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Abstract of the Dissertation

Computation of Floer Invariant of (2,2n)-Torus
link Complement

by

Jaepil Lee

Doctor of Philosophy
in
Mathematics
Stony Brook University
2013

A closed three manifold invariant Heegaard Floer homology was
generalized to bordered Heegaard Floer homology, defined by Robert
Lipshitz, Peter Ozsvath and Dylan Thurston. Bordered Heegaard
Floer homology is an invariant of three manifold with connected
boundary, and its variant doubly bordered Floer homology is a bi-
module defined on three manifold with two disconnected boundary
components. In this thesis, we compute bordered Floer homology

of (2,2n)-torus link complement.
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Chapter 1

Introduction

In recent years, the Heegaard Floer theory was fascinated many low-dimensional
topologist. P. Ozsvath and Z. Szabo developed the Heegaard Floer invariant
of closed 3-manifold and led to breakthrough in low dimensional topology. It
was also proved to be equivalent to three-dimensional Seiberg-Witten Floer
homology [4] that achieves one of its initial motivation of development. More-
over, Heegaard Floer homology turned out to be useful in defining knot and
link invariant([10], [13], [I1]), namely knot Floer homology and link Floer ho-
mology. In particular, knot Floer homology and Heegaard Floer homology of
three manifold obtained by integral surgery on knot turned out to be closely
related([13], [I2]). For the link surgery case, the relation was discovered but

more complicated than the knot case([]]).

More recently, Lipshitz, Ozsvath and Thurston extended the theory to the
3-manifold with nonempty boundary. Bordered Floer homology was first in-

troduced by R. Lipshitz in [5], which consists of two different modules; CFD



and OFA. Tts homotopy type is an topological invariant of three manifold
with connected boundary and diffeomorphism type of its boundary. In addi-

tion, one can recover the Heegaard Floer homology of closed three manifold

by taking “A. tensor product” of CFA and CFD.

Bordered Floer homology of three manifold with genus one is also re-
lated to knot Floer homology. In [6], they described an algorithm to recover
@(SB\V(K)) from knot Floer homology C'F K~ with arbitrary framing.
This enables to compute Heegaard Floer homology of surgered manifold by

taking A, tensor product with solid torus.

In [7], they have generalized bordered Floer homology to doubly bordered
Floer homology. As the name suggests, it associates three manifold with two
boundary component to three different types of bimodules; CTVFA, C/FD\D,
and CFAA. Tt is natural to consider S3\v(L), where L is a link with two com-
ponents. In this thesis, we give first calculation of O?D\D(S?’\I/(L)), where L

is (2,2n)-torus link.



Chapter 2

Backgrounds on Bordered Floer

Theory

In this section, we will quickly define algebraic preliminaries of the bordered

Floer homology.

2.1 A, -module

Roughly speaking, A,,-module is a right module M on A..-algebra A, with a
set of maps m : M ® T*(A) — M such that m? vanishes. We will assign Aq.-
module to a link complement S*\vL. Most definitions are introduced in [6],

chapter 2.

Definition 2.1.1 Let F be a field of characteristic two. Then A..-algebra is

a F-vector space A with multilinear maps p; : A% — A for i > 1 satisfying



compatibility condition
n—j+1

Z Z piar @ - @ ai—1 @ pi(a® - @ayj—1) @ apy; -~ Qa,) =0
i+j=n+1 =1

for all n > 1. An Ay-algebra with unit 1 is said to be strictly unital if

po(l,a) = po(a, 1) =a and pi(a @ --- @ a;) =0 if i # 2 and a; = 1 for some

7.
We combine maps p; into a single map u: 7*(A) — A.
Above relation can be considered as follows. We define a map D : 7*(A) —
7+(A) by
. n n—j+1
D(a;®@®a)=Y > a® @ ua® @ ay;1)® @ ay,
j=1 =1

then the compatibility condition is symbolically written as gpoD = 0 or DoD =
0.

Definition 2.1.2 A right A.,-module M is a F-vector space M with maps

m; - M @ A®0=D) — M fori > 1, satisfying compatibility conditions
0 = Y mimE@me - ®a1)Q @ a,_1)
R —

n—j
+ Z Zmi(x®a1®"'®a171®/1Jj(al®“’®al+jfl)®"'®anfl)

i+j=n+1 I=1

An As-module is said to be strictly unital if for any x € M, my(x,1) = x

and m;(x @ a1 ® -+ ® a;—1) =0 for all i > 2 and some a; = 1.



Instead of spelling out compatibility conditions, we draw diagram for no-

tational convenience. To do so, first we define a comultiplication

n

Alay®-@ap) =Y (01 ® )@ (Gn @ @ ay).

m=0

The map m; takes 1 element from M and 7 — 1 elements from A. The combi-
nation of maps m; is denoted m, and compatibility condition in Definition 2.2

can be described by diagram below.
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A dashed line represents input from M, and double line from 7*(.A).

2.2 Type D structure

First we fix a unital dg algebra A with differential p; : A — A and multipli-
cation ps : A® A — A. Let N be a Fy-vector space equipped with a map

§': N — A® N satisfying a compatibility condition as follows.
(/LQ@]IN) O(]IA®51) 051 + (,U/1®]IN) 0(51 =0

We call a pair (N,d') Type D structure over A.



We define maps 6° : N — A®* @ N inductively

3O = Iy

5t = (]IA®(2‘71) ® 51) ot
Thus we have a map § : N — T*(A) ® N defined to be

§(x) == Zai(x)

The algebra we consider later has following properties. First, it has trivial
differential, so the compatibility condition is (s ® I) o (I4 ® §') o ' = 0.
Second, it has a subset of orthogonal idempotents Z = {i1,15} C A and the
unit element 1 € A which is sum of the idempotents; that is, ¢t; + 1o = 1.
Lastly, N can be written as direct sum of 2 subspaces N; and Ny with left

7Z-action such that
e ; acts trivially on N; if ¢ = j

2.3 The Strands Algebra

One of the main concern of the bordered Floer homology is associating a type
D structure on bordered Heegaard diagram. Here, the dg algebra of this type
D structure is called strands algebra. Roughly speaking, strands algebra is
a dg algebra imposed on the boundary of 3 manifold, whose generators are

“Reeb” chords on the boundary of its Heegaard diagram. Detailed description



can be found on chapter 3 of [6].

Let F' be a surface of genus k, and choose a preferred disk D C F and a
point z on dD. We consider a a handle decomposition of F' as follows. D is
a zero-handle of F' and mark 4k points on the boundary of D away from z.
These 4k points are partitioned into pairs so that gluing of 2k 2 dimensional
1-handles on those pairs gives a surface F, i.e, the boundary of handlebody
after attaching 1-handles is a circle. Conventionally we denote the data a
pointed matched circle Z = (Z,a, M, z), where Z = 0D is an oriented circle,
M :{1,--- 4k} — {1,--- 2k} a matching data and a = {ay, -, a4} 4k

points on the boundary.

In the chapter 3 of [6], the detailed description on constructing strands
algebra is given. However, since we will be mainly interested on the torus

boundary case, we focus on the surface F' of genus 1.

If F'is a torus, then we have 4 points a = {ay,--- ,a4} and z on the bound-
ary of its preferred disk D. Cutting open Z = 9D on z, so that 4 points on the
boundary Z be labeled ay, as, az, and a4 along the orientation of Z. The match-
ing M :{1,2,3,4} — {1,2} sends M (1) = M(3) =1 and M(2) = M(4) = 2.
See [Figure . The diagram denotes the core of 1-handles attached on the

pairs af and ag, respectively.

Sometimes we will denote a; < a; if ¢ < j.



There are 6 Reeb chords pi, ps, p3, p12, P23, p123 starting and ending on

ai,- - ,ay. Bach Reeb chords travels as follows.

p1 starts at a; and ends at as.

po starts at as and ends at as.

ps3 starts at az and ends at ay.

p12 starts at a; and ends at as.

po3 starts at as and ends at ay.

p123 starts at a; and ends at ay.

There are constant Reeb chords z;, (i = 1,- - - ,4) as well, by defining 7; to be
a constant chord starting and ending at a;. We define idempotents 1, = 11 + 13
and 9 = 79 +74. Products between Reeb chords can be considered as concate-
nation of chords. More precisely, p1pa = p12, p2ps = p23, p1p23 = p12p3 = pP123-
Concatenations between Reeb chords and idempotents are also well defined.
For example, t1p1 = pit2 = p1 and so on. For any two chords p; and p; such
that the ending point of p; is different from the starting point of p;, p;p; is

defined to be zero.

Remark 2.3.1 Some readers can consider an element that contains more than
one Reeb chords. In fact, the originial definition given by [6] is that the strands
algebra A(Z) associated to pointed matched circle Z2 = (Z,a,M,z) can be

decomposed into

AZ) = P AZ.i)

i=—k
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Figure 2.1: The figure on the top left corner represents torus with a preferred
disk and two 2-dimensional 1 handles attached to it. The figure on the top
right depicts boundary of the preferred disk after cutting open at the point z,
with matching data given by 1 handles. Idempotents on the middle row are
given as sum of two constant chords on the matching. The bottom row has 6
Reeb nonconstant chords.

Pazs

where k is the genus of surface given by Z and A(Z,1) is a summand whose
number of Reeb chords equals i + k. However, A(Z,1) acts trivially on CFA
and CFD unless i = 0. ([6], Chapter 6). Thus we will be mainly interested in

summand A(Z,0) part only.

Definition 2.3.2 Strands algebra of torus A(T) is generated over Fy by py, -+, p1a3
and idempotents 11, Lo with 11 + 1o = 1, whose product is defined to be a con-

catenation of chords.



We let Z be a set of idempotents of A(T).

Remark 2.3.3 In [6], more general description of strands algebra is given.
In fact, strands algebra has a differential that “uncrosses” each inversions of
given Reeb chord. However, interesting differential appears only if the genus

of surface ' > 2. That means the differential of the torus algebra is trivial.

2.4 Heegaard Floer Homology of Closed 3-Manifold

Let Y be a closed three manifold and ¥ be its Heegaard surface of genus g.
In [9], Heegaard Floer homology of Y was originally defined as Lagrangian in-
tersection Floer theory on a symmetric product of Heegaard surface Sym?(X),
which is a symplectic manifold whose symplectic structure and almost com-
plex structure derived from those of original Heegaard surface ¥. Let o =
{a1,--- ,a,} and B = {B1,---,5,} be attaching circles on X, thus circles
a; € o are mutually non-intersecting(same is true for 3; € 8). o; and ; may
intersect, and if so, they intersect transversally. The symmetric product T, :=
ay X -+ X ag and Tg:= ) x --- x §, are Lagrangian submanifold in Sym?(X),
and their intersections are g-tuple of points x = {z1,--- , 24} € T, NTy where

each o; and 3; contains exactly one ; € x.

In Lagrangian Floer intersection theory, it is natural to consider a holo-
morphic disk between intersections. In this Heegaard Floer setting, the holo-

morphic disk flowing between x,y € T, N Tz should satisty following:

e u:D=10,1] xiR — Sym?(X) be J-holomorphic map, where J is a

10



generic choice of almost-complex structure on Sym?(X).
o u({1} xR) C T, and u({0} x R) C Tp.
o limy ., u(s+it) =x and lim; ., u(s+it) =y.

R acts on holomorphic curve by reparametrization. We denote the moduli
space of holomorphic strips up to reparametrization M (x,y). If we drop
the holomorphic condition, the set of all such maps are denoted m5(x,y), and
such map is called Whitney disk between x and y. Any element of my(x,x) is

periodic domain.

Suppose that there is a Whitney disk flows from x to y. This condition is
equivalent to say that there is a curve on Y that is trivial in terms of homology
H,(Y). More precisely, let a be a path from x to y in T, and b in Ts. The
difference a — b gives a loop in Sym?(X), and furthermore a loop in Y using
following identification.

H, (Sym?(X)) Hi(%)

HI(TQ> @H1(']Tﬁ) = [Ogl]"” 7[059]7[61]’_” 7[69] = Hl(Y,Z)

Let us denote €(x,y) the image of a — b in H,(Y;Z). Then e(x,y) = 0 iff

ma(x,y) # ¢. This fact enables to read Whitney disk from Heegaard diagram.

In order to see existence of holomorphic curves, we also need to define

multiplicity and domain. Following definitions are from definition 2.13 of [9].

Definition 2.4.1 Fiz a point z € ¥ —a; —---—ag— 1+ — 4. Letn, be a

11



map which sends a Whitney disk u to the algebraic intersection number
n:(u) = fu™' ({2} x Sym?~'(%)).

Definition 2.4.2 Let Dy, --- ,D,, be closures of the components of ¥ — oy —
co—ag— 1 — - — By. Given a Whitney disk u : D — Sym?(X), the domain

associated to u is the formal linear combination of {D;}":

D(u) = ani (u)D;

where z; € D; are the points in the interior of D;. If all the coefficients n,, > 0,

then we write D(u) > 0.

When g = 1, it is not hard to visualize such a holomorphic disk from
Heegaard diagram, since Sym?(X) = X. In fact, any nonnegative bigon do-
main(thus enclosed by «; and 3; and has 2 intersections are actually x and
y, respectively) has a holomorphic curve of its Whitney disk. By Riemann
Mapping Theorem, existence of the holomorphic disk flowing from x to y is

clear. However, finding holomorphic map when g > 1 is not easy in general.

Remark 2.4.3 The nonnegativeness of coefficients of domain is crucial, be-
cause in the neighborhood of each {z} x Sym? (X)), where z; € D;, we are
assuming integrable almost complex structure so the holomorphic disk u has to

meet it non-negatively.

Remark 2.4.4 Following proposition (Lemma 3.6, [9]) is extremely useful in

computation of holomorphic disk.

12



Lemma 2.4.5 Given holomorphic disk w € M j(x,y), there is a g-folded
branched covering space p : D — D and holomorphic map u : D — >, with the

property that for each z € D, u(z) = wop~i(z).

Let us confine ourselves that g = 2 and Y is a rational homology sphere, in
fact S®. Choose a point z € ¥ —ag — - —ay— 1 — - — B,. Let x = {x1, 22}
y = {y1,y2}. Suppose there is a rectangular domain D = ). n,D;, whose
vertices are alternating between x; and y; in any direction (i,j = 1,2). If
this is the case, then if fact this is the only domain connecting x and 'y with
n.(D) = 0, since it is rational homology sphere. In addition, let us assume that
all coefficients are 1. Then there is a biholomorphic map u between rectangular
domain and a unit disk D C C. Letting p : D—D by z — 2%, we can use
lemma above to ensure there is a holomorphic map u : D — Sym?*(X) obtained
from w. Hence, if two generators x and 'y has only rectangular connecting

domains on the Heegaard diagram, computation gets easier.

Heegaard Floer homology HF is defined on a pointed Heegaard diagram
(3, o, 3, z) where z is a point on ¥ away from curves a and 3. Let SG(H) be
a set of g-tuple of points, and §M(¢) be a signed number of points of moduli
space M(¢) of holomorphic disks in homotopy class ¢. If the dimension of M
is not zero, set M (¢p) = 0. Heegaard Floer homology is generated by &(H)

over [Fy, whose differential 0 is defined by

dx = > HM(9) -y
yES(H)
pem2(X,y),nz(4)=0

13



A priori, the differential may not be a finite sum, which is the case when
there are infinitely many holomorphic disks of one dimensional moduli space
flowing between generators. To ensure the differential to be a finite sum, we

need Heegaard diagram to be admissible.

Definition 2.4.6 Heegaard diagram is admissible if every nontrivial periodic

domain has both positive and negative multiplicities.

Suppose o (X,y) is nonempty, then there is domain D corresponding to the
element of mo(x,y). Proposition 2.15 of [9] shows my(x,y) X Z & H(Y;Z).
If diagram is not admissible, then one can find a positive periodic domain cor-
responding to generators of summands. This possibly results infinitely many

holomorphic disks connecting generators.

Lipshitz invented a different approach of Heegaard Floer homology using
cylindrical formulation without introducing a symmetric product of Heegaard
surface ¥, and that still gives same result. One should consult [5] for the de-

tailed description. We spell out the construction only.

The 4-manifold W = ¥ x [0,1] x R is required for his construction. We

14



also consider projections maps

™ . W —X
m : W—][0,1] xR

mw o W =R

Instead of using holomorphic strip, we use a Riemann surface S with

[k

boundary. On the boundary there are g “-”-punctures {p;,---p,} and g “+”-

punctures {qi,---,q,}. Choosing an appropriate almost complex structure

J on ¥ x [0,1] x R, we will consider following proper J-holomorphic curve

u:(9,09) = (Ex[0,]] xR (ax1xR)U(B x0xR)).
e The source S is smooth (not nodal).
e The map u is an embedding.
e u(0S) C (ax {1} xR)U(B x {0} xR)
e There is no component of S on which 7 o u is constant.

e For each i, u™'(a; x {1} x R) and u™!(3; x {0} x R) each consist of

exactly one component of 9S\{p1,- - ,pg,q1,- , Gy}
e 71 o u is g-folded branched cover.
e At each —-puncture ¢, lim,_,,(mg o u)(z) = —o0.

e At each +-puncture ¢, lim,_, (g o u)(z) = +00.

15



e 7y o u does not cover the region of ¥ adjacent to z.

e For each t € R and each i = 1,--- , g — k, u™'(a; x {1} x {t}) consists

of exactly one point.
e The energy of u is finite in the sense of [1].

We call that curve u is connecting x and y. As before €(x,y) = 0 condition
ensures the existence of topological map for given domain. Lipshitz proves that
homology class Ha(X x [0,1],a x {1} U B x {0}) is isomorphic to homotopy
class my(x,y) from the previous definition. The homology class will be also
denoted ms(x,y), by abusing notation. We will count holomorphic curves
in homology classes in Ho(X % [0,1],a x {1} U B x {0}), and denote moduli
space of holomorphic curves M(x,y). We define Heegaard Floer homology (in
cylindrical setup), a Fo-vector space generated by &(H) with similarly defined

differential as below.

x= 3 HM@) -y,
YES(H)
e (%,y),n2(6)=0

where M (¢) counts holomorphic curves in homology class ¢. See [5] for the

detailed explanation.

2.5 Bordered Heegaard Floer Homology

We briefly recall the construction of bordered Heegaard diagram of connected
boundary case, then consider two disconnected boundary component case

later. Topics discussed here can be found in [6] in more generalized setup.

16



However, we will be mainly focusing on torus boundary case.

Let 3 be a surface of genus g with a puncture p and k be an integer less
less than or equal to g. We will sometimes regard the puncture as a circle
boundary. There are set of pairwise disjoint circles 8 = {fy,---,5,} on %,
and set of pairwise disjoint curves a = {af, -+, a5 ;,af,--- a5 }. of are
circles on X, but af are arcs so that daj are on the boundary of Heegaard

surface 2. We also put a point 2 on the 93 away from endpoints of af.

Curves in a and (3 may intersect transversely. Lastly, ¥\ e and ¥ \ 8
are connected. Then the boundary of ¥ is a pointed matched circle. That
is, Z = 0%, a={ajN Z}?il, M be a matching that matches two points on
Z connected by arcs, and z is a point on the boundary. X\ 3 is connected

implies that the boundary of handlebody after attaching 1-handles along the

matched points is a circle.

Definition 2.5.1 A quadruple H = (X, a, 3, 2) is called a pointed Heegaard

diagram.

Construction of three manifold Y (H) from pointed Heegaard diagram H
is as follows: First, thicken the Heegaard surface [0,1] x X, and attaching 3
dimensional 2 handles to 3; x {1} x ¥ and af x {0} x 3. Identifying the
boundary of Heegaard surface to a pointed matched circle Z as described
above, we get a parametrization of the boundary surface. More precisely, the

resulting surface 0Y (H) consists of three components:

e asurface D;, which is obtained after attaching 2 handles 3; to {1} x &

17



e asurface Dy = [0,1] x 9%
e a surface Ds, which is obtained after attaching 1 handles of to {0} x &

Dy is a disk, Dy is an annulus and Dj is genus-g surface with a puncture.
Of course 0Y(H) = Dy U Dy U D3. This data can be considered to be a
parametrization of genus g surface with preferred disk D; with parametriza-

tion is explicitly given by a¢. We denote the boundary surface F/(Z).

We now define generator of bordered Floer homology. Let x = {1, -, 2,4}

such that
e each (3 circle contains exactly one x;
e cach «a circle contains exactly one x;
e cach « arc contains at most one z;.

We again denote G(H) a set of all generators of Heegaard diagram H.

We also need slightly change Lipshitz’s formulation to define homology
class, domains and admissibility for the bordered Floer homology. First of all,

consider following homology group.

Hy(Z x Iy x I, ((Sa U Sg U Sp) x I) U (Gx x {—00}) U (Gy x {c0})), (2.1)

18



where

I, = [0,1]

Iy = [—00,00]
Sa = ax{l}

Se = Bx{0}

Sy = (0%\2) x I,
Gy = xXx I
Gy = yxlI

The homology class will be also denoted ms(x,y).

Definition 2.5.2 A homology class connecting x to y, denoted mo(X,y), is
element of above homology group. Moreover, projecting a homology class B €
ma(x,y) onto & gives linear combination of components of X\(a U B). We

call such linear combinations domain of B.

By abusing notation, B refers to a domain or homology class.

Remark 2.5.3 Conventionally, we will be only interested in the domain whose
coefficient of the region containing z equals zero, because this theory only in-

terested in HE. Under this hypothesis, group of periodic domains mwy(x,X) is

isomorphic to Hy(Y,0Y) ([6], Lemma 4.18).

A boundary of domain B consists of three different kinds of domains; 0B,

0°B and 0?B, contained in a, B and 9% respectively. If 0B = 0, then we

19



call B is provincial.

Definition 2.5.4 A bordered Heegaard diagram is admissible if every periodic
domain has both positive and negative coefficients. If every provincial domain

has both positive and negative coefficients, it is called provincially admissible.

Admissibility is a stronger condition then provincial admissibility. Every

admissible diagram is provincially admissible, but this inclusion is strict.

To define bordered Floer homology, we will use cylindrical formulation with
slight change. First fix two generators x = {z1,--- ,z,} andy = {1, - , Y, },
and a set of Reeb chords {pi1,---,m}. Let S be a Riemann surface with
boundary. On the boundary of S, there are ¢ +-punctures, g —punctures, and
[ e punctures corresponding to Reeb chords. More precisely, each —puncture
corresponding to z; and 4- puncture to y;, and each e puncture corresponding
to Reeb chords. The conditions imposed on u carry on and there are some

additional conditions required to handle the punctures on boundary.

e u extends to a proper map uz : Se — 3z x [0,1] x R, where Sz and >

denote result of east punctures filled.

e For each t € R and each i = 1,--- 2k, u=(a? x {1} x {t}) consists of at

most one point. (strong boundary monotonicity condition)

e-punctures can be ordered by the map mrou, so Reeb chords can be ordered

as well. Thus we can rearrange the sequence of Reeb chords p = {pi,, -+, pi, }-

Remark 2.5.5 If genus g of boundary is greater than 1, each p;; may not be

a single chord. In fact, p;; can be a sequence of chords.
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Fix x and y. Let B € my(x,y) be a homology class, where m(x,y) is
a set of homology classes connecting x and y. We also fix a sequence of
Reeb chords p. Now define a moduli space of curves ./\_/lB(x, y; p), and denote
MEB(x,y; p) = MB(X, y; p)/R to be a reduced moduli space. Sometimes we

will call a pair (B, p) is compatible.

C/F\D(H) is type D structure generated over Iy by set of all generators
S(H). We set a pointed matched circle —Z = (=0%, a = {daf,--- ,0a5.}, 2).

Here, the negative sign denotes opposite orientation induced from 3.

From now on, we will focus more on the torus boundary case. Then —Z =
(—0%, a={0af,0a5}, z) is the pointed matched circle, and the torus algebra
A(T) = A(—Z). Let ¢; € A(T) be an idempotent associated to of, i = 1,2,

respectively. To get a module structure, the left Z-action is defined as follows.

(
x if x does not occupy the arc af
X =
0 otherwise
\
(
x if x does not occupy the arc af
LoX =
0 otherwise

As an A(T)-module,

CFD(H) == A(T) @7 G(H)
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Type D structure map 6' : CFD(H) — A(T) ® CFD(H) is given by
counting pseudo holomorphic curves in MZ(x, y; p) whose expected dimension
equals 0. (Equivalently, the index ind(B, p) equals 1.)

We define the map ! by

o'(x) =) > HMP(x,y;0))(=pi) -~ (—=piy) @y
YEGS(H) Bema(x,y)
{plind(B.p)=1}

Note that the negative signs before torus algebra elements denote orienta-

tions of associated Reeb chords have been reversed.

The number #(M?(x,y; p)) of pseudo holomorphic curves is counted mod-
ulo 2. This sum is a finite sum, if the Heegaard diagram is provincially admis-

sible. Chapter 6 of [6] proves that this map is in fact a type D structure map.

Again, a question on finiteness of the differential map ¢* arises. Finiteness
is guaranteed if the bordered Heegaard diagram is admissible. However, to
compute @, provincial admissibility condition is enough. In fact, a do-
main adjacent to the boundary whose coefficient is different from 1 cannot
contribute to differential. If the coefficient is greater than 1, it leads to same
Reeb chords appear twice or more in the differential and its product must be

Zero.
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Expected dimension of MZ(x,y; p), or index ind(B, p) can be computed
from the diagram. First, we define Euler measure of a region in ¥\ (U 3) to
be a Euler characteristic of the region minus (1 x {number of 90° corners}—1 x
{number of 270° corners}). Then we extend it to domain so it to be additive
under union, and denote it e(B). For a homology class B € ma(x,y), where

generators x = {z1,--- ,x,} and y = {y1,--- ,y,}, we define

g
nx(B) = Z Z{ sum of four coefficients of domains surrounding x;}.
i=1

ny(B) is similar.

A sequence of Reeb chords p also affects the index. Recall Z = (Z,a, M, 2)
denoted pointed matched circle. For a single Reeb chord p in (Z\z,a), then

we let p~ € a denote the initial endpoint and p™ € a the final endpoint of p.

Definition 2.5.6 Linking of p; and ps, denoted L(p1,ps2), is defined as fol-

lows.
(12 itpf=p;
—1/2 if p3 = py
L(pr;p2) =4 0 if p1Npg=¢or pi Cpgorpy CprOrpr=py

1 if oy <py <pi <ps

—1  if py <py <py <pi.
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Then a quantity ¢(p), where p = (p1,- -, p1), is

up):= —% + Z L(ps, p;).

1<j

Now we are ready to give formula of index of homology class B compatible

to p([6], Definition 5.61).
ind(B, p) := e(B) + nx(B) + ny(B) + |p| + «(p)
where |p| is the length of the sequence p.
We can also define right A(7")-module @(H) This time we set a pointed
matched circle Z2 = (0%, a = {0af,0a3}, z) whose orientation is induced

from 3. The torus algebra A(T) = A(Z). The right A(T)-module C/F\A(H)

is strictly unital (A, ) algebra, generated by &(H) over Fy with right Z-action

x if x does occupy the arc of
Xl =
0 otherwise
\
(
x if x does occupy the arc of
Xlg =
0 otherwise
\

Then there are maps

Mnsr i CFA(H) @7 A@g - ©7 A — CFA(H)

24



defined by

mn+1<xapl7”' 7pn - Z Z MB X y p17”' 7pn))y

yeS(H) Bema(x, y)
ind(B,p)=

This map is proven to be satisfying A., compatibility conditions([6], chapter
7).

Usually CFA has richer structure than CFD. For example, if a sequence
p =1{p1, -, pa} of a compatible pair (B, p) has two consecutive Reeb chords
p; and p;11 such that p;-p;11 = 0, CFD considers terms related the compatible

pair zero. However, such compatible pair may result nontrivial term in C'F'A.

2.6 Doubly Bordered Heegaard Floer Homol-

ogy

If a three manifold Y has connected boundary, the surface F'(Z), preferred
disk D and a point on the dD determine parametrization of the boundary
of Y. We write this data a triple (F(Z), D, z). However if Y has two
disconnect boundary components, we need to fix two surfaces (F(2;), D1, 21)
and (Fy(Z25), Ds, 29). Fixing a framed arc pointing into D; at z;, i = 1,2, we
drill a tunnel along the framed arc so that we get a single boundary surface
whose genus is the sum of genuses of F}(Z;) and F5(Z). The the bimodule
of the doubly bordered three manifold Y is defined via CFD of the drilled
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manifold, namely Yy,.

Definition 2.6.1 An arced bordered Heegaard diagram with two boundary
component is a tuple (X, «, 3,2) satisfying:

e X is a compact, genus g surface with 2 boundary component 0% and

ORY.
o (3 is g-tuple of pairwise disjoint curves in the interior of X.

e o= {aa,L _ {a?’L, ... 7O‘CQLZL}, a®P — {Off’R, - ,ozg;RL af = {O‘% ... >O‘f]—l—r}}7
is a collection of pairwise disjoint embedded arcs with boundary on O
(the "), arcs with boundary on g% (the %), and circles (the af) in

the interior of X.

e z is a path in X\ (a U B) between 9L and OpX.

As usual, we denote Z, (respectively, Zg) be a pointed matched circle on

the left (respectively, on the right).

Construction of doubly bordered three manifold from an arced bordered
Heegaard diagram is as follows. First cut open X along the path z. Since
z is connecting to boundaries 9;X and OrYX of X, the resulting diagram
‘Hg- is a Heegaard diagram of single boundary. Thicken Hg. and attaching
3-dimensional 2-handles on it, we get a bordered manifold Yy with single
boundary component. The boundary can be decomposed into three pieces:
F\(Z.)\Dy, F5(Zg)\Ds, and an annulus A. If we glue another 3-dimensional

2 handles along the annulus, we obtain the required doubly bordered three
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manifold.

There are three types of bimodule; @, @4, CFDD. We will
be interested in CFDD and CFAA only. Before giving definitions of these

bimodules, we introduce algebraic preliminaries of them.

Definition 2.6.2 Let A and B be A.-algebras over F. A,.-bimodule 4Mp

over A and B consists of (F,F)-bimodule M and maps
mi1j A¥ @M ® BY — M

such that following compatibility condition holds.

L L R R L L R R
0= E om0 @ ®ap 0 @ ®ay ), a7 @@ a0y Q- @ ajt )

k+l=i+1
A+n=j+1

11—l
+ Y Y mxal @ @d @l e ®dy, )@ @aaf @

k+l=i+1 n=1

j—n
+ Z Zmi,l,A(X,%L@"'®G¢L_17a{{®"'®af—1 ®Ml(a§®'“®a7]§+l—l) Q-

An=j+1 n=1

for all i and j. By denoting m = ZZ] m;,;, the compatibility condition can
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be drawn in diagram as below.

As in section 3.1, a dashed line represents module element, and a double

line represents element from tensor algebra 7*(A).

Definition 2.6.3 Let A and B are A -algebras over F. A..-bimodule M5

over A and B consists of (F,F)-bimodule M and maps

M —>AQM®B

satisfying following compatibility condition.

(s, p3) @nr) o (L, Ip) @61 ) 00" + (11, Ip) ®Iar) 08" + ((La, p11) ®Ips) 06" = 0
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Again, the compatibility condition is drawn in diagram as below.

| | |
A A

y ; y
A/
7N : I
M2 : M2 M1 : : H1
by by v oo

A generating set of bimodules C?D\D(H) and @(H) is same as the
set &(Har) of generators of drilled diagram, which will be denoted &(H). For
given two generators x and y, a homology class 72(x,y) connecting x and y is
defined in similar manner. Likewise, a domain of homology class B € my(x,y)
is a linear combination of components of ¥\ (aeU3). By convention, we do not

count homology classes or domains that crosses the region contains the path z.

A boundary of domain of homology class B is union of left and right bound-

aries; that is, 9°B = 09 B U 03 B. We let

m(x,y) = {B€m(xy)0’B =0}

7 (x,y) = {B € m(x,y)0)B =0}

7R (x,y) = {B e m(x,y)d%B =0}

We denote elements of the homology classes above provincial domain, left-

provincial domain, right-provincial domain respectively.
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A doubly bordered Heegaard diagram is provincially admissible if the bor-
dered diagram Hy, is admissible. Moreover, we call a diagram is left (re-
spectively right) admissible if every nontrivial left-provincial periodic domain
B e - (x,x) (respectively right-provincial periodic domain B € R (x,%))

has positive and negative coefficients.

We now turn to moduli space of curves. Let x and y be generators, and

B € my(x,y) be homology class connecting them. Once the homology class B

is fixed, there is a compatible pair (B, p). The ordered set of Reeb chords p

has both left and right Reeb chords. Consider a union of two ordered sets of

— — — —

Reeb chords pl [] p®, where p” (respectively p'*) consists of left Reeb chords

(respectively right Reeb chords). An ordered set of Reeb chords p said to

— — — — — —

interleave p* []p%, if p = pP']] p® as a set and the orderings of p¥ and pf

— —

agree with the orderings induced by p. We will sometimes use (B, p’, p) and
— —

MB(x,y; p¥, p%) to denote the compatible pair and its moduli space. The

— — — —
expected dimension of moduli space of MP(x,y; pt, p?), or ind(B, p¥, p) is

H
computed by formula given above, but it also can be written in terms of p”

ﬂ
and p® as below.

— — — —
L R

ind(B, p) = e(B) + nx(B) + ny(B) + [p"| + |p"] + (") + (")

Now we are ready to associate two types of bimodules on doubly bordered

Heegaard diagram. First we define CﬁD(H).
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The left boundary —9; % with a point z;, = 9, U z, whose orientation
is opposite from the induced orientation, can be considered as a pointed
matched circle; ie, we let —Z;, = (=9;%,a, = {9a" 0as"}, 21) is the
pointed matched circle. Then the we get the torus algebra A(T) = A(—2Z1)
on the left boundary. Construction of the torus algebra on the right boundary

is also similar.

There is an idempotent action on &(H). Recall that the torus algebra
has a subset Z of idempotent elements, namely Z;, := {i1,12} C A(—Z.) and
Ir = {5,752} € A(—2g). The left and right idempotent action is defined to

be,

. L R .
x if o and oz;b are not occupied by x
LiJjX =
0 otherwise

Then the map §' : S(H) — A(—Z1) ®7, A(—ZRr) @71, S(H) is similarly
defined by taking summation on all possible holomorphic representatives of

compatible pair (B, p).

7 (x) = S Myt () () - (ol oy
7Y ) (3 U J1 Jm
YEGS(H) Bema(x,y)
ind(B;p—L),p‘R)):l
— —
where p* = {p}:,---, pt} and p" = {pf! --- pi'}. Provincial admissibility en-

sures that this sum is finite.
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@(H) is an A.-bimodule over left and right A, algebras A(Z})
and A(Zg) also generated by &(H). The idempotent action is opposite from
CFDD case.

. L R .
x if o and a?’ are occupied by x
XLZ‘]J' =

0 otherwise

Then following A, module map

~— ~~
7 times j times

satisfies compatibility condition([7]).

— —
M (5Pl phpf i) = ) H(MP(x,y; 0", p"))y
YEGS(H) Bema(x,y)

—

).
ind(B,pF ,pR)=1
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Chapter 3

Computation of CFDD of (2,2n)

Torus link

3.1 Schubert normal form and diagram of 2-
bridge link complement

We will be mainly interested in 2-bridge link, so it is useful to mention Schu-
bert normal form of 2-bridge link(or knot). Let p be an even positive integer
and ¢ be an integer such that 0 < ¢ < p and ged(p,q) = 1. Let us consider
a circle with 2p marked point on its boundary. Choose a point and label it
ap. Label other points ay,--- ,agy_1 in clockwise direction. Then connect a;
and agy,_; with straight line, ¢ = 1,--- ,p — 1. Finally connect a¢ and a, with

underbridge, a straight line that crosses below other straight lines.

Now consider two copies of such circle. Draw arcs between these two cir-
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________________________

Figure 3.1: Schubert normal form of S(8,3)-link. According to Thistleth-
waite’s table, it is Lbal link.

cles, so that each arc is connecting a; from on one circle and a,_; on the
other(the labeling is modulo 2p). These arcs should not intersects any other
straight lines nor other arcs. The resulting diagram gives a link that we denote
S(p,q). The diagram is called Schubert normal form of the link. See [Figure
. More detailed description, especially about the Schubert normal form of

2-bridge knot can be found in chapter 2 of [13].

Recall that 2-bridge link L is a link in S® that admits a link diagram with
two maxima and two minima. Given such a link diagram we can also construct

Schubert normal form. Let By and B, be small neighborhoods of those two
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maxima. Consider (S*\vL)\(B; U By). Drilling a tunnel connecting B; and
B, gives a three-manifold Y with single boundary and the boundary is a genus

2 surface.

The boundary of Y can be viewed as 2-sphere with 4 punctures attached to
2 tubes. For simplicity we assume the two punctures on the left corresponds
to the link component on the left and vice versa. Each component has its
longitude, and it passes on the 4-punctured sphere as a straight line segment

connecting two punctures of the component.

This genus 2 surface divides S? into two pieces and one of them may not
be a handlebody. Now we apply isotopy on the tubes on the surface so that
the two pieces of S3 are both 2-handlebodies. During this procedure, the
part of the longitudes on the 2-sphere become 2 arcs connecting corresponding
punctures on the sphere. Regard the 4-punctured sphere as D? U {oo} with 4
marked points, then the longitudes are 2 arcs connecting 2 marked points of
each component on plane. Finally draw two “underpasses” connecting corre-

sponding marked points. See [Figure .

In this section, we compute a bimodule of torus link complement. (2,2n)
torus link is a 2 bridge link which can be embedded on unknotted torus, whose
number of crossing is 2n. See [Figure[3.3]. (2,2n)-torus link can be written as

S(2n, 1) link in Schubert normal form.

We will construct doubly bordered Heegaard diagram of (2,2n) torus link
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——

Figure 3.2: The picture above is a genus two surface obtained by digging a
tunnel between two components of S*\vL. Below is obtained after untwist
braid in the middle.
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N

Figure 3.3: (2,6)-torus link. In general, (2,2n)-torus link has 2n crossings in
its alternating projection.

complement from Schubert normal form. Consider Schubert normal form of
the link, which consists of genus 2 surface ¥ and two longitudes oy and ag.
The genus 2 surface ¥ has two underpasses that can be considered as annuli.
Each annulus has a circle that generates its first homology class, and we denote
these two generators pp and pg. Let G and g be circles on X such that each
circle crosses py or pg, respectively. We consider py and pg as meridians of
components of the link. Each meridians intersects its corresponding longitude
at a single point. Puncture the intersections so that we get a doubly bordered

Heegaard diagram. Thus we get a” and o

H from ay, and ag, and ag’L and
oy from pp and pr. To maintain notational consistency with [7], we will use
Gy for B, B for BRr, and 012 and Og for left and right punctures. Lastly,

choose a domain whose boundary is adjacent to 0., and 0rY, and draw an

(framed) arc connects 9.3 and Og¥ that lies on the chosen domain. See [Fig-

ure [3.5).

Remark 3.1.1 Reader should be aware that to connect left and right punctures

37



N 0 /
1 4

Figure 3.4: Top figure is a diagram of (2,6) torus link, where black dots repre-
sents left and right punctures. Middle and bottom figures shows two linearly
independent periodic domains of the %}'gagram.



a I‘I.R

Zn2

a,! \/
L@ﬂ X, X2
1

| a Z;I.R

-

. g J
\ o J

Qf]

Figure 3.5: A general diagram of (2,2n) torus link. Domain @y has framed
arc. The orientation on the boundaries is opposite from usual “right hand”
orientation.

with an (framed) arc is not always possible. In fact, a domain that is adjacent
to both punctures does not exist except for the (2,2n) torus link case. To fix
this, choose puyp or pug and apply a finger move on the chosen meridian along
the longitude so that the resulting puncture is on the domain that is adjacent

to the another puncture.
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3.2 Computation of map §' of CFDD

Now we will compute C/FFD(H), where H is Heegaard diagram of (2,2n)-

torus link complement. The Heegaard diagram is given in [Figure 6.

Periodic domain First we investigate periodic domains m(x,x). It is
well known that m(x,x) = Ho(Y(H),0Y (H)) = Z & Z, by Meyer-Vietoris
sequence. Thus there are two linearly independent periodic domain in the
diagram. Recall that homology group my(x,x) = Hy(Y,0Y) from Remark
2.13. The proof can be found in [5], Lemma 2.6.1. or [6], Lemma 4.18. In

their proof, they use the isomorphism
w2 (x,x) = Hy(X % [0, 1], (@ x {1}) U (B x {0}))

where ¥ = (X/0%)\{z}. The isomorphism given above is proved by investi-
gating long exact sequence of pair (X' x [0,1], (& x {1}) U (8 x {0})). That
is,

— Hy(X' % [0,1]) — Ha(X x [0,1], (@ x {1}) U (B x {0}))

—_——
0

— Hy((ax{1}) U (B x {0})) — Hy(X').

Thus periodic domain 7y (x,x) = ker(H; (a/0a)® Hy(B) — H1(X/0%)). This
isomorphism enables us to find periodic domain from given diagram by choos-
ing right combinations of & and @3 curves such that sum of their image in

H,(X/0%) equals zero. We briefly describe how to find periodic domain from
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such combinations. Explicitly, first choose any orientation on the longitude
o (08" respectively). This induces orientation of 8y (82, respectively) fol-
lows. For example, if orientation of o/f’L is in counterclockwise direction, then
the orientation of 3, is from right to left in the diagram. Then we impose coef-
ficient zero to the outermost region that contains the framed arc. Starting from
the outermost region, we impose regions adjacent to it according to following
rule. Suppose we have two adjacent region A and B such that coefficient of
A equals [ and coefficient of B is not determined. If we can reach region B
from region A by crossing a curve of multiplicity & from right to left(notion of
“left” and “right” is justified since we have orientation of curves), we give the
region B coefficient k + [; otherwise we give coefficient —k + [. If we can give

coefficients to all regions in this way consistently, then the orientations given

to curves & and @3 is boundary in H;(X/0%).

Since there are two possible choices of orientations of longitudes up to sign,

we found two generators of my(x,x). Then the periodic domains are,

Qs+ Qs+ 2(i+ (P + Ri) + (n+2)(Q1 + Q) + (n + 3)Q2

i=1

and

= (14 (-1))

Q3—Q5+Z( 5 (P — Ry) + Q4 — Q1.
i=1

See also [Figure [3.4].
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Thus this diagram is provincially admissible; in fact, there is no provincial

periodic domain here.

Generators According to the labeling given in the diagram, There are

2n? + 2n generators and classified into 4 groups.

XiY; where 7 and j have same parity
ay; where 7 is even

X;b where ¢ is even

ay;, x;b where ¢ and j are odd

\

From now on, we will disregard generators of last kind because of following
reason. The main purpose of the bordered Floer homology is to compute Hee-
gaard Floer homology of three manifold obtained by taking boundary sum.
In link complement case, we take boundary sum with solid tori. Typically
bordered Heegaard diagram of solid tori is a genus one surface with a punc-
ture, equipped with 8 = {3} and @ = {af, a5}. In particular, these af arcs
are glued to a?’L or a® of doubly bordered diagram. Every generator of the
diagram of solid tori occupying exactly one « arc, therefore after gluing two
diagrams the generators of last kind cannot appear in the generators of result-

ing diagram.

Remark 3.2.1 As we have decomposed strands algebra A(Z) into direct sum

of A(Z,i), i € {—1,0,1} (see Remark 2.3.1), we can decompose C’m(H)

42



as follows.

1
CFDD(H) = @) CFDD(H, 1)

i=—1

where

. C/FD\D(H, —1) consists of generator that occupies o/f’R and ozg’R.

. C’FD\D(H, +1) consists of generator that occupies o/f’L and ag’L.

. C’?D\D(H,O) consists of all other generators.

First three groups of generators belong to Cm(H, 0), but last group of gen-

erators does not.

Clearly on the summand C’@(H, 0) has contribution to tensor product
with CFA or a’\D, considering the only nontrivial algebra of@ and CFD
is A(Z,0). Moreoever, since A(Z,—1) and A(Z,+1) are quasi-isomorphic to
Fo (6], Ezample 3.25), so any invertible bimodule over either of these algebras

is also quasi-isomorphic to Fo ([7], 10.0).

From now on, we will be only interested in the generators belong to C’?ED(H, 0).
The number of such generators are 2n?, so we will be working on 2n? genera-

tors placed as in [Figure [3.6].

Domains We will consider domains that contributes to the differential 6.
First obvious condition is domain should have at most four corners, thus it
can have two or four corners. In [Figure 6] there is no bigon domain, so let

us consider a connected rectangular domain with four corners first. In order
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aya, 2 A¥zy 4 ayq ah

X1¥zn1 X1¥z2n1 see X1¥1

Xz¥znz X2¥2n4 ‘e Xz2¥z xzb

Xzn2¥Yzn 4 Xzn2¥zn- ree XznzYz XZII-Z]-‘

XZn-IYZn- XZn-I:.VZn-I tee Xle-l}."l

Figure 3.6: Generators of C/Fﬁ?(H). Blurred generators do not belong to
CFDD(H,0). ayoqq are in CEFDD(H,+1) and Xoqqb are in CFDD(H, —1).

to get such domains, typically we need to stack up regions as follows. First
begin with any provincial region (that is not adjacent to boundaries). Then
one can extend the region by choosing a region adjacent to it. For example, if
one begin with R;, then may extend it by adding another provincial domain
R;41 or Pi1;. The former way of extending region or domain, we will call the
region or domain is horizontally extended. The later will called to be wvertically
extended. 1t is worth pointing out that a provincial region cannot be extended
horizontally and vertically at the same time, because in such cases Maslov in-

dex cannot be one(see [Figure[3.7]). Also we need to consider non-rectangular
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Figure 3.7: Top left : horizontally extended domain. Top right : vertically
extended. Bottom : extended in both ways. Such domain has Maslov index
different from one.

domains. For example, annular domain or genus 2 domain. Annular domains
that have holomorphic representatives also arise, but they do not contribute
to the map '. The genus 2 domains have to contain Q; + Q2 + Q4 and it can
be interpreted as annular domain or rectangular domain. Explanation is given

later in this section.

For the differential 6! : §(H) — A(—0.X)R.A(—0r2)R6(H) on C/FD\D(H),
it acts on a generator x € &(H) typically as §'(x) = > pr ® 05 ® y, where
I,J € {¢,1,2,3,12,23,123}. Here p; means an algebra element comes from
the left boundary strands algebra and o ; right strands algebra. To investigate
5! actions on generators, it is convenient to classify the resulting terms by its

strands algebra elements.
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Remark 3.2.2 A priori, one may consider a differential that gives product of
multiple algebra elements. For instance, prpy where I,J € {1,2,3,12,23,123}.
Clearly, if these Reeb chords cannot be concatenated then its product equals zero

and has no contribution to o'.

Algebra element 1 We should find all provincial domains. We claim that

only rectangular domains contribute to the differential §*.

Lemma 3.2.3 Every non-rectangular domain with ind(B,p) = 1, its se-

quence of Reeb chords p is nonempty.

proof Suppose there is a non-rectangular provincial domain(in this case, an
annulus) that has nontrivial contribution to differential 6'. Then the number
of corners of the domain must be two. This claim is justified by considering
number of different types of corners. Since the number of corners of any

domain should not exceed four, there are only 5 possibilities;
e four 270° corners
e four 90° corners

three 270° corners and one 90° corner

one 270° corner and three 90° corners

two 270° corners and two 90° corners.

Since the domain was assumed to be provincial, it must be a combination of

regions Py, -+, Py, 3 and Ry, Ry, 3. Considering index formula e(A) +
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nx(A) +ny(A), indices of first three cases cannot be one. Likewise we can eas-
ily rule out the last case. The fourth case does not exist by following reason;
since the shape of domain is annulus, the 270° corner must be on the boundary
of the domain. Then the other boundary must have two 90° corner. If not, i.e,
if one boundary component has all three 90° corners, then there cannot be a
holomorphic involution interchanging inner and outer boundaries. Thus, the
one boundary has two 90° corners and the other boundary has one 90° corner
and one 270° corner. Especially the boundary that has two 90° corners should
consist of one @ curve and one B curve, and the intersections have to be 90°.

However such a boundary cannot be obtained by any combination of domains

in [Figure [3.5]. O

Therefore, Py, -+, Py, 3 and Ry, --- Ry, _3 are only domains not adjacent
to the boundaries, so extending these regions horizontally or vertically is the
only possibility to get provincial domains. Such combinations of extension can

be written explicitly as below.

P, P+ Ripa + Pigo, -+
Pi+ P+ P2, Bt + P,y Prto P,
Ri, R+ Pij1+ Riyo, -+

Ri+ Riq, Rijo,--+, Ri+---+ Rop3
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All of these domains are rectangular so each of these domains contribute

nontrivial differential with algebra element 1. In terms of generators,

Xj-1Yit1 + Xip1yj-1 i j—i>2
Xj11Yi-1 T Xio1Yj1 ifi—j>2
Xiyj = § Xiy1yjo1 if j—i=2

Xi_1yj+1 if1—7=2

0 ifi=j
\

Some parts of these differentials are depicted in [Figure [3.§].

Algebra element p; and ;. Domain ()3 is adjacent to algebra element
p1. By the nature of type D structure, any domain whose multiplicity of Q3 is
greater than 1 cannot contribute nontrivial differential. By similar argument

as in previous case, we list possible domains as below.

Qs, Qs+Pi+PFP, Qs+P+P+P+PF, -

All such domains are extended horizontally. On the other hand,

Qs+ Ri+ P, Qs+ Ri+Po+ Rs+ Py,---

which are extended vertically.
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Figure 3.8: Differentials induced by provincial domains.

These domains are all quadrilateral thus dimension of moduli space and

number of holomorphic curves (modulo 2) are obvious, as written below.

p1® (X1Yok-1 + Xak_1y1) ifk#1
ayok —

p1 ®x1y1 otherwise.

Differentials involving oy can be found in parallel manner, by using sym-

metry of the diagram.

01 ® (Xok-1y1 + X1y2k-1) ifk#1
Xokb —

01 ®X1y1 otherwise.
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Algebra element p; and o03. Similarly, domains adjacent to ps are all

listed

Q1, Q1+ Rop—s+ Rop—o, Q1+ Rop—3+ Rop_y + Rops + Ropg," -

and,

Q1+ Poy3+ Rop—g, Q1+ Poy_s+ Rop—a+ Poy_5+ Ropg, -

Domains adjacent to o3 are similar. We get differentials as below.

.

P3 @ (X2k+1Y2n-1 + Xon-1Y2k+1) ifk#n—1
ayak
P3 ® Xan 1Yan_1 Otherwise.
\
4
03 @ (Xon—1Ya2k+1 + Xok+1Y2n-1) L k#n—1
Xaokb —
03 ® Xan_1Y2n_1 Otherwise.

\

Algebra element p; ® 0. A domain (), adjacent to p, is adjacent to oo
as well. So this is the one and only domain occurs an algebra element py ® o5.

Thus we have Xa, 1yon_1 — p2 ® 02 ® ab.

Algebra element p3;®o; and p; ®o3. There are two domains contributes

p3 @ oq; those are Q1 + Ry + Ro + -+ Ropp 3+ Qs and Q1 + P, + Ry + P3 +
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Figure 3.9: Thin solid arrows imply algebra element 1. Bold solid arrows
mean algebra element p; and doubly solid arrows algebra element p3. Finely
dashed arrows and coarsely dashed arrows represents o, and o3 respectively.
In addition, The arrow from Xs, 1y2an_1 to ab has algebra element py ® o3.
Lastly, arrows starting from ab are both imply p3 ® 01 4+ p; ® o03.

Ry+ -+ Rop_g+ Poy_3+ Q5. This gives ab — p3 ® 01 ® (X1¥2n-1 + X2n-1Y1)-

Again, using symmetry of the diagram, ab — p; ® 03 ® (X1¥2n-1 + X2n-1Y1)-

These differentials we have considered so far are depicted in the [Figure[3.9].

Now, we will be mostly working on differentials whose domain is non-

rectangular.

To find holomorphic curves of such domains we will dualize

CFDD to @, so that we can use A, structure of it and ensure exis-
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tence of holomorphic curves and its count(modulo 2).

Algebra element contains p;;. To take advantage of A, structure
of @, the orientation of two boundaries of Heegaard diagram has to
be reversed. We denote p; (respectively, ;) denote the algebra element
of strands algebra A(Z); that is, for a orientation reversing diffeomorphism
R : S"\{z} — —S™\{z}, stands algebra of left boundary maps R.(p1) = p;,

R.(p2) = Py, and R.(p3) = p;. Right boundary is similar.

Returning to C’?D\D, domains contribute to p1o are Qs + Q3 + P +
oo+ Py 3+ Qq and Qo+ Q3+ R+ P+ -+ + Ry,_3 + Q4. The domain
Qs+ Qs+ P+ -+ Py, 3+ Q4 cannot give nonzero differential because of
index reason, and the domain Qs + Q3+ Ry + P + -+ 4+ Ro,_3+ Q4 is not a

Whitney disk connecting two generators.

Algebra element contains ps3. Roughly speaking, domains that pos-
sibly contribute algebra element po3 is obtained by vertically or horizontally
extending domain ()7 so that resulting domains contain );. We do not extend
(> horizontally and vertically at the same time to get a Maslov index one

domain with at most four corners.
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Case 1. We will first consider following annular domains.

Q1+ Q2,
Q1+ Q2+ Qs+ Rap—3 + Pop_3 + Rapy,

Q1+ Q2+ Qi+ Rops+ Pops+ Ropy + -+ - + Po—1 + Roy,

We will first consider domain @)1 + (2. The domain can be interpreted
as M(ayan_2,ab;p5,02). The modulo 2 count of the moduli space can
be computed by using A, relation of m?(ayz,_ 2,70, 09,02). Recall that
m(ayan_2,0;) = Xon-1Y2n-1 and m(Xan_1Y2n_1, P2, 02) = ab since the as-

sociated domains are rectangles.

0 = m(m(aYan% ﬁl)aﬁ% 62) + m(ay2nf27 (pla ﬁQ)aEQ) + m<m(aY2nf2a EZ)? pla ﬁ2)

= ab + m(ayzn_2, p12, 02) + m(m(ayzn—2,02), Py, Po)

The last term on the right hand side equals zero because m(ayan_2,02) =
0(domain @) is adjacent to Reeb chords p, and @3). This implies m(ayan_2, p19, 02) =

ab, hence fM(ayan_2,ab;p;,, 72) = 1.

Remark 3.2.4 An annulus domain of such kind (i.e, outside boundary con-
sists of both a and B curves and inside boundary o curve only, and a cut
on the inside boundary) always admits a holomorphic representative, since we

are free to choose the length of the cut starting from the point a. so that the
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annulus admits a biholomorphic involution of it, in the sense of Lemma 9.4 of

9]

The moduli space M(ayan_2,ab; by, 02) = M(ayan_2,ab; pag, 02) corre-
sponds to pe3 ® 09 ® ab term occurs in §'(aysz, 2) in CFDD. However, the

right hand side is zero by idempotent reasons. Explicitly,

51(a}’2n—2) = pu®oy®ab4---

= pPoglo @0y @ab+ -+ = py3 ® 09 ® 12ab + - - -

Recall that sab = 0 since idempotent ¢y occupies ag’L, and the arc is also
occupied by ab. Therefore the moduli space does not contribute to the differ-

ential &1.

Likewise, domains Q1 + Q2 + Q4 + Ron_3 + Pop_3 + Rop_9, Q1 + Q2 +
Qs+ Rop3+ Poyy_3+ Roppo+ -+ 4+ Por_1 + Rgp, --- allow interpretation
M (ayaqj, ayaji2; P1g; 02,01), whose modulo 2 count is 1. These contribute to
differential between generators ays; and ays,;ji2 with algebra element contains
P23, but all go to zero because of idempotents (There is only one exception;
that is, M(ab, ays; p;y, 03,02, 01). However it has no contribution in differen-

tial in CEDD either because of idempotent action).

Remark 3.2.5 The domains considered above allow interpretation
M(ayz;, ayzji2; P12, 012)-
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Modulo 2 count of the moduli space equals zero can be proved by considering

following A, relation.

0 = m(m(aysj, P19, 01,02)) + m(m(aya;, 01), P12, 02)

+ m(m(ay2j,ﬁ12),61,62) + m(m(ay2j,ﬁ12,51),62) + m(a}’2j7ﬁ12a (01,02))

m(aya;j, P12, 01,02) = 0 since Maslov index is not one. m(ayay, piy) and
m(ayaj, P12, 01) equal zero, because To was not involved and there is no such do-
main corresponding to these interpretation. m(ays;, 1) = 0 is clear from the
diagram. Thus, the last term m(aya;, 1o, (01,02)) = m(ayz;, p1g, 012) equals

zero, too.

Case 2. Next we will consider following domains.

Q1+ Q2+ Poy—s+ Ropa+ -+ + Rop + Poj—1,
Q1+ Q2+ P34+ Ropa+ -+ Rop + Poj—1

+ Qs+ Rops+ Popa+ -+ + Py + Ro_1,

These domains are obtained by vertically extending domain @)s; first kind
of domains have interpretation M (Xax_1Yan_1,Xak_2b; 7y, Py, 02), which is es-
sentially a rectangle. Second domains are also rectangles with moduli space

M (Xak-1Y21-1, X2k_2Y21; P2, P1, 02, 01). Dualizing them, they yield algebra el-
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Figure 3.10: A diagram of (2,6) torus link complement. The shaded region is a
domain obtained by vertically extending domain ()>. This domain corresponds
to a differential from x;ys to xsys. Cutting along the bold curve on the
boundary of domain, the domain turns out to be rectangular.

ements poz ® 09 and pag ® a3 for the type-D structure map 6! in Cm,

respectively.

Remark 3.2.6 Again, modulo 2 count of moduli space M(Xax_1Y21-1,X2k—2Y21; P125 012)

equals zero by considering similar Ay, relation discussed in Remark 3.2.5.

Case 3. Domains that possibly contribute differential with algebra ele-
ment that contains po3 are obtained by horizontally extending )1 + 2. That

is, we add 25 — 1 domains, j = 1,---,n — 1 on the top and resulting do-

o6



main is Rop_2j—1 + -+ 4+ Ropn—3 + Q1 + Q2. The only possible interpretation is
M (X2n-1Y2n—2j—1, Xan—2jD; P12, 02). It doe not allow holomorphic representa-
tive, because the domain does not allow holomorphic involution interchanging

two boundaries.

Likewise, we consider domains obtained by adding horizontally extended

domains to ()2 on top and bottom. Consider a domain

Q1+ Q2+ Qs+ (Rop—ip + - Ropsz) + (Popy + - - + Poy_3).

The domain is obtained by adding k£ — 2 domains on top and [ — 2 domains on
bottom. If £ = [, then the domain obtained is the case that we have considered
in vertically extended case above. If k # [, then two interpretations are possi-
ble. First is M(Xan_1Y2n-k, X2n-k+1Y2n-1+1; P12, 012). Lhis is a genus two do-
main, and modulo two count of this moduli space is zero by similar reason given
in Remark 3.2.5. Second one is M (Xan_1Y2n—k; X2n—k+1Y2n—1+1; P12, 02, 01)(0r
M (X2n-1Y2n—ks Xon—k+1Y2n—_141; P2, P1,012)). This is an annular interpreta-
tion, and that does not have holomorphic representative because it does not

allow holomorphic involution.

Algebra element contains p;s3. Domains that possibly contribute to
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Figure 3.11: Above diagram shows examples of obtaining non-rectangular do-
mains of (2,6)-torus link. Top left can be interpreted as an annular domain,
but it cannot give nontrivial differential due to idempotents. Top right is ob-
tained by horizontally extending ()5 on top, but its only possible interpretation
does not allow any holomorphic representative. Bottom left and bottom right
were obtained by horizontally extending ()2 on top and bottom. If number of
regions attached on top is not equal to number of regions attached on bottom,
it has two interpretations; and they do not allow holomorphic representative
either(bottom left). If two numbers are equal, then the domain can be also
obtained by vertically extending ()2, which gives nontrivial differential. These
four cases, in addition to the case of vertical extension of ()5, covers all possible
domains that could contribute algebra element po3.

algebra element pjo3 are as follows.

Q1+ Q2+ Q3+ Qs+ Rops)+Ri+Po+Rs+ -+ Py
Q1+ Q2+ Q3+Qu)+ P+ Pyyg

(Q1+ Q2+ Q3+ Qs+ Rop—s+ Pops+ Ropa+ Py + Rops) + Ri+ P+ Rs+ -+ Pays

(Q1+ Q2+ Q3+ Qs+ Ropn—s+ Poyy+ Ropa+ Pop_a+ Rops) + P+ - Pay_5

Qi+ +Q+P P+ -+ Pypsgt+t B+ + Roys
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Each of these domains are obtained by adding horizontally extended do-

main containing p; to the annular domain listed in algebra element po3.

For the first two domains, the only possible interpretation is

M(ayzn—2,X1Y2n-1; P13, 02, 01)
and
M (ayan—2,Xen-1Y1; P123: 02,01)

Modulo 2 count of these moduli spaces follows by investigating coefficients
of A relation of m?(ayan_2, P12, P3,02,01). Since m(ayasn_ 2, 19, 02) = ab,

combined with the fact m(ab, p;,71) = X1Y2n-1 + X2n-1Y1,

m(ayan—2; P123,02,01) = X1¥2n-1 + X2n-1Y1

This implies modulo 2 count of above moduli spaces are 1.

Similarly, the other domains (except for the last domain) give Whitney
disks, and moduli spaces corresponding to the domains are M (ayaj, X1Y2j+1; P123: 02, 01)
and M (ayaj, X2j+1Y1; D123, 02,01). Bach of these moduli space has count 1

modulo 2.

The moduli space of the last domain Q1+ -+ Q5+ P+ -+ P, 3+ Q1+

-+« 4 Q2,_3 can be interpreted in three ways. First, M(ab,X1¥y1; 123, 0123)
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whose Maslov index is different from one. Second possible interpretation is

M (ab, X1y1: D123, 03,02,01)

Ao relation of m?(ab, by, Ps, 03, 09, 01) gives m(ab, pio3,03,02,01) = X1y1,
by considering m(ab, p,y, 73, 02,01) = ays and m(ays, p;) = x1y1. Thus the

modulo 2 count of the moduli space is 1. The last interpretation is

M<ab7 X1Y1;,537p2751753,52,51)

Although this interpretation cannot be obtained from previous A, relations,
existence of holomorphic curve and its modulo 2 count is quite clear from the

diagram; the domain is essentially rectangular in this interpretation.

For the algebra elements of A(Zg), we take advantage of symmetry of the

diagram. A, relations are listed as follows.

m(Xan_2b,py,712) = ab

m(Xa;b, Pa, P1,012) = Xajiob forj=1,---,n—2
m(ab, ps, 0y, P, 012) = X2b
m(xg;b, Py, P1,0123) = X1Ya2j+1 + X2j41¥1 forj=1,--- ,n—1

m<ab7 ﬁ37 ﬁ27 pla 5123) = X1y

Dualizing above result, one should reverse the orientations of left and right
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punctures and consider idempotent restrictions. Dualized result can be sum-

marized as,

51(ab) = P1230123 ® X1y1 + - -
51(aY2j) = p123023 @ (X1y2j+1 + Xoj41y1) + - forj=1,---,n—-1

51(X2jb) = 230123 @ (Xoj41y1 + X1y2j+1) + - forj=1,---,n—-1

It is worth mention that there are three holomorphic disks contributing p1930123®

x1y1 term in §'(ab) from following moduli spaces.

M(ab, X1Y1; ﬁ123753,52,51)7
M(ab, X1y1;T123, P3, Pas P1)s

M(ab,x1y1; P, Py, P1,03,02,01).

Again, differentials that yield algebra elements o935 and o123 can be ob-

tained using symmetry of the diagram with exactly parallel manner.
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Figure 3.12: A diagram of (2, 6)-torus link complement, with all differentials
are included.
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Chapter 4

Examples

In this section, we will relate our result to known calculation for knot comple-
ments and closed 3-manifolds. These examples show how to use the algebraic

structure of pairing theorem given in [6].

4.1 A, -tensor product

Originally, bordered Floer homology was invented so that A, module and
type-D structures with diffeomorphic boundaries are merged, and computes
HF of resulting 3-manifold. This procedure, namely A, tensor product, will

be described below.

Gluing Diagram Let H; = (3;, @, 3;, %), i = 1,2, be genus g; Heegaard
diagrams with single boundary components representing bordered 3 manifolds
Y) and Y5 respectively. We assume —39Y; and 0Y; are diffeomorphic genus k

surface. We glue two diagrams —H; and H, along the boundaries such that
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boundary points of arcs daf and marked points z; agree respectively. Then
resulting Heegaard diagram —H; Uy Hs has genus ¢; + g with curves a; U,
B, U B, and 23 = 29. It follows from standard Morse Theory argument that

the Heegaard diagram —H; Uy Hs represents 3 manifold —Y; Uy Ys.

Computing ﬁ(?‘ll Uy (—H3)) from @(Hl) and @(Hg) Gen-
erators G(H; Uy (—Hs)) are a subset of &(H;) @ &(H,); that is, if x @ y €
S(H1) ® 6(Hs,) occupies a curve of @y U @y more than once, then x ® y has

to be excluded from computation.

Let x € 6(H;) and y € &(Hs), where &(H;) is a set of generators of CFA
and S(H,) is a set of generators of CFD. Assume x ® y € 6(H1 Uy (—Ha)).
Then differential of the complex C/’Eél(Hl) X @(Hg) is defined as follows.

X®y Z mk+1®]ICFD (X®5k( ))
k=0
Then, there is a homotopy equivalence HF(Y; Uy —Y3) = C/Eﬁl(?{l) X
CFD(Hy)([d).

We denote X a box tensor product.

Gluing of doubly bordered case is also similar; the only difference is the
framed arc z. If we glue doubly bordered diagram and single boundary dia-
gram, we match marked point z from the single boundary diagram and the one

end of framed arc z. After gluing, the framed arc reduces to a marked point
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on the other side of boundary(if gluing two doubly bordered diagrams, then
we connect two framed arc). In our example, we will be mainly interested in
a type-D structure obtained by box tensor product @(Hl) X C’/FD\D(HQ),
where single boundary diagram H; is glued on the right side of doubly bor-

dered diagram Hs,. The resulting type-D structure map (§')! is,

()" = (mr)in @ pr @ Lgpp) (x ® 6 (y))

where x € 6(H;) and y € &(Ha).

4.2 oo-surgery on right component of link

First we will consider an oo-surgery on the right component of (2,2n) torus
link complement. Since the longitudes o®” and o™ of left and right com-
ponents are passing through the 3; and (3, respectively, so the oo-surgery on
the right components gives a unknot complement with framing (n — 1). We

compute CFD of the unknot complement as follows.
Let H(2.2,) be a doubly bordered diagram of (2,2n) torus link comple-

ment, and H,, be a single bordered diagram of solid torus. Then generators

of &(Hoo Us H(2,20)) consists of w ® ab and w ® xgib, k=1,--- ,n— 1.
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Computing @(Hm) is easy; that is,

mk+3(w7 03,023, " ,023, 0-2) =W
—_———

ktimes

Now we consider type-D structure of C’m(H(Q,gn)). We omit terms
which do not appear after taking box tensor product with @(Hm), thus

have no contribution in computing @(Hw) X CﬁD(H(gygn)).

0*(ab) = (p1 ® p23) ® (03 ® 09) @ Xgb + -+
(52(X2kb) = (p23) &® (O'g & 0'2) X X2k+2b + - for k = 1, ceem— 2

(52(X2n_2b> = (pg) X (0'3 (24 0'2) X ab+---
Thus type-D structure (§')! is,

() (weab) = u(p1® pas) ® ms(w,03,02) ® Xzb
= P23 @ W R Xab
() (w @xab) = ju(pas) @ ma(W,03,02) @ Xaiy2b
= P3O W R Xgpiob fork=1---n—2
()1 (W @ Xan2b) = pu(p2) ® mg(W,03,05) @ ab

= pp®WwW®ab

Compare this result with [2], Example 2.2.
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Figure 4.1: The diagram H., on the left shows oco-surgery on right com-
ponent of the link. The diagram H,, on the right is +2-surgery on the

right component. The A, relation of @(H+2)is given as m(q,09) = pi,
m(p17 g3, UQ) = P2, and m(an 03,02, 0-1) =dq.

4.3 Knot complement of trefoil

Consider (2,4) torus link. If we glue right component by solid torus of framing
+2, then resulting diagram will be diffeomorphic to trefoil after handleslide
and blow down +1 unknot component. A type-D structure (Ny,(6;)!) :=
@(HH) X O/FD\D(H(QA)) computes,

p1 ® ab<—q® x3ys <2— q® ay

~ P1

> o q® X1y1

~
~

N P123

~

AL
p2 ® ab

The dashed line denotes unstable chain, where
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"= P1®ab =Py @ X2b ——>q ¥ X1y3 —->p1 @X2b —>p2®ab — -

p123 P2

T

q ® X3Yy1 —1>q® X2Y2

We claim that the chain complex described above is homotopy equivalent
to a complex (Na, (62)') which is identical to the complex above but unstable

complex has been replaced by

- — p1 ®ab-——ps ®x3b —n>a ® X1¥3 T P1 ® Xa2b ——> P2 ®ab — ---

P123

Define a map 7 : N; — N, such that 7(q ® x3y;1) and 7(q ® x2y2) equal
zero, and otherwise acts as identity. We also define a map ¢ : Ny — N; as an
inclusion. Then 7 o = Iy, is obvious. In addition, a homotopy equivalence

H : Ny — N is given as,

q ® X3y1 if 7 = q® Xay2

q®X1ys +q®x3y;1 if v =q®x1y3
H(x) =

P2 ® X2b it z = pa ® x2b

0 otherwise.

\

which extends as a A(T')-equivariant map. Then it is clear that 1 o7 =

(61)' o H+ H o (6;)".

Remark 4.3.1 Compare above result with section 11.5 of [6], from which they
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spelled out an algorithm to recover @(53\VK) from CFK~. According to
their notation, the length of unstable chain is 3 (the number of generators
between two outermost ones). This length is closely related to the framing of
knot complement and concordance invariant T(K)(see equation(11.18) from
[0]). In our case, the framing of left component of link was originally -1,
but handleslide procedure has added +4 and therefore the framing is 3. Since
T(Trefoil) = 1 is less than the framing, the length of unstable chain agrees with
the framing. Theorem A.11 from [6] has the precise description of relation

between T(K') and unstable chain.

4.4 (ny,ny)-surgery on Hopf link

Hopf link is (2,2) torus link. If ny and ny are two positive integers such that
niny # 1, then (ny, ng)-surgery on Hopf link results a lens space L(nings—1,n4).
Heegaard Floer homology of the lens space has niny — 1 generators whose dif-

ferentials equal zero.

Diagram of Hopf link complement is easy. In addition, o/ll’L(respectively,
o) does not intersect 3 (respectively, (3;), therefore gluing the diagram with
HE and HE will result closed Heegaard diagram of lens space L(ning—1,ny).

2

The A relation of @(Hm) is as follows(see [Figure )

m(q,p2) = D1

m(pi7p3,P237"' ,P23702> = Ditj+1
——
J times

M(Pm, P3, P2, P1) = ¢
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C/FD\I)(S3\V(Hopf link)) has two generators ab and x;y;. Its type-D struc-

ture is given as below.

(51(ab) = (p1 ®03+ p3® 01 + prag @ 0123) ® X1y1

d'(x1y1) = p2®or®ab

Remark 4.4.1 See [7], Proposition 10.1. Note that Hopf link complement is

T? x [0,1] and it is ezactly an identity module described in [7).

Let pf and ¢"(p}' and ¢", respectively) be points of bordered Heegaard
diagram Hﬁl attached to the left (Hf2 attached to the right, respectively).
Then we have following niny + 1 generators of C/'F\A(H,L“) X @(HZ) X
CFDD(S*\v(Hopf link)).

propfoab  i=1,-- ,njandj=1--ny

7" ® ¢ @ x1y1.
The only nontrivial differential is,
(" ® ¢" ®@ x1y1) = m(q", p2) ® m(¢", 02) ® ab = pl ® pf' ® ab.

Thus the homology of CFA(HE ) & CFA(HE) K CFDD(S*\v(Hopf link))

has niny — 1 generators as expected.
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