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Abstract of the Dissertation
Self-dual Hall Modules
by
Matthew Bruce Young

Doctor of Philosophy
in
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Stony Brook University
2013

In the past twenty years Hall algebras have played an important role in many
areas of mathematics and physics, including the theory of quantum groups and string
theory. In its original setting the Hall algebra is constructed from a finitary exact
category, the multiplication encoding the extension structure of the category. In this
dissertation we introduce the Hall module of a finitary exact category with duality.
The duality structure allows objects to carry sesquilinear forms and the action of
the Hall algebra provides a categorical generalization of parabolic induction for the
classical groups preserving a sesquilinear form. After developing the basic theory of
Hall modules we study in detail Hall modules arising from the representation theory
of a quiver with involution. In this setting we find a connection with twisted versions
of quantum groups. We also study arithmetic properties of the Hall module structure

constants.
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Chapter 1

Introduction

1.1 Hall algebras in mathematics and physics

The first incarnation of what is currently known as a Hall algebra was introduced
in 1901 by Steinitz [64]. The construction was rediscovered and studied in greater
detail by Hall [24] a half century later. For a fixed prime p, the vector space with
basis labeled by isomorphism classes of finite abelian p-groups was given an associative
product by counting certain short exact sequences of finite abelian p-groups. This
algebra, now termed the classical Hall algebra, was called the algebra of partitions by
Hall due its basis being in bijection with the set of all partitions. The classical Hall
algebra is isomorphic to the algebra of symmetric functions and was used by Green
[19] in his work describing characters of finite general linear groups. From this point
of view, multiplication in the classical Hall algebra is given by parabolic induction
of characters. A thorough account of the combinatorial and representation theoretic
aspects the classical Hall algebra can be found in [47], [71].

Ringel extended the work of Steinitz and Hall to construct from an arbitrary
abelian category A with finite Hom and Ext! sets an associative algebra H 4, again
called the Hall algebra. The multiplication encodes the first order extension structure
of A. When A is the category of finite abelian p-groups the classical Hall algebra
is recovered. Ringel showed [57] that when A = Repg, (Q) is the category of repre-
sentations of a quiver over a finite field the Hall algebra H, contains a subalgebra
isomorphic to the negative part of the quantum derived Kac-Moody algebra U, (gg)
attached to @, specialized at \/c_]_l. Later, Green [20] endowed H 4 with a natural
coproduct which for hereditary A makes H 4 into a (braided) bialgebra. In partic-
ular, the Hopf algebra structure of Ujg_l(gQ) is naturally realized by Hg, thereby

clarifying the relationship between Hall algebras and quantum groups. More recently,
Bridgeland [7] realized the full quantum group using the Hall algebra of Zy-graded
complexes of quiver representations.

A second important class of examples of Hall algebras occurs when A is the
(hereditary) category of coherent sheaves on a smooth projective curve X defined



over [F,. In this case the Hall algebra is closely related to automorphic forms for the
groups GL,, n > 0, over the function field of X. When X = P!, using the (quadratic)
functional equations for Eisenstein series Kapranov showed [33] (see also [2]) that the
Hall algebra contains a subalgebra isomorphic to the non-standard negative part of
the quantum affine algebra U 71 (sly). The Hall algebra of an elliptic curve is related
to Cherednik’s double affine Hecke algebra [60], while Hall algebras of higher genus
curves remain an active area of research.

The Hall algebra approach to quantum groups paved the way to more geometric
realizations of interesting algebraic structures. In [42, 43, 44|, Lusztig used induction
and restriction operators on categories of perverse sheaves on the moduli stack of E—
representations of @ to construct U, (gg) and its canonical basis. In a similar way,
Ringel’s served as motivation for Nakajima’s construction [49] of modules of quantum
affine algebras using the homology groups of Nakajima quiver varieties.

While Hall algebras have proven to be very interesting from a purely mathematical
point of view, recently their role in physics has been emphasized. In quantum field
theories and string theories with extended supersymmetry the Bogomol'nyi-Prasad-
Sommerfield (BPS) states form a subspace of the Hilbert space of all states about
which exact statements can often be made [50]. BPS states are quantum states
that are invariant under only a fraction of the supersymmetries of the theory. As
such BPS states form short, or of lower expected dimension, representations of the
supersymmetry algebra. This implies that the subspace of BPS states is invariant
under certain deformations of the theory. For example, in Type IIA string theory
compactified on a three dimensional Calabi-Yau variety an appropriate index of BPS
states (which arise from holomorphic cycles) is invariant under deformations of the
complex structure of the Calabi-Yau. From a physical point of view the invariance
of BPS indices yields valuable information about strong/weak coupling duality of the
theory. BPS states are also of interest to mathematicians since these states often
admit interesting geometric interpretations, examples including cohomology classes
of moduli spaces of sheaves, holomorphic curves and special Lagrangian submanifolds.

One important property of the space of BPS states is that it is expected to form
an algebra [25]. The product encodes the ways in which two BPS states can form a
third BPS state as a bound state. From this description it is natural to regard BPS
algebras as a kind of generalization of the Hall algebra. For example, the algebra of
BPS states in Type ITA theory on the crepant resolution of the Kleinian singularity
C?/Zy is related to a complex version of the Hall algebra of the affine quiver asso-
ciated to the singularity through the McKay correspondence [16]. See [17], [9] for
related mathematical treatments. Recently, general mathematical models for BPS
algebras have been suggested, most notably the motivic Hall algebras of Joyce [30]
and Kontsevich-Soibelman [37] (see also [38], [6] for reviews) and the cohomological
Hall algebra of Kontsevich-Soibelman [39]. These algebras are constructed from the
category of coherent sheaves on a Calabi-Yau threefold and, often conjecturally, from
a large class of three dimensional Calabi-Yau categories.



The Hall algebras of Joyce and Kontsevich-Soibelman are central to the theory
of generalized Donaldson-Thomas (DT) invariants, which roughly speaking count
semistable objects of the category under consideration. Physically, DT invariants
encode the BPS spectrum of the theory. Under certain smoothness assumptions DT
invariants are defined using the intersection theory of the moduli stack of semistable
objects. However, without these assumptions the definition of DT invariants uses the
Hall algebra in an essential way. The Hall algebra also provides an effective tool to
study the basic properties of DT invariants, such as their integrality and behaviour
under change of stability condition, known as wall-crossing. As a concrete exam-
ple, using identities in the motivic Hall algebra Bridgeland proved the Donaldson-
Thomas/Pandharipande-Thomas correspondence for smooth projective Calabi-Yau
threefolds [5].

1.2 Dissertation work

We briefly summarize the contents of each chapter.

In Chapter 2 we review the basic theory of Hall algebras of abelian and exact
categories that will be needed throughout the dissertation. We state Green’s theorem
asserting the compatibility of the algebra and coalgebra structures of the Hall algebra
of a hereditary abelian category.

Following the previously described character theoretic interpretation of the clas-
sical Hall algebra, multiplication in H 4 can be viewed as a categorical version of
parabolic induction for general linear groups. It is therefore natural to seek a mod-
ification of the Hall algebra construction that gives a categorical generalization of
parabolic induction for the classical groups preserving a non-degenerate sesquilinear
form. This is one of the primary goals of this dissertation and is the focus of Chapter
3. To formulate the problem we work in the setting of exact categories with duality.
We therefore assume that along with a finitary exact category A we are given the ad-
ditional data of a duality structure, that is, an exact contravariant functor S : A — A
whose square is compatibly isomorphic to the identity. A pair (M, 1)) consisting of
an object M € A and a symmetric isomorphism ¢ : M — S(M) is called a self-dual
object. The morphism v can be thought of as a non-degenerate form on M. As is
the case in linear orthogonal or symplectic geometry, given an isotropic subobject
U C M the reduced object U+ /U inherits a canonical self-dual structure. Denote by
M 4 the vector space with basis labelled by the set of isometry classes of self-dual
objects. Our first result defines the Hall module of (\A,.S), which is the central object
of this dissertation.

Theorem 1.2.1 (Theorem 3.2.3). The formula

U] *[M] =) Gy ulN]



gives M 4 the structure of a left H 4-module, where U € A, M, N are self-dual objects
of (A,S) and G{}{M i1s the number of isotropic subobjects of N isomorphic to U and
with reduction isometric to M.

There is also a version of Theorem 1.2.1 giving M 4 the structure of a left H 4-
comodule. The Hall module carries a canonically defined non-degenerate symmet-
ric bilinear form for which the module and comodule structure maps are adjoint.
This form plays a central role in structure of the Hall module. The Hall module is
naturally graded by the Grothendieck-Witt group of A and decomposes as a direct
sum of modules labeled by the Witt group of A; see Proposition 3.3.1. We use the
Grothendieck-Witt grading to twist the action in Theorem 1.2.1 to obtain a module
over the Ringel’s twisted Hall algebra. This twist is essential for the connection to
quantum groups discussed later in the dissertation. The definition of the twist uses
a homologically defined function £ that plays the role of the Euler form for exact
categories with duality and is therefore of independent interest; see Theorem 4.3.3
and Proposition 4.3.5.

The main source of examples of Hall modules studied in this dissertation is con-
structed in Chapter 4. We show that when a quiver is given a contravariant involution
o there are a number of naturally defined duality structures on Rep,(Q). In particular
cases the self-dual objects recover the orthogonal and symplectic quiver representa-
tions of Derksen-Weyman [11]. In all cases, the total space of the representation
carries a hermitian, orthogonal or symplectic form and the structure maps satisfy
certain symmetry conditions. By the work of Ringel and Green and the general the-
ory of Hall modules, to each duality structure on Requ(Q) there is a corresponding
representation Mg of U\;Tl(gQ). To better understand Mg we partially describe

the compatibility of its module and comodule structures.

Theorem 1.2.2 (Theorem 4.4.1). The operators of induction and restriction along
the simple representations associated to the nodes of Q) give Mg the structure of
a module over By(gg), the reduced o-analogue of the quantum Kac-Moody algebra
attached to (), specialized at \/c_fl.

The proof of Theorem 1.2.2 is based on a series of weighted counts of diagrams
of pairs of isotropic subrepresentations. Using Theorem 1.2.2, M can be written
entirely in terms of irreducible highest weight B,(gg)-modules V,(\). We call a
homogeneous (with respect to the Grothendieck-Witt grading) element £ € Mg
cuspidal if it is annihilated by all simple restriction operators.

Theorem 1.2.3 (Theorem 4.4.7). The B,(gg)-submodule generated by a homoge-
neous cuspidal & € Mg is isomorphic to V,(X¢), the weight A¢ being written explicitly
in terms of the Euler form and the function €. Moreover, if Cg is a homogeneous basis
for the submodule of cuspidals, then there is a direct sum decomposition of B,(gq)-

modules
Mo~ P Va(re).

fECQ
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In particular, the trivial self-dual representation is cuspidal and so generates an
irreducible direct summand of M. Theorem 1.2.3 can therefore be viewed as a gen-
eralization of a result of Enomoto [14], which states that the submodule generated by
the trivial orthogonal representation is isomorphic to V,(0). Enomoto’s approach uses
entirely different methods than those employed here, working over an algebraically
closed field in Lusztig’s geometric setting of perverse sheaves. Our approach is more
basic, relying on the combinatorics of representations defined over finite fields.

From a representation theoretic point of view, the simplest quivers are those having
only finitely many indecomposable representations over any field. These are the
so-called finite type quivers. As proved by Gabriel [18], the connected finite type
quivers are orientations of ADE Dynkin diagrams and their indecomposables are
in bijection with the positive roots of the root system of the corresponding simple
Lie algebra. In Chapter 5 we show that the quivers with involution having only
finitely many indecomposable self-dual representations are precisely the finite type
quivers admitting an involution. This gives a slight generalization of previous results
of Derksen-Weyman [11]. The two basic building blocks of finite type quivers with
involution are type A quivers and disjoint unions of ADE quivers. In these cases, we
explicitly classify the indecomposable self-dual F,-representations. Unlike ordinary
quiver representations, the self-dual indecomposables over F, differ from those over
algebraically closed fields (as studied in [11]) because of forms over finite fields. We
can phrase our classification to give a version of Gabriel’s theorem for self-dual [Fy-
representations.

Theorem 1.2.4 (Theorem 5.1.3). Fix a finite ground field of odd characteristic.

1. The self-dual indecomposables of a disjoint union Q LI Q°P, with () finite type, are
in bijection with the positive roots of the root system Ag.

2. If the graph underlying Q) is of Dynkin type A, then the self-dual indecomposable
representations are in bijection with the positive roots of a (possibly non-reduced) root
system whose short roots are decorated with data labeling inequivalent forms over finite

fields.

Only when @ is finite type is H finitely generated over the subalgebra U\;a‘l (90),
in which case it is cyclic. Motivated by this we expect M to have only finitely many
cuspidals precisely when () is finite type. When all self-dual representations are
hyperbolic this expectation is true and there is a simple description of Mg.

Theorem 1.2.5 (Theorem 5.2.1). If Q) is finite type and all self-dual representations
are hyperbolic, then Mg is generated by the trivial representation. Equivalently, the
only cuspidal is the trivial self-dual representation.

When there are non-hyperbolic self-dual representations, based on Theorem 1.2.4
and evidence from the case of equioriented type A quivers, we conjecture (Conjecture



5.2.5) that the cuspidals are given by explicit alternating sums of inequivalent forms
of self-dual indecomposables. We outline a strategy to prove this conjecture using the
character theory of B, (g)-modules.

In Chapter 6 we study the dependence of the Hall module structure constants
ij A on the underlying finite field IF,. For finite type quivers, the Hall polynomials
[56] specialize to the Hall algebra structure constants at each prime power ¢, showing
that the Hall numbers depend in a uniform way on the ground field. The polynomality
of the structure constants of Mg is more subtle. We introduce the notion of a self-
dual Hall semi-polynomial, which consists of a pair of polynomials, one of which
specializes to the structure constants of Mg for all ¢ = 1 (mod 4) and the other for
all ¢ =3 (mod 4)

Theorem 1.2.6 (Theorem 6.2.1). Let Q be an equioriented type A quiver or a finite
type disjoint union quiver. If the indecomposable self-dual representations of Q) have
no forms, then self-dual Hall polynomials with integer coefficients exist. Otherwise,
self-dual Hall semi-polynomauals with half integer coefficients exist.

We first reduce Theorem 1.2.6 to showing the existence of self-dual Hall semi-
polynomials for the action of simple induction operators. We then prove this simpler
statement by a careful case by case analysis. We conjecture that Theorem 1.2.6 holds
without the equioriented assumption, and hence for all finite type quivers. As an
application we prove in Theorem 6.3.1 that the Hall module is insensitive to the
existence of self-dual Hall semi-polynomials instead of polynomials in the sense that
the two generic Hall modules are isomorphic as modules for the generic Hall algebra.

1.3 Physical motivation: Orientifold and open BPS
states

Compactifying string theory in ten dimensions on a Calabi-Yau threefold X pro-
duces a four dimensional field theory with unitary gauge groups and matter in bifun-
damental representations. More realistic physical models require also orthogonal and
symplectic gauge groups together with matter in symmetric and skew-symmetric rep-
resentations. One method to obtain these modifications is the orientifold projection.
For a review see [51].

Quite generally, orientifolds are defined using a parity operator P, which to a first
approximation is the composition of two operators. Denote by 2 the worldsheet parity
operator, which reverses the orientation of strings. Given a holomorphic involution 7
of X, the parity operator is schematically P = 7€). If an open string stretches from the
D-brane B; to the D-brane B,, then upon parity reversal the open string will stretch
from P(B3) to P(By). Since open strings are precisely the morphisms in the category
D of topological D-branes, we see that the parity operator defines a contravariant
functor on D. More careful analysis shows that in fact (D, P) is a triangulated



category with duality [27], [12]. The self-dual brane configurations are precisely the
brane configurations invariant with respect to the orientifold and therefore survive
the orientifold projection. The theory is unchanged away from the fixed points of the
orientifold action, but near the fixed points orthogonal and symplectic gauge groups
appear.

Several categorical models for orientifolds have been introduced in the physics
literature. In the large volume limit of Type IIB theory compactified on a Calabi-
Yau X, D = D*(Cohy) and P = L7* o RHom(—, Ox) [12]. At the Landau-Ginzburg
point D is the triangulated category of matrix factorizations of a superpotential W
and P is the composition of the graded transpose and the pullback along 7 [27]. At
the orbifold point, where D is described through the representation theory of a quiver,
the duality structure for orientifolds is of the type considered in this dissertation [13],
68].

Just as BPS states in oriented string theories are expected to form an algebra, so
too are BPS states in unoriented string theories. Since the latter can be obtained using
the orientifold projection, it suggests that a Hall-type algebra should be associated
to certain categories with duality. We expect that the Hall modules constructed in
this dissertation are a shadow of this structure. From this perspective, the module
structure would arise from a morphism from the BPS algebra to the orientifold BPS
algebra, most likely defined using the hyperbolic functor.

One application of this algebraic structure should be to orientifold, or real, DT
invariants. In [40] candidates for orientifold DT invariants of local toric Calabi-Yau
varieties were defined at a number of points in the Kéahler moduli space directly us-
ing equivariant torus localization. However, no fundamental definition is given from
which the above examples can be derived as special cases. In view of the relationship
between Joyce and Kontsevich-Soibelman’s Hall algebras and DT invariants, the ori-
entifold BPS algebra or module may provide a fundamental approach to the study of
orientifold DT invariants.

So far we have discussed only applications to closed BPS states. Another impor-
tant class are open BPS states, which are those BPS states present only in theories
with defects. One such example are maps from a bordered Riemann surface into a
Calabi-Yau threefold with boundary in a Lagrangian submanifold, as appear in open
Gromov-Witten theory. In this example the open BPS states are related to homolog-
ical knot invariants [22], [21]. The algebraic structure of the space of open BPS states
is that of a module over the (closed) BPS algebra [23]. This motivates the general
study of representations of Hall or BPS algebras that are again of Hall-type. The
Hall modules described in this dissertation are but a single example of this structure.
The most accessible example in which to study the open BPS module may be for
D0/D2/D6 branes in a toric Calabi-Yau, in which case the Hall module may admit
a construction in terms of the framed representation theory of quivers [48]. The idea
of constructing a module in this was has also appeared in [65].

Finally, we remark that the open and orientifold BPS invariants are likely re-



lated. This follows from the belief that there should be an orientifold Donaldson-
Thomas/Gromov-Witten correspondence [40] and the fact that the orientifold Gromov-
Witten invariants can sometimes be expressed in terms of open Gromov-Witten in-
variants where the Lagrangian submanifold is the fixed point locus of the involution.
It would be very interesting to understand this relationship at the level of Hall mod-
ules.



Chapter 2

The Hall algebra of an exact
category

In this chapter we review the basic properties of the Hall algebra of an exact
category. Full details and proofs can be found in [59], [28].

We begin by recalling the definition of exact categories in the sense of Quillen [53].
We refer the reader to [8] for a thorough account of exact categories.

A kernel-cokernel pair (i, 7) in an additive category A is a diagram

ULXx5SV

with i a kernel of m and 7 a cokernel of 7. Fix a class F of kernel-cokernel pairs in A.
Elements of F will be called short exact sequences. We say that a morphism ¢ is an

admissible monic, and write », if it appears in a pair (i,m) € F. Admissible epics
are similarly defined and denoted by 5

Definition ([53]). The pair (A, F) is an exact category if F is closed under isomor-
phisms and satisfies the following axioms:

o For any U € A, the identity U s U is both an admissible monic and an
admissible epic.

e The class of admissible monics is closed under composition.
e The class of admissible epics is closed under composition.

e The push out of an admissible monic exists and gives an admissible monic:

v x
[
YoV



e The pullback of an admissible epic exists and gives an admaissible epic:

v
s
Y —V

We often refer to A as an exact category, instead of (A, F), if no confusion will
result. Any abelian category is in a canonical way an exact category, taking F
to be the class of all short exact sequences (arising from the abelian structure of
A); this is setting of most examples considered in this dissertation. Similarly, any
extension closed full subcategory of an abelian category has a canonically induced
exact structure.

We assume for the remainder of the dissertation that the category A is essentially
small. In this case there is a set Iso(A) of isomorphism classes of objects of A.
The Grothendieck group K(A) is the abelian group generated by the symbols | X],
X € Iso(A), modulo the relation | X| = |U| + |V| whenever U — X — V is a short
exact sequence.

The set of all short exact sequences in A of the form U — X — V is written
Fiiy. Iffor all U,V € A the set Hom(U, V) is finite and F7;,, is non-empty for only
finitely many X € Iso(A), the category A is called finitary. In this case the Hall
numbers are defined as the cardinalities [y}, = |F )U< v|, where

Fyy={UcX|U~U X/U~V}.

In E?]{V all subobjects U are assumed to be admissible. Setting a(U) = |Aut(U)|, the
Hall numbers are related to the cardinality of F )U< v through the equation

it

All results below can therefore also be stated in terms of |F )U( vl, as in [28].
Let R be an integral domain containing QQ and let H 4 be the free R-module with
basis Iso(.A):

Ha= & R

Uelso(A)
Fix a bilinear form ¢ : K(A) x K(A) — Z and a unit v € R*.

Theorem 2.0.1 ([56], [28]; [20]). 1. H.a is a unital associative algebra when given
the product

UIV] = v Y F X
Xelso(A)

and unit [0], the class of the zero object of A.

10



2. Ha is a topological counital coassociative coalgebra when given the coproduct

AX]= ) VC(V’U)%FL){V[U] ® [V]
U,Velso(A)

and counit €[ X| = 0x,

We remark that the Hall algebra as defined above uses the opposite multiplication
and comultiplication as compared to [56].
Both the algebra and coalgebra structures respect the natural K(.A)-grading

Ha= P Hala),  Hale)= & R[UL

acK(A) U|=«

In general, the coproduct A takes values in the completion H 4®%H 4 consisting of all
formal linear combinations ), cy,v[U] ® [V]. The meaning of the word topological
in Theorem 2.0.1 is, first, that the coassociativity compositions

(A1) oA, (1@A)oA:Hs— HiAOHAQHA

are well-defined, and second, that they are in fact equal. See [59, §1.4] and the
proof of Theorem 3.2.3 below for details. If every object of A has only finitely many
subobjects then A is a coproduct in the ordinary sense; this will be the case for most
examples in this paper.

The algebra and coalgebra structures of H 4 are compatible only under stronger
assumptions on A. Suppose that A is abelian, of finite homological dimension and,
for simplicity, F,-linear.! The Euler form is defined as

(U, V)= (~1)'dimg, Ext'(U, V)

1>0

and descends to a bilinear form on K(A). The symmetrization of (-,-) is written
(+,+). The Ringel-Hall algebra of A is the Hall algebra H 4 with the choices v = \/5_1,
R=Qv,v'land c= —{(,-), Hu.

We recall that an abelian category is said to be hereditary if its homological
dimension is at most one.

Theorem 2.0.2 (Green’s theorem [20]). Let H 4 be the Ringel-Hall algebra of a hered-
itary abelian category A. Equip HaQH .4 with the algebra structure given on homo-
geneous elements by

(r®y) (zew)= v WAz @yw,  x,y,z,w € Ha.

'Without the linearity assumption multiplicative Euler forms should be used.

11



Then A : Hy — HaQH4 is an algebra homomorphism.

The (co)algebra structures of H 4 can be extended to H4 ®r R[K(A)] in such
a way that Theorem 2.0.2 becomes the statement that the extended Hall algebra
Hy ®@pr RIK(A)] is a topological bialgebra.

Finally, Green [20] defined an R-valued non-degenerate symmetric bilinear form

on Ha by (U1, VD = 525

. This form satisfies the important property

(l’ ® Y, AZ)H@'H = (xy,Z)H, T,Y,% € 7-[./4

where (2 @ y, 2’ ® ¥ )uen = (, ") (y, ).

Example. If A, A’ are finitary exact categories, then the product category A X
A’ is also finitary exact and its Hall algebra satisfies H x4 ~ Ha ®r Ha. So,
from the point of view of Hall algebras is suffices to restrict attention to connected
categories. <

Example. The classical Hall algebra H, arises when A is the (hereditary) category
of finite length modules over a discrete valuation ring with finite residue field F,,.
Alternatively, H. can be identified with the ring of unipotent characters of GL,,(F,),
n > 0, with multiplication given by parabolic induction [19], [71]. Moreover, H, is
isomorphic to the bialgebra of symmetric functions. The structure constants of H
are the classical Hall polynomials and the Green bilinear form recovers the Hall inner
product on symmetric functions. <

We close this chapter by discussing the two primary sources of finitary hereditary
abelian categories. By Theorem 2.0.2 Hall algebras of such categories are twisted
bialgebras. Since the first example is the focus of Chapter 4, we discuss it here only
briefly and refer the reader to Chapter 4 for details and references.

Example. The abelian category of F,-representations of a quiver @) is finitary and
hereditary. The corresponding twisted bialgebra is denoted by Hq. In particular,
the Hall algebra of nilpotent representations of the quiver consisting of a single loop
recovers H. from the previous example. The algebra of Hg contains a subalgebra
isomorphic to the quantum Kac-Moody algebra U\;a—l(gQ>- The entirety of Hg is

itself isomorphic to a specialized quantum Borcherds algebra, whose identification
remains a difficult problem. <

Example. Let X be a smooth projective variety of dimension n defined over F,.
The abelian category of coherent sheaves on X, written Cohx, is finitary and of
homological dimension n. Theorem 2.0.2 therefore only applies when X is a curve
and we henceforth restrict to this case. The category of vector bundles Vectx is a full
exact subcategory of Cohyx. The submodule Hycety C Heony sSpanned by elements
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labeled by Iso(Vectyx) is a subalgebra (but not a subcoalgebra). Identifying the
moduli stack of rank r vector bundles on X with the double coset

GL(O)\GL,(A)/GL,(F,(X))

shows that elements of Hy.., may be interpreted as unramified automorphic forms
for GL defined over F,(X). Here O, A and F,(X) are the integer adeles, adeles and
function field of X, respectively. Multiplication in Hy., corresponds to the parabolic
Eisenstein series map. Incorporating the action of torsion sheaves recovers Hecke
operators on automorphic forms. This interpretation allows geometric properties of
automorphic forms to be translated into algebraic properties of Heon, . For example,
the quadratic identities satisfied by cusp eigenforms become quadratic relations in
Heony [33]. In genus zero these relations fully determine Hcony, » showing that it is
isomorphic to the semidirect product of the Hall algebra of torsion sheaves (which
is a tensor product of classical Hall algebras) with a non-standard negative part
of the quantum affine algebra U \/6’1(5:[2) [33]. In higher genus these relations no
longer determine Hcop, and the situation is more complicated. A number of natural
subalgebras of Hcon, , which play the role of U\;Tl (g[g) for higher genus curves, have

been studied and shown to be related to Cherednik’s double affine Hecke algebra [60]
and geometric Langlands duality [61]. Recently, the entire Hall algebra of an arbitrary
curve was described in terms of Rankin-Selberg L-functions of cusp eigenforms for
GL,(F,(X)), r > 0 [34]. When the dimension of X is greater than one very little is
known about Heop - <

For detailed examples of Hall algebras of hereditary abelian categories the reader
is referred to [59]. See also [3] where similarities between Hall algebras of a large class
of exact categories and quantum nilpotent groups are emphasized.

13



Chapter 3

The Hall module of an exact
category with duality

After reviewing some basic properties of exact categories with duality we show
that from such a category there corresponds a module over the Hall algebra, called
the Hall module. This is the central object of this dissertation. We then establish a
number of structural properties of Hall modules that will be used in later chapters.

3.1 Exact categories with duality

A general reference for exact categories with duality is [1].

Definition. An exact category with duality is a triple (A, S, ©) consisting of an exact
category A, an exact functor S : A% — A and an isomorphism of functors © : 14 —
S? satisfying S(Ov)Oswy = Lswy for allU € A.

We sometimes refer to A, instead of (A, S, ), as an exact category with duality
if S and © are clear from the context.

Definition. A self-dual structure on N € A is an isomorphism N AN S(N) satisfying
S()On = . The pair (N,1), or just N if no confusion will arise, is called a self-
dual object.

We will write N € Ag to indicate that IV is a self-dual object. An isometry of self-
dual objects (N, 1) — (N’,4’) is an isomorphism N 2 N satisfying S(®)y/'® = .
In this case we write N ~g N’. The set of isometry classes of self-dual objects
Iso(Ag) is an abelian monoid under the operation of orthogonal direct sum, defined

by (N, ) & (N, ) = (N @ N, ¢ @ ¢').

Example. Let ¢ be an involutive field automorphism of & with fixed subfield ko.
Define a duality structure on Vecty as follows. For V € Vect, define S(V) =V
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to be the vector space of additive maps V' %> & satisfying f(cv) = i(c)f(v) for all

v € V,e € k. On morphisms, S sends V 5 V' to SV AN S(V). The map
ev:V — S*(V) given by

ev(v)(f) = uf(v), feV,

is a k-linear isomorphism. For each s € {£1}, the triple (Vecty, S, s-ev) is a ko-linear
abelian category with duality. When ¢ is the identity self-dual structures are simply
orthogonal (s = 1) or symplectic (s = —1) forms. If ¢ is non-trivial and s = 1 then a
self-dual structure is a hermitian form. <

Example. Generalizing the previous example consider Vecty, the exact category of
vector bundles Vectx on a scheme X. Given a line bundle £ — X define a duality
functor by S(V) = VY ®0, £ with V¥ = Homp, (V,Ox). Let ©y, : V = VYV be the
standard evaluation isomorphism. Then (Vecty, S, £0) is an exact category with
duality [36], the self-dual objects interpreted as L-valued orthogonal or symplectic
vector bundles on X. <

Definition. An isotropic subobject of (N,1) is an admissible monic U 2 N such
that S(i)yi = 0 and the canonically induced morphism U — U~ is admissible. Here
U+ is the kernel of S(i)v.
L
We will use the notation U C N to indicate that U is an isotropic subobject.

Definition. 1. A self-dual object is called hyperbolic it is isomorphic to the self-dual

object
H(U) = <U@S(U),w = < @OU Lsw) )) 7

for some U € A.

2. A self-dual object N 1is called metabolic if it contains a Lagrangian, i.e. an isotopic
subobject U C N such that U+ = U.

In particular, every hyperbolic self-dual object is metabolic.
The following result provides a categorical generalization of linear orthogonal and
symplectic reduction along an isotropic subspace.

Proposition 3.1.1 ([52, Proposition 5.2]). Let U be an isotropic subobject of (N, ).
There exists a self-dual structure 1 on N//U := U+ /U, unique up to isometry, making
the following diagram commute:

Ut — NJJU




Motivated by Proposition 3.1.1, we introduce a notion of short exact sequences
for exact categories with duality. This will be used in counting arguments in Chapter
4

Definition. Given U € A, M, N € Ag, let QgM be the set of all equivalence classes
of exact commutative diagrams of the form

Uv—1 "M
k S(m)vm
v N g (3-1)
S(i)vn 5(5)
S(U) — S(U)

Two such diagrams are equivalent if there exists an isomorphism E = E' making all
appropriate diagrams commute.

The equivalence relation in the previous definition is imposed so that the orthog-
onal U+ can be thought of as a subobject of N. Elements of gg 1y are called self-dual

exact sequences and are denoted by U s N -5 M.

3.2 Hall modules

Let A be a finitary exact category with duality. For U € A and M, N € Ag define
the finite set

~ 1 ~ ~
GYy = {UEN|U=U, NJJU =M},
The cardinalities Gf;,, = |QJJ | are called self-dual Hall numbers. Denote by

Autg(M) the group of isometries of M and put as(M) = |Autg(M)|. Also put
gg,M = |QJ[\]{M|

Ghm
a(U)as(M)

Proof. Denoting a diagram as in (3.1) by (E; i, j, k, 7), the group Aut(U) x Auts(M)
acts on QgM by

Lemma 3.2.1. The identity G{}{M = holds.

(g,h) - (E;i, 4, k,m) = (E;ig~ ', jg ' k,hr), (g9,h) € Aut(U) x Auts(M).
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If (g, h) fixes the equivalence class of (E;1, 7, k, ), then g = 1y, kr = k and gm = 7r
for some r € Aut(F). The first equation implies 7 = 1g while the second implies
g =1y, showing that the action is free.

The map QUM — QgM assigning to (E;i,j, k,m) the image of i is Aut(U) X
Autg(M)-invariant and descends to a bijection Q][}{M/Aut(U) x Auts(M) = Gy,
proving the lemma. O

Self-dual Hall numbers obey the following finite support condition that can be
viewed as a self-dual analogue of Ext!-finiteness of A.

Lemma 3.2.2. For fired U € A, M € Ag, the set QJJM is non-empty for only finitely
many N € Iso(Ag).

Proof. 1f Qg A s non-empty, then N fits into the diagram (3.1). By Ext'-finiteness
only finitely many isomorphism types of E, and hence N, may appear. By Hom-
finiteness, N admits at most finitely many self-dual structures and the statement
follows. O

Let M4 be the free R-module with basis indexed by the set of isometry classes
of self-dual objects:

Ma= & RIM]

MeTso(Ag)

The next theorem defines the Hall module associated to (A, S, ©). To begin we take
¢ =0 in Theorem 2.0.1 to consider untwisted Hall algebras.

Theorem 3.2.3. 1. The formula

U« [M] = > GyulN]
Nelso(As)

gives M 4 the structure of a left H_4-module.
2. The formula
U)ag(M
Z Z MG@M[U]@@[M]
as(N) ’
Uelso(A) Melso(Ag)
gives My the structure of a topological left H 4-comodule

Proof. The associativity of the action * is equivalent to the identity

> FUVG = Y GGy, UVEA MNEeAs. (3.2)

Welso(A Pelso(As)
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Interpreting equation (3.2) in terms of isotropic filtrations, we find that it is equivalent

L
to the statement that, for fixed U C N, the assignment V' +— V/U gives a bijection

(VEN|UCV} s {VCNJU) (3.3)

such that (N//U)//(V/U) ~g N//V. To establish the bijection (3.3) we first observe
that the assignment V' — V/U gives a bijection

{(VcUY|UcCV}e {VcN/JUY}.

Using the commutative diagram

N —— S(UY) —» S(VL) —> S(V)

Ut —— NJJU — S(VE/U) » S(V/U)

Vvt ——V+/U—> NJ/V

V

we conclude that V/U C N//U is isotropic if and only if V' C N is isotropic. The
bijection (3.3) therefore holds.

Next, we claim that (V/U)*+ € N//U is naturally identified with V+/U. Indeed,
the previous diagram implies V+/U » (V/U)*. This map is surjective since the
canonical map V+ — (V/U)?L is surjective. Hence

(N//U)[(V/U) = NJJV.

That this isomorphism is an isometry can be seen by considering the three nested

central squares in the diagram, presenting N//U, N//V and (N//V)//(V/U) as self-

dual reductions as in Proposition 3.1.1. This proves the first statement of the theorem.
Turning to the second statement, we must first show that the compositions

V/U

(1®p)op, (A@l)op:MA%/HA@)/HA@MA

are well-defined and equal. The completions again consist of all formal linear com-
binations. For any £ € My, the terms in p(£) contributing to the coefficient of

18



[U1] @ [Us] ® [M] in (1 ® p) o p(€) are of the form [U;] ® [N] with N//Uy ~g M.
By Lemma 3.2.2 the number of such terms is finite. Similarly, the number of terms
contributing to [U;] ® [Us] @ [M] in (A ® 1) o p(§) is finite. Hence, the compo-
sitions are indeed well defined. A direct calculation now shows that the equality
(1®p)op=(A®1)opis equivalent to equation (3.2), which holds from the first
part of the theorem. O

The following analogue of Green’s bilinear form will play an important role in
Chapters 4 and 5 when we discuss the structure of M 4 in specific examples.

Lemma 3.2.4. The R-valued symmetric bilinear form on M 4 given by

OM.N
(M), NDaa = 205

1s non-degenerate and satisfies
(:C ® 57 p(C))H@M = (:C *éa C)Ma VIS H.Aa €7< € M.A

where (x @ &, 2" @ & )yem = (2,2 )1 (&, ) m.

Proof. Non-degeneracy is clear. It suffices to check the second statement on a basis.
The definition gives

(W) ® M oMo = 3 %G%([U]@WLW]@[H)H@M
Pereaths)
hich simplifies t Gl On the other hand
winlcC Slmpl esS 1o aS(N). 1 e o0 er nan s
G
(U ML VD= 32 Ga(QL VD = - 35

Qelso(Ag)

3.3 Gradings, twists and functorial properties

We continue to denote by A a finitary exact category with duality.

We recall the definitions of the Grothendieck-Witt and Witt groups of an exact
category with duality. To ease notation, we omit the dependence on the duality from
the notation.
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Definition. 1. The Grothendieck- Witt group GW (A) is the Grothendieck group of
Iso(Ag) modulo the relation |[N| = |H(U)| if N contains U as a Lagrangian subobject.

2. The Witt group W (A) is the abelian monoid Iso(Ag) modulo the submonoid of
metabolic objects.

There is a group homomorphism K (.A) LR GW (A) defined at the level of objects
by U — H(U). Whenever U C N is isotropic we have in GW(A) the identity (see
[52])

IN| = [NJ/U|+ [H(U)|. (3.4)

The Hall module decomposes as an R-module

= D M

yeGW (A)

with M 4(y) the R-submodule spanned by self-dual objects of class v. Using equation
(3.4) we find for all « € K(A) and v,0 € GW(A)

Ha(a) x Ma(y) C Ma(H(a) +7),  pMa@) C B  Hala)oMa().

H(a)+v=46
We summarize.

Proposition 3.3.1. The group homomorphism H makes M4 is a GW (A)-graded
H 4-module. Moreover, M 4 decomposes as a direct sum of H.-modules indezxed by

W(A).

Proof. By a slight abuse of notation, the first statement is simply a restatement of
the previous two inclusions. The second statement follows from the first and from
the exact sequence of abelian groups [52]

K(A) 2 GW(A) —» W(A) = 0. (3.5)

]

H4 can be refined to a grading by I'4, the Grothendieck monoid [3]. Define the
Grothendieck-Witt monoid 'Y, as Isos(.A) modulo the relation |[M| = |M’| if both
Q(J}/{N and Q%\, are non-empty for some U € A, N € Ag. The hyperbolic functor
defines a monoid homomorphism 'y — I'5 and induces a I'j-grading of M 4. This
refined may play an important role in determining a minimal generating set of M 4.
We use a different approach to this problem below where the GW (.A)-grading suffices.

Remark. Proposition 3.3.1 can be sharpened as follows. The K(A)-grading of
3]

We now discuss how to extend Theorem 3.2.3 to include non-trivial twists ¢ of
the Hall algebra. Let ¢ : GW(A) x K(A) — Z be a function satisfying, for all
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a,f € K(A) and v € GW(A),

cla, B) + ey, a+ f) = é(y,a) +é(y + H(e), B). (3.6)

This relation guarantees that the twisted actions

U] % [M] = N G [N

Nelso(Ag)

and

VE(M,U)CL(U)QS(M> N
Z Z as(N) GU,M[U] ® [M]

Uelso(A) Melso(Ag)

define on M 4 the structure of a (co)module for the c-twisted Hall algebra. We
suppose that A is abelian and focus on the case ¢ = —(-,-). For simplicity we take A
and S to be k-linear. For each p € {£1} define

Ext'(S(U), U = {¢ € Ext'(S(U),U) | S(§) = pOié} -

Proposition 3.3.2. Suppose that char(k) # 2 and that the abelian category A has
finite homological dimension. Then the function £ : Iso(A) — Z given by

EWU) = (=1)" dimy, Bzt (S(U),U) DS

i>0
descends to a function on K(A).

Proof. Given a short exact sequence 0 - U — W — V — 0 in A there is a cor-
responding dual exact sequence 0 — S(V) — S(W) — S(U) — 0. Applying the
bifunctor Hom(+,-) to the previous two sequences gives six long exact sequences fit-
ting into the diagram
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The minus signs, indicating that negatives of the canonical maps are taken, are in-
cluded to ensure that each square of the diagram anti-commutes. We can then form
the total complex by summing across the diagonals of the previous diagram. The first
three terms of this complex are given by

Hom(S(U), V)

Hom(S(U/), W) o
Hom(S(W),U) o

Hom(S(V),U)

There is an action of Zy on the total complex, commuting with all differentials, defined
as follows. The generator of Z, acts by (—1)"*1S on Ext’(S(U), U), Ext'(S(V), V) and
Ext’(S(A), B) ® Ext'(S(B), A) with A # B and acts by (—=1)’S on Ext'(S(W), W).
Viewed as a virtual representation of Zs, the character of the total complex is zero.
This implies the following relation between virtual dimensions of spaces of Zs-invariants

0=E(U) = (S(U), W)+ (SWU), V) + ({(SW), W) = EW)) = (S(W),V) + EV).

The term (S(W), W) — E(W) appears instead of £(W) because of the extra sign in
the action of Zs on Ext'(S(W), W). Using additivity of the Euler form, the previous
equality is rewritten as

EW)=EU)+EWV)+(SU),V).

The right hand side of this equation is easily seen to coincide with £(U & V'), proving
the proposition. O
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Taking ¢ = —(-,-) and ¢(M,U) = —(M,U) — E(U) we easily verify that equation
(3.6) holds. With these choices, M 4 will be called the Ringel-Hall module.

We give an interpretation of £ for hereditary abelian categories in terms of La-
grangians; see Proposition 4.3.5 below for an interpretation in terms of self-dual quiver
representations.

Proposition 3.3.3. 1. The stabilizer of a Lagrangian U . (N, ) under the ac-
tion of Auts(N) is isomorphic to Hom(S(U),U)™%.

2. Suppose A is linear over a field whose characteristic is not two. There is a
canonical bijection between Ext' (S(U),U)* and the set of all Lagrangian exact
sequences

05U SN Wsw)yso (3.7)

modulo equivalence coming from isometries of the middle term.

Proof. Complete the Lagrangian U <y N to the short exact sequence (3.7). An
element ¢ € Autg(N) stabilizing (3.7) can be written ¢ = 1y + i85(7)y for a unique
B € Hom(S(U),U). Then ¢ is an isometry if and only if 5 € Hom(S(U),U)~®. The
converse is similar.

As for the second statement, it is clear that any equivalence class of Lagrangian
exact sequences (3.7) gives a class in Ext!'(S(U),U)%. In the other direction, let
¢ € Ext'(S(U),U)® be represented by the exact sequence

05 UL NS SU)— 0. (3.8)

By assumption there exists ¢y € Hom(N, S(N)) making the following diagram com-
mute:
) s

0 U N S(U)——0
S

., G2 N N _
0 S (U)S(w)S(N) 56 S(U) 0

Define ¥y € Hom(N, S(N)) as the difference ¥y = ¢y — S(¢y)O . Since Vi = 0 and
S(i)Wy = 0 there exists a unique 8 € Hom(S(U),U)™® for which ¥y = S(7)OySn.
Then ) = hy(1y — 3if7) is a self-dual structure on N stabilizing (3.8).

To prove uniqueness of the isometry type of N suppose that ¢ and 1y are two
self-dual structures on N making the diagram (3.9) commute. Arguing as above we
find ¢ — 1o = S(7)Oy S for a unique § € Hom(S(U),U)*. Then 1y + 5i07 is the

required isometry from v; to .. O

Remark. Propositions 3.3.2 and 3.3.3 and their proofs remain valid for extension
closed full subcategories of abelian categories, such as Vectxy C Cohx.
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To any finitary exact category A there corresponds a finitary exact category with
duality HA, the hyperbolic category. The underlying exact category of HA is A x A%
and the duality structure is defined by S(A,B) = (B,A) and © = Id. As the
name suggests, all self-dual objects are hyperbolic. Let H% “” be the (co)algebra
obtained from H 4 by taking the opposite multiplication and comultiplication. There
are canonical isomorphisms Haor >~ HY P and Hya ~ Ha @r HG “P. The next
proposition shows that in a certain sense the Hall algebra appears as a special case

of the Hall module.

Proposition 3.3.4. The assignment [X] — [H(X)] extends to an isomorphism
Ha = My of K(A)-graded left Ha @ HE P~ (co)modules preserving Green forms.

Proof. The above assignment induces an R-module isomorphism Hy — Mpga. A
subobject of H(X), X € A, is necessarily of the form U; & S(U;) for some Uy, Us €
A, and is isotropic if and only if S(Us) C S(X/U;). Summing over the possible
isomorphism types of X/U; we find

H(X) _ X S(W)
GU1®S(U2),H(Y) - Z FU1,WFS(U2),S(Y)'
Welso(A)

By definition we have F' 5((52/ )) sy = Fy, so that

H(X)
Griosumamy = 2 FoowFi, (3.10)
Welso(A)
Equation (3.10) shows that Ggl(gs)*(Ug),H(Y) is the coefficient of [X] in [U1][Y][Us], all

multiplication being in H 4, proving that My ~ H 4 as Ha4 @ HY-modules. Using
Aut(Uy @ S(Us)) = Aut(Uy) x Aut(Us), Autg(H (X)) = Aut(X),

a similar argument establishes the isomorphism of comodules.

That the isomorphism respects gradings follows from the fact that the restriction
of the hyperbolic functor to A C H.A induces an isomorphism K (A) = GW (HA).
Finally, that the Green forms are preserved follows from the previous description of
Autg(H(X)). O

Example. Let Hyeer,, and Myeer Myecty, be the Hall algebra and module associated
to Vecty, X a curve, with duality determined by a line bundle £. Following the
interpretation of Hyee, in terms of automorphic forms, My, is identified with
the space of L-twisted automorphic forms for symplectic or orthogonal groups. For
curves, the Witt group of (Vectx, £,0) is finite [29] and therefore provides a finite
decomposition of My.,. As the duality S does not extend to Cohy there is not a
direct Hall module interpretation of Hecke operators on My e, . <
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We end this section with some comments on the functorial properties of the as-

signment (A, S,0) — M4.

Definition ([1]). A form functor from (A, S, ©) to (B,T,E) is a pair (P,n) consisting
of an exact functor ® : A — B and a natural transformationn : ®0S = To® making
the following diagram commute:

sy 2O g(s2 ()
E@(M) s (M)
T(®(M)) o T(R(S(M))

It is straightforward to verify that a form functor (®, ) defines a set map Ag — Br

If A and B are finitary, define R-module homomorphisms by

Hae 2% Hp

U] — [@U)]
and
My (@.m)« M

(M} = [®(M)]

The following statement is motivated by a functoriality property for Hall algebras
[59, §1.8].

Proposition 3.3.5. Let (®,n) be a form functor such that ® induces isomorphisms
Ext' (U, V) = Ext'(®(U),®(V))

for all i > 0. Then (®,n). is a module embedding over ®.. If, moreover, ®(A) is
essentially stable under taking subobjects, then (®,n). is a comodule embedding over
o, .

Proof. The conditions on ® ensure that ®, is a (co-)algebra embedding [59]. To show
that no additional assumptions are needed to ensure the module theoretic statements
we use the following facts. First, a subobject U C N is isotropic if and only if
d(U) C ®(N) is isotropic. Second, the induced maps

® : BExt'(S(U),U)* — Ext/(T(®(V)), ®(U))*"

are isomorphisms, implying that ® preserves £. Finally, if M, M’ € Ag are self-dual
objects such that ®(M) ~g ®(M’), then M ~p M’. To see this fix an isometry
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O(M) = ®(M'), which is necessarily of the form ®(g) for some g : M — M’. Then

T(®(9))n P(Yar)P(g9) = P (Ynr)

which can be rewritten as

N ®(S(9)arg) = nu®(m),

showing that ¢ is an isometry. In particular, the set map (®,7), is injective.

With these preliminaries, a direct calculation shows that ®, is a module homo-
morphism if and only if Gl]}c M= Gigg))@( M- This equality follows from the first fact
above and the isometry ®(N//U) ~p ®(N)//®(U).

Finally, ®, is a comodule homomorphism if and only if

O(N
GASR) - Z GﬁM.
P(U)~A,(M)~rR

By assumption there exists a (necessarily unique) U such that ®(U) ~ A. In this
case R ~p ®(M) and the equality follows from the first part of the proof. O

The assumptions on ¢ in Proposition 3.3.5 are quite strong but suffice for our
applications. An example where ®, fails to be a coalgebra morphism is the inclusion
® : Vecty — Cohyx. Explicitly, the object Opi € Cohp1 has many non-trivial
subobjects, namely any Op:(m) with m < 0, while Op1 € Vectp: is simple.
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Chapter 4

Hall modules from quivers with
involution

In this chapter we study Hall modules arising from the representation theory of a
quiver with involution. Before introducing these objects we recall some preliminary
results about quantum groups and their relationship with Hall algebras of quivers.

4.1 Quantum Kac-Moody algebras

Let A be a symmetric generalized Cartan matrix. That is, A = (a;;)};, satisfies
aij € Z and
Qi = 2, Q5 = Qj; and [ S 0if ¢ 7& j
Let (m, 7V, h) be a realization of A. Then b is a complex vector space of dimension
n + corank A and 7, 7 are linearly independent sets

7/ ={hy,...;h,} CH, m={e,...,en} ChH’

satisfying €;(h;) = a;;. Denote by g = g(A) the symmetric Kac-Moody algebra
attached to A [31]. The Cartan form on h" is written (-,-). We denote by ¢’ = [g, g
the corresponding derived algebra, whose Cartan subalgebra is ' = @ | Ch; C b
and whose root lattice is ® = @@, Ze; .

Let v be an indeterminate and let Q(v) be the field of rational functions in v.
Define the quantum combinatorial symbols by

P no n nj,!
L | L P v

Note that each of these expressions is an element of Z[v].
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Definition. The quantum Kac-Moody algebra U,(g) is the Q(v)-algebra generated by
the symbols E;, F;,i =1,...,n and v", h € b, subject to the relations

1. ,Uhvh’ — Uthh’
2. VBT = UEi(h)Ez‘, VhFaoh =y
hs —h
/l} [ /l} T
[ J] J v — -l

1—(e€4,€5

) _ -
T S e e T

= - dv

1—(eis€5)

A D e e I A Y
= L

—
™

Jv

[en]

The final two relations in the previous definition are called the quantum Serre
relations. The quantum group of the derived algebra g, denoted U, (g’), is the Q(v)-
subalgebra of U,(g) generated by F;, F;, T = v*. The algebra U,(g) is a Hopf
algebra with coproduct defined by

AN =v"@v", AE)=E o1+ ®@FE, AF)=10F,+F v "
and antipode given by
S =", S(E) =vME, S(F)=-v"F,

Then U,(g') is a Hopf subalgebra. Denote by U, (g) (resp. U="(g)) the subalgebras
of U,(g) generated by F; (resp. Fj,v"). Note that US°(b) is a Hopf subalgebra, but
U, (g) is not. Similar statements hold for the derived quantum group.

If v € C* is not a root of unity, the specialized quantum group U,(g) is the
Q[v, v~ '-algebra with the same generators and relations as U, (g) but with v replaced
with v. The algebras U,(¢'), U, (g) are defined analogously.

The reader is referred to [46] for a detailed discussion of quantum groups.

4.2 The Hall algebra of a quiver

Fix a ground field k. A quiver () consists of a finite set of nodes (), a finite set of
arrows (7 along with head and tail maps h,t: Q1 — Q. An arrow « from the node
i to the node j, that is, t(a) = i and h(a) = j, is written 4 = j. A cyclic in Q is an
oriented path which starts and ends at the same node. A loop is cycle of length one.
A representation of () is a finite dimensional (Qy-graded vector space V = ®ier Vi

together with a linear map V; ~% V; for each ¢ % j. The dimension vector of V is
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dimV = (dimV;)icq, € Z%. The abelian group Z? has a natural basis {¢; }ico,
consisting of unit vectors supported at i € Qy. To each node i € Qg there is an
associated simple representation S; with dimension vector ¢; and all structure maps
zero. The category of finite dimensional k-representations of () is an abelian category
and will be denoted by Rep,(Q). It is hereditary and, if k is a finite field, finitary.
For further discussion of the representation theory of quivers the reader is referred to
[10].

Suppose that @ has no loops. Denote by Hq the Ringel-Hall algebra of Repg, (Q).
The composition subalgebra Cg is defined to be the subalgebra of H¢ generated by
the simple representations [S;]. Since @ has no loops, the matrix of the symmetrized
Euler form of @) is a generalized Cartan matrix. Write gg for the corresponding
symmetric Kac-Moody algebra. The following fundamental theorem provides a con-
nection between the representation theory of quivers and the theory of quantum
groups.

Theorem 4.2.1 ([57], [20]). Let Q be a quiver without loops. The composition sub-
algebra Cq is isomorphic to U, (gq), the negative part of the quantum Kac-Moody
algebra associated to go specialized at \/a_l.

In the isomorphism of Theorem 4.2.1 the Chevalley generator F; is mapped to [S;].
That the simple representations satisfy the quantum Serre relations is then verified by
direct calculation. The proof of injectivity of U, (gg) — He relies on the verification
that the Green bilinear form pulls back to Lusztig’s non-degenerate bilinear form.

Theorem 4.2.1 can be used to realize the Hopf algebra U=Y( g¢) inside the extended
Hall algebra of @) [69]. Theorem 4.2.1 has been generalized to quivers with loops, the
(suitably modified) composition subalgebra being the negative part of a quantum
generalized Kac-Moody (or Borcherds) algebra [32]. In another direction, H itself
is the negative part of a quantum generalized Kac-Moody algebra, which in general
depends on the finite field F, [63].

4.3 Quivers with involution

We study natural duality structures on Rep,(Q) constructed from a contravariant
involution of ). We assume throughout that the characteristic of the ground field k
is not two.

Definition. An involution of Q is a pair of involutions Q; = Q;, i = 0,1, such that
for all a € Qy, h(o(a)) = o(t(a)) and if o(t(e)) = h(a) then o(a) = a.

Diagrammatically, the first condition reads



While the second assumption on o can be dropped, nothing new is gained by doing
so. Not every quiver has an involution. For example, no orientation of the graph

admits an involution.

Let (Q,0) be a quiver with involution. Fix an involutive field automorphism
k % k with fixed field kg C k, a sign s € {#1} and a o-invariant function 7 : Q; —
{£1}. Define an exact ko-linear contravariant functor S : Rep,(Q) — Rep,(Q) as
follows. For a representation (M, m) put S(M); = M, and define the structure

map S(m), = Tamg(a). Similarly, given a morphism M 2 M’ the components of

5(¢)

S(M’) S(M)

are S(¢); = (bg(i). Exactness of the functor S follows from its exactness at the level
of Qo-graded vector spaces. Define © : 1gepg) — S by ©a = s - evar. The triple
(Rep,(Q), S, O) is then a kg-linear abelian category with duality.

A self-dual representation (M, 1)) has the following geometric interpretation. De-
fine a non-degenerate form on the total space of M by (v, w) = ¥(v)(w). The form
is linear in the first variable, -linear in the second variable and satisfies (v, w) =
st((w, v)). Moreover, the subspaces M; and M, are orthogonal unless i = o(j). The

isomorphism M RS (M) requires that the structure maps of M satisfy
(Mo, w) — To (v, Meyw) = 0, v € Mywy, w € Myn(a))-

If ¢ is the identity then (-,-) is s-symmetric. In this case and with the choice
7 = —1, the self-dual objects are precisely the orthogonal and symplectic quiver
representations originally introduced by Derksen-Weyman [11] and we will refer to
them as such. If ky C k is a separable quadratic extension and ¢ is the unique non-
trivial ko-linear automorphism of k, then (-,-) is a hermitian form. For example, if
the prime power ¢ is a perfect square, the extension F 5z C F, is quadratic and the
involution is given by «(z) = zv%. In this case the self-dual representations with
the choice (s,7) = (1,—1) will be referred to as unitary representations. It will be
convenient to also refer to this as the s = 0 case.

Self-dual representations can also be described in terms of collections of matrices
as follows. Define a partition Qp = Qf U Q4 U Qy where QF consists of nodes fixed
by o and @ consists of a single node from each two-point g-orbit. There is a similar
decomposition of Q. We impose the compatibility condition supp(Q7) C Qf U Q3.
For concreteness, fix k to be a finite field. The non-degenerate form on the total space
of a d-dimensional self-dual representation is nearly unique up to isometry. The only
ambiguity is in the orthogonal case, where the Witt type of each node i € () must
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be given. Fix a model for this form. The affine scheme of orthogonal, unitary or
symplectic representations of dimension vector d is then

A2E% if s=1
Ry= P Hom(k™ k%) e P sherm(d;), if s =0
i—jeQf i—o(i)eQ] Sym?k if s =—1

Here sherm(d;) is the ko-vector space of d; x d;-skew-hermitian matrices. The reductive

algebraic group
Gy =[] Ga x I] GLa.
i€Qg i€Qy

acts on R, the quotient being the moduli space of d-dimensional self-dual represen-
tations. Here Gy, is Og4,, Spq, or Uy, as appropriate.

We will sometimes refer to a symplectic representation of (@), o) simply as a rep-
resentation of QF and write ./\/lg3 for the associated Hall module.

In the unitary case, Repy, (Q) is regarded as a IF g-linear category and the cor-
responding Ringel-Hall algebra is defined over Q[v,v;'] with vy = ¢/g~'. Then
Ho =~ Ho(F,) ®g Qlvo, vy '], where Ho(F,) is the Ringel-Hall algebra of Repg, (Q)
viewed as a F,-linear category. For a more uniform discussion in what follows, we
write the Hg-module structure of ./\/l‘é in terms of v = \/6_1 instead of v9. We also
rescale the definition of £ in Proposition 3.3.2 by a factor of % While £ is then only
half-integral valued, expressions of the form v~¢) remain well-defined.

Example. The quiver Ay = «—— has a unique involution, swapping the nodes and
fixing the arrow. An orthogonal representation consists of a vector space V and a
skew-symmetric linear map V' - VV. The form on V @ V" is induced from the
canonical pairing V' x V¥V — k. Isometry classes of (n,n)-dimensional orthogonal
representations are parameterized by A?k™/GL, (k). <

Example. The Jordan quiver O has a unique involution, fixing the node and arrow.
A symplectic representation consists of a symplectic vector space M and m € sp(M).
The moduli space of 2n-dimensional symplectic representations is sp,,, /Spap. <

Example. For any quiver ) let Q°° be the quiver obtained by reversing the orienta-
tions of all arrows ). Then Q" = QLIQ°" has a canonical involution that sends a node
or arrow of () to the corresponding node or arrow of Q°°. The following proposition
describes the associated Hall modules. <

Proposition 4.3.1. For all (1,s), Mqgu ~ Mpugep) =~ Ho(ko) as Hol(ko) ®q
He(ko)P-(co)modules.

Proof. Let S be the duality functor on Rep, (Q") determined by (s, 7) and Sy the du-
ality functor on HRep,(Q). Define F' : HRep,(Q) — (Rep,(Q"-),S,0) by F(A, B) =
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A@S(B) and definen : FoSy — SoF as (g (1) ) The pair (F,7n) is a form functor
and induces an equivalence of ky-linear categories with duality. The proposition now
follows by functoriality; see Proposition 3.3.5. n

For arbitrary @) the Grothendieck group K (Rep,(Q)) is the free abelian group on
the set & of simple objects of Rep, (). The duality S induces an involution on &
which gives a non-canonical decomposition & = &+ U & L &~. Here G consists of
simples fixed by S and S restricts to a bijection from &* to &~.

Proposition 4.3.2. There are group isomorphisms

GW (Rep(Q) =~ P ZIHU)| & D GW(Av)

UeGt Uess

and

W (Rep(Q)) =~ €D W(Au)

Uess

where Ay is the semisimple abelian category with duality generated by U.

Proof. Let N be a self-dual representation. If U S Nisa simple subrepresentation,
by Schur’s lemma the composition S(i)wi is either zero or an isomorphism. If it is zero
then U is isotropic and |N| = |[H(U)| + |N//U| in GW (Rep,(Q)). If instead S(i)wi
is an isomorphism then it is a self-dual structure on U and there is a corresponding
orthogonal decomposition N ~g U @ N, implying |N| = |U| 4+ |N|. Since every
representation has a finite composition series we can repeatedly apply the above
procedure, establishing the claimed description of the Grothendieck-Witt group. The
isomorphism of Witt groups now follows from the exact sequence (3.5). O

The primary interest of this paper is & = F,, ¢ odd and @) acyclic. In this case
S = {Si}icq, and the categories Ay in Proposition 4.3.2 are equivalent to Vecty
with dualities determined by s. Explicitly, GW (k) := GW (Vecty) is isomorphic to
Z if s = —1,0, with generators H(Sy) and Sy, respectively. If s = 1 then GW (k)
is isomorphic to Z?2 with generators the two non-isometric orthogonal structures on
So = k. The corresponding Witt groups are

pt, if s=-—1
ZQ, ifs=0

Wik) =~ Ly, if s =1 and char(k) = 3 (mod 4)
Loy X Lo, if s =1 and char(k) =1 (mod4)

In particular, the Grothendieck-Witt class of N is essentially its dimension vector,
with additional decorations at o-fixed vertices in the orthogonal case.
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We now study the function £ of Proposition 3.3.2 in more detail for quivers. Given
representations (V,v) and (W, w), define

AV, W) = @ Homy(V;, W3),  AY(V, W)= @5 Homy(V;,W;).
i€Qo z—>]€Q1

There is a differential A°(V, W) LN ANV, W) given by 6{fi}; = {wafi — fjvata- The
complex A*(V, W) fits into the exact sequence

0 — Hom(V, W) — A%V, W) & ANV, W) — Ext"(V, W) — 0. (4.1)

An immediate consequence is that the Euler form depends only on the dimension
vectors of its arguments and is given explicitly by

(dd) =Y dd;— > didj, d.d €zY.
1€Qo «

The following identity plays an important role in the next chapter but is also of
independent interest. Take k = IF,.

Theorem 4.3.3. For all representations U and self-dual representations M the iden-

tity
N
3 Gum_ _ —ow-ew)
~ as(IV)

hods, the sum being over isometry classes of self-dual representations.

Proof. The functor S defines an involution on the complex A*(S(U),U) through the
composition

A (SU),U) 5> A(S(U), S2U)) 225 A(S(UY, ),

or in components
S{fiti= {9i_1f;/(i)}i» S{eata = {Ta@fleg(a)}a-
Then §(S{f}1) = {ua®; ' £y — 7aO7 £ ) Jo while
S@{fit) = {8) Talto@) fot) = To@ foiyua) ta
{-©6; Tulv o) T Ta@] 1 o) Ua(a) Yo

Comparing these two expressions and using @j_lux = u,0; ", we conclude §(S{f;}) =
—S(6{f:}). The subcomplex of (anti-)fixed points A°(S(U),U)~* 2 AYS(U),U),
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denoted B*(U), fits into the exact sequence
0 — Hom(S(U),U)™5 = B(U) & BYU) = Ext'(S(U),U)S — 0. (4.2)

Note that each of the terms in (4.2) are ky-vector spaces.

Let N be the Qg-graded vector space with sesquilinear form underlying the split
self-dual extension U M & S(U). The degree zero term of the direct sum C*(M,U) =
A*(M,U) @ B*(U) is naturally interpreted as the Lie algebra of the unipotent radical
U of the parabolic subgroup of Autg(N) stabilizing the isotropic subspace U C N.
To each ¢ = {d,,eq}a € C'(M,U) there corresponds a self-dual representation N,
with structure maps, in the natural basis of IV,

Ue da €a — aqvb ld;/(a
Ne= 1| 0 my {Ch 1d;/

Vv
0 O Tally(a)

The group U acts on C'(M,U) by conjugating the associated structure maps {nq }a.
Then g € U fixes ¢ € CY(M,U) if and only if g € Auts(N,), in which case it is
immediate that g preserves the natural self-dual exact sequence structure of N.. We
have defined a set map

|_|g i/ Auts(N) « CH(M,U)JU.

We show that this is a bijection by constructing an inverse. Given a self-dual exact
sequence with middle term N, pick an isometry N ~ N that is also an equivalence of
self-dual extensions of vector spaces. In the natural basis of IV, the difference between
the structure maps of N and H(U) & M is an element of C'(M,U) and defines the
inverse map. Moreover, the stabilizer of ¢ € C'(M,U) under the action of U has
cardinality equal to that of the stabilizer of N, viewed as a self-dual exact sequence,
under the action of Autg(N,.). Applying Burnside’s lemma gives

S~ Gl _ [C'OM.0)
as(N)

As |U| = |C°(M, U)|, this sum is equal to |ko| X" MU) and the theorem now follows
from the exact sequences (4.1) and (4.2). O

Remark. The analogue of Theorem 4.3.3, which holds for arbitrary hereditary fini-
tary abelian categories, states [55]

g 2 — <[7L>
q *
( )

Xelso(A)
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Its proof relies on the simple fact that the stabilizer of a short exact sequence 0 — U —
X — V — 0 under the action of Aut(X) is canonically isomorphic to Hom(V, U).
The situation is necessarily more subtle in the self-dual situation as the stabilizer of
a self-dual exact sequence 0 — U — N --» M — 0 under the action of Autg(N) is
not determined solely by M and U. The additional data needed to fix the cardinality
of the stabilizer is the extension class ¢ associated to 0 — U — U+ — M —

0. Explicitly, the stabilizer of the above self-dual exact sequence has cardinality
| ker ¢ | [Hom(S(U), U)~®| where 67 : Hom(M,U) — Ext'(S(U),U)% is defined by

0 3 = Bl + O71S(8.8) = 6B + 01,5 (0:).

Here J¢ is the connecting homomorphism in the long exact sequence obtained by
applying Hom(—, U) to &.

Corollary 4.3.4. When A = Rep,(Q), E(U) depends only on v = dimU and is
given explicitly by

ui(u; — $) w; (Ui + ToS)
E(U) = Z T + Z ug(i)ui — Z T — Z ua(i)uj.
i€Qg i€Qg (0(i)=)eQg (i=5)eQf
Proof. This follows by direct calculation using the exact sequence (4.2). O]

The function £ has the following interpretation that should be compared with the
fact that the dimension of the moduli stack of d-dimensional representations of () is
—(d,d). Let 9 be the global quotient stack associated to the action of G§ on RJ.

Proposition 4.3.5. The dimension of MY is —E(d).

Proof. Verifying that dim R} — dim G¥ is equal to —&(d) gives a simple proof of the
proposition. We give here a more conceptual proof.
The scheme R represents the functor f.g.Alg, — Set given by

A HOHl}CQO(k'Q, EndA(A (9 M))S

Here k() is the path algebra of the quiver and k() is the subalgebra generated by
the nodes of (). The functor S acts on the path algebra by ¢ and on Ends(A ® N)
by its action on N. Writing D = k[e]/(¢?) for the algebra of dual numbers, a Zariski
tangent vector to R at NN is an element v € Homyg, (kQ, Endy(IN)) such that N+ev €
Homyg, (kQ, Endp(D ® N))¥. This requires for all a, o’ € Q4

Naa! T EVaa) = NaNar + €(Uana’ + nava’)

which is equivalent to requiring v € Deryg, (kQ, End(NV)). The self-duality of N + ev
requires that v be self-dual. This gives Tw R} = Derg,(kQ, End(N))®. Next, we
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describe the tangent space to the GJ-orbit through N. For any = € Lie(GY) =
Endig, ()™ we have

(Iny + ex)N(Iny — €2)ja = N + €(Tj76 — N ;).

The coefficient of €, which is a tangent vector to the orbit, is an element of the
inner derivations InnDeryq, (kQ, End(N))®. Combining the previous two results we
conclude Ty = Ext' (N, N)%.

To complete the proof we use that the infinitesimal isometries of N are End(N) =%,
which can be verified as in the previous calculation. O

4.4 Quantum groups and Hall modules

In view of the realization of quantum groups via Hall algebras it is natural to
expect a connection between Hall modules and representations of quantum groups.
The goal of the remainder of this chapter is to investigate such a connection. We
assume that ) has no loops.

Theorems 3.2.3 and 4.2.1 show at once that Mg is a representation of U, (gg).
Using [63] we can similarly conclude that Mg is a representation of a much larger
quantum group, namely Hg itself. However, without a better understanding of the
latter quantum group it seems unlikely that this structure can be used to say much
about Mg. In order to further constrain Mg we instead focus on incorporating the
comodule structure. The most obvious guess is that M is a Hopf module, i.e. the
comodule structure map

p:Mgo—Hog® Mg

is a homomorphism of modules, possibly with Hg ® Mg having a twisted Hg ® He-
module structure; compare with Theorem 2.0.2. However, already for A; this is seen
to not be the case. We therefore seek a modification of the Hopf module condition
to describe the compatibility of the module and comodule structures of M. To this
end, we describe in Theorem 4.4.1 below the relationship between multiplication and
comultiplication along the simple representations S;.

To state the result we require a twisted version of quantum groups. To motivate
this, given a symmetric Kac-Moody algebra g define linear operators E; and E; on
U, (g) according to

v

BET T B,
v—ovl ’

[E:, Fj] = 035
The operators E! satisfy the quantum Serre relations and also the relation
E/F; = v 9D E + 5.

The subalgebra of Endg,)(U, (g)) generated by E; and F; is called the reduced ana-
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logue of U,(g) and is denoted by B(g) [35].
To modify B(g) in the self-dual case, suppose that we are given a (-, -)-preserving
involution o of the set of simple roots.

Definition ([15]). The reduced o-analogue B,(g) is the Q(v)-algebra generated by
symbols E;, F;,T;, Ti_l, 1=1,...,n, subject to the relations

1L TT; =TT, TT' =1, T,=T,u (4.3)
2. EEJ = U(€j+€"(j>’€i)EjT;', T;FJ = /l)_(ej—'—ea(j)’ei)ﬂﬂ (44)
8. E;F; = v @D E + 6+ 6oy T (4.5)
1—(€4,€5) - 1_ (61 EA) -
4o O BEETY T =0, 4 (4.6)
1=0 - - v
1—(€4,€5) - 1_ (61 EA) -
5, (| BEETCY =0, i (4.7)
1=0 - - v

For generic t € C* the specialization B, (g), is the Q[t, ¢~ ']-algebra with the same
generators and relations as B,(g), but with v replaced by t.
Returning to the quiver setting, for each 7 € (g define the induction operator F;
by
F[M] = [S] * [M]

and define the restriction operator E; as the projection of the comodule structure
map onto the subspace [S;] ® Mg C Hg ® M. That is,

p([M]) = [Si] ® Ei[M] + (p[M])

where (p[M])" is a linear combination of terms of the form [U] ® [N] with U # ;.
The action of T} is given by

T;,[M] = y*(M,ei)*E(Ei)*S(Ea(i))[M]_

Theorem 4.4.1. The operators E;, F;,T;, i = 1,...,n, give Mg the structure of a
B, (8q)y ®g Qlvo, vy ]-module.

Beginning of Proof. We first verify the relations (4.3), (4.4), (4.6) and (4.7). The
first two parts of relation (4.3) are trivial and T; = T,(;) because (d,¢;) = (d, €,(:))
whenever d = o(d). Relation (4.4) follows from the explicit description of the action of
T; and the fact that F; (resp. E;) increases (resp. decreases) the dimension vector by
€i+ €(:)- The Serre relation (4.7) follows from Theorems 3.2.3 and 4.2.1. Interpreting
Lemma 3.2.4 in terms of induction and restriction operators we find

1
v=2—1

(E£7 C)/\/l = (f? EZC)/\/M f,C S MQ

37



Using this, the relation (4.6) now follows from the non-degeneracy of (-, )¢ and the
Serre relations for F;. To complete the proof it remains to verify relations (4.5). Since
this is quite involved, we break the verification into a number of parts. O

Using Lemma 3.2.1 to rewrite the action of the Hall algebra in terms of the
numbers g{}f > we find that relation (4.5) holds if and only if for all 4,j € @ and
self-dual representations N,Y, the following identity holds:

GENGEy  [Ext'(S,(), S G¥ ng .,
) VR 9 . 5 i N
XX: as(X)  [Hom(S,(), S |Z Oio(j)ON,ya(Si)as(NV)
E t N7 Sz E tl Sg' SZ S
+ 8iybya(Sas(N) ' : ( B (So, S g

[Hom(N, 5;)|[Hom (S, Si) =

Unless otherwise noted, all sums in what follows will be over isometry classes of
self-dual representations. We will establish relation (4.5) in this formulation.

Given self-dual representations X, Y, N, let Cx(i,7; N,Y’) be the set of crosses of
self-dual exact sequences

Si X - N (4.9)

The group Auts(X) acts on Cx (i, j; N, Y) with orbit space Cx (i, j; N, Y). Burnside’s
lemma gives for the sum on the left-hand side of equation (4.8)

gSNgSY |OXZ]NY !
ZW Z =>. . [Stab aurs(x)Cl

X X ceCx(4,4;N,Y)

Similarly, for a self-dual representation Z let Dz (i, j; N,Y') be the set of all corners
of self-dual exact sequences
S]

[b
N (4.10)
%

Si—Y -2»
a

T

The group Autg(Z) acts freely on D4(i, j; N, Y) with orbit space Dy(i,j; N,Y). The
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sum on the right-hand side of equation (4.8) can then be written as

gg*/- Zgév-z ’DZ(i ;N Y)‘ N (s
Rl A e = D N, Y.
Z aS<Z) EZ: as(Z) ZZ:| Z(%]: ) )l

Z

If in the notation of the cross (4.9) the subrepresentation Im(a®b) C X is isotropic,

b
then the cross descends to a corner on Z = X //Im(a®b) as follows. The map S; — N

is induced by F; 5 N, where E; = Im(a)t, the map S; Zy being defined similarly.
Picking an orthogonal E' C X for Im(a @ b), define p and 7 by the pushout diagram

S; — 8,
~— B "> E

p’l lﬁ
— B, — 7

a m

S; (4.11)
|

Si

where 7’ and p’ are the canonical maps induced by E; 5 N and E; 5 Y, respectively.
Lemma 4.4.2. If the cross (4.9) does not descend to a corner, then N ~gY .

Proof. The cross fails to descend if and only if Im(a @ b) is not a two dimensional
isotropic subrepresentation, which occurs in precisely two cases. The first is if Im(a) =
Im(b), in which case clearly N ~¢ Y. The second is if Im(a @ b) is non-degenerate
and hence necessarily isometric to H(S;). In this case X ~¢ H(S;)®&N ~g H(S;)®Y
and we again have N ~g Y. O]

The strategy to establish equation (4.8) is as follows. We will show that the
sum on the right hand side counts crosses that descend to corners, with appropriate
multiplicity, while the two remaining terms count crosses that fail to descend for each
of the two reasons indicated in the proof of Lemma 4.4.2. Since the left hand side
of equation (4.8) counts all crosses, the identity will follow. From this point of view,
the spirit of the proof is similar to [20, Theorem 2].

Lemma 4.4.3. There are exactly a(S;)as(N) crosses in Cx(i,j; N,Y) in which
Im(a & b) is non-degenerate.

Proof. Suppose we are given a cross in Cx (4, j; N, N) with Im(a @ b) non-degenerate.
Then X ~g H(S;) @ N. Acting by the subgroups Auts(H(S;)) and Autg(N) of
Autg(X) we may take a to be the standard inclusion and 7 to be the projection onto
N. The set of all pairs (b, p) completing the cross forms a torsor for Aut(S;)x Autg(N)
and different choices for (b, p) give different classes in C'x (4, j; N, Y). O
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Proposition 4.4.4. Let C € Cx(i,7; X, N).
1. If C descends to a corner, then Stabaygx)(C) ~ Hom(Ssx), S;)-

2. If Im(a ® b) is non-degenerate, then Stabauyx)(C) = {1}.

Proof. We make two preliminary observations. Suppose ¢ € Autg(X) fixes (Ey;;a,l, k, ) €
_gfi ~- Then there exists r € Aut(E;) such that

rl=1, mrt=mx, kr'=ok.

l T
The first two equations state that r stabilizes S; — F; — N and hence is uniquely
determined by an element of Hom(N,S;). The third equation states that E; is ¢-
stable and ¢, = r, so that ¢|p, is also determined by an element of Hom(N, S;). If

k S(a)y
moreover, ¢|g, = lg,, then ¢ also stabilizes £; — N — S(S;). In this case ¢ is

uniquely determined by an element of Hom(S, ), S;)™°

We prove the first statement; the second is similar. Suppose that C descends to
a corner and let ¢ € Stabayig(x)(C). The restrictions of ¢g, and ¢ g, are determined
uniquely by elements of Hom(N, S;) and Hom(Y, S;), respectively. As Im(a)NIm(b) =
0, the restriction of ¢ to £; N £ is the identity and ¢ is determined uniquely by an
element of Hom(Sy ;) & So(j), S @ S;)~°. Compatibility with ¢y, and ¢|g, requires
that the component of ¢ from Hom(S,;, S;) and Hom(S,;), S;) vanish, leaving only a
factor determined by Hom(S,(;), Sj). Reversing this argument, any of Hom(S,(, S;)
gives rise to an isometry of X stabilizing C. O

We need a final result before being able to establish equation (4.8).

Proposition 4.4.5. There are |Ext'(S,),S;)| elements of | |y Cx(i,5; N,Y) that
descend to each D € | |, Dy(i,j; N,Y).

Proof. The first part of the proof is as in [20]. To avoid clutter write U = S; and
V' = S;. Start with the corner (4.10). Let E" be the pullback of 7 and p in diagram
(4.11) and let ¢ € Ext*(N,U) map to (a/, 7') € Ext*(Ey, U) in the long exact sequence
0 — Hom(S(V),U) — Hom(N,U) — Hom(Ey,U) —
Ext'(S(V),U) = Ext'(N,U) — Ext!(Ey,U) = 0

The set of morphisms 7 making the diagram

U—— g B,

|

U— EU —» N
| st
S(V)=S8(V)



commute is a torsor for Hom(Ey, U). The middle row is a representative of £. The
map U — Ey is determined by commutativity. The group Aut(Ey) acts transitively
on the set of choices for 7, with stabilizer Hom(N, U). From the long exact sequence,
we find that there are .
CL(EU) |EXt (S(V)’ U)EU|

[Hom(S(V),U)

diagrams as above with central term Ep;. Because of the equivalence in the definition
of self-dual exact sequences, we are only interested in such diagrams up to the action
of Aut(Ey). Each diagram has stabilizer Hom(S(V'), U) under Aut(Ey). Summing
over isomorphism types of Ey, we find that there are |Ext'(S(V),U)| equivalence
classes of diagrams, keeping the outside maps fixed.

Fix a diagram as above. We show by constraining the possible structure maps
that there is a unique way of extending this diagram to a cross inducing the original
corner. Let e € AY(N,U) determine Ey and let X, the central term in the cross, be
determined by

<I1,1’2> € A1<S(U),EU) = AI(S(U),N) EBAl(S(U),U)

If the canonical bilinear form is to make X self-dual, then x; must be the transpose
of €. Moreover, the element x5 is uniquely determined by the requirement that the
canonical map V+ — Y be an isometry. O]

Completion of the proof of Theorem 4.4.1. Write

Cx(i,js N Y) = O, s NY) | 0953 N, Y)

where C’g(l)(i, J; N,Y') is the set of crosses that descend to corners. By Proposition
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mem,zw Z' ZJ,NY)|+Z|O§<2)(iaJ;N,Y)|
X [Hom (S5, S5)] as(X)

Proposition 4.4.5 shows

ICY 6,5 N YY) [Ext! (Saq
Z |Hom(S,), S;)| |H0m(SU(j ‘Z’Dz i,jiN,Y)|.

The number of crosses in Cx(i,j; N,Y) that fail to descend to corners because
Im(a) = Im(b) is equal to a(S;)as(N) >y G& y- Applying Lemma 4.4.3 and Propo-
sition 4.4.4 gives

Z'C% Ji N Y|

gg‘(-N
= o . N L . . N
() Ony i a(SHas(N) > + 0Ny 0io(jya(Si)as(NV)

X as(X)
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Using Theorem 4.3.3 to evaluate the sum on the right hand side now completes the
proof. ]

In order to say more about the B,(gg),-module structure of Mg, we recall a
characterization of certain highest weight B, (g)-modules.

Proposition 4.4.6 ([15, Proposition 2.11]). Let A\ € Hom(®,Z) be a o-invariant
integral weight. Then there exists a By(g)-module V,()\) generated by a non-zero
vector ¢y such that Typy = vy, Eipy =0 foralli=1,...,n and

{reV,(\) | Bz =0, Vi=1,...,n} =Q(v)p,.
Moreover, V() is irreducible and unique up to isomorphism.

We require two straightforward modifications of Proposition 4.4.6. The first is an
extension to o-invariant half-integral weights A € Hom(®, %Z) that will arise from

unitary representations. In this case we have a representation of B,(g) ®q(w) @(v%).
The second is a version of Proposition 4.4.6 (or its aforementioned extension) for the
specializations B, (g); to generic t € C, the corresponding modules being denoted by
V5 (A):. The proof of Proposition 4.4.6 given in [15] carries over directly in both cases.

Definition. An non-zero element & € ./\/lg2 1s cuspidal if E;6& =0 for all i € Q.

Example. If U is a simple representation admitting a self-dual structure 1, then
[(U,9)] € MG is cuspidal. The submodule generated by [(U, )] lies in the direct
summand of ./\/ng labelled by the Witt class of 1; see Proposition 3.3.1. <

If £ is cuspidal, then its components of homogeneous dimension vector are also
cuspidal. We may therefore without loss of generality take cuspidals to be of homo-
geneous dimension. Let Cg be a homogeneous orthogonal basis for the R-submodule

of cuspidals of Mgg. To any o-invariant dimension vector d € Zgg we associate a
o-invariant weight Ay € Hom(®, %Z) by defining \; on a basis of ®

Aa(€;) = —(d, &) — E(e;) — E(eo(i))

and extending linearly. Note that T;[M] = v*amm(<)[M]. The weight A\, is indepen-
dent of the orientation of Q. Given & € C,, we will write A¢ for Agime-

Theorem 4.4.7. There is a direct sum decomposition of B,(gg), ®o Qve, vy ']-

modules
M =PV, (re)w

g
gec,
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Proof. We first prove that the submodule (£) C Mg? generated by £ € Cé is isomor-
phic to V,(A¢),. Suppose that x € (§) is non-zero with E;x = 0 for all i € Q). If
T =) i, Fiyi for some y; € (), then

(T, 2) 0 = Z(IE,E%)M = 21 Z(Eil‘,yi)/\/( =0.

1€Q0 1€Q0
However, writing x in the natural basis of Mg, as © = 7, car[M] we have

2

(x,2)pm = %: a:(ﬂ&) > 0,

a contradiction. Therefore x must be a scalar multiple of £. From Proposition 4.4.6
we conclude (&) >~ V,(A¢),.

Next, suppose that & and & are two distinct cuspidals. An arbitrary element of
(&) is of the form p(F;)&; for some non-commutative polynomial p. Then (p(F;)&1, £2) m
is zero, as follows from the adjointness of F; and F; and the fact that & is cuspidal.
This shows that (£;) and & are orthogonal. Arguing in the same way we find (&;)
and (&) are orthogonal. Hence we have @56% Vo(Ae)y — MG,

To prove that this inclusion is an isomorphism note that the restriction of (-, )4 to
(¢), and hence to @&C% Vo(Ae)y, is non-degenerate. Let 0 # ¢ € Mg, be orthogonal

to @56% Vy(X¢), and of minimal dimension with this property. In particular, ¢ is

not cuspidal. Hence there exists ¢ € )y so that E;( is non-zero. By the minimality
assumption on (, E;( € @&C% Vo (Ae)y. Since FiE;C € @&C% Vi (Ae)y it follows that

(Ezgv EZC)M = (I/_2 - 1)(C7 F’ZE’LC)M = 07
contradicting F;¢ # 0. This completes the proof. O

For all quivers the trivial self-dual representation [0] is cuspidal. We define the
composition submodule of Mg by Mg = ([0]). The proof of Theorem 4.4.7 shows
M% ~ V,(Aq))v- In particular, the isomorphism type of MgQ is independent of the
orientation of Q.

For orthogonal representations we have E(¢;) = 0 for all ¢ € Qp, from which we
conclude Ay = 0 and Mg, =~ V,(0),. A geometric version of this result was previously
obtained by Enomoto [14, Theorem 5.12]. In loc. cit., by studying induction and
restriction operators on the Grothendieck group ? K(Q) of a certain category of per-
verse sheaves on the moduli stack of orthogonal representations of @ (with QF = 0),
Enomoto established an isomorphism of B,(gq)-modules K (Q) ~ V,(0). He also
showed that the simple perverse sheaves in 7 K (Q) give a lower global basis of V,(0),
giving an orthogonal analogue of Lusztig’s construction of the lower global basis of
U, (80) [42]. See also [45] where orthogonal representations of ) = A, are treated
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using perverse sheaves. In [67] Enomoto’s approach was generalized to construct lower
global bases of V() for more general \.

In another direction, van Leeuwen [66] studied the Hall module of unipotent char-
acters of the orthogonal, symplectic and unitary groups over finite fields, following
the approach of Green [19] and Zelevinsky [71]. In the language of quivers, this can
be interpreted as the study of self-dual Hall modules of nilpotent representations of
the Jordan quiver. van Leeuwen obtained a complete description of the relationship
of the module and comodule structures. Precisely, it is shown that there is a ring
homomorphism U : Hg — Hg ® Hg such that p([U] * [M]) = Y([U]) * p([M]). If
U were the coproduct (and therefore first order in the Hall numbers), this would
simply be the Hopf module condition. Instead, ¥ is third order in the Hall numbers.
The relation (4.5) recovers a particular component of this U-twisted Hopf module
structure.’ It would be very interesting to generalize this result to arbitrary (Q, o).

'While Theorem 4.4.1 is stated for loopless quivers, the verification of relation (4.5) above holds
without this assumption.
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Chapter 5

Finite type Hall modules

In this chapter we restrict attention to finite type quivers with involution. In this
case we completely classify self-dual representations. The classification is then used
to obtain a more detailed description of the corresponding Hall modules.

5.1 Classification of self-dual representations over
finite fields

Recall that a quiver @) is called finite type if it has only finitely many indecom-
posable representations over any algebraically closed ground field. A connected finite
type quiver is an orientation of an ADE Dynkin diagram, as shown by Gabriel [18].
Moreover, in this case the indecomposable representations are in bijection with the
set of positive roots Ag" of the simple Lie algebra ge [18].

Definition ([11]). A quiver with involution (Q, o) is called finite type if it has only
finitely many isometry classes of indecomposable self-dual representations over any
algebraically closed field whose characteristic is not two.

We will need the following basic result.

Lemma 5.1.1. 1. The representation underlying a self-dual indecomposable is ei-
ther indecomposable or of the form I & S(I) for some indecomposable I.

2. Let ) be finite type and suppose that the indecomposable I does not admit a
self-dual structure. Then, up to isometry, the hyperbolic form is the unique
self-dual structure on I @& S(I).

Proof. The first statement is given in [11, Proposition 2.7]. In loc. cit. the authors
work over an algebraically closed field but this result and its proof are valid without
this assumption.

Before proving the second statement, recall [10] that when @ is finite type there
exists a total order < on the indecomposable representations such that Hom(7, J) =
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Ext'(J,I) = 0if J < I. Such an order is independent of the ground field and will be
called an Auslander-Reiten order. Moreover, Ext'(I, 1) = 0 and End(I) = k for any
indecomposable 1.

As for the second statement, write a self-dual structure ¢» on I & S(I) as

(£ )

c d

I®S(I) — S(I) @ S*(I).

This requires S(a)O; = a. If I ~ S(I), then Hom(Z,S(I)) ~ End(/) = k. In this
case a = 0; otherwise a is a self-dual structure on I, a contradiction. Similarly d = 0.
It is now straightforward to see that v is isometric to H([). If instead I % S(I), we
may without loss of generality assume S(I) < I. In this case a = 0 and acting by

Aut(I) we may also take b = 1g(;) and ¢ = ©;. Then ( é

from v to H(I). O

—1q
12 ) is an isometry

Remark. When £ is algebraically closed the second part of Lemma 5.1.1 is true for
arbitrary @ [11].

We now give a slight generalization of a result of Derksen-Weyman [11, Theo-
rem 3.1], which describes the pairs (Q, o) that are finite type when considering only
orthogonal and symplectic representations. We find that including unitary represen-
tations case does not affect the classification.

Theorem 5.1.2. (Q,0) is finite type if and only if Q) is finite type.

Proof. Suppose that @) is finite type. If I is an indecomposable that does not admit
a self-dual structure, the second part of Lemma 5.1.1 implies that H(7) is the unique
self-dual structure on I @ S(I). If I does admit a self-dual structure, then the isom-
etry classes of self-dual structures on I are in bijection with the isometry classes of
orthogonal or hermitian forms on k, according to the choice of duality functor. Since
the latter are finite in number (see for example [62]), so too are the isometry classes
of self-dual structures on I. Using the first part of Lemma 5.1.1 we conclude that
(Q, o) is finite type.

Conversely, if @ is not finite type let {Iz}s be an infinite set of pairwise non-
isomorphic indecomposables such that Ig % S(I,) if § # ~. Then {Ig, H(Ip)}s
contains an infinite set of pairwise non-isometric indecomposable self-dual represen-
tations. Hence (Q, o) is not finite type. ]

If (@, 0) is finite type with @ connected, then @) is necessarily of Dynkin type A,
as orientations of type DE Dynkin diagrams do not admit involutions. If () is not
connected but (Q, o) is not a disjoint union of quivers with involution, then @ = Q™
with )" an orientation of an ADE Dynkin diagram. All other finite type quivers with
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involution can be obtained as disjoint unions of the previous two types, so we do not
consider these in what follows.

We now show that for the purposes of studying Hall modules of finite type quivers
it suffices to restrict attention to orthogonal, symplectic and unitary representations,
ie. 7 = —1. We saw this in Chapter 4 for disjoint union quivers. Let @) be of
type A with 7, 7/ two o-invariant functions on ); determining duality functors .S,
S’, respectively. For simplicity we take ¢ to be the identity; non-trivial ¢+ is dealt
with similarly. Assume that 7 and 7/ differ at a single o, € Q7; the general case
can be obtained inductively from this case. Define an autoequivalence F' of Rep,(Q)

!/

by sending (U,u) to (U,v'), where u, = ul, if @ # «a, and u), = —u,,. Then

«

F. = 13,. The pair (F,id) is a form functor and by Proposition 3.3.5 induces an
isomorphism Mg, = ./\/lg If instead 7 and 7’ differ at a, € Qf and define F' as
above but take S = —S. Then (F,id), is an isomorphism Mgs = MS’S/. Since F
preserves dimension vectors, and hence (-, -) and £, the above isomorphisms extend
to Ringel-Hall modules.

Before describing the self-dual indecomposables of type A quivers we recall the
ordinary indecomposables. For @ of type Ag, or As,.1, label the nodes —n, ... n,
omitting 0 for As,, with ¢ and ¢+ 1 adjacent. Denote by I, ;, 7 < j, the representation
with dimension vector €; + - -+ + ¢; and all intermediate structure maps the identity.
Over any field, the collection {I; ;} is a complete set of isomorphism classes
of indecomposable representations.

The indecomposable orthogonal and symplectic representations of finite type quiv-
ers, over an algebraically closed field k£ whose characteristic is not two, were classified
in [11] and shown to have a partial interpretation in terms of root systems; see The-
orem 5.1.3 below. We require a version of this result for finite fields and for unitary
representations. Write A% and Zg for the self-dual indecomposables over F, and F,,
respectively.

To describe the self-dual indecomposables we proceed as in the proof of Theorem
5.1.2. The only non-trivial task is to identify the self-dual structures on indecompos-
able representations, which can be done directly. For A3, and A}, indecomposables
do not admit self-dual structures. Hence in these cases the self-dual indecomposables
are simply the hyperbolics {H(I;;)}. For A3, and A3, the indecomposables I_;;
admit exactly two self-dual structures, corresponding to the two non-isometric or-
thogonal forms on k. For A the indecomposables I_;; admit a unique unitary,
corresponding to the unique hermitian form on k.

We denote by R a self-dual representation with underlying representation isomor-
phic to I_;;. The superscript c labels the Witt type of the the induced sesquilinear
form on k; C R obtained by composing all structure maps of R{. The label ¢ may
be omitted when it is trivial.

—n<i<j<n
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Example. The indecomposables of A§ are

H(Sl)k—>0—>k, H([O,l)ik > k

and
RS:0—k—0, R :k—ok—5k

where in the final two examples the orthogonal form of the central node has Witt
index c, identified with either 1 or a fixed element of k*\k. <

Given a root system A, let A% and A? be the decorated root systems obtained
from A by giving each short root of A multiplicity two. In A? the doubled roots are
viewed as independent, whereas those in A% are viewed as being split from a single
short root. In the iteration A*9 each short root has multiplicity three; two viewed as
split from a single short root and the third viewed as independent. With this notation
we can now give a self-dual analogue of Gabriel’s theorem for finite fields, refining the
algebraically closed version of [11, Propositions 3.6, 3.8].

Theorem 5.1.3. 1. The indecomposable self-dual F,-representations of Q- are in
bijection with Aéo.

2. The indecomposable self-dual F,-representations of Asni1 are in bijection with

sp ~ (>0 0 ~ >0, u ~ >0
AAzn+1 - Cn-i-l’ Agpy1 — Bn-i-l ’ Aopt1 — Bn+1

3. The indecomposable self-dual F,-representations of Ag, are in bijection with
%, = BCYO AR~ BXO? Y, ~ B2

Proof. The self-dual indecomposables of Q" are bijection with the indecomposables
of (). By Gabriel’s theorem, the latter are in bijection with Ago. This establishes the
first statement.

We describe the bijections for A ; the discussion for AJ, ., is similar. To fix

notation, set B0 = {¢; ¢, | 0<i<j<n—1}and BC;° = B.°| |{2¢,}!2, . For

A3, we assign 2¢,_; to the indecomposable H(I_;;). Consistency then requires
H(I@j) = €n—j — €n—i+1, 1<y S] < n.

The convention €, = 0 is used, so that in particular H([; ;) — €,—;. Similarly

H(I_i’j)f—)En_i—FEn_j? 1§’L<n,1§j§n

and we obtain the bijection with BC°.
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For A3 the only difference is that we begin by assigning ¢ . to RS. The as-
signments for hyperbolics are unchanged. In this case R and H(I;;) have the same
image, giving the short roots multiplicity three.

Finally, for AY, we assign €,_; to R; and proceed as above. ]

For algebraically closed ground fields Theorem 5.1.3 is modified by omitting the
construction, since the indecomposables I_; ; do not have non-trivial forms. This is the
result of [11]. We will write Zé for the corresponding set of self-dual indecomposables.

A weak version of the Krull-Schmidt theorem holds for self-dual representations
over F,. Namely, any self-dual representation decomposes into an orthogonal direct
sum of self-dual indecomposables. However, this decomposition is in general non-
unique; the Witt type of each isotypic component Ry™° is determined but the Witt
types of the individual summands are not. In any case, combining this with Theorem
5.1.3 we find that isometry classes of representations of (% are in bijection with a
subset of the set of all functions

ZE) —>ZZO X L.

When @9 has no forms, L is trivial, there are no restrictions on the functions and
uniqueness holds in the Krull-Schmidt theorem. When @® has forms, L = W and
the W-label of r € ZZ is required to be the identity if the self-dual representation
associated to r has no forms and to be of appropriate dimension otherwise.

5.2 Applications to Hall modules
Hall algebras of finite type quivers are particularly simple: the embedding
U, (80) = Hq

of Theorem 4.2.1 is an isomorphism, as follows from Gabriel’s theorem and the quan-
tum Poincaré-Birkhoff-Witt theorem. For all other quivers the Hall algebra is much
larger than U, (gg) and lacks an explicit description.

With this in mind we move towards describing the entire Hall module of a finite
type quiver. We approach this problem using Theorem 4.4.7. From this point of
view, a complete description of the Hall module is equivalent to the classification of
cuspidal elements.

We begin with two important examples.

Example. The decomposition of the Hall module MY into irreducible B, (sly)-
modules agrees with the Witt decomposition of Proposition 3.3.1. Explicitly,

M?\JI = Vo(_z)a il = VU(_I) D Vo(_z)
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and

% =V (0) BV, (—1)* @ V,(-2).
Here we have identified the T-weights with Z. <

Example. The first non-trivial example is MY, . We show that MY, is generated
by [0]. For simplicity we work with the untwisted Hall module and the orientation
—1— 1. Let T=H(S;) and R= H(I_1,). We claim that for all k+[ =t + 2r with
k <t we have

GT&Bt EBR@T _ t
SPreSPL0 k

where

1 - ) n [n]‘
= =T [ ] =

To see this, note that if S*F @ S is embedded as a Lagrangian in 7% @ R®" then
SPF © T® since R®" has no kernel. This gives [ ]i } choices for the image of SP¥.

The image of S is determined by the condition that it be orthogonal to the image
of S¥¥ establishing the formula.

Since A$ has no forms, an arbitrary representation is of the form T% @ R®"
t,r > 0. We prove by induction on r that [T% & R®"] € M9, . The case r = 0
follows from [S#!] x [0] = [T®!]. Assuming the statement holds for r < n, using the
Lagrangian Hall number above we find

[SEF @ SE2) % [0] = [T @ R + Y

=1

|: k—il;QZ :| [T®k+2i D R@n—i]‘

By the inductive hypothesis each term in the sum lies in MY, and hence so too does
[T%* @ R%". <
This example generalizes as follows.

Theorem 5.2.1. If (Q,0) is finite type and Q® has only hyperbolic representations,
then Mg, = Mg, = V(X))

Proof. Consider a hyperbolic representation H(U). Writing U as a direct sum of
indecomposables we have

l
H(U) ~s @ H(L)"™
i=1
for positive integers m; and indecomposables I; such that I; % I; and I; % S(I;) for

i # 7. Since @ is finite type, relabeling if necessary we may suppose that S(1;) =< I; <
Iizy < --- = I for i = 1,...,1. This implies Ext'(S(I;), ;) = 0 for all i < j, which
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by duality gives Ext'(S(1;), ;) = 0 for all i > j. Hence Ext'(S(U),U) = 0 and we
find
(U] [0] = v GG THU)),

showing [H(U)] € Mg,. The equality M¢, = M, now follows from the fact that
the Hall algebra of a finite type quiver is generated by simple representations. The
isomorphism Mg, ~ V,(Aq)), follows from Theorem 4.4.7. [

Remark. The previous example showed slightly more than Theorem 5.2.1, namely,
that the integral form M¢ , (defined by taking R = Z[v,v™']) is generated by [0].
A similar result likely extends to M5, .

The Hall modules for A3, ;, A} and AY are not covered by Theorem 5.2.1. Before
describing their (conjectural) decompositions into irreducibles we study an illustrative
example.

Example. We claim that M? is generated by [0] and [R*]—[R~]. We first show that
M} has a basis consisting of all hyperbolics and all elements of the form [H(U) &
R*]+[H(U)@® R™] and [H(U) ® R®*~]. That M} contains all hyperbolics follows
from the proof of Theorem 5.2.1. Mirroring the calculations in the example of M9,
above, we find

T T r,— - k?—l-’b % r—1,C
st o570 = T o R+ oo+ DY | P | reta rer

c i=1

Proceeding by induction on the number r of symmetric summands we find that Mi&
contains all elements of the form [H(U) ® RT] + [H(U) @ R~]. We also have

n—1
(5% & 1] % [0] = [0Gr™ (m,2m) [T & B ] = [[(q' + D[T™ & R

=0

where OGr*(n,2n) denotes the Lagrangian Grassmannian of the 2n-dimensional hy-
perbolic orthogonal space. It follows that 1\/15:2 also contains all elements of the form
[H(U) & R®>7].

Let U = S®F @ I®". Note that Ext'(S(U),U) = 0. We have

U« ([RT] = [R7]) = !QGW,% + D[ ([HU)® R~ [H({U)® R7])
= [[@+1) ((HU)e R - [HU)®R]).

j=1

Combining this calculation with those for M} . a basis of ([R*] — [R™]) consists of
the elements [H(U) ® R*| — [H(U) @ R~], with U an arbitrary representation of A,.
We conclude that [0] and [R*] — [R™] are the sole cuspidals of AY. In particular,
M =V, (1), & V,(0),. <
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We now generalize this example to /\/lif%. Let W = W(AS) and write wi",w; € W
for the classes of the one dimensional orthogonal spaces with descriminant one and a
non-square, respectively. Set &, = [0] and for each 1 <1i < n define

&= > ay[ReM .

we{w) wy }

Here R% = @;:1 R} and a, = [1;0dq wj, With wi being with +1 € Z. Let A be
the T-weight of A¢,. Explicitly, ;¥ = 0 and

sp _V v s
A=y ey, 1=0,...,nm—1

where € is dual to ¢; € Z?. We say that Q = A, is equioriented if its arrows are
1 — 1+ 1.

Proposition 5.2.2. If Q = Ay, equioriented, there is an inclusion of By (sly,11),-

modules
n

B3P, c M.

=0
Proof. For j > 0 we have
+n(-1
R//S; ~¢ RV (5.1)

with n : F, — Z is the quadratic character. For w € {wi}!, the orientation as-
sumption implies R contains at most one (necessarily isotropic) subrepresentation
isomorphic to S; if 1 < j < and none otherwise. Using this and equation (5.1) it is
straightforward to verify that the choice of coefficients a,, ensures that &; is cuspidal.
The proposition now follows from Theorem 4.4.7. n

The case Q = A5, requires a slight refinement because of its non-trivial Witt
group. For each b € W let W, = {w € {w'}"*! | >_°_jw; = b}. For each 0 <i <n
this gives a partition | |,.,,y Wi = {wi"}*"!. Define

gzb = Z aw[RQ} € M?42n+1

weW}

with R% = EB;ZO R} and a,, = [1;0qqwj- Let A2 and A? be the T-weights of [RE*7)
and & (which is independent of b), respectively. Explicitly,

A =26y —deg +2¢), AN =€ )26 +€yy, i=0,...,n—1

and A\ = 2¢y. If n = 0 the terms involving €Y, are omitted.
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Proposition 5.2.3. If Q = As,y1 equioriented, there is an inclusion of By (sloni2),-
modules

Vo(0), & Vo(X2), & @D V(M) € M,
i=0
Proof. The submodule V,(0), is the composition submodule while V(A% ), is gener-

ated by R(Q)’f, which is obviously cuspidal. The summands V,(\?), are generated by
€. The remainder of the proof is as in Proposition 5.2.2. O]

Finally, for unitary representations the statement is much simpler.

Proposition 5.2.4. For all o-compatible orientations there are inclusions of By(8¢).-
modules

1. V, (%(GY + 6!1))1/ c My,
2. Vo(—€g)y ® Vo (=3ey + (6f +€Y)), C M

Proof. In each case the first summand is the composition submodule, while for A, 4
the second summand is generated by [Ry. O

u
Agpnt1”

We believe that the previous discussion in fact gives a full description of the finite
type Hall modules.

Conjecture 5.2.5. The inclusions in Propositions 5.2.2, 5.2.3 and 5.2./ are isomor-
phisms and hold for all o-compatible orientations.

One strategy to prove Conjecture 5.2.5 is to develop the character theory for
B, (g)-modules. Precisely, given a B,(g)-module L with finite dimensional T-weight
spaces, define its character by

ch(L) = > (dim Ly)e*

AEDV

where Ly = {x € L | Tjx = vz, i=1,...,n}. We first compute the character
of the entire Hall module. The form in which we write the character is motivated by
Lemma 5.2.7 below.

Proposition 5.2.6. If (Q,0) is finite type, then the character of the Hall module is
given by

€>\[O] Ha€A>Ov+<1 _ e—(a+0(a))) Ha€A>0,0<1 + e—a)m
[Loeaso(l — emlotolo))

where A is the root system associated to ) and

ch(Mg) =

27 fOT’ A;Ew AgnJrl
m=< 1, for A%
0, otherwise.
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Proof. Partition the set of positive roots as A”? = A%+ JA>%7 JA>%~ Here A>0°
is the set of positive roots fixed by o and A>%" is a choice of one point from each
two-point orbit of o on A>°. First, suppose that all self-dual representations of Q¢
are hyperbolic. In this case the Krull-Schmidt theorem holds and from Theorem 5.1.3

we have
e ol

(1 — e—(erate)y’

ch(Mg) = i

acA>0,+ JA>0,0
This proves the proposition when m = 0. For A and Aj ., the symmetric in-
decomposables, i.e. those representations corresponding to elements of A>%9 each
admit exactly two distinct self-dual structures. Hence each symmetric indecompos-
able a € A>%7 contributes to the character a factor of

l+e®  (1+ e )?

142 %4+2 2 ... = =
tee Aoe T 1 —e @ 1—e 2o’

establishing the case m = 2. For A} the symmetric indecomposables admit a unique

unitary structure and therefore contribute to a factor of (—= = llj::;, which is the

case m = 1. ]

The problem is then to compute the characters ch(V,())). Consider the subalgebra
Q()[T4,...,T,) C B,(g) generated by Ti,...,T, and let Q(v), be the rank one
Q(v)[Ty, ..., T,]-module with generator ¢} and module structure Tj - ¢} = v* ()¢,
Define a highest weight A\ Verma-type module for B,(g) by

M(X) = B,(g) ®B§°(g) Q(v)ax-

Lemma 5.2.7. For an arbitrary acyclic quiver in with involution

Ch )\ H —(a—i-U a))) —muli(a) )

aeA>0

Proof. This follows at once from the Poincaré-Birkhoff-Witt theorem for U, (g) and
the isomorphism B, (g) ~ U, (g). O

We believe that the irreducible representation V,(A) has a resolution of the fol-
lowing form, analogous to the BGG resolution of a highest weight U,(g)-module [4],
26]:

0— M(wg*A) —> - — @ (wH A) = M\ = V,(\) = 0. (5.2)

The surjection M () — V() is Canomcally defined. One corollary of the resolution
(5.2) would be a Weyl character-type formula for ch(V,(\)). The proof of Conjecture
5.2.5 would then be reduced to the verification of an algebraic identity. We give a
number of examples providing some hints as to the likely structure of (5.2).
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Example. If Q) has only hyperbolic representations and is finite type, by Theorem
5.2.6 the numerator of ch(/\/lgg) is the product over the root subsystem Ag C A?
obtained by removing from A? all indecomposable symmetric roots. From this obser-
vation, the Weyl denominator identity for A% and Theorem 5.2.1 we find

ch(Vo(Ag)) = X Y (=1)"eh(M (w - 0)).

weWw

Here W denotes the Weyl group of As, Explicitly, As is Ago, B>% and D2 for Q",
A, and A3, respectively. 4

Example. The case of B, (sly) is easily dealt with: M (X) = V() and the resolution
(5.2) collapses to
0— M(\) — V,(\) — 0.

Note that in this case A8 is empty. <

Example. For B,(sl3), the resolution (5.2) should be

0= M(=A+1)—> M) — V,(\) = 0.
Here \ € %Zzo This can be proved directly for A = 0, %, 1, which is sufficient to prove
Conjecture 5.2.5 for AJ. This resolution resembles the BGG resolution for By = Ay,
but with the half-sum of the positive roots replaced by the quarter sum. This must
be accounted for in the x action in (5.2). <

To end this chapter we speculate on some general properties of the set of cusp-
idals C). There is a decomposition C, = | |;cz0, CH(d) according the homogenous
dimension vector of cuspidals. Note that each set C(d) is finite.

Conjecture 5.2.8. 1. (Q,0) is finite type if and only if C, is finite.

2. The cardinality of C%(d) 18 the specialization at q of a polynomial that depends
only on the underlying graph of Q) with involution.

Note that Conjecture 5.2.5 is closely related to the finite type part of Conjecture
5.2.8. We give some evidence for Conjecture 5.2.8 in non-finite type cases.

Example. Any element £ € M?Qu is of the form z 4+ S(z) for a unique z € Hg.
Then ¢ is cuspidal if and only if e;x = 0 for all © € @)y, where e; denotes the operator
of restriction along [S;] in Hg. A basis for the R-submodule of such z is a minimal
generating set of H, viewed as a Cg-module. If @) is not finite type then H is not
a finitely generated Cg-module. This can be seen by comparing the Hilbert series
of Hg and Cg, viewed as Z9-graded R-modules. The first part of Conjecture 5.2.8
therefore holds for disjoint union quivers. <
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Example. The Kronecker quiver

>

has a unique involution, swapping the nodes and fixing the arrows. Label a (1,1)-
dimensional representation by (i, \) € FZ, where p corresponds to the upper arrow.
There are 2g+3 isometry classes of (1, 1)-dimensional symplectic representations, with
representatives (0,0), (0, 1), (0,9), (1, ), (6, A) where 0 € F,\F? is fixed and A € F is
arbitrary. Then F_1[0] = [(0,0)] and F3[0] is the sum of all isometry classes of (1,1)-
dimensional representations. The (1, 1)-cuspidals can therefore be described as a basis
for the (2¢ + 1)-dimensional hyperplane in span{[(0,1)], [(0,d)], [(1, )], [(6, A)]} rer,
orthogonal to the vector

[0, D] +[(0,8)] + D ([(1, M)] + [(6, A)])-

A€F,

If we consider instead the equioriented affine Dynkin diagram A,

>

with the same involution, we may take for representatives of the (1,1)-cuspidals
[(1,0)] = [(0,0)] and [(0,1)] — [(0,0)] together with {[(1, A)],[(d, A)]}rz0. There are
again 2q + 1 cuspidals. <

Example. If U is a simple representation that is not isomorphic to S; for some i € @)y,
then {H(U)®™},,en is an infinite set of cuspidals. q
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Chapter 6

Self-dual Hall polynomials

In this final chapter we study the dependence of self-dual Hall numbers of finite
type quivers on the finite field F;. We prove existence of universal polynomials spe-
cializing to self-dual Hall numbers for equioriented type A quivers without forms.
The situation is more complicated when forms are present. In this case we prove that
universal polynomials exist only once the residue of ¢ modulo four is fixed.

6.1 Definitions and reduction to simple case

We begin by recalling the definition of Hall polynomials [56]. Fix a finite type
quiver ) with associated root system A. By Gabriel’s theorem, isomorphism classes
of representations of () are labelled, independently of the ground field, by functions
A>" — Z-o. Write U(a) for the representation assigned to A>? = Z-,. For each
triple of such functions «, 3, there exists a polynomial f?_ € Z[q] such that

_ U0
16(9) = Fay vy

for all prime powers ¢. In this equation the Hall numbers are defined with respect
to the ground field F,. The polynomials fgﬁ are called Hall polynomials and arise in
many areas of representation theory. For example, Hall polynomials are closely related
to the Poincaré-Birkhoff-Witt basis for Lusztig’s integral form of U, (gg). From
a different perspective, Hall polynomials and their generalizations to polynomials
counting rational points of quiver Grassmannians play an important role in the theory
of cluster algebras.

When ) admits an involution, the discussion after Theorem 5.1.3 defined a bi-
jection between the isometry classes of representations of ()% and certain functions
A Z>o x L. Moreover, this bijection was independent of the (finite) ground field.
This allows us to make the following definition.

Definition. Fiz functions o : A”° — Zsq and x,w : A Z>o x L determining a
representation U(a) and self-dual representations M(x), M (w). A polynomial g%, €
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Qlq] satisfying
w N(w)
ga,x(q) = GU(a),N(x)
for all odd prime powers q is called a self-dual Hall polynomial. In the above equality
the self-dual Hall number is defined for IF,-representations.

We need two slight modifications of the previous definition. In the unitary case
only finite fields Fy2 should be considered and the polynomials g, | are specialized to
q as opposed to ¢. If instead there exists a pair of polynomials ga . 9o, specializing
to self-dual Hall numbers for all prime powers ¢ = 1,3 (mod 4), respectively, we refer
to the pair {gi ,gs’, } as self-dual Hall semi-polynomials.

Example. Self-dual Hall polynomials with integer coefficients exist for A} and are
equal to the polynomials counting F,-rational points of appropriate isotropic Grass-
mannians. The existence of these polynomials can be deduced from a Schubert cell
decomposition, or alternatively, by a direct counting argument. <

Example. The existence of Hall polynomials of a finite type quiver () together with
equation (3.10) show that self-dual Hall polynomials exist for Q" and have integer
coefficients. <

Example. Symplectic Hall polynomials do not exist for A3
equioriented case for simplicity, we have

GR;— — 1 o 17 77<_1) =1
S0 [T L0 m(=1)=-1
We have introduced the notation {-} as a shorthand for the rightmost expression.
However in this example self-dual Hall semi-polynomials exist

n > 2. Taking the

R} IRS

2 _ J—
Jsprr =1 Isypr =0

Motivated by these examples we make the following conjecture.

Conjecture 6.1.1. Let (Q,0) be finite type.

1. If Q° has no forms, then self-dual Hall polynomials exist and have coefficients in
7.

2. If Q® has forms, then self-dual Hall semi-polynomials exist and have coefficients
Having established Conjecture 6.1.1 for disjoint union quivers above, we take )
to be of type A. We first reduce Conjecture 6.1.1 to showing that the self-dual Hall

numbers of the form Ggi s are (semi-)polynomial in g. We will refer to this as the
simple case. Let R be Z or Z[%] as in Conjecture 6.1.1.
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Proposition 6.1.2. Let (Q,0) be of Dynkin type A. If simple self-dual Hall (semi-)
polynomials exist, then self-dual Hall (semi- polynomials exist.

Proof. The proof uses the reduction method of [56] and ultimately relies on Theorem
3.2.3 and the fact that the Hall algebra of a finite type quiver is generated by simples.
We will prove the proposition for self-dual Hall polynomials; the argument for semi-
polynomials is the same.

We are given that g§ ,, € Rlq| exists for all M, N with the desired properties.
Assuming gévw u € Rlg| exists, define

1
gévaa(d+1) ML Zgé\i,ng_@d u € Q(g). (6.1)
k3 4 [d + 1] P 1 0
Since [S;][S®Y] = [d + 1][559(d+1)], equation (3.2) shows that gg@dﬂ)’M specializes to

Gg@d ) for each odd prime power ¢. This ensures gg@d, v € Q|[q]; see for example
[54, Proposition 6.1]. From equation (6.1), we have [d + 1]gjsv®(d+1) u € Rlq| which
in turn implies gg@(d i, € R|q]. Hence self-dual Hall polynomials exist when the

ordinary representation is an isotypic direct sum of simples.

We now proceed by induction on dimU. If U = 0 put gf,, = 03;. Suppose
self-dual Hall polynomials exist for representations with dimension less than dim U.
Writing U interms of indecomposables as U = @_, I”™ with I} < --- < I, m; > 1.

i=1"1

Ifr>2 put U =I17™, U =@, [*™ and define
Jon = Zggf,ngﬁ,M € R[q).
P

Specializing to ¢, equation (3.2) shows
gg,M Z U”G

But F, ;n = 0y by definition of U" and U” and it follows that gfi,/(q) = G 5.

Finally, if U = I®™ write dim U = Zz‘er d;e; with S; < S; if ¢ < j. Then

U] =157+ [S7%] = D _[V] € Ha,

"
the sum being over classes of representations V', V' 2¢ U, with dimension vector dim U.

Then
N
Z Is@h n, " S@‘i’“M ZQVMER

N1,...,Ny

specializes at ¢ to Gﬁ M- O
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6.2 Equioriented self-dual Hall polynomials

In this section we use Proposition 6.1.2 to prove Conjecture 6.1.1 for equioriented
type A quivers.

Theorem 6.2.1. Conjecture 6.1.1 holds for equioriented type A quivers.

Proof. Fix i € Qy. An arbitrary self-dual representation N can be uniquely decom-
posed as N = N; & N, where N; contains all isotypic summands of N into which
S; can be isotropically embedded. Then Gfg\i v 18 non-zero only if M = M' @ Ns, in
which case GY S.M = =G So M- It therefore suffices to assume that N = V;.

We first establish two special cases of the theorem and then combine them to
prove the general case. Consider a self-dual representation of the form H(U) with

@ I, my>0.

J<i,jF#E—

This is the most general self-dual representation without symmetric summands and
containing S; as an isotropic subrepresentation. If S; ~ V C H(U) is isotropic, then
necessarily V. C U and H(U)//V ~¢ H(U/V). This gives

HU
GS:H)(X) =FY . (6.2)

Next suppose that N = RP™°. The structure maps of N define a bilinear form B
on N;. This leads to a partition of the space of lines in N;

PN, ~P™" ' = Q, LUQyLQ_

with Q, = {¢ € PN; | n(B(¢,¢)) = b}. If needed we will write Qf to indicate the type
c € W of B. The partition determines the reduction type N//V as follows:

bm,c ~ R?milc P H(I—(i—l),i>7 if V S QO

RV s { RI™ b ¢ RV /S, ifVeQ, b=+l (6:3)
To see this, let v € V and write v € N_; for the unique element with image v under the
structure maps of N. If V € Q, then (v,v) = 0 and the subrepresentation generated
by T, written (%), is isotropic and isomorphic to I_;;. Hence N ~g H((T)) @ RZ"™>*
with V' C H((v)) and the first equality follows. Similarly, if V' € Q, with b = +1,
then (7) is isometric to R?. Hence N ~g R¥" """ @ RV with V C R and the second
equality follows.

Next we show that equation (6.3) gives polynomial self-dual Hall numbers. Iden-
tify w" € W with &1 € Z. Consider first the orthogonal and symplectic cases. Using
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[41, Theorems 6.24, 6.27] we compute

08| = [m —1], if m is odd
o [m—1]+cqﬂ, if m is even
and
-1
05| = Hgm ' +eg™ ), if mis odd
* %(qul — Cqu_Q), if m is even.
Applying equation (6.3) we get
R?}m,c

- c
GSZ‘,R?m_ZC@H(I—(ifl),i) - | QO|
which is polynomial in ¢ with integer coefficients. If () has no forms the sets Q¢ are
empty. Otherwise, we must deal with Hall numbers counting quotients of the second
type in equation (6.3).
When m is odd, we find

R DA [0
Pm—1 w+ _ 0 ) Pm—1 w+ _ - |QC|
Si,Ri 2 @Rffl Si,Ri 2 ®R2¢71 c

GREBM’C _ | Q%] GR?WC — 0
@anl,w; _ O ’ GB’mfly’w; ’ QEl :
Si,Ri EBR?_I Si,Ri @Rf_l c

In these calculations we have used equation (5.1) to determine the dependence of the
Hall numbers on n(—1). From these expressions it is obvious that once the residue
of ¢ modulo four is fixed, the self-dual Hall numbers of the second type in equation
(6.3) are polynomial in ¢ with coefficients in Z[1].

When m is even |Q | is independent of + and the self-dual Hall numbers (6.3) for
m even are polynomial in ¢ with coefficients in Z[%], with no condition on the residue
of q. For example,

R B =T U P
Sth@mfl,c@Rf_l - ’QQEU;’ - E(q - q )

and

In the unitary case equation (6.3) simplifies to

RI™ 2@ H(I i-1).), ifW e Qq

om ~
BV s { R 1@ R4, otherwise. (6.4)

The variety Qp is set of all isotropic lines in IFZ; with its standard hermitian form.
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We have

[%] (¢t +1), if m is even

1
m—} (@™ +1), ifmis odd.

|Qo| =
=

Hence the cardinalities of Qg and its complement are polynomial in ¢ with integer
coefficients.

We now reduce the polynomality of G’g’i v for arbitrary N to the previous two
cases. Let RO™° m > 1, be the symmetric summand of N and suppose that N
contains at least one summand of the form H(I;;) with —i < j. Write a basis vector
of V.C N as v = v; + vg with vg the component of v in RF™°. There exists
¢ € Hom(I;;, RY™°) such that ¢(vy) = —vg. Then

Ly + 6~ S(0) — 55(0)0 € Auts(N)

maps v to vy, showing N//V ~¢ N//(v1). If instead all non-symmetric summands of
N have j < —i in the previous notation above, we may apply a similar argument to
reduce v to vg, in which case N//V ~g N//(vg).

Summarizing, we see that an arbitrary simple self-dual Hall polynomial Ggi M
can be written as a power of ¢ times one of the two types of simple self-dual Hall
polynomials described at the beginning of the proof. Since the latter have the desired
polynomality properties this completes the proof. O

The proof of Theorem 6.2.1 shows that self-dual Hall polynomials with integer
coefficients exist for A3 (this could also be checked directly). The quivers A¢ and Ay
are exceptional in the sense that they are the only finite type quivers with forms for
which self-dual Hall polynomials exist.

The cardinalities |Q.| are responsible for both the semi-polynomiality and non-
integrality of self-dual Hall numbers. This is related to the fact that )+ do no have
natural scheme structures. However, the cardinality of Q, LI Q_ is polynomial in ¢
with integer coefficients, as can be verified from the proof of Theorem 6.2.1. Indeed,
this must be the case as the counting polynomial of a variety defined over a finite
field (like Q4 LI Q_) must have integer coefficients [54].

Another example in which to investigate self-dual Hall polynomials is the Hall
module of nilpotent representations of the Jordan quiver. Partial results in this
direction were obtained for symplectic representations [70], where it was shown that
Lagrangian Hall numbers Gﬁ o are polynomial in q.

6.3 Generic Hall modules

We briefly discuss an application of self-dual Hall polynomials to Hall modules.
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The existence of Hall polynomials f;’ 5 € Z[q] for a finite type quiver @ allows a
direct definition of the generic Hall algebra [58]

ﬂQ = @ Z[U’U_l]ua

CMIA>0*)ZEO

with multiplication given by

watty =00y (0
Y

Here v is an indeterminate satisfying v=2 = ¢. Theorem 4.2.1 is upgraded to the
statement that Hg is isomorphic to U, (gq)z, Lusztig’s integral form of the quantum
group [57]. In particular, M, is a coalgebra whose structure constants specialize at
¢! to the coalgebra structure constants of H.

In situations where self-dual Hall polynomials exist we can follow the above ap-
proach and define the generic Hall module by

M= B Rl

MIZQ%ZEO XL

with H-module structure
Ug * & = v~ ) =E(a) Z gZ,X(v*Q)éw.

There are two generic Hall modules M, M’Q with structure constants g, ¢ when
(Q? has forms. We would also like to give Mgg a comodule structure. However, to do
this a version of Conjecture 6.1.1 is needed for the comodule structure constants. In
the following basic examples the comodule structure can be defined directly and we
obtain non-specialized a result from the previous chapter.

Example. The generic Hall module M. is well-defined when @ is finite type. More-
over, a simple argument using the existence of Hall polynomials for comultiplication
in Hq and equation (3.10) shows that the comodule structure constants of Mgu are
polynomial in v. Combining this with Theorem 5.2.1 we conclude Mg ~ V,(0). <

Example. The comodule structure constants of Mi'fl count the reciprocal of the
number of F -rational points of unipotent radicals of maximal parabolic subgroups of
the symplectic group and so are polynomial in v?. Hence Mi’fl is a By(sly)-module
and Mifl Rzpp-1 Qv) ~ V,(—2). Similar statements hold for MY and MY . <

Finally, we show that in an appropriate sense the generic Hall module is insensitive
to the splitting of self-dual Hall polynomials when (¢ has forms. Define an automor-
phism ¢ € Aut(W) by wi = wf. Extend this to an automorphism of Iso(Q¥), again
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denoted by . Define an R-linear map ¥ : M, — Mg, by [M] — [l 1(M)] where
m = dim M and [-] is the ceiling function.

Theorem 6.3.1. If Q) is an equioriented type A Dynkin quiver then W is a Hg-module
1somorphism.

Proof. We note two symmetries of self-dual Hall semi-polynomials. First, we claim
that gg M= 957(;\8\4) with an analogous identity holding for gﬁYM. When U is sim-
ple the identity is checked directly using the explicit self-dual Hall semi-polynomials
computed in the proof of Theorem 6.2.1. The rest of the proof can then be carried
out by induction on the Auslander-Reiten quiver, as in Proposition 6.1.2. Second,
self-dual Hall polynomials for different residue classes of ¢ in Z,4 are related through
the identity gﬁ M= o (M) This can be proved in the same way as the first identity.

Denote the action of ﬂQ on M and M, o by x and +". Since W preserves dimension
vectors it suffices to omit twists. Using the two identities above we verify that U is a
homomorphism:

(] Zg Pl 21 (N))]
_ZgUgo M)SO 2] (N

. Z (7W+u ]
= ZQZL(%W(M)[N] = [U]*" W ([M])

]

The isomorphism ¥ acts rather simply on the cuspidals described before Conjec-
ture 5.2.5. For /\/lf&n the map ¥ acts by £1 while for M~ it acts by the identity

or swaps the cuspidal £ with be/ The simple form of ¥ is not surprising in view
of Conjecture 5.2.5 and the belief that this result should extend to the generic Hall
module.
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