspects associated with this uniqueness result [9]. It is
also conceivable that these black holes are coupled to matter fields. In any
event, as in Kerr, the following inequality holds between mass and angular mo-
mentum my > \/W for each of the connected components of the final state,
and hence for the final state itself. Moreover, as gravitational radiation carries
positive energy, the mass of any initial state should not be smaller than that
of the final state m > my. If auxiliary conditions are imposed, one of which
usually includes axisymmetry, in order to ensure the conservation of angular
momentum, then J = J; where J, Jr denote the (ADM) angular momen-

tums of the initial and final state. This leads to the angular momentum-mass



inequality
m >+ |J| (1.0.1)

for any initial state. A counterexample to would pose a serious challenge
to this standard picture of collapse, whereas a verification of would only
lend credence to this model.

Consider an initial data set (M, g, k) for the Einstein equations. This con-
sists of a 3-manifold M, Riemannian metric g, and symmetric 2-tensor k rep-
resenting the extrinsic curvature (second fundamental form) of the embedding

into spacetime, which satisfy the constraint equations

167 = R+ (T'rgk)? — |k[2,
(1.0.2)
8nJ = divy(k — (Tryk)g).
Here p and J are the energy and momentum densities of the matter fields,

respectively, and R is the scalar curvature of g. The following inequality will

be referred to as the dominant energy condition
w> g, (1.0.3)

Suppose that M has at least two ends, with one designated end being asymp-
totically flat, and the remainder being either asymptotically flat or asymptot-
ically cylindrical. Recall that a domain Mg,q C M is an asymptotically flat
end if it is diffeomorphic to R? \ Ball, and in the coordinates given by the

asymptotic diffeomorphism the following fall-off conditions hold
5
gi; = 5ij + Ol(’l“_%), Ogij < LZ(Mend), kij = Ol_l(r_)‘), A > 5, (104)

for some [ > (ﬂ In the context of the angular momentum-mass inequality,

IThe notation f = o;(r~%) asserts that lim, o, 7479 f = 0 for all n < [, and f =
O;(r~%) asserts that r**"|9" f| < C for all n <. The assumption [ > 6 is needed for the
results in [g].



these asymptotics may be weakened, see for example [32]. The asymptotics
for cylindrical ends is most easily described in Brill coordinates, to be given
in the next section.

We say that the initial data are axially symmetric if the group of isometries
of the Riemannian manifold (M, g) has a subgroup isomorphic to U(1), and
that the remaining quantities defining the initial data are invariant under the
U(1) action. In particular, if n denotes the Killing field associated with this
symmetry, then

£,9 =Lk =0, (1.0.5)

where £, denotes Lie differentiation. If M is simply connected and the data
are axially symmetric, it is shown in [§] that the analysis reduces to the study
of manifolds diffeomorphic to R?® minus a finite number of points. Each point
represents a black hole, and has the geometry of an asymptotically flat or
cylindrical end. The fall-off conditions in the designated asymptotically flat
end guarantee that the ADM mass and angular momentum are well-defined

by the following limits

1 )
=T iji — i)V 1.0.6
M= Tor [ G~ GV (1.0.6)
1 »
J = o (kij — (Trgk)giz)v'n’, (1.0.7)
T Js.

where S, indicates the limit as r — oo of integrals over coordinate spheres
Sy, with unit outer normal v. Note that ([1.0.4]) implies that the ADM linear
momentum vanishes.

Angular momentum is conserved [21] if

Jin' = 0. (1.0.8)



Moreover, when M is simply connected, this is a necessary and sufficient con-

dition [21] for the existence of a twist potential w:
eii(K" — (Trgk)g” ) )i muda’ = dw (1.0.9)

where ¢;5; is the volume form for g.

In [16] Dain has confirmed under the hypotheses that the initial data
have two ends, are maximal (Tr,k = 0), vacuum (¢ = |J|, = 0), and admit
a global Brill coordinate system. He also established the rigidity statement,
which asserts that equality occurs in ([1.0.1]) if and only if the initial data arise
as the t = 0 slice of the extreme Kerr spacetime. Chrusciel, Li, and Weinstein
[8], [12] improved these results by showing that global Brill coordinates exist
under general conditions, and by replacing the vacuum assumption with the
hypotheses that © > 0 and a twist potential exists; they also studied the case
of multiple black holes. Later Schoen and Zhou [32] gave a simplified proof
for more general asymptotics, still assuming the maximal condition, and Zhou
[36] treated the near maximal case. It should be noted that such results are
false without the assumption of axial symmetry [25].

The focus of this paper is on the general case without the maximal or
near maximal hypothesis. We will exhibit a reduction argument by which
the general case is reduced to the maximal case, assuming that a canonical
system of elliptic PDE possesses a solution. The procedure is motivated by,
and bears a resemblance to, previous reduction arguments that have been
applied to other geometric inequalities such as the positive mass theorem and
the Penrose inequality [2], [3], [22], [27], [28], [33]. Moreover, the primary

equation is related to the Jang-type equations that appear in each of these



procedures. The end result yields a natural deformation of the initial data,
in which the geometry relevant to the angular momentum-mass inequality is
preserved, while achieving the maximal condition. In particular, this answers

a question posed by R. Schoen [36]:

Question 1.0.1. Is there a canonical way to deform a non-mazimal, axisym-
metric, vacuum data to a unique mazximal, vacuum data with the same physical
quantities, i.e. the mass and angular momentum, which also preserves the ax-

ial symmetry?

This thesis is organized as follows. In the next chapter we describe the
deformation in detail, while the reduction argument is established and the
case of equality is treated. We will leave some remarks on the analysis of the
canonical system of PDEs, which will be fully provided in the joint work with
Marcus Khuri. In Chapter [3, we describe the deformation of initial data for
Einstein-Maxwell equation in special case, which will provide how to treat the
non-maximal case for the angular momentum-mass-charge inequality. Direct
application follows in Chapter 4l And finally the derivation of the curvature

formula will be provided in Chapter [f



Chapter 2

Angular Momentum-Mass

Inequality

2.1 Brill’s Initial Data Set

(M, g, k) is a simply connected, axially symmetric initial data set with mul-
tiple ends. Simple connectedness and axial symmetry imply [§] that M =
R3\ SN 4, where i, are points in R? and represent asymptotic ends (in
total there are N + 1 ends). Moreover there exists a global (cylindrical) Brill
coordinate system (p, ¢, z) on M, where the points 4, all lie on the z-axis, and
in which the Killing field is given by n = J,. In these coordinates the metric

takes a simple form
g = e U2 (dp? + d2?) + p*e 2V (dp + A,dp + A.d2)?, (2.1.1)

where pe~Y(d¢ + A,dp + A.dz) is the dual 1-form to |n|~'n and all coefficient

functions are independent of ¢. Let M? ; denote the end associated with limit



r=+/p?+ 22 = co. The asymptotically flat fall-off conditions ((1.0.4) will be

satisfied if
U= ol,g(r’%), a= 01,4(7“’%), A, A, = 01,3(7“’%). (2.1.2)

The remaining ends associated with the points 7, will be denoted by M ;.
and are associated with the limit r,, — 0, where r,, is the Euclidean distance
to 7,. The asymptotics for asymptotically flat and cylindrical ends are given,

respectively, by
1 1 3
U=2logr,+o0_4(r3), a=o-_4a(rs), Ay A, =o0_3(r3), (2.1.3)

1 1 3
U=logr, +o_4(rz), a=o0_4(m), A, A, =o0_3(r3). (2.1.4)

It will also be assumed that the dominant energy condition (|1.0.3) is sat-
isfied, and that
divgk(n) =0, (2.1.5)

which is equivalent to . Equation (2.1.5)) gives rise to a twist potential
w that is constant on each connected component of the axis of rotation.
Let I,, denote the interval of the z-axis between 7, and 7,, where ig = —o0
and iyy; = 0o. Then a standard formula [I6] yields the angular momentum

for each black hole
1

T = 5l —wlr,). (216)
According to ([1.0.7) and (2.1.5]), the total angular momentum is given by
N
T=> T (2.1.7)
n=1



2.2 Deformation of Initial Data for Angular
Momentum-Mass inequality

In this section we will describe the deformation procedure which leads to the
reduction argument for the angular momentum-mass inequality.

We seek a deformation of the initial data (M, g, k) — (M, g, k) such that
the manifolds are diffeomorphic M 22 M, the geometry of the ends is preserved,

and
m=m, J=J, Trgk=0, R>Ik[2 weakly, (2.2.1)

where 77, J, and R are the mass, angular momentum, and scalar curvature
of the new data. The inequality in is said to hold ‘weakly’ if it is valid
when integrated against an appropriate test function. The validity of this
inequality plays a central role in the proof of the angular momentum-mass
inequality in the maximal case, and it is precisely the lack of this inequality in
the non-maximal case which prevents the proof from generalizing. Thus, the
primary goal of the deformation is to obtain such a lower bound for the scalar
curvature, while preserving all other aspects of the geometry.

With intuition from the previous work [2], [3], [33] we search for the defor-

mation in the form of a graph inside a stationary 4-manifold
M = {t = f(z)} C (R x M,@dt* + 2Y;dz'dt + g), (2.2.2)

where the 1-form Y = Y;dx' and functions ¢ and f are defined on M and
satisfy
L£nf =Ly =LY =0. (2.2.3)



Define

_ — 1 — __
9 = 9 + Y+ Yo+ efify k= oo (V.Y +V,Yi), (2.2.4)

where f; = 0,f, V is the Levi-Civita connection with respect to g, and
u? =+ Y2 (2.2.5)

In the ‘Riemannian’ setting (2.2.2)), g arises as the induced metric on the graph

M. However in the ‘Lorentzian’ setting
M = {t= f(z)} C (R x M, —pdt* - 2Y;dx'dt +7), (2.2.6)

the deformed data arise as the induced metric and second fundamental form

of the ¢ = 0 slice. Notice that
O =un—Y, (2.2.7)

where n is the unit normal to the t = 0 slice and Y is the vector field dual
to Y with respect to g. Thus (u,—Y) comprise the lapse and shift of this
stationary spacetime. Based on the structure of the Kerr spacetime, we make

the following simplifying assumption that Y has only one component
Y0, :=gY;0; = Y°0,. (2.2.8)

Lemma 2.2.1. Under the hypothesis (2.2.8)), g is a Riemannian metric, Trgk =
0, and ¢ = u? — gyp(Y?)%. Moreover if {e;}3_, is an orthonormal frame for g

with ez = |n|™'n, then



Proof. From (2.2.3) it follows that G,5 = ggg, and so |Y[2 = ges(Y?)?. This

yields the formula for ¢. Next observe that

ulrgk = VA%
oy T,

o

v

eI (2.2.10)

where flij are Christoffel symbols.

We now show that g is Riemannian. Equations (2.2.3)) and (2.2.8) imply
that

Yy =046Y? Yi=7,Y7 =70,V = (gip + [iYs)Y? = (gig + [igseY ?)Y?.

(2.2.11)
Inserting this into (2.2.4)) produces
Ti = 93 + (figse + J39:0)Y? + (W* + 956 (Y*)") fi - (2.2.12)

Take a g-orthonormal frame (dy, ds, d3 = |n|~'n) at a point, and express g as

a matrix with respect to this frame

L+ (0 + goo (YO [T (W2 + 9006(YO)) i \/GssY i
L+ (u? + goo (YO f5 /oY fa | - (22.13)
1

Ql
|

The determinant of the lower 2 x 2 minor is 1 + u?f2 > 0, and the full deter-

minant is given by
detg = (1 + |V f[2) det g > 0. (2.2.14)

10



It follows that g is positive definite.
In order to establish ([2.2.9)), observe that

2uki; = V;Y; + VY, = 0,Y; + 0Y; — 2T, Y, (2.2.15)
and
0;Y; = 0:(Gy;Y?) = (0G4 )Y ? + G, 0:Y?, (2.2.16)
2T, Yo = 9"(0:9; + 0,90 — 99,5 Ya
’ S ’ (2.2.17)
= (0:G;4 + 0;7:15)Y°.
Therefore
Qukij = Gyi0;Y? + G0V (2.2.18)

Clearly k(es, e3) = 0, and if we express e;, 4 = 1,2 in coordinates (2.3.4)), then
fori,j =1,2

2uk(e;, e) = er_Qa(Eij — Aikjg — Ajkig + AiAikyy)
_ ezﬁ_m(%ﬁjY‘b + G0 — Ay — AjG,u0Y ) (2.2.19)
=0,
since g4 = Aigy, from . Also
2uk(e;, e3) = %ei(Y‘z’) = |nles(Y?). (2.2.20)

]

This lemma shows that the deformed data set is maximal, satisfying one
requirement of (2.2.1). Furthermore, it shows that ¢ is determined by the

functions v and Y®. Thus, the three functions (u, Y?, f) completely determine

11



the new data, and will be chosen to satisfy the remaining statements in ,
so as to yield a reduction argument for the angular momentum-mass inequality.

The next task is to show how to choose the three functions (u,Y?, f). In
order to apply the techniques from the maximal case, the existence of a twist

potential for (M, g, k) is needed. Therefore we require

divgk(n) = 0. (2.2.21)

This turns out to be a linear elliptic equation for Y (if u is independent of Y'¢),
as is shown in the following subsection. The function Y is uniquely deter-

mined among bounded solutions of (2.2.21]), if the r—3-fall-off rate is prescribed

at M? ;. In particular, we will choose the following boundary condition
2 1
Y? = ——‘37 + 09 (—7) as r — o0. (2.2.22)
r ra

Lemma 2.2.2. If g is asymptotically flat and v — 1 as r — oo, then the

boundary condition ([2.2.22) guarantees that J = J.

2

Proof. Observe that since gyy ~ 72sin®6 as r — oo, where p = rsinf and

z = rcosf, we have

7 = lim i/ (0, 0,)
87 Js,

r—00 OTT
1 ™ 2
= lim — / / 960, Y *r? sin Odgd
r=oo 16m Jo o (2.2.23)
_3J / sin® 0df
4 Jo
O

Let us now show how to choose f. As with previous deformations arising

from the positive mass theorem and Penrose inequality, f is chosen to impart

12



positivity properties to the scalar curvature. With this in mind, it is instruc-
tive to calculate the scalar curvature for an arbitrary f. The following result

requires a long and detailed computation, and is therefore relegated to the

Chapter

Theorem 2.2.3. Suppose that (1.0.5), (2.1.5), (2.2.3), (2.2.8), and (2.2.21))

are satisfied, then the scalar curvature of g is given by

R — |k|Z =167 (n — J(v)) + |k — 7|2 4 2u™ divg(uQ) (22.24)
+ (T?“g7r)2 - (Trgk)2 + 2v(Trym — Tryk),

where
T = if i il 2u(9¢ g T Yjel, ) (2.2.25)
L+ u?|Vf[2

is the second fundamental form of the graph M in the Lorentzian setting,

' i -1y
wi— (2.2.26)

uf?
J1Ewvre J1Ew2vre

’l)i:

and

Qi = Yjvijf—ug_]ﬂfl%ifrwj (k—ﬂ)ij—i—ufiwle(k—ﬂ)m / 1 + UQ‘VfEJ (2.2.27)

Furthermore, if Y = 0 then the same conclusion holds without any of the listed

hypotheses.

This theorem, together with the dominant energy condition ((1.0.3)), make
it clear that in order to obtain the inequality R > |E% at least weakly, f should

be chosen to solve the equation

Try(m — k) = 0. (2.2.28)

13



It follows that
R — k|2 = 16m(1 — J(v)) + |k — 7|2 + 2u™ " divg(uQ), (2.2.29)

which yields the inequality in after multiplying by u and applying the
divergence theorem; it is assumed that appropriate asymptotic conditions are
imposed (see below) in order to ensure that the boundary integrals vanish in
each of the ends. Equation is similar to previous Jang-type equations
that have been used in connection with deformations of initial data, in partic-
ular for the positive mass theorem [33] and the Penrose inequality [3]. These

previous equations have the form
Try(m — k) =0, (2.2.30)

where it is assumed that u =Y = 0 [33], and Y = 0 [3]. Note that (2.2.30)
does not reduce to ([2.2.28)) even in the setting of [33] or [3]. This suggests that

there is a significant difference between these two equations. In fact, solutions

of (2.2.28)) do not blow-up, while solutions of ([2.2.30)) typically blow-up at

apparent horizons or can be prescribed to blow-up at these surfaces. This
separate behavior arises from the fact that the trace in ([2.2.28)) is taken with
respect to g, whereas the trace in (2.2.30) is taken with respect to g. As

a result, the analysis of (2.2.28]) is much more simple than that of (2.2.30)).

Lastly, in order to ensure that m = m, we will impose the following asymptotics
1fl+ 7|V fly + 72Vl <er™® in M2, (2.2.31)

for some 0 < € < 1. A bounded solution may be obtained by prescribing the

following asymptotics at the remaining ends

1V fly + 72 VPfl, < ¢ in asymptotically flat M (2.2.32)

end’

14



(2.2.33)

1
IV fl,+|V2fl, < cri  in asymptotically cylindrical M7,
At this point we have shown how to choose f and Y, in order to produce a
deformation of the initial data which satisfies (2.2.1)). It remains to choose u,

in such a way as to facilitate a proof of the angular momentum-mass inequality.

This shall be accomplished in the next section.

2.3 The Reduction Argument

In this section, we will follow the maximal case proof of the angular momentum-
mass inequality, within the setting of the deformed initial data (M, g, E). The
primary difficulty arises from a lack of the pointwise scalar curvature inequality
as appearing in . However a choice of u will overcome this difficulty.
Assuming that the functions (u, Y?, f) are chosen to possess the appropri-
ate asymptotics, the geometry of the ends will be preserved in the deformation.
Since the deformed data are also simply connected and axially symmetric, the

results of [8] apply to yield a global Brill coordinate system (p, ¢, Z) such that
g = e U (dp® + dz%) + pPe 2V (do + Azdp + Azdz)?. (2.3.1)
Next, recall that (2.2.21)) implies the existence of a twist potential w. An

important property of the Brill coordinates is that they yield a simple formula

for the mass [4], [16]

1

| (e R e g — e = g o) da
(2.3.2)

where |0w| and dx denote the Euclidean norm and volume element, and

1

/ (410U + g, |0w]?) da. (2.3.3)
R3

15



Let

1
ep = ——
’ V Yo

be an orthonormal frame. Then according to (1.0.9) and gy = gge,

ep = U, — Apdy),  es =€l (D — AsDy), Dy, (2.3.4)

Flepco) = ooes(@ = & 03, Fleres) = —oren@ = &0
€5, 64) = ——e5(W) = 0, ez, 64) = ———e5(w) = ——05w.
SRS 296 2[n2" 2966 "
(2.3.5)

In light of Lemma it follows that

_ _ _ 2U—2a

k2 = 2(k(ez, €9)* + k(ez, €4)?) = ———|0w|*, (2.3.6)

! 2956

and hence with the help of Theorem [2.2.3|and the dominant energy condition

— 1 — o —
m—M(U,w) > 32—7_[_/%3 2672U+2a(R— ’k’%)dl‘
1 e—2U+2a
>
~ 871 Jps U

divg(u@)dz (2.3.7)

o0
> ;divg(uQ)dxg,

1
81 R3

where the volume element for g is given by dzy = e 3U+2dz.,

Inequality ([2.3.7]) suggests that we choose

UZBU

P D
=T (2.3.8)

If § preserves the asymptotic geometry of g, then based on (2.1.2)), (2.1.3),
@.1.4)

u=1+ 05_3(7“_%) as r—oo in M, (2.3.9)
5
u=r1r2+0_4(m3) as r,— 0 inasymptotically lat M2,  (2.3.10)

3
u=r,+o0_4(r7) as r, — 0 in asymptotically cylindrical M ,,

(2.3.11)

16



where 7, is the Euclidean distance to the point ¢,, defining the end. Therefore,

with the help of the asymptotics for f (2.2.31)), (2.2.32) and Y¢ (2.2.22), the

asymptotic boundary integrals arising from the right-hand side of (2.3.7)) all
vanish. We will therefore close this section by showing the following lemma.

Note that it is crucial to choose J = J in the proof.

Lemma 2.3.1. When u = eV, the following holds.

[ Sdivg(u@)e vy o (2312

Proof. Recall that Q(-) is the one form on (M,g) as following.
u - df
A u2\vf|%
(2.3.13)

Q() = (Hessf)(Y,) = k(uV f,") + (k —7)(@, ) + (k — ) (W, W)

We will use divergence theorem to prove . The limit of the boundary
integration at spatial infinity will be clearly 0 by , , and Y? — 7%
Therefore we will concentrate on analyzing the boundary behavior of () near
the origin.

As we have studied in the previous sections, the asymptotic conditions for

f,Y? u vary upto the geometry of (M, g), i.e. ([2.1.2), (2.2.31), (2.2.32), and
(2.2.33)). For spatial infinity, regardless the geometry of (M, g), (2.2.31)) holds.

Firstly for the asymptotic behavior near the origin, we will only assume the

following, provided that |k — 7|y, |k(0p, )|, and |m(0y, )|, are bounded near

the origin.
u—0, |Vfl, =0 Y?—=pu uniformly near the origin (2.3.14)

1 is a constant depending on the choice of J. Note that we can easily see that

u|0f|s — 0 by our choice of u and (2.3.14)), where § is the euclidean metric.

17



We will not assume any particular fall off rate for yet. Regardless,
implies that the fall off rate for u|V f|; = \/ﬂZ—zf%ﬂg same as the fall
off rate for u|V f|, near the origin.

Let us start to analyze asymptotic behavior of Q(-). We will later show
that holds in each case, whenever (M, g) has two asymptotically flat
ends or an asymptotically flat end and an asymptotically cylindrical end.

According to (2.3.14)), w and 7(Y,-) behave as following near the origin.
For 7(Y, ), we will apply the computations in Chapter|5l Second fundamental

form 7 with respect to g metric is computed in (5.2.6)). By substituting 7(w,Y’)

in (5.3.16) to (5.2.6]), we can easily verify the first line of ([2.3.16)).

- _
W= Vol Y + O([uV £],) (2.3.15)
V1+u vz
and
(71 = e ((tessy (V) + 20 = wfan

J1—w?|Vf2 B (2.3.16)

—u(Hessf)(Y,) +k(Y, ) —n(Y,Y)df + O(JuV f],)

We will apply (2.3.14)), (2.3.15) and (2.3.16]) to (2.3.13]). Therefore the follow-

ing holds near the origin.

Q) = Hesssf (V) =KV 5) + (=) (2) 4 =) (L. 2 ) war + 01911,
— k (% > (% %) udf — k(uVf,-) -k (% ) +O(|Vfl,)
(2.3.17)

Let us assume that S = {7 = €} is a coordinate sphere around the origin in

(M,g). In Brill’s coordinate system, the normal vector 7ig for S is as following.

Ng = ey = /%0y — Az0y) (2.3.18)
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Note that for the normal vector ng for any axially symmetric closed surface
S near the origin, k(V f,g) = 0. We will analyze the boundary behavior of

Q(ms) as € — 0 as follows.

Qts) = k(Lo ) 1k (.2 ) utns() —F (L5 ) +0( 911y (2319

u u

In sum, the following holds regardless the geometry of (M, g). Note that

dA; = e 2U+dhd¢ is the volume form of S = {r = €} in Brill’s coordinate

system.
lim uQ(ng) dAz
e—0 S={r=c}
= lim (k(Y,7ms) + k(Y,ns)ns(f) — k(Y, 7)) + O|Vf],) dAz

0 Js={r=c}

= lim (k(Y,71s) + k(Y Y)ns(f) + O(u|V [fly)) dAg —8tuT
(2.3.20)

The last line is from applying the divergence theorem for divg(k(d,,-)) = 0.
Note that J is the angular momentum of (M, g, k), and the constant y is the
limit of Y'® at the origin, i.e. Y — u, depending on J.

Before we compute further, we will analyze k(Y ,7ng)+k(Y,Y )ns(f)

with respect to g metric and show the following lemma.

Lemma 2.3.2. Consider the 2-dimensional hyper surface S, = {F = constant,t =

f}in (R x M,g = —¢dt* — 2Y;dx' - dt +7g). Then the following holds.

lim (k(Y,7g)+k(Y,Y )ns(f))dAg =lim [ (Y?k(0y, ns) + O(u|V fly)) dA,
e—0 S={F=¢} e—0 S,

(2.3.21)
where ng is the outward unit normal vector of S, embedded in (3,g,m) and

dA, is the volume form of the S,.
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Proof. We will compute the outward unit normal vector ng and the volume
form of the S, = {7 = constant,t = f}, which is a 2 - dimensional axially
symmetric closed surface embedded in (¥ = {t = f},g). Recall that {ng =
er, eg, €4} forms the orthonormal basis on (M, g). {eg, e,} forms orthonormal
basis on S = {7 = constant} in (M,g) with the outward normal vector g =
er. Also we assume that {X,, Xy, X,} forms the basis for the tangent space of
(3, 9)-

Xi=ei+e(f)o, i=7,0,¢ (2.3.22)

Note that { Xy, X} forms the basis for the tangent space of S,. We will firstly
compute vg, which is the outward normal vector to the S, in (X, g) of the

following form, for some By, B.
vg = X, + BpXg + B¢X¢ (2.3.23)

Let us compute By, B, as follows.

0 = g(vs, Xg)
= §<Xr + B@Xg + B¢X¢, €¢>
(2.3.24)
= g(er(f)0, ep) + Bgglez(f)O, e4) + By

= —ex(f)Y (ep) — Boeg(f)Y (eg) + By
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0 = g(vs, Xp)
= g(X, + By Xy + ByXy, €5 + e5(f)0)
= gler + ex([)0h, e5 + e5(f)0r) + Bogleg + eg(f)0r, eg + e5(f)0:) + Bseg(f)g(eq, O
= —¢5(f)Y (er) — ex(f)Y (e5) — der(f)eg(f) + Bo(1 — 2¢5(f)Y (e5) — deq(f)?)
— Byeg(f)Y (es)
= —¢er(f)eg(f) + Bo(1 — ¢eg(f)?) — Boeg(f)Y (eg)
(2.3.25)
We used the identity Y (er) = Y(ez) = 0 in the last line of (2.3.25). We can

easily solve (2.3.24)) and (2.3.25)) for By, Bs. Therefore vg is as following.

wer(feg(f) . er(f)Y(eg)
T ey (2 T 1= wey(f)2

vs = X, + X, (2.3.26)

Therefore the outward unit normal vector ng to the S, is easily derived as

following.

nNg =

= QU (|, CalPealf), . alf)Y(e)
TRV fE (6 T o e) @

Since k and 7 are trivially extended, i.e. k(0:,-) = 7(0:,-) = 0, we will only
consider the spatial component of ng from now on. We will also define this
spatial component as ng. Recall that ez = g, the outward unit normal vector

to S = {7 = constant} on (M,g). Then ng is as following.

L w2 - vealDelf), | elDY(e)

ST [V f[2 (s 1 — uZes(f)? T Cen(f)? ) (2.3.28)

Also the volume form dA, of S, is as following by the direct computation. dA;

is a volume form of S = {7 = constant} in (M, 7).

dA, = /1 —u?ej(f)2dA; (2.3.29)
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Next, we will analyze the behavior of ng near the origin. By (12.3.2§)), the
following holds.

1 — u2ez(f)? (_ N u%;(f)fg(f ()Y (ey)

_ )
N T T T e ()27 T T = e (1)

) (2.3.30)
— s + s ()Y (es)ey + O(w?|V f[3)eq

Also the volume form of S; becomes as following near the origin, i.e. (2.3.29)).

dA, — dAg (2.3.31)
Therefore
11_1% S u@(ns) dAg
= lim (k(Y,7s) + k(YV,Y)s(f) + O(|V f],) dAg—87uT

e—0 Sq
(2.3.32)
]

We will now finish computing (2.3.20) as well as (2.3.12)). Let us first

assume that (M, g) has two asymptotically flat ends. In this case, u = eV =

O(r?) and |V f|, = O(r') near the origin by (2.1.2) and (2.2.31). Also note
that dAy = O(r2). Therefore the following holds.

lim uQ(ng) dAg

0 Ss—7=¢}

—timy [ (k(V,ns) + O(u[V]],) dA, — 87T (2.3.33)
=0 Js,

=8mp-(J = J)

In the last two lines in ([2.3.33]) we used (2.3.30)), (2.3.31)), fall-off conditions
for k, f,dA, and div,k(9,) = 0. Also recall that Y — p uniformly near the
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origin, as discussed in previous sections, where p is a constant depending on

the choice of 7. T herefore, by choosing T=J ,

| Sdivgue) vy =0 (2334

Let us consider the case when (M, g) has an asymptotically flat end and
an asymptotically cylindrical end. Recall that u =€V = O(r), |V f], = O(r°)
for some § > 0 and dA; = O(1). The result directly follows from applying
similar arguments as in (2.3.30), (2-3.31), and (2.3.33). O

2.4 The Proof of the Main Theorem and Case
of Equality

In this section, we will prove the angular momentum-mass inequality whenever

the system of the elliptic equation admits a solution.

Theorem 2.4.1. Let (M, g,k) be a smooth, simply connected, azially sym-
metric initial data set satisfying the dominant energy condition (1.0.3) and
condition (1.0.8)), and with two ends, one designated asymptotically flat and

the other either asymptotically flat or asymptotically cylindrical. If the sys-

tem of equations (2.2.21)), (2.2.28)), ([2.3.8) admits a smooth solution (u,Y?, f)

satisfying the asymptotics (2.2.22)), (2.2.31)), (2.2.32), (2.3.9)-(2.3.11)), then

m > /|7 (2.4.1)

and equality holds if and only if (M, g, k) arises from an embedding into the

extreme Kerr spacetime.
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Proof. The existence of a solution (u,Y?, f) ensures that we may apply the
maximal case proof to the deformed initial data (M, g, k) as above, arriving

at the inequality (2.3.12)). The results of [12], [16], [32] then imply that
MU, @) >1/|T). (2.4.2)

Moreover, according to (2.2.1) m = m and J = J, and hence (2.3.12)) yields
the desired inequality (2.4.1).

Consider now the case of equality in (2.4.1). In the process of deriving
(2.3.12)), several positive terms were left out from the right-hand side. These
terms arise from ([2.2.24)) and . In the current situation, they must all
vanish

= J()| = [k =7y = [Apz — Az = 0. (2.4.3)
Furthermore, in light of the dominant energy condition, the fact that |v|, < 1,

and the identity
p—=J) = (n=1[Jlg) + A =[vlg)|T]g + (IT]glv]g = I (v)), (2.4.4)

it follows that

w=|J|,=0. (2.4.5)

We claim that (M, g, k) is now a vacuum initial data set. By Lemma m

Trzk = 0, so that the momentum density is given by

8nJ = divgk. (2.4.6)

24



Let {e;}?_, denote the orthonormal basis (2.3.4) with e3 = e = then

|3|’

M)

(divgk)(e:) = »_(Ve,k)(ei e5)

1

<.
I

[M]

3 3
e;j(k el,e] E Ve]el,ea Yk(eq,€;) E Veje],ea V(e eq)
a=1 a=1

1

<.
Il

(2.4.7)

Assume now that ¢ # 3, then by Lemma [2.2.]]

3
Z ej(k(ei,e;)) =0 (2.4.8)
7=1

and

2

2 3
(dwg = E Veg e, es)k(es, ej)— E (Vesei, ea)k(eq, e3)— E Vej ej, ek k(e;,es).
J=1 J=1

a=1

(2.4.9)
The last sum is zero since 0, is a Killing field. Moreover

— — 1 —
(Ves€i,€a) = —(€i, Ves€q) = |8¢| ——(€;, Ve, 04) = (Ve e, €3), (2.4.10)

since

[8¢, ea] = [,3¢6a = 0. (2.4.11)

Thus, we need only show that the first sum in (2.4.9) vanishes. To accomplish
this, observe that

<v€j€iv es) = —(Veej, e3) (2.4.12)

as O, is Killing. Furthermore a direct computation shows that
(lep-ex).e3) = (A — A:)[0,] = 0 (241
where (2.4.3) was used. Therefore

<v@jei’ 63> = <v€iej7 €3>7 (2414)
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and it follows that the first sum in (2.4.9)) vanishes. Hence J = 0.

Consider now the energy density
1677t = R+ (T'rgk)* — |k|Z = R — |k|2. (2.4.15)
A lengthy computation in Chapter [5| shows that

R—|k[2 = —2(divgk)(uV f)+167(u—J (0))+|k[2—|7 |2 +2(divgk) (v) —2(divgm) (v),
(2.4.16)
when equation is satisfied. However, J = 0 and imply that the
right-hand side vanishes. Thus 7 = 0, and (M, g, k) is a vacuum initial data
set.
Next, since m = J we may now apply the results of [I6] and [32] to
conclude that (M,g, k) is isometric to the t = 0 slice (R® — {0}, gpx, kpx)
of the extreme Kerr spacetime EK*. Consider the map M — EK* given by

x + (z, f(x)). The induced metric on the graph is given by

(98)i; — [iVex); — [i(Yex)i — (upx — Yol ) fifi, (2.4.17)
where

and (ugk, —Ygk) are the lapse and shift. If J, denotes the spacelike Killing
field in this spacetime, then g%, (Yzr);0; = Y0y and Y7, satisfies equation

(2.2.21]) with g replaced by grk, as well as boundary condition ([2.2.22]). Since
there is a unique solution to (2.2.21)), (2.2.22)), and § = grk, we have that

Y = Ygx. Moreover it is a direct calculation to find that upx = eVeK =

eV = u, where Ugg arises from the Brill coordinate expression for ggx. It now
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follows from (2.2.4)) and (2.2.5]) that g agrees with the induced metric (2.4.17]).

Furthermore, from (2.4.3) 7 = k, showing that the second fundamental form
of the embedding (M, g) — EK* is given by k. Therefore the initial data
(M, g, k) arise from the extreme Kerr spacetime.

Lastly, if (M, g, k) arises from extreme Kerr, then by the properties of this

spacetime equality in (2.4.1)) holds. O

Theorem [2.4.1|reduces the proof of the angular momentum-mass inequality,

in the general non-maximal case, to the existence of a solution (u, Y?, f) to the

system of equations (2.2.21f), (2.2.28)), and (2.3.8). Notice that this is in fact

a coupled system, as the definition of u depends on g. The first task, which
is addressed in the next section, is to analyze the given asymptotic boundary

value problems associated with each equation ([2.2.21)) and (2.2.28)). Before

doing so, however, we record the reduction statement for multiple black holes.

Let
F(Tis- -, In) (2.4.19)
denote the numerical value of the action functional evaluated at the
harmonic map, from R?® — {p = 0} to the two-dimensional hyperbolic space,
constructed in Proposition 2.1 of [12]. Whether the square of this value agrees
with
N
T=> (2.4.20)
n=1
is an important open problem. The proof of the following theorem is analogous

to that of Theorem 2.4.11

Theorem 2.4.2. Let (M, g,k) be a smooth, simply connected, axially sym-

metric initial data set satisfying the dominant energy condition (1.0.3) and
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condition (1.0.8)), and with N +1 ends, one designated asymptotically flat and

the others either asymptotically flat or asymptotically cylindrical. If the sys-

tem of equations (2.2.21)), [2.2.28), (2.3.8) admits a smooth solution (u,Y?, f)

satisfying the asymptotics (2.2.22), (2.2.31)), (2.2.32), (2.3.9)-(2.3.11)), then

m>F(Th, ..., Jn) (2.4.21)

2.5 Remarks on the Solvability of the Coupled
System

In this section, we will provide some remarks on the solvability of the coupled
quasi-local elliptic equations for f,Y? u. In [5] it is shown that the each
equation admits a solution with the proper asymptotic conditions, provided
that the system is not coupled. We will briefly describe the main theorem as
well as the asymptotic fall off conditions. Let (M, g, k) be a simply connected,
axisymmetric initial data set with two ends denoted M ;d, such that M}  is
asymptotically flat and M_ , is either asymptotically flat or asymptotically
cylindrical. Then there is a global Brill coordinate system (p, ¢, z) in which
the metric takes the form (2.1.1)). Here we make a change of coordinates to
(r,¢,0), where p = rsinf and z = rcosf. The metric may then be expressed

by
g = e U2 (dr? £ r2d6?) + e 2Vr? sin? 0(dep + A.dr + Agdf)?. (2.5.1)

In addition to (2.1.2)-(2.1.4)), it is assumed that the initial data and u satisfy

the following asymptotics

u=1+ 02(7’_%), Trok = Oy(r~27%), in M}

end’

(2.5.2)
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for some ¢ € (0,1), and

u=r>+ 02(7*%)) Tryk = Oq(r"), in asymptotically flat M,

end’

(2.5.3)

3
2

), Trgk = 02(7"%), in asymptotically cylindrical M

u:r—|—02(r end’

(2.5.4)

Note that the asymptotics for u are consistent with the choice (2.3.8) and the

asymptotics (2.1.2)-(2.1.4)), while the asymptotics for T'ryk are weaker in M .
-4 as compared with (1.0.4)).

and stronger in asymptotically flat M,
First, we will describe the quasi-local elliptic equation for f, provided that
a smooth function u is given. In local coordinates, with the help of (2.2.25)),

equation ([2.2.28)) is given by

gi [ Nuf Tl whi g (2.5.5)
1+ u?|Vf|?

Observe that this equation may also be expressed in divergence form

divg(u*V f) = u(Trgk), /1 + u?|V f[2. (2.5.6)

The desired asymptotics are

I+ 7V flg+ 72V flg <er™ in MF,, (2.5.7)
r YV fly + 773 V2f|, < ¢ in asymptotically flat M . (2.5.8)
V£l +|V3fl, < cr?  in asymptotically cylindrical M ., (2.5.9)

where ¢ is a constant.

In [5], we prove the following theorem.

Theorem 2.5.1. Given initial data (M, g, k) and a smooth positive function

u satisfying (2.1.2)-(2.1.4) and (2.5.2)-(2.5.4)), there exists a smooth uniformly
bounded solution f of (2.5.5) satisfying the asymptotics (2.5.7))-(2.5.9).
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For the proof of Theorem [2.5.1], we mainly utilize the continuity method as
n [33]. We also provide the (uniform) radial sub and super solution to show
that f satisfies the proposed asymptotic conditions.

Let us now consider the equation for Y'?, provided that the smooth fuctions
u and f are given, although f is not required to satisfy an equation here. In
particular, v and f satisfy the asymptotics — and —.
As described in the previous section, Y'? should satisfy the following differential

equation.

divgk(n) =0 on M, (2.5.10)

with solutions satisfying the following asymptotics

Vo= -5 4o (r—%> in M+, (2.5.11)
Y? = ji+ Oo(r®) in asymptotically flat M ,, (2.5.12)
Y? =+ Oy(r) in asymptotically cylindrical M_ ,, (2.5.13)

where J and p are constants. In order to obtain a unique solution the value
of J will be prescribed, and in this case the value of y is determined by 7 and
the initial data. Note that these asymptotics are consistent with those of the
(sole component of the) shift vector field Yrk in the extreme Kerr spacetime.

The equation ([2.5.10)) may be expressed in a more revealing way as follows
AgY? + Vlog(utgse) - VY? = 0. (2.5.14)
which is equivalent to the following.

0= (g” - %) O R A
1+ u?|Vf[? 1+ u?|V f|2 (2.5.15)

y ulfifi 9;log u
gy I I ) _ . re %
i (g 1+u2|Vf|2) (@ 108 960 = 1 +u2|Vf|2> A
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where

e ¢
u 9ipYj + 9isY;
P e . 1 . . 1 r , ,
Tij T <wa + (logw)i f; + (logu), f; + 5

(2.5.16)
is the second fundamental form of the graph M = {t = f(x)} in the Lorentzian

setting. It is important to note that the linear character of the equation, arises

- 2 pi £j
(gw _ H%yéﬂ?) . (2.5.17)

does not depend on Y?. The equivalence of the three equations (2.5.10)),
(2.5.14]), and ([2.5.15)) will be proved in the following subsection.

In [5], we show the existence of the solution for (2.5.15)) with appropriate

from the fact that

asymptotic condition.

Theorem 2.5.2. Given initial data (M,g,k) and smooth functions u > 0,

f satisfying (2.1.2)-(2.1.4), (2.5.2)-(2.5.4), and (2.5.7)-(2.5.9), there ezists
a unique, smooth, uniformly bounded solution Y? of (2.5.15)) satisfying the

asymptotics (2.5.11))-(2.5.13)).

The main idea of the proof is similar to the [1.0.7, We mainly utilize the
continuity method, along with constructing (uniform) radial sub and super so-
lution, which describe the desired asymptotic conditions for Y?. The derivative

estimates for Y¢ will be given separately upto the geometry of the manifold

M.

2.5.1 The equation for Y

In this subsection, we will compute the quasi-local elliptic equation for Y¢

with respect to the g, and g. This leads the equivalence between the three
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equations (2.5.10)), (2.5.14)), and (2.5.15)). In [21], it is shown that there exists

a twist potential on (M, g, k) if and only if the following holds.

divgk(8y,-) = 0 (2.5.18)

Due to our choice of Y, g¥Y; = Y9, (2.5.18) gives a second order (quasi)
linear elliptic equation on Y?. Note that we will adopt a global coordinate
system, Brill’s coordinate for (A, g, k). This let us treat Y as merely a func-
tion on M. In this section we will compute this differential equation on Y¢
with respect to both g and g. We will show that it will depend on f and the

choice of w.

First, let us compute (2.5.18)) in terms of Y?, u with respect to g. Here
{i,j, k} represents {p, z, #} components while {p, ¢} represents {p, z} compo-

nents. Here, 0; represents a derivative, not a covariant derivative with respect

o
GoY s

to g. Recall that k;s = Ym’;; Yo _ o~

i —ii (A T e
97 kgizj = g” (33‘(%) — kg — Fj¢kh’>

1—ji,_ _
ék] (91¢,j - 9j¢,l) =0

— ]
i, (BeYE g
=g ](aj ( (b;u ) - Fijkl¢>

1— _ 1 .. _
= ——k(0s, Vu) + %ﬁw (aj(§¢¢aiy¢) - Fij%(ﬁal(wﬁ))

u

where g% F}ﬁh =

(2.5.19)

1—  — oy —~ o
= k(9. Vu) + 52 (BY? + 5(Vlog(g,,). V7))

_ 966 ( Ky o o =057, 90\ Tye
S (AY +g(Vliog( " ), VY >>
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Second, we will derive (2.5.19)) in Brill’s coordinate system,
g = e U (dp? + dz%) + pPe 2V (d¢ + Aydp + Azdz)? (2.5.20)

The following features will be useful for the further computation.
gpq _ 62ﬁ—256pq gp(i) _ _Ap€2U—2a
g0 =5 2% + 2UTM(AZ + A2 (2.5.21)

ep = eﬁ_a(ﬁp — A,04), e4= ﬁ_leﬁa(p

o (T° 3 b
=e" 9 (2gpz,p - gpp,z) +9g ¢gp¢>7p>
U—a A2-22—
U-a —2z (— - —2¢p— € Afg Y.z
— " AT T gy — Tpiz) + T Tsp) — O (2.5.22)
=0.(U —a)e’

likewise G(V..e.,e,) = 9,(U —a)e’

= e, U0, (log(g,,))
g<v€¢€¢>7 ep> — Fsﬁ(b == - 2 2
9o

Therefore, each terms in ([2.5.22) with respect to Brill’s coordinate system will

be as follows :
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p=p,2
_ _ _ . 20-2a(9 1oa(a
_ Z <€U—aap(eU—aapy¢) . 62U—2a<8p(U - 6)8PY¢) n e ( gog(g¢¢))8py¢>
p=pz
2U—2a —
_ Z <€2U2a82(y¢) n e . (Zpl09<9¢¢))8py¢>
p=p,2
(2.5.23)
and
=1 Ys
9<V109(7) VY?)
_ 3 gy (?_¢¢,p ) &> (2.5.24)
p=p.z 9o U
In sum ([2.5.19)) becomes as follows.
divgk(0,) = 92 (Y + g(Vzog(gﬂ), VY)
= L2U—2a
_ e Z (@2y¢ (0, Y¢)(39¢¢p _ &)>
o P
2u p=p,2 2 9so u (2.5.25)

_ 3
B e2U—2a 5 §;¢8PY¢

- = P
p=pz V900 2u

We will summarize computation results so far as a remark below.

Remark 2.5.3. (M, g, k) has twist potential if and only if Y is a solution of

following differential equations depending on f and our choice of u.

Jse (EW + g(Vzog(%),VY%) )
2u U

= o _3 2.5.26
e2U—2a 5 gj)d)@de’ ( )

N = b 2u

=0 in Brill’s coordinate
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Lastly we will compute ([2.5.26) with respect to g. Recall that g% in terms
of g, Y% u is as follows, i.e. (5.1.5).

Yi = giY; = g (Y + f,i[V]2) = Y‘bé; + fiY? (2.5.27)
gij _ gij _ uzfifj . Y¢<5czbf] + fl(;gb) ’vf|2(Y¢)25;55¢ (2 5 28)
1T+ @ [VIE 1+ aVfP L+u?| V]2 -

We will start to compute each terms in (2.5.26|) as follows.

RY* = g2(@:d,Y* ~T§¥7) +3%(Ch ~Ti)vy
B B B ) - (2.5.29)
7(Viog <g?;ﬂ) VY?) = gVlog (%) vy

N2

k

We will first compute g (I}, — fZ)Yf The explicit formula for I'¥, — T';,

can be found in Identity 1 from the previous section.

iy =k
g J(Ffj - Flj)Ylf 5530
v (2:5:30)

2 b

Now let us compute each terms in (2.5.29)) with respect to g using ([2.5.27))
and (12.5.28)).

= —w(Y)trgn+ | Vf 2 9(—- VY?) —g" [/ (Yiy — Y)Y},
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77(0:0,Y? = T5Y7)

= gij — —quifj
L+ u?|Vf[2

VCFITEYE VAPV TE,YE
L+ u?|Vf[2 L+ u?|Vf[2

) (Hess,Y?(0;,0;)) +
i =k
g ](FZ’ - Fz;)Ylf

_ sV = i
= —w(Y?)Trgm + |Vf‘§g<7, VY?) — gklfj(yifj - jfl)Y:]f

u(Vf)Y? - (Trgm) IV £I? ¢ oo IV Y
= — V-, VY?) — :
1+ w2V |2 +1+u2|Vf|§g< 2 VY 2(1+ w2V [f[3)?

2V - (VO TS [VIPYe VY Yo(VF(Y?))?

L+u?|Vf2 L+u?|Vf|2 1L+ u?Vf2
(2.5.31)
and
— = g P\ TP
9<V509(7),VY )
= G"log (%) y;i?
u ),
: (2.5.32)

y w’ f'f7 9o
L i N <_) v
<g 1+u2\Vf|§) I\ g 7

iy (55), Y3
L+ u?|Vf[2

= g(Vlog <g¢¢> VY ?) —

u
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where

u’ff7 YOS [T+ [i6)) [V fIH(Y?)20L0)
Trgﬂz<gy I'f $ 8 % )

I aVZ T 1+ eV 1+ [V ]2
1 —
where 1=~ (fy V] gy + 22 220)
1+ w2V 2 2u u u

= v _ 44 ..

O = T
Yo uViY?) (Y92 uTL,

2(1+w?|Vf|? 1+ 2V F2
u?(1+u?|Vf[2) /1+u2|Vf|3 u?|V f|2 /1+u2\Vf|§-
(2.5.33)

Also use the following for simplifying Y equation :

(%Qﬁ) — (YO)PT,, 4+ (Yo VY?) = (uVu)' (2.5.34)

In conclusion, if we compute the Y¢ equation in (2.5.29)) with respect to ¢

using (2.5.31)), (2.5.32)), (2.5.33)), and (2.5.34) it will be as follows :

AY? +G(Vliog (%) ,VY?)

_ (gij M) (HessY?(;,0;))

1 + u?[V f2
__uVf(Y?) << g ufp >7r> (2.5.35)
NEREEANSRETIT

’ w2 fifi u;Y?
gy o o LS 1 sz) _ ? 5]
(- +u2|Vf|g> (Og(g‘”)’ T W+ V)

Remark 2.5.4. In (2.5.35)), (g% — %)mj does not explicitly depend on
g
Y?. It depends on f,u and g.
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Chapter 3

Angular
Momentum-Mass-Charge

inequality

3.1 Deformation of Initial Data for Angular
Momentum-Mass-Charge inequality

In this chapter, we will observe that the reduction argument given previous
chapter, is applicable to another geometric inequality, the angular momentum-
mass-charge inequality for the axisymmetric black holes. Let (M, g, k, E) be
the axisymmetric initial data for the Einstein-Maxwell equations with van-
ishing magnetic field. M is a 3 dimensional Riemannian manifold which is
simply conected, and possesses only two ends denoted M jjld, such that M},

is asymptotically flat and M__, is either asymptotically flat or asymptotically
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cylindrical. Also we will assume that (M, g, k, E') satisfies the charged domi-

nant energy condition if the following constraints hold.

where

167 gy = 167 — 2|E)?, Jpy = J, divy,E =0 (3.1.2)

Such data are said to be strongly asymptotically flat, if in addition to the

standard definition £ ~ |z|72 at spatial infinity. The total charge is given by

1
qg=qg = — lim E-v
A7 r—o0 s,

In order to obtain a twist potential, it is necessary to assume that Jgy(n) =0
as in the previous chapter, where 7 is the killing vector generating the axial
symmetry. Based on the heuristic physical arguments leading to ((1.0.1)), the

charge may be included in the angular momentum-mass inequality as follows.

Conjecture 3.1.1. Let (M, g,k, E) be a simply connected, azially symmetric
witial data set with two ends, one strongly asymptotically flat and the other
either strongly asymptotically flat or asymptotically cylindrical. If Jgp(n) = 0,

divgl = 0 and the charged dominant energy condition is satisfied, then

2 4 42
2 VO AT (3.1.3)

- 2

m

Moreover, equality holds if and only if (M,g,k,E) arises from the extreme

Kerr-Newman spacetime.

This result has been established in the maximal case, where Tr,k = 0

by Chrusciel and Costa [15], [10], and Schoen and Zhou [32]. By utilizing a
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deformation argument similar to the previous chapter, we are able to establish
this result modulo the existence of a solution to the coupled system. The main

difference is that the electric field must also be deformed as E so that

2 2
B2 > B, (3.1.4)
divg E =0 (3.1.5)
7=q (3.1.6)

There is a natural way to accomplish this, by taking E to be the induced
electric field on the graph ¥. We will show the deformation process in this
section and prove the main theorem in the following section.

Consider the deformation of initial data set (M,g, k) as in the previous
chapter. For the deformation of the electric field, as mentioned above, we will
first consider the 4-momentum F = %Fabdx“ Adz® on (R x M,g = —¢dt? —
2Y;dz'dt + g) as following, where Fy; = uE; and Fy; = 0 for 4,5,k = 1,2,3

with z' coordinate in (M, 7).

0 UEl UEQ UEg
—uFE; 0 0 0

Bl
I

B (3.1.7)
—uE, 0 0 0

—uE3; 0 0 0

Notice that E = F(m,-) with the unit normal vector 7 = % to the M =
{t = 0}. The formulation of E in terms of the initial data (M, g, k, E') will be
followed by the relation between F(N,-) and the electric field E. Since (M, g)

is embedded in (R x M,g) as {t = f} graph, the following holds.

F(N,) =E() (3.1.8)



where N is the outward unit normal vector to (X = {t = f}, ¢, 7). We will
first derive the exact formulation of E with respect to £ by utilizing (3.1.8)).

Lemma 3.1.2.
5 - E;+ EWVf+Y)f;

1 J1+ w2V £2

Proof. We will define E in the following way that £ = F(N,-), where N =

—iq. tg _ _ u’Vf4Y By . :
w'0; + N0, e TE + P e is the unit normal vector to the graph

{t = f}. As in the previous chapter, {X; = 0; + f,0;} are tangent vectors of

(X, 9,m).

E; = F(N,X;) =uN'E; —uE (W) f; (3.1.9)

We will solve (3.1.9) for E. Note that the spatial component of N can be
written with respect to g and g as following.

wWVf+Y uVf+Y%

w= —— = (3.1.10)
w1— Ve w1V
From (3.1.9),
‘ — ‘ E(w
w'E; = uE(w)(N' —w'f;) = (@) (3.1.11)
W1+ u?|Vf2
We will substitute (3.1.11]) to (3.1.9). Also note that N* = VIRV pere-
fore Lemma easily follows by solving (3.1.9) for E;. O

Remark 3.1.3. Lemma implies that the total charge g induced by F is

same as ¢, assuming the asymptotic condition for f,Y? at spatial infinity as

[©.2.22), (2.2.31).

Next, We will show that |E|; < |E|, as expected. We will prove the

following lemma by direct computation of |E|, with respect to g metric.
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Lemma 3.1.4.
[Ely < |E,
Proof.
’E@ = gijEz‘Ej

= (?” S S W‘) (N'E: = E(@) £:)(N'E; — E(w) ;)

02
(3.1.12)
= u*(N')?|EZ — (N')’E(Y)* = 20°N'E(V f)E(w)
+ W EW)? (N')? — 2w’ fiN' + [V fIZ+ (@' f,)?)
where
wWN'E(Vf) = E(w) - N'E(Y) (3.1.13)
and
W((N')? = 2w fiN' + [V 12+ (@' f,))
(3.1.14)
=} (N' =@ fi)* + u*[Vf[; =
By substituting (3.1.13)) and (3.1.14)), (3.1.12]) becomes as following:
|E? = w*(N')?|E2 — (N')?E(Y)? + 2E(w)N'E(Y) — E(w)?
= u*(N')*|E[; — (E(@) — N'E(Y))?
(3.1.15)
= u*(N)*(|E[; - E(uV [)*)
> (N (1= W’V fIZ)El; = |EI
O

Lastly, we will prove the following lemma to show that divgE = 0 if and

only if div,E = 0.
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Lemma 3.1.5.
divgFB

\/ 1+ u?Vf2

Proof. We will compute the divergence of E with respect to divergence of

FE in two different ways. First proof is based on conceptual understanding
whereas the second proof is based on the direct computations, utilizing the
computation in Chapter [f

First Proof Let us define 4-current .J for F as following.
J,=VFE, ab=0..3 (3.1.16)

where V is the covariant derivative with respect to the 4-metric § = —¢dt? —
Yidz® - dt + G on R x M. The relation between the 4-current and E, E are as

follows.

divgE = —J(7), divgE = —J(N) (3.1.17)

Therefore

divgE = —J(1m) = —J(\/1 = w?|Vf2N) + J(uVf) (31.18)
=\/1 = |V fdiv,E + J(uV f)

We will show that J(uV f) = 0 by directly computing .J; with i = 1...3. Recall

that the Christoffel symbols for (R x M, g) are as following.

1 ,
~tt __ ~ti __ ~1j __ —ij
— T oo g __u27 g =9° =

~ ~ 1 ~
It =0, rft — §¢k, It =

~ _ +7l(Ym — Yiq)

o (3.1.19)

—k
~ 1 Y —
Il = —59161(%?1' — Yi) + ﬁ(@ +Y (Y — Yi))
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We will compute the spatial component of J; and show that J(uV f) = 0 with

any differentiable function f which is axially symmetric, i.e. f, = 0.

ji - ﬁaﬁai
- 626?137; + %lﬁli
(3.1.20)
= G Fyi + G Flin
=§"Fun + 9" Fua + ¢'Fuzy + §" Fua
Let us compute the last four terms in (3.1.20) by substituting (3.1.19) and
(3-1.7). Recall that with the choice of Y; =g, Y%, Trgk = k(Y,Y) = 0.

— 1 ~ IF
7" Fuse = —— (0 — TiFoi — TiFua) = 55"
“1 R BT u (3.1.21)
= — Y Y — VB, 4+
2ug ( Vi z,j) l+ U
— S p— I~
o _ - ~_\ YUF, YTDE
§"Fiug = —— <alFti — I Fai — FZFta> =Y —— 1) (31.22)
Uu u u
vy ~ ~
F' Py = (gﬂ T ) <8szi = LijFai —F%F1a>
i ‘ (3.1.23)
VY - o I 7272 N
== (g]l T2 > FEjFlt = <9ﬂ T2 kij By
and
_ Y — ~ ~ Iy r ey
G Fi = 2 (375in — IfFai — F?@-Fm) = mTh = —WT() (3.1.24)

By substituting (3.1.21), (3.1.22), (3.1.23), (3.1.24) and (3.1.19) to (3.1.20), J;
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is as following.

YOG Er(Gj0, — Gisy) (3.1.25)
2u
1_.,— _ Yo _ Yye _
= _glel<aj (91¢Y¢) - 7(9@',]' + 9¢j,i) + 7(%’@' - gz’qﬁ,j))

g’i =
= fgﬂEZ(aj(Y(b))

From (3.1.25), J(uVf) = f4g'E1(9;(Y?)) = 0. Therefore (3.1.18) is now as

following.

_ — div,E
divgE = /1 — 2|V f [2divg B = ———2 (3.1.26)
J1+ w2V f2

Second Proof We will now verify Lemma by direct computation. Re-
call that the Christoffel symbol of (¥, ¢, 7) and the second fundamental form

7 with respect to g are as follows.

oYY
¢ =9 - S+ T
u
—k
WD U S S RS
i L T g T T ik e T gt T il (3.1.27)

(S BT - Thf) + £(T - Thf) — FATRA)

Tij = —
(/1 —UQ‘V]C%

We will compute div, 2 with respect to g and E. Recall that B, = uN'E; —
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uf;E(w) by (B.1.9).

d’iUgE = gij Ei;j

u?

oYY ¥ o
_ <§z] o + wle> (uNtEZ - uflE(w))TJ

—ij Y'Y’ —— k _ Tk 7 T
-7 - +w'w’ | (T —T%) (uN'Ey, — ufyE(w))

= UNtdl'Ugﬁ + UNt <— 5 + @Z@]> Ef’g
u

n (g” Yy w’w’) (8,(uN")E; — ,(uB(w))f: — uE(w) f)

u2

—ij Y'Y’ ] k _ Tk t i ()
B A (I = Ty (uN" By — ufp E(w))
(3.1.28)

We will compute each terms in (3.1.28]). The second and the third terms in

the last part of (3.1.28)) are as following.

uN'* <—?127] + wiw‘) By = uN" (% +w(E(w)) — E(_w—)>

g9 Eiwj 0:(u t _i — 8j u_ w i
(g7 +w'w’) (0;(uN")E; — 0;(uE(wW)) £;) (3.1.30)

— E(V(uN") + w(uN"E(w) — N'w(uE(w))

Note that (3.1.29) and (3.1.30)) can be simplified by utilizing uN'Vgzw =
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uw(NYW + u(N)?Vg(u?Vf +Y).

—i—j

o <@ B (vwm) L E (TN + ww(N)E(®)

Y e —
) u(N')’E (Vg(u’Vf +Y))
o - — N'E (VY
= u*(NY)'E (uVf[*Vu+u*Ve, V) + N'E(VyY)
— w(NYE (V ey 7 (129 f + 7))
— B (NYE (ufVPVu — Ve,V — V5V f — (VST — 2uf'uVf)
(3.1.31)
Lastly, We will compute the rest in (3.1.28)). Note that we will rewrite f;; in
terms of m, Vf,Y by using the formulation of 7 with respect to g in (3.1.27).
For computing the last term in (3.1.28]), we will also use 7lfft = 0, fft =
TLY" — LM (Vi — Vi)

oYY\ =
(?” T2 +wzw> uE (W) f;

_ oYY — _ - -
= E(w) (?” i +W@J> (\/ 1= [V fI2m; — kij — 2ufi(T, — D5 fi) + Ufz‘ijftfk)
K

= /1 = 2|V 2E@)Tr,r — E(@) | K(w, @ 2uf! (T — T fe
=1 =@V fEE@)Trem — E )(k’( W) + L

T

+ E(w) (mzv%wl 7Y’ T8 fi +

(3.1.32)
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and

LYY P
(W— > +ww>@%—nﬁ

LYY N\ v oo - - -
= (9” e T wj) <_wk7ria‘ et fil5 + fiTh + fz‘fjrft>

_ _ DU
k(w, m)Y" N 20T5Y" = g™ f7(Yiy — Yia)
g LAV

s e VP
@ N Y - v+ Y
(@ fONY (3" (Yiz — Yiu)) I

= —(Trym)w® +

(3.1.33)

We will simplify (3.1.32)) and the last term of (3.1.28)) together, using (3.1.33]),

in that both terms contain E(w). Next, we will substitute I' in (3.1.19) and

- Yiei+ Yo .
kij = %uj to evaluate it further.

LYY N\ LYY o _ _
- <§“ T T WW) uB(W) fu; + <§U e T WW) (Ff] - PZ) )

- (T, = TR f)
= E(w) (—uNtTTgﬂ' + k(w,w) + - ;2’vfj|§

+ FEw (—QUNt<wlfl)7jf§tfk — uN (@ f))Y (f (Ve — Yﬂ)))

_Tw) (_u N T VO £ Vi) | D5 (9) + Y10, — Ym)
u(l = w2V /) u(l = w2V /[2)

I
= EW) | —uN"Tr,m + Lu_l
1—u?|Vf[2

(3.1.34)

Let us further simplify the second last term of (3.1.28]) by (3.1.33). We will

evaluate it by substituting T in (3.1.19) as well. Notice that gF'f/Y;; =
—?jgkl fir = —(V¢V£)E, and gkl?jYﬂ = m. Therefore the following
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holds.
S v vel o _ _
- (g“ - +w@wﬂ> (rj‘j - P’“j) uN'E},

= uN"' ((TrgW)F(@) — E(Y) (E(Eu, ©) + 20T ))

I
o (B a7 9590 | WIPE(TV -SE) g (@
1 — w2V f2 - w2V f2 1w vfe \ 2
— uNY(Trym)E(®@) — 263N i B(T)
LB (NYE (Ve ¥+ V5 + VIV — ufT V)
(3.1.35)

In conclusion, the sum of (3.1.31)), (3.1.34) and (3.1.35)) is 0. This leads the
desired result from (3.1.28)) as following.

— divs B
divyE = uN'div,E = —— 27— (3.1.36)
V1 - VfE2
which is equivalent to (3.1.26]). O]

So far we show how the deformation of initial data (M, g, k, E) satisfies all

the desired conditions, especially (3.1.4)), (3.1.5), and (3.1.6)). In the following

section, we will prove the angular momentum-mass-charge inequality, with the

similar reduction argument utilized in the previous chapter.

3.2 The Reduction Argument

Let (M, g, k, E) be a simply connected, axially symmetric initial data set with
two ends, one strongly asymptotically flat and the other either strongly asymp-

totically flat or asymptotically cylindrical with the dominant energy condition
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weyv > |Jeu| and Jep(n) = 0. In the previous section, we derive the defor-

mation of initial data (M, g, k, E) such that

Trsk =0, divgk(n) =0

and

|Ely > [Elg, divgE=0, q=7 (3.2.1)

We will combine the reduction argument in section [2.3] and the standard ar-

gument in [I5], [10]. First, recall that the following scalar curvature formula

(2.2.29)) holds for (M, g, k).
R —|k|Z =167 (1 — J(v)) + |k — 7|2 + 2u™ " divg(uQ), (3.2.2)
We will substitute 16mu = 16mugy + 2|E|?, and Jgar = J to (3.2.2) so that

R—[k[2=2[E[} = 167 (npy — Jon () +2(| B[ = [E[5) + |k =73 +2u™" divg (uQ)
(3.2.3)

Provided that there exist smooth solutions (f,Y? u) for (2.2.28), (2.3.8),

(2.4.2)) with appropriate asymptotic conditions described in section (M,g,k)

has a global Brill’s coordinate system,

g = e U (qp? 4 dz%) + pPe U (d¢ + Aydp + Azdz)? (3.2.4)

Also, there exists a twist potential @ for n = 0y in (M, g, k) as well. In this
coordinate system, it is shown in (2.3.7) that
1

_ 1 _ _
m—— 410012 + 3 20w0)?) de > — | 27 2UH2%(R — [k|2)d

(3.2.5)
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We will substitute (3.2.3)) to (3.2.5)). In addition, we will directly apply Lemma

to make the boundary integration zero in the following computation.

Then,
__ 1 7712 | =—219—|2 —2U+2a |72
=3 )L, <4|6U| + G |0]* + 4e |E|§> dx
1 _ - J—
> oo | 27167 (upn — Jem(v) + 2(El} = [E) + |k — 7[5)dx
327T R3
>0

(3.2.6)

The last inequality holds due to the dominant energy condition gy > |Jeum|
and (3.2.1)).

From now on, we will follow the standard argument in [I0] and [15]. Let
us adopt the Brill’s coordinate system for (M, g), g = e 2V ™2%(dp? + dz?) +
p?e 2V (dp + Apdp + A.dz)?. Recall that {e; = eV=%(0; — A;0;),e4 = %}
1 = p, z forms the orthonormal basis of the Brill’s coordinate system. Note that
throughout the process, we will make a deformation on E so that E(eys) = 0

whereas E/(e;) remains same. In particular,
E(95) =0

This deformation preserves the total electric charge. It is straightforward to
check that the dominant energy condition still holds. More importantly, we

will show that divgEl = 0 in the following computation. In general, for any
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vector I/ with £,F = 0, the following holds.
div, B

= Y (cil(E(e:) = g(Ve,ei ) E(e;) — g(Vesei, €5) Ees) — g(Ve,e4,€5) Ele;))

L,Jj=p,z

= Y (el Blen) = g(Veei ) Ele;) — 9(Ve,e6,€5) E(e)))

1,J=p,z

(3.2.7)

The last line holds since Y. (¢(Ve,€i, €4)) = —@ >i(g(Ve,04,€:)) = 0. (3.2.7)

shows that div,E is independent from the value of E(eys) whenever E(e;) is

fixed. Therefore under this deformation,
div,E =0

Without loss of generality, we will simply assume that E(J,) = 0 from now
on. In this case, simple computation same as in shows that in Brill’s
coordinate system,
o2U—20
divyE = Tar _Z,; (8,(|05|E;)) . (3.2.8)
Here, E; = E(9;). If we compute E accordingly as in the previous section,

Lemma B.1.2] shows that
E(n) =0 (3.2.9)

In addition, E also satisfies (3.2.1)) and therefore, (3.2.6) still holds. Note that

Lemma [3.1.5] implies that

divgE = 0. (3.2.10)

The main purpose of the new deformation is to show the following lemma.
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Lemma 3.2.1. For 4-momentum F in (3.1.7)), the following holds withn = 0.

d(F(n,-)) = d(+F(n,-)) =0 (3.2.11)
 is the Hodge star operator in (R x M,g).

Proof. Let us take Brill’s coordinate system for (M, g, k) with orthonormal
frame {ez, ez, e,} as usual. Then {7, e5, ez, €4} forms the orthonormal frame
for (Rx M, § = —¢dt>—2Y;dtda'+g), with 7w = 23X Let us take {07, 67, 07,67}
as dual one forms accordingly. In this frame, the following holds.
F(n,-) = =n[E(ey)0",  +F(n,) = —[n|E(ez)6” + [n|E(ep)0”  (3.2.12)
By (8.2.9), F(n,-) = 0. Next, let us compute the exterior derivative for xF'(n, -)
as follows. Note that 67 = e~ Uto(p, 7 = e~ btz
d(xF(n,-)) = d(—[n[E(ez)0” + [n|E(e5)07)
= d(—|n|E=dp + |n[E5dz) (3.2.13)
= (0:=(1n[E=) + 0,(|n[Ep)) dp A dz

The analog of ([3.2.8)) with respect to g metric and (3.2.10]) shows that *F(n, -)
is indeed closed. O

Since M is simply connected, Lemma [3.2.1] implies that there exist func-

tions Y, ¥ such that

F(n,-)=dx *F(n,-)=di (3.2.14)

By comparing (3.2.12)) and (3.2.14)), we deduce the following. Note also that

X is trivial.

VXI5 + VYl
Inlz

€4U—26

> — (lox3 + [0v13)

>

S

(3.2.15)
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where ¢ is a flat metric. Now we are ready to gain the standard mass inequality

as (2.16) in [10]. (3.2.6) and (3.2.15)) deduce the following inequality.

_ 1 o 02U - _
mzﬁ/w (4‘8[]‘ + G |09 +4? (|oxX13 + |093) | dz (3.2.16)

Let us simply take 2v = tw. This is valid since  is trivial in our case. Therefore,

the following holds.
> Z(U, 0, X, ¥) (3.2.17)

Where 7 is the standard mass functional given by

1 6ZJ\EU 62U
Z(U,v, x, ) = —/ <\3U!2 5100 + X0 —dOxP + —5 (19X + !81/1!2)) dz
R3

8T
(3.2.18)
In [I5] and [32], it is shown that Z is minimized by the Extreme Kerr New-
man data with the fixed total electric charge, total magnetic charge and the
angular momentum. Therefore Z(U,,%, ) is bounded below by the energy
from Extreme Kerr-Newman data (Ugkn, VExN, XEKN, YEKN) With zero to-
tal magnetic charge, total electric charge qpxny = ¢ and angular momentum

Jexn = J. Therefore the following holds.

m=m > Z(Ugkn, VEKN, XEKN, VEKN)

_ QJQEKN + \/q4EKN + 4\7}%KN

5 (3.2.19)
—2

CPHNT AT P+ AT

B 2 B 2

In conclusion, we state the main theorem of the chapter.

Theorem 3.2.2. Let (M, g,k,E) be a simply connected, azially symmetric
initial data set with two ends, one strongly asymptotically flat and the other

either strongly asymptotically flat or asymptotically cylindrical. If Jgar(n) =0,
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the charged dominant energy condition is satisfied, and the system of equations

2.2.21), (2.2.28), (2.3.8) admits a smooth solution (u,Y?, f) satisfying the

asymptotics (2.2.22)), (2.2.31), (2.2.32)), (2.3.9)-(2.3.11)), then

2 44 472
2, LV AT (3.2.20)

- 2

m
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Chapter 4

A Lower Bound for Area in
Terms of Mass, Angular

Momentum and Charge

In this chapter we observe that the reduction argument given above, imme-
diately applies to another geometric inequality for axisymmetric black holes.
Let (M, g, k, E) be as in the previous chapter, with the restriction that it pos-
sesses only two ends denoted M=, such that M *+ . is asymptotically flat and

end’ e

M_, , is either asymptotically flat or asymptotically cylindrical. Based on the
heuristic arguments of Chapter [2| leading to the angular momentum-mass in-
equality (|1.0.1), combined with the Hawking area theorem [24], with admitting

no charged matter, the following upper and lower bounds are derived [21]

2 2\ 2 4 A 2 2\ 2 4
2 4 2 L) 9 go o Amin 2 T 2T _ T _p
" \/(m 2> 1 S ST T T

(4.0.1)




where A,,;, is the minimum area required to enclose M_ ,. In [2I] the lower
bound is established in the maximal case. The proof relies upon the angular
momentum-mass-charge inequality and the area-angular momentum inequality
Apin > 8| J| ([14], [20], [10]). In the non-maximal case, the area-angular
momentum inequality has also been established when A,,;, is replaced by the
area of a stable, axisymmetric, marginally outer trapped surface ([14], [1§]).
Thus, since we have shown in the previous chapters how to reduce the non-
maximal case of the angular momentum-mass inequality to the problem of
solving a coupled system of elliptic equations, an analogous lower bound for
area may also be reduced to the same problem. More precisely, Theorems
2.4.1] combined with Theorem 1.1 in [I4] and the proof of a Theorem 2.5

in [21], produces the following result.

Theorem 4.0.3. Let (M,g,k, E) be a simply connected, azially symmetric
initial data set with two ends, one (M} ;) asymptotically flat and the other
(M2 ) either asymptotically flat or asymptotically cylindrical. We assume

that the dominant condition is satisfied, J;n' = 0, and there is no charged mat-

ter. In addition, if the data possesses a stable axisymmetric marginally outer

trapped surface with area A, and the system of equations ([2.2.21)), (2.2.28]),

[2.3.8) admits a smooth solution (u,Y?, f) satisfying the asymptotics (2.2.22)),
(2.2.31)), (2.2.32)), (2.3.9)-(2.3.11)), then

Amin 2 2\ ? 4
i zmu%_\/(mz_%) p e

2
end’

where A, 18 the minimum area required to enclose M
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Chapter 5

The Scalar Curvature Formula

In this chapter, we will derive a formula for scalar curvature R of § = ¢df? +
Y ®df +df ® Y + g in terms of the energy density p, the momentum density
J, ¢, Y? and f under the appropriate assumption on Y we discussed before.
We will follow the notation in [3] from now on. In general, barred quantities
will be associated with (M, g) and unbarred quantities will be associated with
(E={t="r}9)

(33, g) is considered as an image of the graph ¢ = f embedded in the
stationary spacetime (Rx M, § = —¢dt? —Y @dt —dt @Y +g), where (M, g, k)
is t = 0 slice of the constructed spacetime.

Let 0y = 0, and 0; be tangent vectors to (M,q). Define
0 =X; =0+ f:0o (5.0.1)

to be corresponding tangent vectors to (3, ¢). In this coordinate system,

9ij = Gij — [iY5 — ;Yo — O fif;

D vl v o
9" =9" — —— + 0w’
u

(5.0.2)
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where the lapse function v and w, the spatial component of the unit normal

vector to (X, g) are as following,.
u=/o+ Y2
Y (5.0.3)
uy/1 — u2|Vf|

:

2
g
The second fundamental form of (M,g) in spacetime is

ij o (5.0.4)
Observe the useful identity shown in section 5.1
(L+?|IVA - V) =1 (5.0.5)

under the assumption on the Y. This is from direct comparison for the volume
form of (¥, ¢g) and (M,9).
In section 5.2} we will compute the second fundamental form 7 of (¥, g) in
our constructed stationary spacetime as follows :
uV i f + 5=(9i6Y 5 + 9i6Y5) + fiug + fius
1+ |V f2
UV f A Ty + L8 Lo Y@ g p (5.0.6)
T

7Tij =

4 %@l(ym —Yj) + %EZ(YL" — Vi)

We will extend 7 and k trivially in the constructed spacetime so that
T(at, ) = l{;(&t, ) =0 — W(ai, j) = W(Ei,gj) (507)

Let us compute a formula for R. In (R x M,q), the future pointing normal

vector N of the graph (M, g, 7) and the future pointing normal vector n of
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t = 0 slice (M, g, k) are as following :

= _
poOtY Ny uVSEn (5.0.8)

o i-aelvr

Note that 0, is a killing vector on (R x M, g). Therefore there is an obvious

one to one correspondence between ¥ = {t = f} and M = {t = 0}. In that
sense, we will decompose n on ¥ = {t = f} as a normal component and a

tangential component tans(n).

n=/1+u?Vf]2ZN + tans(n) (5.0.9)

tans(n) = g’ (n,8;)0; = —uV f (5.0.10)

As in [3], we will compute G(N,n) in two different ways using the Gauss-

Codazzi equations. First we will compute G(N,n) on (M,g, k). By applying

and (5.0.9).
G(N,n) = /1 + w2V f2(G(n,n) + G(u¥ f,n))
= 1+ @ VSRR + (Trgh)? - [F2)/2 (5.0.11)
31+ |V Rdivg (R~ (Trf)g) (u¥ 1)

Second, compute G(N,n) on (3, g, 7). Recall that n = /1 +u?|[Vf2ZN —uV f
from ([5.0.9) and (5.0.10)).

G(N,n) =/1+u?Vf2G(N,N) + G(N, tans(n))
= ST+ VIR(R + (Tryn)? — |n2)/2 (5.0.12)

+ divg(m — (Trym)g)(—uV f)

Comparing (5.0.11)) and (5.0.12)) gives the following.

R+ (Trghk)? — |E|§ + 2divg(k — (Trgk)g)(uV f)
(5.0.13)
=R+ (Trg7r)2 — |7T|3 — 2divg(m — (Trym)g)(v)
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where

v VS ], < 1 (5.0.14)

) g >
\/ 1+ u? V2

Lastly, recall the definition of the energy density p and momentum density J

for (M, g, k) as following.

8ty =G(N,N) = (R + (Trgk)* — |k[3)/2
(5.0.15)

8rJ(-) = G(N,-) = divg(k — (Tryk)g)(-)
By (5.0.15), R = 16mp — (T'rgk)® 4 |k|2. Recall that our choice of ¥ makes
T rgE = 0. Therefore we can rewrite (5.0.13) in terms of the energy and

momentum density as follows :
R — k|2 4 2divgk(uV f)
= 16m(p — J(v)) — |72 + k|2 — 2divg(7)(v) + 2divg(k)(v)  (5.0.16)
+ (Trym)? — (Tryk)? + 2v(Tr,m — Tr,k)

Notice that by the dominant energy condition, y — J(v) > 0. Therefore R > 0
if =4k, Y =0. In [3], Bray and Khuri computed with respect to g
in the case that Y = 0 — k = 0. In addition, they showed that R is weakly
nonnegative if f is a solution of the generalized Jang equation Trg(k—7) = 0.

We will compute the divergence terms ([5.0.16|) with respect tog. Under the
appropriate assumption on k and Y, ie. div,k(dy) = 0 and divgk(9y) = 0,
we can also show that R is weakly nonnegative as well if f is a solution of
a quasi-local elliptic equation Tr,(k — m) = 0. The detailed computation is
provided in section [5.3] We will refer each identities in section here and

briefly discuss how to compute Identity 7, the revised Schoen-Yau Identity.
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Identity 1

—k
_ Y i
Ff] — Pk = —@kﬂ'ij -+ 71{71] + fzfj(¢

)

1

2

1 v !
+ fi (—-?kl(Yl,J’ =Y+ 55 (0 Y (Y -

2

Yj,z)))

—k
1 Y _
+ f; <——§kl(Y2,z‘ - Y+ ﬁ(@ + Yl(Yl,i — Yz’,l))>

Identity 2

divye(w) = idz’vg(uk(w, )+ w(k(w, 7))

— gk, m) = 29(k(w, ), 7(w,")) + (Trgm)k(w, w)

Identity 3
divgk (8¢)
= divg(K(0y,)) + - divg(uk (96, ))

- g<k(a¢, ')’ W(Ua )) + §<k(a¢’ )7E(uva )) -

Identity 4

divﬁ(ﬂ<a¢> ))
1

v

f(u)

k<a¢7?)

_ divg(uHessy[(D,.)) — %divg(uw(c?(b,w)@)

1 —u?|Vf|

+ g<7r(8¢, ')’ 7T(U, )> - §<7T(a¢’ ')7 E(uva )> +
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Vf(u)

7T(8¢7 ?)

(5.0.17)

(5.0.18)

(5.0.19)

(5.0.20)



Identity 5
1

Jr- e

divym(0y) = divg(uHessgf(0p,.)) (5.0.21)

Identity 6
divg(k — m)(v)

= |7]? = g(m, k) — uk” (Vi f)

1 . — i L u - df
+ —divg(u(Hessz(Y, ) + (k — m)(w, ) + (k — 7)(w, W) )
u \J1— uﬂﬁf\%

(5.0.22)

Our main goal is to compute divy(k — m)(v) with respect to g. In Iden-
tity 1 we discuss the difference between Christoffel symbols with respect to g
and g. Second, we will compute Identity 2 and 3 separately using Identity
1. Note that these two results give divyk(v) in that 7 = w — —Vl_uiw. The
reason why we will compute it separately is divgk(0s) = 0. Next, we will com-
pute div,m(0p) with respect to g in Identity 4. On the other hand, Identity
3 gives explicit formula for div,m(04) by substituting 7 — k. Therefore by
substituting Identity 4 into Identity 3 with m, we get Identity 5. We will

use divgk(0s) = 0 in this process as well. We get Identity 6 by combining

Identity 2 for (k — ) and Identity 5.
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Finally, by substituting Identity 6 into (5.0.16) we get the following re-

vised Schoen-Yau Identity.

Identity 7 (Revised Schoen-Yau Identity)

Rl = t6m(u— J(0) + [k — 72+ odivg(uQ() o
+ (Trym)? — (Tryk)* + 2v(Tr,m — Tryk)
where @) is one form on (M, g) such that
— — . L df
Q) = (Hessgf) (Y, )~k (N £, )+ (k=) (@, )+ (k=) (1, 0)(——e— )
J1— @[V
(5.0.24)

In the special case where Y = 0, similar Identity is derived by Bray and Khuri
as Identity 9 in [3]. The main difference lies in that the generalized Scheon-
Yau identity represents R with respect to g, which is a metric for Jang surface
satisfying Trg(k—m) = 0. But this new revised version of Schoen-Yau Identity
is represented with respect to g and g, and it naturally proposes the following

quasi-local elliptic equation for f,
Tro(k—m)=0 (5.0.25)

which will easily imply that R — [k[2+ 2divg(uQ(-)) > 0. This is our desired

result for proving the angular momentum-mass inequality in that we need
/ u(R — [k|*)dvy >0 (5.0.26)
M

But this may not be directly applicable to prove the positive mass theorem or

the Penrose inequality due to the divergence term.
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5.1 Volume form

In this section, we will compute the § metric with respect to g metric, Y and
f. We will also compute the volume form of (M, g) accordingly, which will be
useful in section 5.3 We note that dvoly is the volume form of (M, g) whereas
dvol, is the volume form of (3, g). Recall that the g metric can be written by

g, f,Y? as follows.
9ij = 9i T Yif; + Y fi + 0fif; (5.1.1)
Also recall that Y? is a function from M to R as (M,g) allows the global

coordinate system with the killing vector as a coordinate vector dy. Therefore

the following holds by our choice for Y;.

Y =G5V = (9is + Yo /) Y? = gisY* + [V 2f (5.1.2)

By substituting (5.1.2)) to (5.1.1), the following holds.

Gij = 9 + Y00 fi + Y0 f5 + (0 + [YI2) fif; (5.1.3)

Therefore, (3,7) can be referred as the {t = f} graph embedded in the Rie-
mannian 4 dimensional manifold (R x M, g), where g is as follows. (M, g) is

{t = 0} slice of (R x M, g) under the Brill’s coordinate system.
G= (0 + (Y?)gs4) dt* + 2Y P ggida’dl + g (5.1.4)

Note that the lapse function in (R x M, g) is u, while the shift vector is Y?9; as

in the Lorentzian setting. Therefore g% can be computed as following, within
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similar sense.

v u 1+ V2] \uy/14+u?Vf2 (5.15)
oy R YOG+ ) VPV,
IR A S L2V ]2

It is already computed in the previous chapter, section 2 ([2.2.14]) that the

volume form of (M, g) is as following by the direct computation.

dvolg = /1 + u?|V f|2dvol,, (5.1.6)

We can also compute the volume form of (¥, g) embedded in (R x M, g) with
respect to g in similar sense, especially since the lapse and shift formulations

for Riemannian and Lorentzian settings are now identical. Therefore, the

dvoly = /1 — 2|V f[2dvolz (5.1.7)

Therefore we get following identity by comparing the two volume forms, which

following holds.

will be very useful in the following sections.

(1+u?IVf) (1—-u?VfE) =1 (5.1.8)

5.2 Second Fundamental Form

In this section, we will compute the Second Fundamental Form = of (X, g)

with respect to g and also ¢g. In addition we will show that Try(k —7) = 0
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with respect to g is a quasi-linear elliptic equation depending on the choice of
u. Interestingly it depends on Y only if our choice of u depends on Y.
First we will compute m with respect to 3.

The Christoffel symbols for § = —¢dt* —2Y;dtdz’+7,; are as follows : index
i,j,k represents spatial component whereas index t represents t component.
Barred quantities are with respect to g metric whereas unbarred quantities

are with respect to g.

1 ., Y . . YV
Ntt:__2 @122__2 gm :gm_ 5
u u . u (5.2.1)
2 V2 T A A
ww=o+ Yl ki =55(V;Yi+ Vi)
Tt Tk Ly ¢k Tt 1
Iy=0 Iy = 59 ¢ = 9 Fz‘j = akij
~ 1 —
TG = 520 Y (Yis = Yiy))
1 Vk (5.2.2)
~ _ —l
Ih=—-g" (Vi —Yi) + (0 +Y (Y —Yi)))
2 2u
—k
S T G

For (¥, g) embedded in (R x M, q), recall that

9ij = Gij — [iY5 — ;Yo — O fif;

LYY
g’L] — g’t] _ u2 + mlw‘]

(5.2.3)

where spatial component w of normal vector N of (3, g) is as follows.

1 —u?|Vf2 uy/1 —u?|Vf2
! ? (5.2.4)

wWfi+Y

uy/1—w?|Vf2
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We will compute the second fundamental form 7 of (3, g) as follows.
Tij
= ~(Vx,X;,N)

uV f . n >
JI-wVIE 1=V

~ ~ ~ =~ uV
= —(0F + fal% + fT0 + faf iT0) (O, f_ )
V1- @@V

— (fa + T4+ £T8 + £, + Faf T80, N)

= —(Vois.0.0; + [0,

u ~ ~ ~ ~ ~ ~ ~ ~
= <f,ij + T0 4 ol 4 fTh + faf Tk — (T 4 fal5 + f300 + f,z‘f,jrft)f,k>

NI

U — 1-— ~ ~ ~ ~ ~ ~
= (Vz‘jf + i+ FiTh = U5 f) + (Tl = Thfx) + faf (Tt — Fftf,k))

,/1—u2|vf|%

(5.2.5)

Therefore we get 7 with respect to g by substituting I from (5.2.2).
Vi f + Ry + 5t B — £ ¥R

V91— V2 (5.2.6)

4 %@l(ym —Yj)+ %ml(Yl,i —Yi)

7Tij =

Second, we will compute 7 with respect to ¢g. It is crucial to apply the dif-
ference between covariant derivatives. But as we can see below, the difference
between Christoffel symbols with respect to g itself contains &, which also has
covariant derivative within g. This is the main reason why computation can
be complicated. To simplify the process, we will convert & with respect to g
first. And then we will compute vij f with regard to g. The difference between

Christoffel symbols is shown as Identity 1 in section [5.2l Here we will refer

the result and compute 7 further.
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Identity 1
" v
Ffj _Fij = _@kﬂw kw +f fjfkt—l—f F ‘|‘farft

—k
_ Y b
= _wkﬂ'zj kz] + fzf]((b

)

2, B (5.2.7)
+ (—%ykl(y Vi) g (64 V(Y - m))

14 ?k —
+ f; —59 (Vi —Yi) + 2—162(@ +Y (Y, —Yi))

As mentioned, we will compute k with respect to g as follows :

k —k
7
:ﬁ(ijmLVY) Wby + fif ;TF +fF + fTh
v v -
= 5.2 Yiy + Y5ii) +§(F§j T, DY =@+ faf U+ fI5 + £T0
(5.2.8)
We will apply (5.2.8) to Y} and solve for (T'}; — F%)Y}:
ﬂ(r%. ~ Ty,
u? u
’ ’2 N N N (5.2.9)
Y (Y;g +Y;,) — Wij@lyi + f,if,jrit}/l + f,ifé-th + f,jrétyi
Now we will substitute ((5.2.9) to the last line of (5.2.8)).
k —k
y" W'Y, —k
— (Y 4 Yj) — m (@ + —Y 5.2.10
~ I Y& ~ fi Y, — fl Yi—k
T+ =Y )+ ST+ =Y )+ L (T + =)

(5.2.6) shows that 7 with respect to g contains Hessgf, k. We will compute

feij + % with respect to g by substituting (5.2.10)). Note that kak = Y, =0
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with respect to g.

1—
Fis + ki
1 e =k 1
= faj + Q—UQ(YM + Vi) + (T3 — i) (fe + EY'“)
il 5.2.11)
_l w'y) 1 (

= — (@ fo+ —) + faj + 5= (Vg + Vi

J( gb ) J 2¢( J J )

- ILY; ~ .Y, ~ LY,
+ faTfa+ J; )+ f5(Chfo + %) Ll Cufat =5 )

Also, from (5.2.5)),
1—
Jaij + akij

/1 —u?Vf2 I I -
= Tij — fl(Fft - F;tfl) - f,j (th - Fé’tf,l) + flf](Ffftfl)

u

(5.2.12)

We will compare (5.2.11]) and (5.2.12)). Solve for 7 to derive the desired result

as follows.

u

+@f,l+7 7Tij
U
or\/1 — uﬂVf\% (5.2.13)
1 ~  TLY -, Ly,
:f;ij+%(Yi;j"‘y};i)"'f,i(rz't‘i‘%)‘i‘fﬂ'(rgt‘i‘ : l)
1 Lo . [i%i
= f.o.q —(Vi.+ V.. T EEYRd
f,l]+2¢( 17.7+ ]72)_’_ 2¢ + 2¢

Therefore

1 Yij+ Y iPj i Pi
”+J’+ﬁ%+ﬁﬁ> (5.2.14)

my = Of s +
! uJ1+uaVﬂg( o2 2 2

But the coefficient for f,;; is not exact, since Y; ¢ # ¢ depends on f under

our assumption on Y, i.e. Y = Y?9,. To get the correct formula, we need to
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substitute

S oo o =
Vi=Y G, =Y (951 + [iYe) =Y ggi + falV ] (5.2.15)

Since we are on a global coordinate, Y? is actually a function on M which we

can choose in general. Note that as shown in the previous sections, we chose

Y¢ so that divg(k)(9s) = 0.
Yij+ Y =2V s+ Fa(Y2) 5+ fi(IV12)a + Yige + Yigs  (5.2.16)

We will substitute (5.2.16|) to (5.2.14]),

¢ ¢
U Yigs + Y5 gei iU iU
my = (fm-+ 1o L e ) Jita ) L ) (5217
1+ u?|Vf2 u u u

Therefore the Try(m — k) = 0 is as follows.

Remark 5.2.1.

Try(r — k) = - (Af + Wf(“)) — Trgk (5.2.18)

\/1+u?Vf|2 u

5.3 Derivation of the Scalar Curvature For-

mula : Identity 1-7

In this section, we will compute all Identity from previous sections and will

verify Identity 7.
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Identity 1
—k
_ Y —
I“Z — Fk = —@kﬂ'ij + Tk” + fzf](

ij

d)k
2

)

—k
1_ Y 1
+ fi (—igkl(Yl;j = Vi) + 55 (6 + Y (Y — Yj;l))) (5.3.1)

—k
1 Y —I
+ f; (—égkl(yﬁi —Ya) + ﬁ(ﬁbz‘ +Y (Y — Y?l)))
Proof.

Vi, X;

= Vx,.X; = (Vx,Xj, N)N

w/l—u2|vf%
u

5.3.2

= FZXk + Wij(kak) + mjc")t

where the last line is from .
V. Xj = Vois.0.0; + [0
= (ffj + f,ifft + f,jfft + f,if,jfft)ak
+ (faj + T4+ £l + fiT + faf T80,
= (T + faly + £5T5 + faf T X0 (5.3.3)
+ (fi5 + f?j + f,ifﬁ-t + f,jfgt + f,if,jf§t>at

— (T8 + L5 + T8+ fif s T5) f10,

21 Fl2
S RS RS S o A
_( ij+fﬂ jt+f,J it‘l’f,zf,y tt) kTt w

Last line of (5.3.3)) is from 7 in (5.2.5)). Therefore by comparing (5.3.2)) and
533),

Uryi 0,5

—k
_ Y _ ~ ~ -
b — T, = —wmy + —kij + filj+ fT0 + fifih (5.3.4)

1 v
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By substituting I from (5.2.2) we get (5.3.1)). O

Identity 2

divy(w) = %dz’vg(uk(@, )+ w(k(w, 7))

(5.3.5)
- §<k’ 7T> - 2§<k3(m7 ')7 W(wv )> + (TTgﬂ')k}(w, w)
Proof.
divg(k)(w)
— (gw - Yu}; +W’W) W'k
_ (y” — W‘W‘) Wy — (T — Thba — (05~ Thka) (530
— divy() () — %(‘Yu?, T)) + Vi (w, 1)

— |97 - " +w'w |w <(Fij - Fij)kkl + (sz - le>kik)

We will explicitly compute the each terms in ([5.3.6)) as follows. We will com-

pute covariant derivative of w and k in Identity 2-1 to Identity 2-4. We

will combine and simplify them in (5.3.21)), (5.3.25)), (5.3.26|) as follows. The
result will be in (5.3.27). Lastly, we will explicitly compute the last line of
(5.3.6) in Identity 2-5. (5.3.27)) and Identity 2-5 will result in Identity 2.
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Identity 2-1

Y
uy /1 —u 2
g
U (A Yf;j) 2u,; %
/1—u2|Vf|% u? u?\ /1 — 2|V f2 (5.3.7)

1 U/i 2 ~ J—
S e — Yy | . )
+ 1—u2|Vf|§<u u (Vfﬁ;)) w;

1_ - N N — ~
where A;; = Ekij + fz(th - F?tf,k) + f,j(rit - Fftfk) - fzfjrftfk

Proof.

. qu—l—%?
Wizj = —
V1-wVfZ)
i
i LY o+ 0:(5)Y
:u(f7]+u J—i__](u) )+a] lOg U_ wl
1= w3V f2 V61—V
Y+ ()Y, i .
u(fy w2t iy _J(u) )+ = 2(ﬁ+u2flfjlj)wi (5.3.8)
J1— w2V f2 L —w?[Vf]g A u
V61—V

Substitute fy; = mi; — Aij
u
Ji—wViE Y (J1- eV
f'fay = ( o " | = S Ay
u u u
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Identity 2-2

divy (k) () = divgh(w, )) - g{k, )

Y
_§<k(w7')7ﬂ- w — — y " >
uy /1 —u?|Vf[2

gk, ), A(VF, )

+

+ —
Sy 1w
yok |V, vu k| VZU_ .

u?y /1 —u?|Vf[2 u(l —w?[Vf[)

divg(k)(W) = divg(k(,-)) — kW

Proof.

Substitute Identity 2-1. m

Identity 2-3

. E(T.957)  (5.3.00)

1—w?|Vf2 uy/1—w?[Vf[2

(5.3.11)

Since Y = 7¢8¢, the following holds.

(Vyw), = Y, =Y ( uVf+3Y ) _ lefm + %717171
Y i il — — = —
VI— @IV 1 — w2V 2
Y5 _ _| T a1
= u

= W(awY) —




By substituting (5.3.12)) to (5.3.11]), we get ([5.3.10)). O

Identity 2-4

Vk(w,w) = w(k(w,w)) — 2g(k(w, -), 7(w, -)) — 2k(w, w)n(w,w)
~ 2k(m, ) <—(1 - 'g>w<¢>>

2u?
+4k(m,?)< : 1w(u)2vf2) (5.3.13)
b2 (gl ), A, )~ k(. V) )
1L —w?[Vf[2 “
Proof.
Vak(w,w) = w(k(w,w)) — 2k (Vyw, D) (5.3.14)

By substituting Identity 2-1,

(Vow), = Wwy
7(0;, W) + w(w,w)w
VwY), 2w(u)
aluw ’ - — )/’L
1 —u?|Vf]| 3( ) u?\ /1= u?|Vf[2
+ ( —uQA(Vf w)) — (W Y ) | w
I_U’Q’vf‘?] 7 7u@/l—u2|vf|% Z

(5.3.15)
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We will compute the last line of (5.3.15) by the direct computation using
definition of A, u, k along with Ylfm = — Y, [ f7Y; = 0 as follows.

m(w,Y)

Y — (@iij;ij + k@, Y) + (@ifi)y fJ(Y}; - Yf;j))
Vi= eVl ! (5.3.16)

Y'Y Y (Y4 Y)WV LRY (Y — Vi)

T 1wV 20— VI 2(1 —w2[V/[2)
= SV (Ve — Vi)
and
w(w) _w(6+ V]
= (5.3.17)
and
AV f,w)
V31—V 1
= - A(w,w) — EA(Y,E)
1—w?|Vf2 /q_ W v
- (m + @ - @ YY)
1 [— \Zi Ty
—— | A( YY)+ @ )Y (Vi — Yi)
w2 ( \/ﬁm l J J )
_ Z9) (QWfP - |Vf|4) + V' fi(Yig + Vi) i VY f (Yig = Vi)
2 u? 2\ 1 —w2[Vf2 2uy/1—u2Vf2
(5.3.18)
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We will simplify the last line of ((5.3.15]) by substituting (5.3.16)), (5.3.17)), and

(5.3.18) as follows.

m(wY) w(u) u?A(V f,w)
(1—w’VfI7)_
= —2—u2w(¢)
We get ([5.3.13) by substituting (5.3.15) and (5.3.19) to (5.3.14)). O

Now we will simplify divg(k)(w) — & (Vyk(Y,w)) + Vk(w, w) in (5.3.6)
by combining ((5.3.9))(5.3.10)) and ([5.3.13]).

divg(k) (W) — % (Vyk(Y,w)) + Vak(w, w)

= divg(k(w,-)) + w(k(w,w)) — 3g{k(w, -), 7(w, -)) — 2k(w,w)n(w, W)
— gk, m) + i2§<]/”‘(YV7 ), m(Y,0) + %k (v?_’ E)

T
§<k(wv )7 7T<?7 )> . §<k(m7 )a A(?a )> _ §<k(77 )7 A(?7 )>

uy/1—w?[Vf[2 L—w? VI uy/1—u?|Vf|2

_|_

(5.3.20)

We will simplify each terms involving A in last three lines in ((5.3.20)). Evaluate
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~ _ ST TP
Aby T with Vf = Y2y

_Y
(/1 —u2|vf|§
Y o~
=2k |w— — 7§JI(I‘§.t—F§tfk)8l
uy/1—u?|V f|2
- Y VI-wViE v
- (Fftfk) k (@ w

w — —

— 2
uy/1 —u?|V f|2 U U

o [ Y @ N 1-— U2|vf|3—jl—i<y Y0
O\ e 2 e
Vi@, (Y VAGEAEL S 4
2 N u v
(5.3.21)
and
———g(k(@, ) A(®@."))
1—u?|Vf[2
§<k<w7 ')7E(Ev )> — Y —j (Tt Tk
= + k| w,w— wj<th_thf)
1—w?|Vf2 ( u\/1u2|vf§) ( ' )
w?VfI? — Tt Tk _ E— Y k
1 — w2V f[2 (w,g (th thfk)al) k (w7w e u2vf3> (L. f)

T (Ve + Ve 21 £12 Vi 1—w?VF2
—k | w2 0 Xy + Y50 +— ljf—‘ Sk @,V—(QWL G (Vi — Vi)
2u 1 —w2(Vf2 | 1=wIVIl |\ 2u 2u
Y 11— Vf2)w
» (M_ v ) (1 - V2w (o)
u

V1=V ae

(5.3.22)
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and

Y 1 —
glk(w,-),m ) ———g(k(w, ), A(Y, -
g{k(w, -) (“W )> 1_ugwggx (@, ), A(Y, "))
k(@@ fY50)
- 1-w? V2

(5.3.23)

and lastly,
1 — —

uy/1 —u?|Vf|2
_ TP+ va) 2 (? ° Y ) (w,Y)

— ) 9 T —
2u3y /1 — u?|V f[2 Yud 1 -2V 2

(5.3.24)

We will simplify (5.3.20) by (5.3.21)), (5.3.22), (5.3.23), and (5.3.24). We will
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(=) = w(u)
— 2k(w, ) <—9w(¢)> + 4k(w,Y) ( — )
u?y/1 —u2|Vf|§

2 k(T

vk |V, Vu k| V;‘_ g
u?y /1 —u?|V fI2 u(l —w?|Vf[3)

+ 07 + . .
1—u2|Vf|% @/1—u2|7f|%
+ §<k(w? )7 ﬂ-(?v )) . §<k(w7 )7 A(?7 )> N §<k<?7 )7 A(?, )>

wfi-wlOrg NI e
Y0 PV Vg 4+ | 1, oo
=—k|Y, L +k|Y, = + =k (Y,VgY)
( uy/1— @[V f sy [1—w2VfE )
oy ) m(w,Y)
—Ek(Y,Y) +
2ut udy/1 —u2|vf]%
- 4 () - w?Vflzoe) 1 7
+ (U}, ) p— 2 3 + 2 (w’ )
u?y /1 —u?|Vf|2 U Y

. 3+ u?|Vf?
—g'w' (Y — Yjﬁ)al) —
2 u,/l—u2|Vf|%

g L+ w?Vf?
o (w’ 2”) <u2<1 - qu\ﬁ))

(5.3.25)
3 <5t 1-u2|Vf2  — ~ \/1-u2|VF2  —
We will convert f'Y ;- = =Y f; = —%W(Y,@)—FA(Y,@]-) = —%W(Y,ﬁj)—l—
W—ﬂ(@, ?)(%—L) Also note that f'Y7Y;; = —Yl?jf;ﬂ =

u3\/17u2|ﬁf|%
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M-E@NVIE — —
_ VNl 7(Y,Y). Then we will easily get the following.

u Y

2157 £12
+k (w, 1wl(Ym —Ym)) SRl |V£|
2 uy/1—u?|V f|2

+k (w, %b)( LV )

w?(1 = u?Vf[2)
(5.3.26)

From now on, we will compute the last line in ([5.3.6]) to complete Identity 2.
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Identity 2-5

1 1 L . T) 4 Lk (7 FT) - kT (E
L (@’§V|Y|§>+—2k’(m 7V) + —k (V. VaY) — k(YY) <w£g))
— 1— ZV 2
1 k(w,7) 4w(w) “' Ty _
N
. 1w 3+ [Vf[?
+k( 5 Z(Y?i_y’i?))
P l u@/l—u2|vf|%
Vo 2V f?
+k(“” 2 ) ((1—u21vf|§>>
(5.3.27)

Proof. Recall that I'}; — T = —whm; + %kEij + f,if;?t + [T + fafTh

)

ik =k
g j<Fi‘ - Fij)
= —W* Trym + 2f'T% + [V f|*T%,
w'w! (T, —T7,)

?k
= " (W, ) + 7%(@, w) + 2( fl)ij;?t + (@' f,)* Tk

—ii— =k
gjwl(ré?l - Fjl)kik (5328)

= —g{k(m, ), 7(w, ) + 9T ), Fw, )

(w T ki + (@ fi)k(V £, T50,) + k(V £, T'T}0;)
= k@)@, Y) + ~k(Y,V)k@Y) + (@ f)k(Y,Y TE,)
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Evaluate (5.3.28) by substituting ' It is useful to notice that fft = fgt?"” —

N2 —u2|Vf|2
%gkl(Ym —Y}:). Also convert Vf = @@ !
putation leads ((5.3.27)).

=3 as before. Simple com-

]

In conclusion, we get Identity 2 by combining Identity 2-1 to Identity

2-5, i.e. subtract Identity 2-5 from ([5.3.26|) as follows.

divy (k) (w)

Identity 3
divgk(D,)
= divg(k(0y,)) + %dz’vg(uk(f)qﬁ,@)@)
Vi(u)

—g<k(a¢,-),ﬂ'(v,-)> +§<k(a¢’)7E(uvf7)> - U

k(8¢,?)
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Proof.
divg(k)(0s)
= 9" kig,s
= g7(0;(kig) — Tikng — Ty ki)

. 1. ..
where gZ]F;?(z)k?k;i = Ekl] (9165 — gjoa) = 0
(5.3.31)

- (aiﬂ‘ -5 +w’w‘) (Vo (0, ))(@2) = (T = T2 o)

(k (V¥Y,05)) + Var(k(9y, ) (@)

Identity 3-1

Var(k(9s,-))(w)

= E(k(mv a¢)) - g<k(8¢7 ')’ W(Uv )> + §<k(8¢7 )vE(uva )>

B vf(%@,?) Kk (0, V&Y)
u uy/1—w?[Vf[2
— < < !

(0,7 w(u) |V f|?k (&ﬁuVu) k(a@f_ym)

T 2k(9,Y) (u2 1u2vf3) N 1—u2|Vf|% 1—u2|Vf|%
(5.3.32)

Proof.

Vu(k(Dy, ) (W) = W(k(w, dy)) — k (Vaw, 0,) (5.3.33)
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where (Vg); = W'w. Recall that the following holds by (5.3.19).

1 (.Y - w(u) urA(V f,w)
N TR /A
(1= VfE)_
s AL

Substitute (5.3.34) and (5.3.15) to evaluate w'w;; as in Identity 2-4.

(5.3.35)
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We will evaluate (5.3.35)). Recall that from ((5.3.21)), the following holds.

u

1—w?|Vf[Z
=k|0 ,gjlwmij + Vi) 0,

¢) —
2uq/1 —uﬂVf‘%

@IV Vo 1- u2|vf|%—jl—i
Tm & 2_1112 * 2u gw (Y;fj - Y};Z)(?l
Y 1— 2 v 2\ —
+k [ 9w - Y (1 - @[V )w(9)

uy/1 = w2V [ 2u? (5.3.36)
substitute @' (Yiy — Yju) = —0'(Yiyj + Va) + 20"V

NI
k

2u (8¢, 7w (Vi + Y}'ﬁ)@;)
|vf|2 . U2|vf|2 L
— =3 k0s,uVu) + ————=——k (05,9 ['Y;;0
1—u2‘vﬂg ( . uVu) 1—u2‘Vf’% ( . G f Y l)
Y 1 -2 VfPR)w
#h (00T - —— (1 = V()

Avi 2
uy/1 — [V f[2 2u

In addition we will use the following identity. Recall that 7 = w— VI—P N2
m(w,Y) =

u I

%71 fI(Yij — Y ) from previous sections. We will also substitute
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VIRVIE R ) -
VNG (Y, 0,) = — [Ty + M%) @, Y.

g{k(9y,-), m(w, ) + k(9y, w)m(w, W)

= 9{k (@0, ), 7(0, ) + (05, V) (2, V)
\/1—u?|Vf2 U _
L k(0 W), T) + 50, ), 7(V )

substituter (Y, 9;)
= g(k’(&;g, ')7 7T<U= )> + §<k(a¢>7 )7E<?7 >>

~ E 07§ Y) + 15k, T) (3T1GV))

+

(5.3.37)

e~ B

We will simplify (5.3.35)) by substituting (5.3.36]) and (5.3.37)).

- §<k(a¢>7 ')> W(@, )> - k(@@@)ﬂ(@, @)
Ly (—“ e 'g)ww))

2u2

+ g(k(%,),A(@,))

Tg

1— u2|vf%

! (5.3.38)
= —g(k(a¢, ), (v, ) — a§<k(a¢’ )7E(?’ )

\/1—u?Vf2 .
+ o k (05, 70" (Yigj + Y1) D)
v _ VI k(0. V0
B ACPYPIS SO 7| YPI S C i iC)
u =V T

T2 2 — =
where %w =Vf+ % Therefore with (5.3.35) and (5.3.38]|), we get
(15.3.32]). ]
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Identity 3-2

I v v o _
(?U i~ + EZ@J) <Ffj - FZ) Ko
1 1

= —k(w, 0s)(Trgm + 7(w,®)) + —k (9s, VyY) — —
’ u? uy /1 —u?|Vf|2

w(u) VI k (95,9" 'Yi05)

k(0y, Vi Y)

+ 2k(8¢, ?) + k’(8¢, UvU,) — —
u2,/1—u2|vf|§ 1—w?|Vf2 1—w?|Vf2
(5.3.39)
Proof. We do the same as Identity 2-5. Recall that Ffj — Tfj = —@kmj +

vk — ~ ~ ~
i+ LT+ LT+ fafsThe
~ij R 7 T < F12T
g7 (I = Ty) = = Trgm + 275 + [V f"T,
—k
0w (T - Tyj) = ~w'n(@,@) + — k@) + 2@ f)0'T + (@ ,)°T

(5.3.40)

Evaluate above by directly substituting [. It is useful to notice that fft =
~, —k _
LY — 59" (Ve — Yia). O

Therefore, if we combine Identity 3-1 and Identity 3-2, we get the fol-
lowing.
divgk(0y)
= divg(k(0y,-)) + W(k(wW, 0s)) + k(w, Op)(Trym + 7(w, w)) (5.3.41)
Vi)
u

- g<k(a¢>7 ')7 W(”? )) + §<k(a¢= )7E(uvf7 )> - k<a¢7?)

In addition we will use the following important identity to get .
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Identity 3-3

u

Proof. By Identity 2-1,

i
G Wi

=Trgn +n(w,w) —m Y W |+ w(u)_
uy/1—w?[Vf[2 u(l —u?|Vf)
ij

STV W) 1-uw? [V

R u|V f|? 3 _ uk(w, V)
= Trym + 7(w,w) — 7(Y, ) <(1 BT T + T vag) A
ww) o) V/Pw(9)
w(l—=w?[VfE) w1 —w?[VfE)  2(1=w?’[Vf[7)

o 1 — —  w(u)
= Trym + (W, w) — @W(Y, Y)— 0
— Tror + n(w, ) — 2
u
(5.3.43)
The last line holds since 7(Y,Y) = e O

V1= V2
In sum, by ((5.3.42]), the first line of ((5.3.41]) will be replaced by the following

w(k(w, dy)) + k(w, 9y)(Trgm + 7 (w,w))

o). 1 (5.3.44)
= w(k(w,dy)) + k(w, dy) (" Wiy + T) = Edwg(uk(agb, W)W)
(5.3.42) and (5.3.44)) result in Identity 3. O
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Identity 4

divg(7(9y, -))

_ L vy (uHessyf(0,.)) — %divg(uw(8¢,@)@)

\/1—u?Vf[2
+ g<7r(8¢, ')7 7T(U, )> - §<7T<8¢7 )7E(uvf7 )> +
Proof. Recall that

(5.3.45)

Vf(u)

u

7T(8¢7 ?)

Uu
Jr- e

where (W, 0y) = —2 f'(Yip — Y1)

i

7T<a¢, ) =

<H688gf(3¢, )+ %E(@b’ ) +df - %fl(leb - Y¢>;l))

(5.3.46)

The following is the necessary condition for the existence of twist potential
for (M,g,k). We will assume that (5.3.47) holds throughout all computation

in this section.

(divgk)(8y) = 0 (5.3.47)

We will directly compute divgm from (5.3.46]).

divg(7(9y, -))
u
\J1— u2|vf|§
+ 7 | 9, Viog -
N

Vu

w2

(g Hessg (0. ) ~ 00 3 ) = V(r(w.00)) = 3 foye(.20)

(5.3.48)

91



Identity 4-1

7 | 94,V log Y —
N

= {700, (0,) = 900, | FV 1)+ 7 (00 )

V()1 -2 VI[ Vf(u -
— m(0p, W)m (W, w) — 5 7(0p, W) + VI )w(a¢,y)

U
(5.3.49)
Proof.
(0, V log( v )
_ Vu |vf|2 = u? V|vf]2
= W(ad)a 7) + me(%, uVu) + Tmﬂ'( 5 5 )
— W(a@vu) _ uvf . 9. .
u(l —u?|Vf|2) Al \/ﬁm’ ), (9, )
u? -
T AT ) @)
(5.3.50)

First we will evaluate the last term in ([5.3.50). We will follow computations
in (5.3.21) for computing A(V f,-). If we convert k into 7(dy, ) in (5.3.21)), we
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get as follows.

2

#WMW ), (0, )
_ Uu (A w,-), ) )Y — §<A(?7 ')71(8@ )>
e A0~

P (Ve + Vi) | | VP Vo VIV
=T a¢, — + = 271' 8¢7 53 gj w (}/;7] - }/;:Z)al

2u /1— w2V | 1wV 2u 2u
+m 8¢7 w — — D) — = 712

u,/l—u2|vf|§ 2u 1—u2|Vf\§
(5.3.51)

Second, we will evaluate g(m (\/1_“+;vf|2, ) ,(0p,-)) in (5.3.50) for the sim-

plicity of further computation.

§<7T ( UVf_ 7') ,7T(8¢, )>
V1 —u?|VfI2
_ Gt (@ uVATY ) ()
V11—V f2

= 4{r(0, )70 ) + (00, V) (2, T)
J1— w2 VFEY %
—71'(6(1),@)77' (@ ,w) _§<7T ( |Vf|f 7') ?7]-(8457'))
u /1= u?Vf2

(5.3.52)

&m%ﬁumq535w,®35%to®35®.Wkwﬂsd%ﬁumeﬂ(;%%%%ﬁj%>:
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w?[Vf]?

w2 2 (=Y + A(Y,0))) to simplify (5.3.50) further as follows.
g

™ (8¢,Vlog ( u — ))
({0, ), (0 ) — 7O Wy, 0) — (0, m) D)

2u?

2uy/1 —u?|V fI2

u? |V f? V¢ 1_UQ|vf|%—'—i il fi
B #W'ﬂf (a¢’ 202 " 2 7' (Yij — Yi)0 — 9 Y0,
g

— 0 (Y + Yi)O,
+§<A(Y,.)’ﬂ-<a¢’.)> — 7 (% grw ( 5t J,) l)

2u2 u? U

(9, Vu — (V @Y V61— VY
+ a1 (_82’2%}|2) + 7(0,,Y) (Vf(¢) + ( ’Y>> + (0, W) T (

(5.3.53)
Where we will use the following to simplify (5.3.53)).
v 1-?VfE .
% t 2 W (Vg — Yi)O — G f Vg0
w v (5.3.54)
Yu ,/1—u2|Vf]%_,_i
= e 7w Yoy + Y)Oh

and

§<A(?7 ')7 W(afbv )>

Y (Ve - 1= w2 Vf2 v
=T <8¢) J Y <}/;’j i Y]’lal)> — T (a(ba ‘w ﬂ_(w?

2u? u u2

/1 —u?| V]2
= —§<7T(8¢, )7E(uvf> )) + ’ f‘g

2u ™ (0, 50" (Vi + Y;2) )

L-—wVff v _
_W(8¢, ” g@—ﬁ (w,Y)

(5.3.55)
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and lastly,

_ Y (Ve + Vi _
o 7) = Pl - 7

VIIYP)

2u?

(5.3.56)

In conclusion, we get (5.3.49) by substituting ((5.3.54)), (5.3.55) and ([5.3.56)) to
(5.3.53)). [

We will finish computing Identity 4. Brief computation using Identity
2 shows the following :

. J1-wVIE .
9" faij = T g7 A

= W rg(m) =g

V1— V2 9

_ 2 =.,0\V

— - Trg(m) — @W(@a Y) - (@ B |Vf|2) fQ((b)

1—u?[Vf2 1—w?|Vf2
— T?”g(ﬂ') + 3 n Y’ Y)

U _u
2 = 2 =

— ?ﬂ'(@, Y)— (E - |Vf|2) J;¢)

ENIE i (- TRT)
- \/TT%(W) - U(U) - 2u?

(5.3.57)

Note that we get the last line of (5.3.57)) by substituting 7 (w, Y) = w,

Vy) - o0V ) Y : :
T(Y,Y) = AN T A Now we will substitute (5.3.49)) and



(5.3.57) to (5.3.48). Therefore divg(m(dy,-)) becomes as follows.

divg(m(9y, -))

e R GRS Gy
(70, ) 7(0,) = 3Ur(0, ). KT £,0) + 705, V) (L)

— W(m(0p, w)) — (0, W) (TTg?T + 7(w,w) — M)

u

(5.3.58)

Last line of (5.3.58)) is equal to divg(7(0y, -)w) by (5.3.42)). Lastly, we will sub-

stitute 7 <8¢, %) = ﬁw (H@SS@f(%, 3¢) + E(VUUQ,(%) - ﬁ];(u)ﬂ_(w’ 8¢)>
to achieve (5.3.58]). m

Identity 5
1

N

Proof. Substitute k — 7 in Identity 3.

divgm(0y) = divg (uHesszf(0p,.)) (5.3.59)

divy ()
— divg(r(Dy,-)) + idwym(a(ﬁ,wm) (5.3.60)
= 405, 7(0.) +3{x(05.) T 1. )) - L (0, 7)

Substitute divy(m(dy, -)) from Identity 4. 0
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Identity 6
divg(k — m)(v)

= |72 = g{m, k) — uk” (fuy)

T %d“’g (“ (H6889(77 V4 (k= m)(@, ) + (k — 7) (@, ) — e df ) )

Ji—wrE

(5.3.61)

Proof.

| . L-w?VSIF -
divg(k — m)(v) = divg(k — m)(w) — divg(k —m)(Y) (5.3.62)

u

We will substitute (k — ) to Identity 2 for divy(k — m)(w). Next, substitute
Identity 5 to evaluate Y?div,m(d4). Note that Y?div,k(9,) = 0.
divy(k — m)(v)
= |rf3 — g{m, k)
+ 2|7 (w, )| — 2g(n(w, -), k(w,-)) + %divg(u(/ﬂ —m)(w,-)) (5.3.63)
+w((k — 7)(w,w)) + (k — 7)(w,w)(Trzm)
+ %divg(uHessgf(?, ) — uF](f—”)

Last line is valid since k = (Y”;; Yiii), k(Vf,Vu) = 0. Now let us simplify first

four terms in (5.3.63) as follows.

72+ 27(g, )5 = |72 — n(w, @)
! o (5.3.64)

§<7T’ k) + 2§<7T<wv ')7 k(mv )> = g<7T7 k) - W(wa @)k’(@, w)
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Therefore the following holds.
divy(k = w)(0) = [ — g{m, &) + ~divg(u(k — 7)(, )
+ %divg(uHessgf(Y, ) — uEij(f;ij)
+w((k —m)(w,w)) + (k — m)(w,w)(Trym + m(w,w))
(5.3.65)

Recall that §¥w;; = Trgm +7(w,w) — @ Therefore last two terms form the

following which result in Identity 6.
w((k —m)(w,w)) + (k —m)(w,w)(Trgm + m(w, w))
1
= Edivg(u(k —7)(w,w)w)

since g7V =0,Y = Y?0,, (5.3.66)

_ %divg (u(k )@, 7)Y )

w/l—u%ﬁf%

]
Identity 7
Rl = L6m(u— () + [k — 72+ divy(uQ(") s
+ (Trym)? — (Tryk)? + 2v(Tr,m — Tr k)
where @ is one form on (M, g) such that
_ - . o df
Q) = (Hessgf)(Y, ") —k(uV f, )+ (k—m)(@, )+ (k—m) (W, 0) i
Jri- e
(5.3.68)
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Proof. Recall the R formula ([5.0.16)).
R — [k2 + 2divgk(uV f)
=167 (1 — J(v)) — |x[2 + |k|2 — 2divy(m)(v) + 2divy(k)(v)  (5.3.69)

+ (T7“g7T)2 — (TT’gk)2 + 2v(Trym — Tryk)

Where divgk(uV f) = Ldivg(uk(uV f,-)) —uEijfﬁj . Substitute Identity 6 and
solve for R — k|2 O
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