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Abstract of the Dissertation

On the Partition Function for CP! Instantons on a Flat
Torus

by

Joseph William Walsh

Doctor of Philosophy
in
Mathematics
Stony Brook University
2012

The partition function for the free theory of CP'-valued fields on a flat two-
dimensional torus is studied. The partition function localizes to an infinite series

of finite-dimensional integrals of the form

/ (det 'Ay) " dpg(w)
Ny

where Ny is the space of all holomorphic maps w of topological degree d. A,, is the
Laplace operator on w* (TP!) with respect to the pullback of teh Fubini-Study

metric, and dug is the induced measure.

Through the process of (-regularization of the determinant and variation of the

conformal anomaly of the metric, the determinant is explicitly calculated in terms

il



of the zeroes ay, as, ..., aq, poles by, bs, ..., by, and scaling factor ¢ of w. For each
degree, a simple family of bundle metrics are introduced, parametrized by the
universal cover of the Jacobian variety, to act as the base points for the conformal

variation.

The measure dug(w) is computed exactly with respect to the same coordinates.
This requires a careful examination of its dependence upon the complex structure

of the torus.

Finally, we discuss the convergence properties of each of the above integrals.
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Chapter 1

Introduction

1.1 Physical Motivation

Let M = R'3 be Minkowski spacetime with metric —dt? + dz? + dy?® + dz>. A field ¢ on
spacetime taking values in some other space X is simply a section of a bundle over M with
fibre X. For example, if X is R (or C), then ¢ is called a real (or complex) scalar field. The
most common example is the case where ¢ is a section of some tensor or spinor bundle over
M.

A classical field theory is given by a functional S, called the action, on the space of

fields under consideration:

stel = [ ciote. .

where £, the Lagrangian density, is a scalar quantity that is constructed out of ¢ and its
derivatives. The dynamics of the field theory are encoded into the action functional by “the
principal of least action.” This states that the physical fields are those for which the action
is stationary (usually minimum); i.e. the only fields allowable in the theory are those that

satisfy the cooresponding Euler-Lagrange equations. Thus, the dynamics of the physical



fields are completely determined.

In quantum field theory, fields are no longer explicitly determined by the Euler-
Lagrange equations; rather, they are self-adjoint operator-valued distributions, acting on
the space of probability amplitudes, which can be thought of as a complex projective Hilbert
space. The dynamics of the theory is contained in the correlation functions: the expectation
values of these distributions evaluated at different points of spacetime. The classical action
still determines the dynamics of the quantum theory in the following way. If F is a quantum

operator corresponding to the classical functional F', then its expected value is

S\ fF[¢]eiS[¢]p¢
(F)= [ S Dg

where the “integral” is performed over the space of classical fields ¢.

In the classical realm, observables are built out of combinations of the fields and
their derivatives, and we demand that this relationship carry over to the quantum world in
some consistent way. Therefore, the major quantities of interest are the “n-point” correlation
functions (p(x1)d(z2) - - ¢(x,)), where zq,. .., x, are distinct time-like separated points of
spacetime, with xy > x5 > ... > x, in the time-ordering. These correlation functions are

encoded in a generating functional called the partition function:

Z[J] = /ei(SW]JFfM J¢)D¢;

wl 5§ 5
) 2157 670 5T

Some texts call Z[0] the partition function and simply refer to Z[.J] as the generating func-
tional, in order to better match terminology in statistical mechanics.

These integrals do not make sense in the in the usual measure-theoretic sense, as there



is no translation-invariant measure D¢ on the infinite-dimensional space of fields. In order
to make sense of this, we perform a Wick rotation-we formally rotate our time coordinate
so that it takes imaginary values, replacing ¢ by ¢t. This changes the metric on M to one of

Euclidean signature, and therefore changes the action accordingly:

Slgl = iSplgl =i | Lelo(t, Z)|dtd’.

M

Thus, the partition function also changes, Zg[J] = [exp {— [, (Cel¢] + J¢) d'z} D¢, to
one more well understood mathematically. In this case, the kinetic term in the exponent can
be combined with D¢ to determine a Gaussian measure on the space of fields. If one can
evaluate this Euclidean partition function, it can be analytically continued back to give the
result in Minkowski signature.

It is physically interesting and important to consider spacetimes with other topologies
and curvatures, where computing the partition function is more difficult. In addition, the
partition function is a valuable tool in string theory, where the objects of interest are not fields
on spacetime, but rather maps from the string’s worldsheet to spacetime. The worldsheet
may be any smooth orientable surface with a Minkowski signature metric. Therefore, it
is important to be able to compute the partition function in a wide variety of situations.
In many of these cases, Wick rotation is harder to define. For instance, in field theory it
is only understood if spacetime is a totally hyperbolic manifold |24, 12]. Nevertheless, for
computational reasons, it is still more desirable to work in the Euclidean signature than
the Minkowski signature. In fact, many texts only define the partition function with the

Euclidean convention |21, 5|. This is the approach taken in this thesis.



1.2 Previous Work

In the late 1970’s Fateev, Frolov, Schwarz, and Tyupkin [9] computed the leading terms of
the partition function for maps from R? with the usual Euclidean metric to the Riemann

sphere with the round metric, subject to the following “free” action:

Sslu] ==

— 2B wiOaw’ p:id
2f RQQ oW OgW- PijGLg,

where g is the metric on R?, p, the metric on the Riemann sphere, and f is a coupling con-
stant. In order to make the theory conform to certain physical axioms, they restricted their
attention to fields whose limit at co was well-defined. In order to handle this restriction,
they examined the case of fields on a sphere of radius R, and then let R tend toward oo.
Physically, the value w(oo) represents the vacuum expectation value of that field. Math-
ematically, some restriction of this sort on the space of fields is necessary in order for the
partition function to converge.

They computed the partition function in the small-f limit by formally applying
Laplace’s method of steepest descent, which localized the integral onto the spaces of holo-

morphic and anti-holomorphic maps, indexed by topological degree:

Z[J) =Y @rf) 1t 5l / e~ 17 (det Ay) T2 dpg(w),

dez Na

where d indexes the topological degree of the field w, Ny is the finite-dimensional subspace
of holomorphic fields of degree d, det A,, is the (-regularized determinant of a w-dependent
elliptic operator on a particular line bundle over S?, and pg is the measure induced by a
natural metric on Ny. Details of this derivation can be found in Chapter 2.

For any fixed degree d, they parametrized w € Ny in terms of its zeroes ay,--- ,aq



and poles by, --- , by and a multiplicative factor ¢, so that

(z—a1) (2 — aq)

(z—=01) - (c—bg)

w(z) =c

A, is the Laplace operator on w* (T'S?) with respect to the bundle metric w*p and base
metric g. They were able to compute the dependence of det A, on any conformal variations
in either metric. Furthermore, since any two metrics on a given bundle over the sphere are
conformally equivalent, by computing det A with respect to a relatively simple metric, they
were able to extrapolate to an expression of det A,, in terms of the coordinates.

For w € Ny, a tangent vector v € T, N; can be associated to a holomorphic vector

field v(z) € T’ (w* (T'S?)). A metric can then be defined on T, Ny by

n12) = [ 0% (1) 00(2)) iy ()

This defines a metric on N4, which induces a measure uy. By changing from the coordinate
basis of T,,N; to the vector fields defined by the monomials 1, z,..., 2%, some clever linear
algebra allowed them to compute dpug(w) in terms of the local coordinates.

After taking the limit as R — oo, they were led to the following expression for the

measure in the partition function formula:

(det A) 2 dpra(w) = w2 O (Ja)1)? (14 [ef?)

IT o —al by =0 ] o —bml™

1<j<k<d 1<l,m<d

de)* T] Idal |db;|?

1<i<d

Rather than compute the partition function explicitly, they drew parallels between this

system, a neutrally charged classical Coulomb system, and a sine-Gordon system. This



allowed them to solve for the two-point correlation function explicitly.

The work of Fateev et al raises a question which has long been unanswered: Can the
partition function be calculated in the case of CP'-valued fields on other Riemann surfaces?
There has been much work done on circle-valued fields; for example see [13, 2, 4, 3]. However,
there have been very few mentions of CP'-valued fields. Sutcliffe discussed CP'-valued
instantons (the higher degree holomorphic maps) on the torus as a tool for approximating
certain periodic sine-Gordon solitons, but he did not attempt to compute the partition
function for these fields [23]. This thesis aims to be a first step toward filling this gap. Also,
literature on the classical Coulomb system or the sine-Gordon model on a torus is scarce. It
is hoped that the analogy in the genus 0 case still holds, and that the results in this thesis

may shed some light into these other models.



Chapter 2

Background

In this chapter, we describe the background for the main results of this thesis and establish
notation, following closely the description given by Fateev, Frolov, Schwarz, and Tyupkin

[9]. The material in this chapter describes the field theory on any compact Riemann surface.

2.1 The Action Functional

Let X be a compact Riemann surface with Riemannian metric g and associated measure
dpg. Let W be the space of smooth maps w : ¥ — P!, later called fields. We define the free

action functional S on W by
1 8 , A
Slw] == — [ g 0,w' 0w’ pijdug, (2.1.1)
2f Js

1
where p is the Fubini-Study metric on P! and ﬁ is the coupling constant. In terms of a

local holomorphic coordinate z on ¥ and the usual coordinate on P!, this can be expressed

as
1 d,w|? + |9swl?
S[w]:— ‘ | ’22‘ |d2|2,
s (1+|w|)




where ]dz|2 is shorthand for the form %dz A dz. The topological charge, or degree, of a map

w is given by the integral

1
degw: = Vol IPl)/ *(dpy)

_ /law\ law\| d:
(1+ fw|

Therefore, we see that

Shuw] = ”degw / _[0ul” dz|? (2.1.2)
f (1+ |w|
- Wdegw / 0:f |dz|?. (2.1.3)
f (1+ Jw|?)

This shows that when restricted to Wy, the maps of fixed degree d, S|w] achieves a minimum
value of 7 |d| on the finite-dimensional submanifold Ny, consisting of holomorphic functions
when d > 0 and antiholomorphic functions when d < 0. In particular, Ny is the set of

constant maps.

2.2 The Partition Function

The main goal of this thesis is to give meaning to and calculate the normalized partition

function
7(0] = Jw 2wle "Dw
Sy eI Dw
where @ is a function on the space of fields. If we take ®[w] = — [, Jwdp,, then Z[®] is

equivalent to the quantity Zg[.J]/Zg[0] described in Chapter 1. As stated in Chapter 1, Dw
does not make sense as a translation-invariant measure on the space of fields. However, the

integral is of a form familiar to physicists, and most likely can be calculated via a lattice



renormalization procedure in which the coupling constant f becomes dependent upon the
lattice cutoff. (f — 0 as the lattice cutoff is removed.) We will not pursue this course,
but rather simply define Z[®] in the small f limit by formally applying Laplace’s method of
steepest descent.

Let us briefly recall how this works in finite dimensions [11]. Suppose S : M™ — R
is a smooth function that attains its minimum value v on an n-dimensional submanifold N.
Suppose further that NV is a nondegenerate stationary manifold; that at every point = € N,

0 is an eigenvalue of S”(x) with multiplicity n. Then

/Mg(x) exp(=S(z)/f)d"z = (27rf)(m7")/2 exp(—v/f) /Ng(x) (det S"(x))_1/2 e
10 (f(m n /2+1)

Here we are taking the regularized determinant, the product of the non-zero eigenvalues,
of the Hessian S”(z). It will be useful to scale the Hessian by some constant, k, to be

determined later:

/Mg(“") exp(=S(z)/)d"x = (2 k)" exp(~/ ) /Ngm (det(kS"(x))) "/ d"x

If we formally apply this to the partition function, we arrive at

Zd (QWfk)(dimwfdimNd)/Q 7§‘d‘f @ det ks//(w))*l/Q dﬂd(ﬂ])
Zd (27Tfk) (dim W—dim Ng /2 j|d| f det kS” )) 1/2 d,LLd('LU)
Yo (2 fhe)~ N2 T [ D] (det kS (w)) T dpta(w)

Z[9]

Q

= . 2.2.1
2 (2 )~ BN e [ (det kS (w)) T2 dpug(w) -
Here, S” is the operator-valued function on N, determined by
1
Slw +v] = Slw] + 5= (v, 8" (w)v) + o (v]]*) (2.2.2)

2f



for any infinitesimal variation v of w. To calculate S”(w) for (anti-)holomorphic w, we first
naturally identify the space of infinitesimal variations of w with the space, T' (w* (TP')), of
sections of the pullback via w of the holomorphic tangent bundle, TP!, as follows: Let v be
an infinitesimal variation of w, that is, v € T;,W,;. Therefore, there is a smooth curve ¢ — w;

in Wy satistying wy = w and —

| we=v For each fixed z € ¥, wy(z) is a smooth curve

=0
d
in P!, so that —|  wy(2) € Top(o)P' = (w* (TP')).. Thus, we can define
dt],— :
d
v(e) = o . w(2),

so that v(z) is a smooth section of w* (TP!).

Through this identification, we can express the inner product in (2.2.2) as

(o1, 09) = / (02(2), v2(2)), ity

1 / Ul’(_JQ +1_)1U2d
= 5| T 520
2)e (1+ |w|2)2 !
where (, ), is the Riemannian metric on w* (TP!) associated to the pullback of the Fubini-
Study metric on P!

Let w be any field. The first variation of S at w is, in essence, the derivative of S at

w. Let v € T,W, and let w(u) : (—€¢,€) — W be a smooth curve satisfying w(0) = w and
d
in the direction of v is defined by the formulad,S{w]|,_,. Assume for now that degw > 0 so

w(u) =v. S[w(u)] is a smooth real-valued function of u, and first variation of S at w

that S is given by (2.1.2). Since deg w is a local invariant, the first variation can be expressed

as

9.l = 2/ 0, 0sw0,w + 8u(322w05w B 28;@082@ (O, ww tw@uw) |dz|2
> (1+ [w]?) (1+ [w]?)

10



_ / 0,0 <0_w2) 0w, <@_w2)
> (1+ [w]?) (1 + |w[?)

O w0, W (O, WW + WO W)
(1+[w]?)®

=],

where we have integrated by parts to obtain the second formula. From here we clearly see

that 0,5[w]|,_, vanishes, independently of the value of J,w| whenever w is holomorphic,

u=0
as we expected.

S"[w] is defined by the second variation of S at w, which is analogous to the Hessian
matrix in finite dimensions. Let v; and v, be any two tangent vectors based at w; we can find
a two parameter function w(uy, us) : (—¢, €)*> = W where w(0,0) = w, Our W (4 i) =(0.0) = V15
and 0,,w| (w1 u2)=(0,0) = V2- We can compute the second variation 0,,0,,S[w] in much the

same way as first variation. Evaluating it in the case where w is a holomorphic field of degree

d, we find the formula

]_ 2\ 2 azamw
au1aug5[w]|(u1,u2):(0:0) = <au2w7 det |g| (1 i |w‘ ) az <m) > .

Therefore, S"(w) = 4A,,, where

1 2 Os
A, = — 1+ |wl?)” 0, (—) 223
det |g]| (1 fuf) (1+|w[2)? ( )

is the d-Laplace operator acting on sections of w*(TP').
In the case of degw < 0 so that the critical points are anti-holomorphic functions,
the same computations carry through with the only change being the switching of 0, and

0. Therefore, for anti-holomorphic w, we define:

1 2\ 2 az
Aw = 1+ ag —_— | .
det |g] (+ Jul’) ((1+ |w|2)2>

11



Ergo, if we set k = I in (2.2.1), we see

N @tnf) Ty, @] (det Aw) " dpa(w)
S gy eI (det A) 7 dtg(w)

79| (2.2.4)

In the rest of this thesis, we will explore this quantity in the case when ¥ is a flat
complex torus, with det|g| = 1. In this case, there are no (anti-)holomorphic maps of
degree (-)1, and therefore the integrals over W, are suppressed in the small-f limit. Thus,
the sums in (2.2.4) range over all d # +1. In Chapters 3 and 4, we will compute the
terms corresponding to d > 2. In Chapter 3, we will concentrate on the calculation of
det A, while Chapter 4 will cover the computation of the metric duy. In Chapter 5, we will
complete the computation by examining d < —2 and d = 0 separately. We will then discuss

the convergence of the partition function.

12



Chapter 3

Determinant of Ay,

In this chapter, we compute the dependence of det A,, on w, where A, given by (2.2.3)
is an operator on the space of sections of the holomorphic line bundle w* (TP'). We will
restrict our attention to the case when d > 2; i.e. w is holomorphic. This computation has
three main parts. First, the entire problem is reframed in terms of the theory of multipliers.
Second, the dependence on the conformal anomaly of the bundle metric is computed in
order to reduce the problem to a computationally easier metric. Third, the spectrum of this
reduced metric will be computed exactly.

Let ¥ be the complex torus C/A, where A is the lattice Z & Z1 with (1) > 0. As a
matter of convention in this chapter, variables without decoration such as z and a; will denote
points of C, and the same variables with tildes, Z and a;, will denote the corresponding point
on the torus. Furthermore, we will denote the real part and imaginary part of any complex
number A by A, and A,, respectively. The only exception to this rule is the complex variable

z, which we will decompose in the traditional way as x + 1y.

13



3.1 Review of the Geometry of Line Bundles and Multi-
pliers

In this section, we describe holomorphic line bundles on X in terms of their multipliers. This
is a reformulation of material covered in [10], in particular Chapter 2, Section 6, but this
section sets the notational conventions for the remainder of the thesis.

It is a well known fact [10] that the Picard group of equivalence classes of line bundles
over 3 is parametrized by the group of divisors modulo linear equivalence. As ¥ is one-
dimensional, Div(X) is simply the group of formal Z-linear combinations of points of 3.
Given a divisor D = ijl n;Z;j, the corresponding line bundle, Lp, has a section 1p, which
we shall call a canonical section of the bundle, with a zero of order n; at z;. Zeroes of
negative order are of course interpreted as poles of order |n;|. 1p defines a trivialization of
Lp over the open set Uy := X\ {éj}‘j]:l. Furthermore, if U; is a small open disc around Z;
for each j, then we can trivialize Lp over U; in such a way that the transition map from
Up to U; is given by (Z — Z;)™. Furthermore, this construction is a group homomorphism:
Lpyp = Lp ® Lpr.

If #: C — ¥ is the quotient map, and Lp is a line bundle corresponding to a
divisor D = Z}]:1 n;Z;, then 7=1(Lp) is trivializable. In fact, a holomorphic trivialization
can be chosen uniquely (up to a scaling) so that for any continuous section, s, of Lp,
m*s(z 4+ 1) = 7*s(z). More explicitly, let z; be a preimage of Z;, under w. Let n = Z}]:1 nj,

and let zp = E;-le n;z;. Define the function f, ., : C — C by
fozp(2) = exp {—77 (nz2 — 22Dz) + iﬂnz} .

Here, n is defined by the equation ((z + 1) = ((z) + 2n, where ((z) is the Weierstrass (-

function. Then if o(z) is Weierstrass’s o-function, we can define a holomorphic trivialization

14



such that, for a given choice of canonical divisor of Lp:

sp(2) ==7"(1p)(2) = fa.p(z Ha z—zi)".

Here, we have abused notation. sp is dependent not only on the divisor D, but also on the
specific preimanges z; of the points in D). Changing the choice of preimages will change sp
by an scaling factor. From here, a quick computation using the periodicity relations of the

o-function [1], we see

sp(z+1) = sp(z);

sp(z+7) = (=1)"exp{—27i(nz — zp)} sp(z). (3.1.1)

These quasi-periodicity relations must be satisfied for any section of Lp. It is important
to note that the multiplier (—1)" exp {—27i (nz — zp)} only depends on the representatives
{%;} chosen for the points in the divisor D through the combination zp. This is a consequence
of the fact that the Jacobian variety of an elliptic curve is naturally isomorphic to the elliptic
curve, itself. Due to this isomorphism, the line bundle Lp is determined up to equivalence
precisely by its degree n and the point on the elliptic curve zp.

Another useful fact is that log f, ., is additive in n and zp;

Jnszpr frzzps = Fritnz,zpi+2pe-
This implies a group structure on the set of functions {sp} :
spip'(2) = sp(2)sp(2).
This arises from the fact that tensoring two canonical sections yields a third: If D =) iM%

15



and D' = ), mywy, are two divisors, 1p and 1 canonical sections of the corresponding line
bundles, then 1p ® 1p/ is a canonical section of Lp ® Lpr = Lppr.

Finally, if A is a Hermitian metric on the line bundle Lp, for any continuous sections
f and g, h(f,g) is a well-defined function on the torus. Pulling back to a holomorphic
trivialization as above, we see that h(z)mg(z) must be a doubly-periodic function, and so
h(z) must be represented by a nonzero function, transforming under the action of the lattice

by:

h(z+1) = h(z);

hMz+7) = exp{—4r(ny —yp)}h(2). (3.1.2)
One such metric on Lp is given by

o (2) = 50 {2 oy (5= 3) =200 |

This family of metrics has the same additivity properties as the functions f,, ., and therefore,

we can decompose the bundle, canonical section, and metric:

Lp

I
®
2

Sy limz T H (Szj)nj - H (flvzj (2)a(z - Zj))nj )

J
Pnzp = H(h17zj)nj‘

Now let w : ¥ — P! be a holomorphic map of degree d; then we can express w as

wio) = Lo G =)
HZ:1 o (z— bk) ’

16



where {aj,...,aq4} N {51,---,551} =0, and >7 a; = >, by Ly := w* (TP') is the line
bundle associated to 2D (w), where Dy (w) = )b, is the divisor of poles of w. Let
B :=)"b;. In addition to the metric hog2p, we have another choice of metric on L,, given
by the pullback of the Fubini-Study metric, which we denote as h,,. If 1, is the canonical
section of L,, determined by pulling back % via w, then Ay (1y, L) = (1+ |w|2)_2. Since
™(1y) = H?Zl (fip,(2)o (2 — bj))2 = H;l:l sp,(2)?, we see that h,, is represented by the

function )

d
ho(2) = (1 + |w|2) H ‘sbj (Z)‘Q

One can easily check that h,(z) is well-defined and extends to be nonzero on the complex

plane, and satisfies the correct quasi-periodicity conditions (3.1.2).

3.2 Dependence upon Conformal Anomaly

In this section, we will compute the dependence of det A, upon the conformal anomaly in
the metric h,. Formally, of course, if A\ < Ay < --- are the positive eigenvalues of A,,, we

would like to define

det A, =[] A2.
j=1

We take the product of the squares of the eigenvalues because we wish to calculate the
determinant over the reals, and fibers of the bundle are complex lines. To make sense of this
product, we define:

Indet A, := —2¢'(0),

where ((s) := > 72 A7° for R(s) > 1. It was first proven in [17] that ¢ can be uniquely
meromorphically extended to the entire complex plane, and this extension is regular at

s=0.

17



3.2.1 Variation of the Conformal Anomaly

The work in this subsection applies to line bundles of sufficiently high degree over any
compact Riemann surface. In particular, the bundle must have degree at least 2G' — 1, where
G is the genus of the surface.

In order to compute the dependence upon the conformal anomaly, we need a base

metric, which we take to be

ho(Z, 2)

If h := €% hg is any metric in the conformal class of hg, then in terms of local coordinates,
Ap = 0"0=—g 'h'0.h0:.
We will also require the operator
Ay = —0:g"'h'0,h,

which can be thought of as the operator 99* acting on L-valued (0,1)-forms. Let 1 be a
tangent vector to 0 in the space of smooth real functions on ¥. ¥ can be naturally identified
with a function, which we shall also denote by 1. Let o(u) be a one-parameter family of

functions such that ¢(0) = 0 and 4| o (u) = 1. Then for any metric h, h(u) := e2?@h is

du lu=0

a one-parameter family of metrics satisfying %L:o h(u) = 2tph. Then,

d d
Tul  Brw =

= T (770 ()

= g 'h7lo, (hds) — g 'hT1o, (2¢0h05)

u=0

= —20A, — g 'h710, (20h0:) .

18



Let ¢, denote the zeta function associated to Ap(,). From the result in Appendix A, we know

a_q dt a_q Qp — Po

20(s)Cu(s) = /01 (TI" {e_tAh(“)} — g — —) t'— + S +

t t —1 s

+ / (Tr {e"2re} — py) ts%,
1

where py is the dimension of the kernel of Ay, and a_, a are the Seeley coefficients in the
expansion of the heat kernel. In Appendix B, it is calculated that a_; and «g depend only
upon the geometry ¥ and the topology of the bundle; they are independent of u. Therefore,

taking advantage of the cyclic nature of Trace, we find

Tr {2¢ (—e‘tAh e tBn 4 P) }] todt

X dt
2¢ (_6—tAh + e—tAh + P) } tST,

{

{
= I‘(ls) /OOO% [Tr {2¢ <—efmh + eit&h> }] t*dt

|

{
where P is the orthogonal projection onto the kernel of A;. The integration by parts is valid
for (s) > 0 because the trace dies exponentially for large ¢ and is O(1) for small ¢ (the ¢!
terms from the heat kernels cancel each other). We also used the result from Appendix B.3
that Ay, has no kernel for bundles of sufficiently high degree. This resulting integral only
converges for R(s) > 0; however it does have a finite limit as s approaches 0.

In order to simplify the integral, we first split it up into 2 parts:

2 d% Gl = % (/01 +/100) Tr {w (—e_tA”' +emtBn 4 P) } ﬁ%.
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The integral from 1 to oo yields an entire function of s. To simplify the integral from 0 to
1, we use the Seeley expansions of the heat kernels (B.1.1,B.2.1). The ¢t~! terms cancel out,

and the order ¢ part will yield a function analytic in a neighborhood of 0. Therefore, using
—5

the fact that ) =—-s2+0(s%),
d L 1 1 dt
5 4 _ g 2 [ ——0,0,l0g g+ —0,0,1ogh | dpy| £°=
du|._, Cu(s) S /o {/E P (47rga“8“ og g+ 27rga“a“ og ) ,ug} ;

1
—52/ Tr (2¢P) ts% + B(s)
0

1 1
= —s {/2 21 (4—@@8# log g + %@@L log h) dpg + Tr (QwP)} + B(s),

where ((s) is analytic in a neighborhood around 0, satisfying £(0) = 5'(0) = 0. All the
manipulations performed are valid in the region R(s) > 0, but the final result is once

again valid in a neighborhood of 0. Here, 0,0, represents the usual Euclidean Laplacian:

97 + 07 = 40.0;. Therefore,

d
_9 =
du

, 1 |
¢ (s) = / 24) (Rﬁuﬁu logg + %@/ﬁu log h) dpg + Tr (2¢P) .
)

u=0

Let 3 be a fundamental domain for ¥ in C. Then the variation in the determinant

is:

d

U

1 1
Indet "Apg) = / 29 (—OMGN log g + —09,0, log h) |dz|* + Tr (24 P),
"0 $ A 2m

where |dz|* = 1dz N dz. In general, since h(u) = ¢**“h, we can compute = Indet’ Ap, at
any value of u; the only change in the above formula being that log h becomes log h(u).

In order to integrate this from hg to h = €*hy, let o(u) := uo, so that 2¢) = 20 =
log h — log hg. Thus,

log h(u) = 20(u) + log hg = 2uo + log hy = u(log h — log ho) + log ho.

20



We will use the shorthand log for 20. Integrating the variation, we find that

1 1
Indet ‘A, —Indet A, = / / <log ) (4—@8“ log g + 2—8#(% log h(u)) \dz|* du
T 7r
h
+/ Tr <(log —) P) du
ho

= %/g (log hﬁo) 9,0, log g |dz|” (3.2.1)
—l—i/ <log ﬁ) 9,0, 1og hg |dz|* (3.2.2)
2 Js ho) 7" 0 o
1 <log h ) 0,0, (log > |dz|” (3.2.3)
47T ho ho

Ty ((log hﬁo) P) | (3.2.4)

Before concluding this subsection, let us say one more word about the trace that must be
computed in the last line of this formula. Let {¢(u)}.", be an orthonormal (with respect
to h(u)) basis of the kernel of Ay, with ¢, = i¢r. Let {®;} be a basis independent
of u satistying the same criterion. Let the n x n matrix A be given by ¢; = >, $rAy;

for 1 < j,k < n. Let Q(h(u)) be the n x n matrix given by Q(h(u)) = (Px, P;),,, for

h(u)
1 <k, 1 <n,so that Q(h(u))™* = AAT. We can calculate

Lndet Qi) = Tre [Q(h(w)@

> Qh(u) (@7,

n h -
— Z (/ ]og —h(u)cbk(bld,ug> (Q_l)”;,.
by ho
k=1
Then

(o) e = [os((on) oo

7=1
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7j=1

— //log—h i|¢ )dugdu
1

J
q)k(I)lAijlj) dugdu

J? 7:

_ 2/01/210gh£0h(u) g:

= o[ s Lo z By, <AAT>M) Gy
-2 1 [ 108 -hta) gn_jl @), <I>k<1>l> Ay

_ /—1ndetQ h(w))du

— 2Indet Q(h(1)) — 2Indet Q(h(0)). (3.2.5)

3.2.2 Formula for the Dependence upon the Conformal Anomaly

We will now apply the result of the last section to the bundle L,, with metric h,; we take

haq2p as our base metric. From these formulae, we can write down the important quantity,

log< i )(z) = —2log< + |w/? thb ) 514, ( )|2).

haq 2B

This function is well-defined on the torus; it is doubly periodic and the argument of the
logarithm has no zeroes or singularities. Before continuing, it is useful to have the asymptotic

expansions of the parts of logarithm for reference.

Claim. Useful asymptotics: As |z — b| — 0, we have

2
log (h1(2) |51, (z)|2) = log|z —b|° + 2R [nb* + imb] + il (b?; + 7yby) + O(|z — b))

Ty
_ 2 21, 2,9 .
= log|z — ¥ +2§R[nb]+7_by+0(|z b|);
y

9. log (hup(2) |s1s (2)2) = %+O(|z—b|).

22



As |z — bg| — 0, we have

o:log (1+wf?) = —(z=b)  +0(1)

e TIL, o (b — a)
[T,k lo (b — )

log (1+|w|2) = —log (|z—bk\2) —|—log( ) + O (]z —bil) .

Finally, we introduce one final bit of notation. Let {SQQB}id:Bl be the following set

of holomorphic sections of the bundle L,,:

0 (2) = T 24 ori _B_ 1T
Srop(2) = Zexp{2d (2dk + )" + 2mi (2dk + ) (z g )}

kEZ

S7(~J+2d,2B<Z) = 50, (2)

for 0 <r <2d— 1, where . Later, it will be shown that this set is actually a basis (over the
reals) for the space of holomorphic sections. In fact, for 0 < r < 2d —1, SQQB(Z) is simply a

scaled version of the theta function with characteristics:

B 1
Spap(2T) = 0z (2d <Z 73" %) ' 2d7’> ; (3.2.6)

where 0, (2|7) = >, oy exp {in7(k + a)* + 2mi(k + a)(z 4 )}, for a,b € 55Z.

Thus, for any metric h on Ly, {S?}QB}T is a basis for the kernel of A;. Define

ij(h> = <Sj0',2Bv SIE:),QB>h = /z hS;')QBSIg,ZBdug'

We are now ready to compute the main calculation of this section.

Theorem. The dependence on the conformal anomaly of the metric is given by

d
Indet ‘A, —Indet 'A,,,, = 4d+ 4dlog lc|? + 4log (H o (b — aj)|2>

J,k=1
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—4d2{2% (nb?) + —b2}+8[2§R(n32)

Ty h2d 2B

+21Indet Q(h,) + 4dlog 2 — 2dlog (E)

2B, 2
—47T, <— + d) .

Ty

Proof. We must compute (3.2.1)-(3.2.4). (3.2.1) is the 0 since X is flat.

To calculate (3.2.2), we see that

8rd
Qﬁu log h2d,23 = ——),
Ty
and so
1 h 4d h
lo @ 0,0, log h d?z = 2= 11 Y i
o < o8 2d,23) nOn 108 124,25 % Ty Jx 08 had2p Hg
Similarly,
oy 8rd
OuOy (log ) = —20,0, log (1 + |w|2) + =
2d,2B Y

Thus, (3.2.3) also simplifies, but there is still some work to be done at the end:

1 hw how
— lo 0,0, | lo d*z
4mr ( ghgng) ( ghzdzB)

1 h
= 1 9,0, log (1 d*z
“or L1085 00108 (14 [uf)
2d
+= [ log —*—d*z.
Ty JS 2d,2B

24
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Ty

=7

2d hoy
—— log( )d,ug——/log (1+ [w]?) dp,
2

(3.2.7)



We are left trying to perform the integral

d
1
;/ log ((1 + |w|2) th,bj(z) ‘517;,].(2)‘2) 0,0, log (1 + |w|2) d*z
> j=1

which we interpret as follows: for 1 < j < d, let D; be a disc centered around I;j of radius
€;. Furthermore, let us assume that the ¢; are small enough so that the D; are mutually
disjoint. Let A = T\ U?Zl D;. We evaluate the above integral by first integrating over A
and then taking the limit as each ¢; tends to 0. We first break up the integral into two main

parts.

%/ log (1 + \w\2) 9.0z log (1 + \w\Q) dz Ndz
A

2 d
;Z/lOgOUb |Slb ’)3810g(1+‘w‘)d2«/\d5

The first integrand only has logarithmic singularities at each b;, and so it is integrable on

the entire torus. Using the fact that w is a d-fold cover, we can then compute

%/ log (14 [w]?) 0.0:1og (1 + w|*) dz A dz
5
= % / log (1 + |w|2) OOy log (1 + |w|2) d,wdz N Oswdz

_ 2 log (1+]w| ) w0y log (1+|w|2) dw A dw

271' 0
_ / / logl—i-r v drdo
(1+72)?

_ (3.2.8)

For fixed 1 < 5 < d, we compute

22
T

[ 1og (h1 b (2) \sl,bj(z)F) 0.0:1og (1+ w[?) dz A dz,
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by integrating by parts twice:

21

™

log <h17bj(z) ‘sl,bj(z)F) 9.0:log (1 + |w|2) dz Ndz
A

9; A
- 2 Z&Ig log <h17bj(z) ‘Sl,bj(z)|2> 0: log (1 + |w|2) dz
T =1 /oDy
2y
%

— JoD,

0. log (hl,bj(z) ‘317bj(z)|2> log (1 + |w|2) dz

9
——Z/log (1+|w|2) dz A\ dz.
Ty JA

In the case when k # j, we can use the asymptotics to evaluate

o
4t log (hlyb].(z) {sl,bj(z)‘z) 0s log (1 + |w|2) dz

T JoDy,

- [log (hap, (be) | 514, (06)|° |
- <1b o k|>+0(1) (—iexe "do)

T Jo —epe™

2 /27r [log <h17bj(bk) 51,5, (bk)|2> + O(Ek)} db

™ Jo

— 4log <h1,bj<bk) |51, (bk)|2>

as €, — 0. Also,

Y
il 0, log (hLbj(z) |s1.0, (z)|2> log (1 + |w|*) dz

T JoD,
22 27

= = (Klog () + O(1)) iexe™dd

™ Jo

— 0,

where K = 0,],-, log (hlﬁbj(z) |81,va (z)‘z) is a constant. The k& = j terms are more compli-
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cated:

N
=22 10g (g, (2) [si, (2)[) D:Tog (14 w]*) dz
T JoD;

2 [ 2 a7, 29
= — log €7 + 2R [nb?] + T_bjy + O (ejloge;) | do
0 y

e

and

9
__’yg 0. log <h1,bj (2) ‘51,bj (z)|2) log (1 + |w|2) dz
T JoD;

2w 2 d P 2
-2 [_ log 4 log <\c\ i lo (s — ) ) 40
™ Jo [ 1)z lo (b — bi)|

Adding the two together, we see that the pieces that are divergent as €¢; — 0 cancel, so we

de.

can take said limit and arrive at

2 q o 2
42n [77bﬂ + Q—Wbi + log el iz 1o (b ak2)| ‘
T [15.z; lo (b; — bi)]

Therefore,

2 &

= Z/ log (hu,].(z) 51,5, (z)‘g) 9.0;log (1 + |w|*) dz A dz

T s
d 2 17d 2

2 e [Ty o (b — an)]
=4 2R [nb3] + =—b2 +log< k=1 J
jzl [ [ J} Ty " Hk;éj o (b — bk)‘2

—i—4i Zlog (hLb].(bk) ‘Sl,bj (bk)|2) _ M / log (1 + \w\2) diig

=1 k#j Ty Jz

d d
= 42 llog <|c|2 [Llo ;- ak)!2>
d 2) 9 4
d) > |2R(nb?) —bjy +4) (AR (nbjby) + —bj, b,
y y

J=1 J#k

4d
— —/ log (1 + |w|2) dpg
Ty J%

Y
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d

d
Ad
= 4> |tog (1P T Io (b — an)P? ——/log(1+]w]2)dug (3.2.9)
j=1 k=1 Ty Js
d
—4d Y [2R( b2)+2162 + 8 | 2)( Bz)+2—7TB2 (3.2.10)
Y J Ty Jy n Ty Yyl T

J=1

Putting (3.2.7) through (3.2.10) together yields the value of (3.2.3).

Finally, the trace in (3.2.4) has already been computed in (3.2.5). We only need to
compute det Q(hag25) to conclude the proof. We claim that @Q(heg2p) is actually diagonal.
Suppose 0 < j,k < 2d — 1, and suppose j # k. Since the summation in S° converges

absolutely and uniformly,

QUnaan)y = [ haaan( 2SS,

m,neL x
T 9 . B 1 T
eXp (2dn + k)" +2mi (2dn + k) | 2z — ~ "5 3 haogop(2)dp,
_ it o T :
= Zexp{ 5d (2dm + 7) +2d (2dn+k)}

. (B 1 7 , B 1 7
-exp{27m(2dm+j) <E+§+§) — 211 (2dn + k) <E+§+§)}

. /0 " haaan(y) exp {—27 [(2dn + &) + (2dm + )] 5}

%’Tz-‘rl
: / exp {27 [(2dn + k) — (2dm + 7)] 2} dzdy.

iq—m

Ty

The quantity (2dn + k) — (2dm + j) never vanishes, so this integral is 0, and @ is diagonal.
As an aside, let us mention that this result demonstrates the linear independence of the set
{522 B}izl over C. Thus, {522 B}ii;l is linearly independent over R, and therefore a basis,

as desired. In computing the diagonal elements, a similar manipulation shows that all terms
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with m # n vanish. Therefore,

Q;; = / a2 (2) 5055 (2) 5% (=)t

= Zexp{—— (2dn + j)° —l—%@dn—l—j)?}

ne”

1

B T B
-exp {2772' (2dn + ) (E to+ %) — 2mi (2dn + j) (E +

7T‘L+1

[ hasanly) exp {~an(2dn + ) / dudy.
0

B

3}

- Z/ exp{—7(2dn+j) — 27 (2dn + j) (Qy—%y—fy)}

ne”L

2
- exp {—T— 2dy (y — 7)

Y

- 4Byy]} dy

ne”L

- e (5

neL

2B o B
= exp{ﬂ (—y+d> }/ exp{—% <2d£—2—y—
T, . 7 Ty

va) b o (-}
— +d) }

B 2
= E/exp{ Ty {j+2d<n+£)—2—y—d} JrE
d Ty Ty

2
(2—By +d) }dy
Ty

(n+1)my T, Y B 2
—— A (2d= -2~ —d+j d
o d) Z /m- P d ( Ty Ty i ]) /

2
d+j) }dy

2
This is independent of j, so det Q) = 272¢ (%)deXp {27?7'1/ (% + d) } This completes the

proof.
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3.3 Determinant of A, .,

In this section, we will finish the computation of det’ A, by explicitly calculating det’ Ay, -

We will prove the following more general result:

Theorem. Let D = ijl n;z; be an effective divisor of degree n on X. With notation as
in section 3.1, let A be the 0-Laplace operator acting on sections of Lp with respect to the

hermitian metric h, .. A has pure point spectrum; its eigenvalues are given by

™

Am = (—) m, m € Lx,

Ty

each with multiplicity n. A basis of the eigenspace for \,, is given by the functions:

SZLZD (Z) = Z exp {% (nk + T)2 + Zn,k,r,D} Hm ( L}/n,k:,r,D) 5 (331)
)

2nT,
keZ

1
Zn,kz,r,D = 2m (nk: + T) (z — Z_D _ Z)

Yoirn = [(2k—1)n+2r|7,+ 2ny — 2yp

where r =0,1,...,n—1, and H,,(y) is the mth Hermite polynomial, defined by

Hp(y) = (—=1)™e”" (CZ/_mm) gy

From this, we deduce the following corollary:
Corollary. Indet’ Ay, ,, = 2dlog ().

Proof. Indet’ Ay,,,, = —2¢'(0), where ((s) is the zeta-function corresponding to Ap,,,,.
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The theorem tells us that
_ Ty \*
C(s) = 2d (27rd) Cr(s),

where (r(s) is the Riemann zeta-function. The result follows from basic facts about (g(s);

see for example [8]. O

Before proving the theorem in this section, let us say a few words about the derivation
of this result, which differs greatly from its proof. In terms of the x and y coordinates on
the plane, Ay, . is expressed as:

1,5, 9 g) »
-3 ((9z + ay) — 2—7_y (n(2y — 7y) — 2yp] (0, + i0y) .
Since we are looking for eigenfunctions of this operator that have period 1, we suppose the

ansatz:

Z gk(y)GQWika:7

keZ
where gx(y) are functions of the imaginary part of z satisfying the following relation coming

from the action of Zr:
eQwiszgk(y 4 Ty) — (_1>n627my+2m‘zng+n(y> Vk e 7 (332)

Writing down the eigenvalue equation for Ay, .~ with this ansatz, we get the following ODE

for g;.
2m 4%k
g = —[n(2y = 7)) = 2yp] g — (47T27€2 +——[n(2y = 7)) = 2yp] — 4A> gk = 0.
y y

If we look for solutions to this equation such that the quasi-periodicity relation is satisfied

and the Fourier series converges, we are led precisely to the functions ST, . Now we are

31



ready to prove the theorem.

Proof. First of all, it is easy to see that S

" given in (3.3.1), converges absolutely and uni-

formly on compact sets. This is because the terms are dominated by a polynomial multiplied
by a decaying Gaussian in k. One also quickly sees that this function transforms according
to (3.1.1) under the action of the lattice, so that it is a well-defined section of Lp. Now we
will show that this function is indeed an eigenfunction of A with the prescribed eigenvalues.
In order to do this, we will make use of the following recurrence relations satisfied by the

Hermite polynomials:

H,(x) = 2zH, () —2(m —1)H,_2(x),

H (x) = 2mH,_1(x).

A=— (GZ + :—; n(2y—1,) — 2yD]) Os. Applying this operator to (3.3.1) yields:

' 1
Zexp{%(nk—l—rﬁ—l—%ﬁ(nk—l—r) (Z_%_ﬁ_g)}'

nmw T T 1 T
— —Y, 1 pH —Y, kr — —H" —Y. ir .
Ty [\/ 2nT, ko, D5 Sm (\/ 2nT, ok, ’D) 2 m (\/ 2nT, ok ’D)}

By applying the second recurrence relation, we can transform the bracketed quantity into

™ ™ s
2 _Yn r Hm— Yn T, - -1 Hm— —Yn r .
m [ 2nTy okor.D ! ( 2nTy, ok ’D) (m ) 2 ( 2nTy, ok ’D>}

We can now apply the first recurrence relation to obtain:

™

mHm< —Ynk'rD> .
2nty,

Therefore, S, = defines an eigenfunction of A with eigenvalue Z*m. Now we will show that
) Ty
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the collection of these functions generates a dense subset of L?(Lp), thereby proving that our
analysis of the spectrum is complete. At the end, we will also prove that the set is linearly
independent, thus completing the proof.

To this end, let f be an L? section of Lp, with respect to the metric h,, ., , and assume
that f is orthogonal to all the above series. We must show that f = 0. Let us introduce new

coordinates u and v so that the fundamental domain of ¥ is given simply by 0 < u,v < 1.

In short, u, v are real numbers such that z = x + iy = v+ 7v, and zp = up + 7vp. In these

coordinates, the quasi-periodicity conditions satisfied by the sections of Lp (3.1.1) read:

flu+1,v) = f(u,v)

flu,v+1) = (=1)"exp{—2mi(nz — zp)} f(u,v). (3.3.3)

Expressing the eigenfunctions S)", in terms of u and v, we get:

LT s
Z EXp§y — (TL]C + T)Q + Zn,k,r,D Hm _Yn,k,r,D )
n 2nTy

kEeZ
1 1
Frkep = 2mneT) ((‘ 2 WD) o ( Ta f)) |
Yn,k,r,D = [(2]{7 — 1)7’L + 27’] Ty + 2ny — 2yp.

For each k € Z, we introduce a new variable vy, which is simply a translate of v:

1 )]
Vp=v—=-+k+—-——,
2 n n
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so that Y, p, p = 2n7,v;. In these coordinates, the eigensection is

Sy = Z exp {%ZT (nk + r)2 + Zn7k7r7D} H,, (\/ZWnTyvk) ,

keZ
o . 1 Uup 1 Up
Znkrp = 2mi(nk+r) ((u 3 7) +r <v 3 7))

and the metric reads

hn,zD(Z) = €exXp {—27T7'y [TL’U (U — 1) — 21}DU]}
2 2
= exp {—27TTy [nvg + M —2ug (nk +71) —vp — @} } )
n n

Finally, since f is a section of Lp, it transforms like (3.3.3) under the action of the lattice.

Therefore,

T UD

flu,v) = f(uyvk‘f‘%—k————)

non
k 1
= (—1)"kexp{27rik; {nu—Au—kT(nvk—r——n)]}f<u,vk+——£—v—D>.
2 2 n n

Our assumption about f means that for allm e Z, 0 < r <n,

0 = //hszmevrsz
b

11
= / / Pz (0, 0) f (1, 0) Sy (0, v)dudv
0 Jo
1l ,
= Z/ / hn,ZDf(u,v)exp{ﬂ(nk%—r)z%—Zn,kmD}Hm( LYmkmD) dudv
o Jo n 2nT,

kEZ

YD

1+k—2 LD r A - i
= Z/ 2 / f (u7 v — k)eeruBQMTTUk exp (_WnTyUZ) Hm (\ / 27T’rl7'y1)k) dUdUk
0

v

1 D
kez Y kst

o) 1
= / / f <U, v+ % — % — U—D) 2T vy (—7Tn7'yv2) H,, (\/271’717'3/1}) dudv,
—00 J0

n
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where H,, is the mth Hermite function H,,(z) := H,,(z)e *"/2. Define

1
1 ‘ A
F(U) = / f (u, R Z _ U_D) 6—27rz7“u6—2mr7—ydu‘
0 2 n

n

(3.3.3) implies that F grows at worst like e?™™!*l. Therefore, F(v)exp (—mnr,v?) € L*(R).
Since the Hermite functions H,,(z)e **/? form an orthogonal basis of L?, we must have
F(v)exp (—mn7,0?) = 0. Therefore, fol f(u,v+3 —L =) e 2™udy = 0 as a function of
v.

Now that we know fol f (u,v) e ?™dy is identically 0, we are ready to finish the
proof. f is periodic in u with period 1, and so can be expanded in a Fourier series whose

coeflicients are functions of v:

flu,0) =Y filv)em,
leZ
We have proven that f,, = 0. However, the Fourier coefficients of f are related to one another
is in the formula (3.3.2). Therefore, f; = 0 for all [ in the residue class of r modulo n. Since
r ranges over a complete set of residues modulo n, we have f = 0 as desired.

The proof that the set {Sfsz} . Is linearly independent is a direct generalization of

m,

the argument already made in the last section for {SﬂZD}. In fact, for each m > 0, the set

{S:?ZD|0 <r< n} consists of orthogonal eigensections with respect to h,, .. O
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Chapter 4

Measure on Critical Submanifolds

In this chapter, we will make frequent use of the usual quasi-periodicity relations of the
Weierstrass elliptic functions, which can be found in any introductory text on the subject,

for instance [1]. These relations include:

o(z+£1) = —e"FEHg(2);
o(z+7) = —e"EFEg(2);
(zx1) = ¢(z)£2n;

C(zx7) = ((2) £ 215

where ((z) = 0,logo(z), and n and 1’ are some 7-dependent complex numbers satisfying

nT —n' =in.

4.1 Form of the Measure

There is a dense open subset of N; consisting of those holomorphic maps where all ze-

ros and poles are simple; on this subset, a; # a; and Ej #+ by, for j # k, and a,, # by
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for any m,n. In particular, Ny has dimension 2d. We choose the system of coordinates
(¢,ay,...,aq-1,b1,...,b4_1,B) on Ny, where ¢ € C*, and ay,...,a4-1,b1,...,b4-1, B lie in
the fundamental domain of ¥ with vertices at 0,1, 7,1 + 7. Defining ay = B — Z;l;} a; and
ba=B =521 b,

H?:l o(z — ay)

Hj:1 o(z —bj)

defines a point of Ng. Asthe a;’s and the b;’s can be permuted amongst themselves separately

w(z):=c

without changing the instanton w, these coordinates form a (d!)*-fold branched cover of Nj.

For ease of notation, we denote the coordinates by &; in the following fashion:
§o=1¢, &aa—1 =B

ﬁj:aj, gd—l—i-j:bj fOI‘lS]Sd—l

As we mentioned in Chapter 2, there is a natural isomorphism between the tangent space

T, Ng and the space of holomorphic sections of w*(TP!). Under this isomorphism, the coor-
. - : : . ow

dinate tangent vector 0/0¢;|,, is identified with the section w; := 9 TTE, (s14, (2 — be))™.
J

Let us write out the formulas for these sections:

wo(2) = faazn(2) [ [ (0(z = ar)o(z = br))

k

—. I

(0(z —ar)o(z — bx)) (C(z — aq) — ((z — aj))

wj(z) = cfaaz2p(2)

B
Il
—

=

(0(z —ar)o(z = bg)) (C(z = bj) — (2 — ba))

Witd—1 (Z) = Cf2d,23(2)

i
I

(0(z = ar)o(z = b)) (C(z = ba) = ((z = aq)),

waa-1(2) = cfa2B(2)

=

e
Il
—_
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where 1 < j < d—1. If w € Ny, these sections form a basis of Hol (w* (TP')). To see this, we
first note that dim Hol (w* (TP')) = 2d, so there are the correct number of tangent vectors.

1
are constants

It is easy to show that they are also linearly independent. Suppose {xj}‘?d:?)
such that . z;w;(2) = 0. For each 1 < j < d—1, the only section that doesn’t vanish at a;
(resp. b;) is w; (resp. wjtq—1). Therefore, z; =0 for all 1 < j < 2d — 2. Furthermore, waq_4
does not vanish at ag while wy does. So x54_1 = 0. Since wy is not identically zero, zy must
now be zero as well. Thus, {wj}ii_ol is a maximally linearly independent set of sections.

In terms of these coordinates, the measure induced by the hermitian structure on Ny

is given by

-\ 2d
o[ _ _
dpg = (d))? (5) (det W) d&o Ndég A -+ - N déag—1 N déag—1,

where W is the w-dependent matrix

ij:/Ehw(z)mwk(z)d2z.

2d—1

j—o tothe

In order to compute det W, we first change our basis of sections from {w,}

sections {5223}?:)1 discussed in section 3.3. If U is the change of basis matrix, so that

Wi =Y UrSpap, (4.1.1)

then W = U'Q(h,)U, where Q(h,) is the matrix defined in section 3.3, and detW =

|det U|* det Q(hy,). We are left with computing the determinant of U.

4.2 Dependence of det U upon the Coordinates

We first determine how the entries of U transform under the lattice action on the coordinates

&1,...,&q4-1. For all r, 579723(2) is invariant under the transformations &; — & + 1 and
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& — &+ 71 for 1 <j<2d—2. However, under the lattice action on &y = B, SQQB(Z)

transforms in the following way:

_ 2mir

d SS,QB<Z) when  §yq-1 = o1 + 1

2miT . B ]_ T
S£,2B<Z) e 4 exp {47” <Z ~q 32~ 5) } 57972,23@) when  §oq1 > foq1 + T

5023(2) e

Here, S}, ,p is interpreted as SY_, 55,5 When 7 =0, 1.

Furthermore, w is must be invariant under any of the above lattice actions; a mero-
morphic function on the torus should be independent of the choice of representatives of the
zeroes and poles. Therefore, § = c¢ transforms under each of the lattice actions in the

following ways:

Table 1: Transformation of the coordinate ¢ under the lattice actions.

cr
§ &+l exp {—1 (2§ — 2a4 + 2)} ¢
1<j<d-1
Eir &+ T exp{—n' (2§ —2aq4+27)} c
1<j<d-1
=& +1 exp {n (2§ — 2bg +2)} ¢
g<j<2a-2
§r&+T exp {n' (2§; — 2ba+27)} ¢
g<j<2d-2
§oa—1 > &2a—1 + 1 exp {—n (2a4 — 2b4)} ¢
§2d-1 > E2a1+ T exp {—n" (2aq — 2b4)} ¢

Thus, each wg(z) transforms as follows:

Table 2a: Transformation of basis elements under lattice actions on §;, 1 < j <d—1:
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Table 2b: Transformation of basis elements under lattice actions on &;, d < j < 2d — 2:

§rr &+l

€j|—>€j+7'

677(2§j—2f1d+2)w0

e (26, —2a4+27) Wo

wo —
w; > wj + 4ncwy wj + 4n'cwo
Wy > (w + 2ncwy) wy, + 21’ cwy
1<k#j<d—1
Wk — Wi Wi

g<k<2d-—2

Wod—1 H>

Waq—1 + 2mcwy

Waq—1 + 2n'cwy

& &+l & +T
wo (2 =2ba+2) e (26 =2ba+27) )
w; 1285 =20a+2) (15 — dncwy) 21 (265 =2b4+27) (w; — 41’ cwy)
W —r ©21(26;—2ba+2) Wi o2 (26 —2ba+27) Wi,
1<k<d-—1
Wg €2n(25j—2bd+2) (Wk _ 2770&}0) ezn’(2§j—2bd+27) (Wk _ 277/ch>

d<k#j<2d—2

Wag—1

21285 =25a+2) (o4 1 + 2ncwp)

6277/(2£j—2bd+2T) (wzd—]_ + 277’6(«00)

Table 2¢: Transformation of basis elements u

nder lattice actions on &g 1:

§oa—1 +> &1 + 1

§oa—1 > E2g—1 + T

Wy — 677(2a,1+2bd+2)w0 e47riz677’(2a,1+2bd+27)w0
Wk — .y,
k en(4bd+2) (wk _ 2n0w0> edmizon (4bg+271) (wk _ 277’0&]0)
1<k<g-—1
Wg

d<k<2d—2

e ba+2) (4, 4 2ncwp)

elmiz on' (4ba+27) (Wk —+ 277’0&)())

Wag—1

en(4bd +2)w2d—1

s /
edmiz on (4bg+21) Wod1

Putting all of this information together, we can write down how each matrix entry

changes under these transformations. For 1 < j < 2d — 2, U, transforms in the same
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way as wy under the lattice actions on ;. (wp is replaced by U,o when it appears as an

additive factor.) Under the lattice action on &yq_1, U, transforms as follows:

Table 3: Transformation of matrix elements under the lattice action on &y 1:

§2d—1 > Eaa—1 + 1 Soa—1+> §oa—1+ T
Uso e2mir/dgn(2aa+2ba+2); 62772'7/(1647?2'(%-4-%4-%)e7]’(2ad+2bd+2'r)Ur72 .
U — i i i(Brliyz
- :k< L eQﬂ'H"/den(élbd-‘rZ)(Urk — 2ncUyo) 627rz7'/d647m( T+5+3% )67]/(4bd+27) (Ur—2,k _ QU/CUT—2,O)
U-' — . . (Bl T ’
i k’li s e27rzr/den(4bd+2) (Uys, + 20cUro) 627717-/d647m( Ttst+3 )en (4bg+27) ((]7'727]C ¥ 277/CUT—2,0)
Ur 2d—1 — eQﬂir/den(4bd+2)UT a1 eQﬂ'iT/de4ﬂ'i(g+%+%)en/(4bd+27)Ur_2 -

Since det U remains unchanged when a multiple of one column is added to another,
in calculating how detU transforms, we can ignore the additive factors of U,o. Under
the transformation &y,—1 — &24—1 + 7, the rows are cycled by twice, which also does not
affect the determinant. Therefore, the only aspect of the lattice actions that would change
the determinant is the scaling factor that multiplies each column. Thus, multiplying these

factors together tells us how det U transforms:

Table 4: Transformation of det U under the lattice actions.

det U —
é.j — gj +1 677(2€j72ad+2) det U
1<j<d-1
& +T el (26=2aa+27) det U
1<j<d-1
5‘7 — 57 + 1 e(4d_1)77(2£.7_2bd+2) det U
qg<j<2d-2
Sj — Sj 47 €(4d71)n’(2§j72bd+27) det U
g<j<2d-2
€2d71 — 52d71 +1 677(2ad+2bd+2)e(2d—1)77(4bd+2) det U
£2d71 S £2d71 47 647ri(23+(d+1)7-)6n’(2ad+2bd+2’r)e(?d—l)n’(4bd+2’r) det U
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From this information, we can compute the dependence of det U on the coordinates.
We note that if a; = a or b; = by for any 1 < j # k < d — 1, then detU = 0. (Either
Wj = Wk OF Wjtg—1 = Witq—1.) Furthermore, if a; = a4 or b; = by, then w; =0 or w41 =0,
sodetU =0. If g =b,, forany 1 <I,m < d—1, then w; + wpnig-1 + wag—1 = 0. Finally,
if aj = by or by, = ag, then w; + wog 1 = 0 or Wyig1 + wag—1 = 0, and if ag = by, then
wog—1 = 0. Furthermore, there is a factor of ¢ in every column of U aside from the first.

Therefore, det U is divisible by

21 H o (a; —ag)o (b; — by) H o(a;—bp) .

1<j<k<d 1<l,m<d

This quantity transforms in the correct way under the lattice actions on &,...,&4 2. In
order to make it transform correctly under the lattice action on &y4_1, we need to add the

exponential factor exp (4nB? + 4midB). Hence,

det U = Ky[r]c® ' exp (4nB* + 4midB)  [[ o(aj—ar)o(b;—b) [[ ol —bn),

1<j<k<d 1<i,m<d

(4.2.1)

where K,4[7] is independent of all the coordinates &, ..., & 1.

4.3 Dependence of K; on 7

To calculate Ky4[7]|, we first determine its 7-dependence by computing how it transforms
under the modular group PSLy(Z). PSLy(Z) acts on the upper half plane by fractional

linear transformations, and this action is generated by the transformations

1
S-T=——, T-T=71+1.
T
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4.3.1 Transformation under 7 — 7+ 1

It is easy to see that o(z|T + 1) = o(z|7) and {(z|7 + 1) = {(2|7), and thus n[r + 1] = n[7],
where (7] = ( (3|7). Therefore, w; is invariant under 7' for each j. However, for any

a,be %IZ,

Oop (2d2[2d (1 +1)) = > exp{in2d (r+1) (k +a)* + 2mi (k + a) (2dz + b) }

kEZ

= Z e2mid(k* +2ka+a?) exp {im2dr (k + a)® 4 2mi (k + a) (2dz + b)}
keZ
= exp {2dmia®} b, (2dz|2dT) .

Therefore, from (3.2.6), we see that S} ,p(z|7) transforms as:

Sl 1) = 0 (20 (+= G557 )| 2040

: B 1
% 2}022,0(2d<z—g—§—%)—d'2d¢>
' T

We conclude that U,; [t + 1] = exp { =2 (r? — 2dr) } U,; [7] (4.1.1). Therefore,

2d

r=0

e {—m ((2d 1 (d—1) (2d-1) (Zd)) } det U]

. 2d-1
detU[r+1] = exp {— T (r* — ZdT’)} det U[7]

G 2
— exp {% (4d® — 1)} det Ul7]
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Finally, by (4.2.1),
Kyl +1] = exp {% (4d® — 1)} Kalr]. (4.3.1)

4.3.2 Transformation under 7 — —71

The transformation under the flip, S, is trickier to calculate. First,

0(2\—%) - %0(7’2]7’)
¢(s-1) = rcrsin

o|-3| = wi=ape -

1 1 1 inT|2°—22pz—2 ) +iTz
frn (zl—;>“('z‘%i—;) = ST (el o (7=~ 2p)l)

-

wo (z! _ l) _ 7_72d6i7r’r(2dz2—4Bz—2dz)+2dm‘zw0 (r2|7)
-

W, (2] _ l) _ 7_72d+1eiTrT(dez—4Bz—2dz)+2d7rizwj (r2|7)
-

for 1 < j < 2d — 1. Therefore,

2d—1
1 ; '
__) _ 7_—2d€z7r7—(2dz2—4Bz—2dz)+2dmz Z Uy [7] 5807237 (tz|T).

T
s=0

2d—1

1
Z Uro [“] Span (2
r=0 T 7

(4.3.2)
Let C' be the matrix defined by C,, = exp {%rs} for 0 < r,s <2d —1. C is basically the

character table for the group Z/2dZ, and so it is invertible. We have the following result:
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Lemma. Given any 0 <r < 2d — 1,

2d—1

2d 2
__> = V=2diTe®™ Y " (CTY) | 02 0 (2dr2]2dT) .
T
s=0

6%’0 (Zdz

Proof. This relies on two relations involving theta functions. The first is that

2d
T

for any 0 < s < 2d — 1. To show this, we merely compare Fourier coefficients on both sides,

2d—1

1
0o., (z ‘—%) = 2; Crablz 0 (2dz

since 0. - o (2dz |—2) only have Fourier coefficients equivalent to r modulo 2d.

é) = Zexp {inLdk:Q + 2mik (z + %)} ;

kEZ

907% (Z

so its th Fourier coefficient is exp {im Zr* + Zirs} = exp {ir5r?} C,,. Also, the rth Fourier

coefficient of 0~ o is exp {i7r21dr2}. This proves the formula. Thus,

0 2d—1 » ]
—7) =2 (C7), b0 (2‘—@)

s=0

Qé’o (QdZ

The second relation is the well-known action on the theta function by the involution

in the modular group:

1 .
——) = \/—_iTem”29070 (tz|T).

S

2d?
1 S 1 - 2d7ri7'(z+i>2
907% z —% = 9070 z+ 2_d —E =V =2dite 2d 9070 (2d’7'Z + TS‘ 2d7')

— /odireimit(=t51)" > exp {mi (2dr) k* + 2mik (2drz) + 2miThs}

kEZ

Replacing 7 by 2d7 and z by z + we see:
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= V —2di7'62dm7(z+2%)2 Z exp {m' (2dr) <k2 + 21{:%) + 2mik (Qde)}

keZ
= \/—2dz’762d””(z+z%)26—”78(22+2%) Z €7ri(2d7—)<k+2id)2+27ri(k+%)(2drz)
keZ
= \/—ZdiTeQd’”'TZQG%,O (2dTz|2dT) .
This finishes the lemma. 0

Using (3.2.6), we can apply this lemma to S7,p (2 |—%):

1 B 1 1 2d
0
- — 0.2 )=
S} - (22 2)-2)
2d—1
= V=2dire®™ 7N " (CY), 020 (2d7Z| 2d7)
s=0
2d—1
= V=2dire™ 7N " (C7Y), 02 0(2d (7Z — 1) + 2d| 2d7)
s=0
2d—1
= V=2dite®™ N " (C7Y) | 050(2d(7Z — 1)| 2d7)
s=0
— 2dmiTZ? - -1 B 1 1
= V—2dite Z (C )sr Os0|2d( 72— < 373 2dt
s=0

2d—1

= V22direX 7 Z (C7Y),. Seap, (T2]7),
5=0

where 7 = z — % — % + % Now we can calculate how the matrix entries transform. From

(4.3.2),

2d-1 [/2d—1 1
V=2dire* i Z (Z (€™, Uso [-;}) Seapr (T2[7)
s=0 r=0
2d—1

_ T—Qdeiﬂ*r(QdZQ74Bzf2dz)+2dm'z Z Uso [7_] 52’237 (Tle)

s=0
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Therefore,

2d—1
72 1 , .
V—=2diTe?dTitZ (Z (Cfl) Uso {__] _ 7_72d€wr"r(2d22—4Bz—2dz)+2dszSO 7]
ST T
r=0
2d—1 e
1 Tﬁzd . B_1,1)\2
C—l Ur _ - — —e—2d7T’LT(—E—§+F) Us P
; ( )s'r' 0 [ T /_Zd/”_' 0[ ]
1— 7_—2d . s o1 22d—1
Uog|—=| = === 2(0-5+) Y ¢, Ug 7).

For 1 < j < 2d — 1, the only difference is that w; contains a difference of Weierstrass

(-functions, which adds a power of 7 to the numerator of the computation:

1 FoAEL (cB_14 >22d*1
Ui | — | = ———=e ™" \Ta 272 C,.Ug [T
j [ } — }SO: g

) 2
Therefore, U [-1] = \T/%efzdﬂ”(fgf%%) DCU [r], where D is the diagonal matrix with

D;; =71if j =0, and 1 otherwise. Therefore,

1 2 _ . 1 2
det U l—-} = 21 (o)~ o4 (= T34 3:) det O det U [1] .
T
Since C' is the character table of the group Z/(2d)Z. The character orthogonality
relations imply CC* = (2d) I, and therefore, detC = 7(2d)d, for some root of unity .
Hence,

B_1

]_ 2 _ . 2
detU {——] — A2 () et (03" 2:) det U [7]. (4.3.3)
T
The exponential factor on the other side of (4.2.1) transforms as follows:

64n[77—1]32+4md3 _ Al B —inr BaridB

2w

. 2
6477[7'](7'3)2+47rid(7-B)6*47rzd27-<%Jr%,

).
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Each o-function transforms like o (a; — a; |—1) = o (ra; — 7a;|7). Furthermore, there are
2d? — d o-factors on the right-hand side of (4.2.1). Therefore, if we plug in the appropriate
expressions for det U in both sides of (4.3.3) and cancel corresponding factors, we find
7_—2d2+de |:_l:| — 77_—4d2+2d—1 (_Z-,]_)fd e—dzﬁi(T"rT_l)Kd [T]
T

1 , _
K, |:__:| _ ,yi72d2+d71 (—iT>_d €—d27rz(7'+7' 1>Kd [T] '
-

_9d24d—1, (—7;)_2d2+d_1.

If we plug in 7 = i, we can compute the value of v:1 = ~i Py =
Therefore,
1 , _
K, [——} = (—ir) 2P i) (4.3.4)
-
If we set Ky[7] := e~ [,[7], then we can rewrite (4.3.1) and (4.3.4) as

Kyr+1 = eXp{G (— 2d2—1)}f(d[7]

Ro[-77" = (=in) 2" K7,

Therefore, f([’?’] transforms in the same way under the modular group as the (—4d? — 2)th

power of Dedekind’s n-function:

8

— 627”7—.

Thus K4[7] (7)(7’))4‘12+2 is invariant under the modular group. Furthermore, either n (7) or
f(d[T] have any zeroes or poles in the upper half plane. (For n, this fact is evident from the
product expansion above. K, cannot have zeroes or poles because the invertibility of U is

4d%+4-2
2 must be

independent of the complex structure on the torus.) Therefore, Ky[7] (1(7))
constant. Thus,

Kylr] = Age®™my ()% 2 (4.3.5)
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for some constant Ag.

4.4 Asymptotics as 7 — 100

From [1], we have the following asymptotics as 7 — i00:

fizp (2)0 (2 —2p|T) = exp {—77 (z2 — QZDZ) + z'7rz} o(z—zp|T)

Tz

= exp{nzp}texp{-n(z— zD)z} o(z—zplt)e

0 .
= eXp{ﬁZD} 119/11( )D)emz

_ m ariryy 2 | S (T (2 — 2p)) + O (e*™7) .
= exp{g(l""o(e ))ZD} 7 (1+ O (ezmim)) €

2 : - ]
— exp{%z%} eiﬂzSIH (71' (Z ZD)) —|—O (627”7') ]

™

Also,
((z—2p) = %(Z—ZD)+7TCOt (7 (2 = 2p)) + O (e¥™7).
(e — ™ e sin (7 (a — b))
((z—a)=C¢(z=b) 3 (b—a)+ sin (7 (z —a))sin (7 (2 — b))’

Therefore, for 1 < j <d-—1

d
1 ,
wo(z) = —5q¢ T Ly af 40 g2dim H sin (7 (2 — ay)) sin (7 (2 — b)) + O (e*™)
k=1

_ e [7 sin (7 (a4 — a)) TN
D) = |5 - . ))]exp{gZam}

sin (7 (2 — a;)) sin (7 (2 — aq k=1

27 | [ sin (7 (2 — ax)) sin (7 (2 = b)) + O (™)

k=1

e sin (x (b, — ba)) ™y
Witd-1(2) = ﬁ{3<bd_bj)+7rsin(7r(z—bj))sin(7r(z—bd }exp{EZa T }

k=1
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e2din= H sin (7 (z — ay,)) sin (7 (z — by,)) + O (*™7)

c [m? sin (7 (bg — aq)) 2,
wa-1(2) = i ?(ad_bd)‘l'ﬂ. . exp ank_l'bk

sin (7 (2 — aq)) sin (7 (2 — ba)) k=1

2dz7rz H SlH Z — ag )SiIl (ﬂ' (Z - bk)) + 0 ( 27FZT)

The same argument that shows that the set {wj}idzgl is linearly independent demonstrates
that their leading terms are independent, as well. In addition, the leading terms span the

subspace of polynomials in > of degree 2d satisfying the condition:
4miB

Cog = € Co,

where ¢y is the constant term and cyy is the coefficient of ™92, Let @; be defined as

follows:
Qo(z) = ez H sin (7 (z — ag)) sin (7 (z — b))

() = s aj;;;;( =y ljlsm (7 (2 — ap)) sin (7 (= — b))

Yrailx) = GG b;Q)d;; (7 (2 — ba)) ﬁ sin ( (2 = ) sin (7 (2 = b))

i
I

eQdTrzz

sin (7 (z — bg)) sin (7 (2 — aq))

sin (7 (z — ag)) sin (7 (z — b))

&

[\

T

_

—~

N

~—

|
—

k=1

for 1 < j < d—1. Furthermore, for 0 < k,r < 2d—1, define U.. to be the Fourier coefficients

of w;:
2d—1

C:)k( ) UOk (1+6 4miB 4dmz Z U eerz
In particular, Uy, = 0 for k& > 0.
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On the other hand, for any r,

: - o 2 4 o _B_1 7
Spop (2|T) = Zexp{ 5d (2dk + 1) + 2mi (2dk + 1) (z 775 2)}

kEZ
— Zexp {? [(2dk +r)* — 2d (2dk + )] + 2 (2dk + 1) ( — g _ %) }
keZ
7”'7— 2 2 . B 1
— Zexp{z— [(2dk+r—d) —d ] + 27i (2dk + 1) (Z_E_§>}
keZ
= e Zexp {ﬂ (2dk + 7 — d)* + 2mi (2dk + 1) (z _B_ 1) } _
2d d 2
kEZ
Therefore, for any 0 < r < 2d—1, the leading term in 579723(,2]7-) grows like e%(TQ—QdT)7 while

the rest of the terms die off exponentially as 7 — ico. More explicitly, for 1 <r <d — 1,

58,23(2‘7) = (1 + e4d”26_4”3) +0 (e4d”7)
TiT B 1 in
Sop(elr) = 3072 exp {2m'r ( i 5) } +0 (B )
LT B 1 ]
52,23(2‘7-) = €*d2 exp {27T’ld (Z — E — 5) } + 9] <€%dmr>

TIT  TAT .2 B 1 TiT
Stirap(2T) = e 2T e exp {27ri (d+1) (z —a - 5)} +0 (e 2d (3d2_4dr+r2)) :

As functions of z, the leading terms of ST(,)’QB(Z|T) are clearly a basis for the same space as
those of the w;. Expanding the matrix entries asymptotically from (4.1.1), we find that the

leading term in the asymptotic expansion of U, is:

Table 5: Leading Terms in the Asymptotic Expansion of Matrix Entries

o1



Leading Term

1<k<d-1

n | e {3 T (6 )} )8
| e (5 o) O AED
rk

) U, + 7sin (7 (aqg — ax,)) 7.

Urk

d<k<2d—2

3

&2
(bg — by) Uy + msin (7 (b — ba)) U,

d g3l

o (2dr—r2)62m’r(g+%)

(a3 +8)}

Ur,Qd—l

.[%Q(Gd_

2
C s
meXp{EZ‘

TiT

d eﬁ(2dr7r2)e

Jj=1 (a? + bjz)}

bd) 07«0 + 7sin (ﬂ' (bd - ad)) Ur,2d—1-‘

Therefore, the leading term of det U is

c2d—1
dZ exXp

d—1

sin (7 (bg — aa)) [H
Furthermore, the asymptotics of K; can

Kd[T]

Therefore, the right-hand side of (4.2.1)

Agexp {FéT (4d2 — 1)}

H ™ (W=l O gin (7 (a; —ax))e

1<j<k<d

{Qd” ZJ 1(a?+b§)}exp{”” (4d? —

j—1 810

} €7ri(4d—2)B (_1)d 2d—1

(7 (aq — ax)) sin (7 (b — bd))} det U,

be determined from (4.3.5):

—4d?—-2

(ezm'f>)>
(o — 1)} (140 (7))
4d? - 1)} (140 (7).

has the form
7T2 2
Lexp (4€B2 + 47m'dB> 24 +d

=00 sin (7 (by — b))

92



H e7r2(al*bm)2/6 sin (7T (al _ bm)) +0 (62772'7) )

1<l,m<d

Cancelling common factors from the dominant terms yields

det U = Age?™Bp2d—d+1 H sin (7 (a; — ay)) sin (7 (b; — by)) H sin (7 (a; — b)) -

1<j<k<d—-1 1<l,m<d
(L,m)#(d,d)

But det U = Uy det U = (2i) > €278 det U, where U’ is the lower right (2d — 1) x (2d — 1)

block of U. Thus,

det U = Ay (20)* =4 T sin(r(a; — ap))sin(z (b — b)) [ sin(r(a—ba)).
J<k<d-1 1<l,m<d
(I, m)#(d,d)

We can compute det U@, and thus A, inductively. First, for d = 2,

1 _niB 1 riB 1 mi(ai+b
_Zem _Zem _ZGM(aHr 1)
det U'® = scos (m(by —b1)) 3cos(m(as—ar)) 3cos(m(by—ar))
J— 1 —miB 1 —mi(a1+b
_Ze i _Ze i _4_16 mi(a1+b1)

_ _é sin (7 (ay — by)) sin (7 (a — by)) sin (7 (ay — by)) .

Therefore, —% = A, (20" 77. So Ay = — (2mi) ™",

Furthermore, for d > 2,

! det /(@D
im
aasi~bari T sin (7 (@ — bag1)) sin (7 (aas1 — by))
A d-1 )
- le (20)* 7% sin (1 (ag — bq)) (H sin (7 (a; — ag)) sin (7 (b; — bd))) det T
d .
J=1

However, detU"*"!) = det ( @Ylﬂ) J}%E) )7 where CD](-dﬂ) has been equated with
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its column vector (U’(d“)Tj) . Furthermore, the angle addition formula for sine lets us
rewrite sin (7 (2 — bg41)) as sin (7 (2 — a;)) cos (7 (a; — bg))+cos (7 (2 — a;)) sin (7 (a; — ba)).
Therefore, for 1 < j < d,

o (2)

Hld+D) = cos (7 (a; — bgy1 @(dH) z)+sin (7 (a; — bgy1)) cos (7 (2 — a; : ’ :
W (2) = (7 (a; = bat1)) @agyq (2)+sin (7 (a; — bay1)) (7 ( i) Sin (7 (2 — bys1))

A similar expansion of sin (7 (2 — aqy1)) yields the identity

(d-i—l) (Z)

d}c(l‘_i;;l)(z) = cos (7 (bj — aat1)) @éiﬁ)(z)—i-sin (m (bj = aa+1)) cos (m (2 = b)) sin ( :

&

(2 = aar1))

S

In taking the determinant, the extra multiples of @, +1) do not contribute, and therefore,

det '@+ = )¢ H sin (7 (a; — bag1)) sin (7 (ag41 — by))
) cos(m(z—a1))@{ V) (2) cos(m(z—b))@s T (2) < (d+1)
det ( Sz —bas1)) T G Gany . Waan (2) )

None of the columns in the remaining determinant have any dependence upon agyq or bgy.
In the limit as a4y1 approaches by 1, then, does not have any overt effect on the determinant,
but it does ensure that Z;l:l aj =B —a41 =B —bgy1 = Z;l:l b;. Therefore, in this limit,

cos (m (2 — a;)) LD](-dH)(z)

=™ cos (m (2 —a;))sin (7 (2 — aq o9 (4
sin (7 (z — bgy1)) B (7 ( 7)) sin (7 ( ) fi (2)

and

cos (1 (z — aq)) w((jdﬂ)(z)

— 2™ cos (1 (2 — ag)) sin (7 (z — a; O\ (5
Sin(ﬂ'(Z—derl)) - ( ( )) ( ( J)) i ()

foreach 1 < j < d—1. Therefore, subtracting the dth column from the jth column transforms

the jth column into



Similarly, subtracting the 2dth column from the (d+ j)th column transforms the jth column

into

2™ sin (7 (b; — by)) @yfd,l(z),

and subtracting the 2dth column from the dth column changes the dth column to

> sin (7 (ag — bg)) @Y, (2).

Since the functions @@ have two fewer sinusoidal factors than @1 the Fourier coefficients

of 2™ and e4+2)™ ip the expansion of e2™*G@ both vanish. Hence,

det /(@+1)
lim

ag1—=bat1 Hfl:l sin (7 (a; — bgy1)) sin (7w (age1 — by))

= (=1)"sin (7 (ag — bq)) (1:[ sin (7 (a; — aq)) sin (7 (b; — bd))>

j=1
0 0 0 0 0

) ~(d ~(d)  ~(d ~(d ~(d cos(m(z—ba))@’ V() - (d+1

det W& b Wgz—)1 Wéd)—1 wfl e Wéd)—2 sin(fr(zd—a(ffl)) wéd-l—l)(Z)
0 0 0 0 0

= sin (7 (aqg — bg)) (ﬂ sin (7 (a; — aq)) sin (7 (b; — bd))>

j=1
0
. ~ cos(m(z—b ))a)(d+1)(z) ~(d+1
det U/(d) sin(w(zd—adfl)) w§d+1) (Z)
0

By expressing (I)%H)(z) and @éﬁi?(z) has a product of sines, cosines, and exponentials,

2miz

it is easy to read off the coefficients of €™ and e4t272  The coefficient of > in

d+1

. ~(d+1) . .
COb(;irr(j;(bZdz)awzd () 4 1 (2¢)—2d+1 By POy aj+bj7 and the coefficient of e(4d+2)miz jg L (2i)_2d+1 .
d+1)) 2 2

i b .. . . . . ~ (d+1
e ™ 25=1%%% - Similarly, the corresponding coefficients in the expansion of WédL)(Z) are
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(2i)_2d e 5=19+b apd (2i)_2d e 51 45t Ergo,
det U@+
lim T -
aq+1—+ba41 Hl:l sin (71' (CL[ - bd+1)) sin (ﬂ' (ad+1 - bl))

d—1
= sin (7 (ag — bq)) (H sin (7 (a; — aq)) sin (7 (b; — bd)))

j=1

0 _% (22->—2d+1 eﬂ'i z;i':l a;+b; (22')—2d eTri Z?:l a;+b;
-det ﬁ/(d) * *
0 % (2i>_2d+1 e*T{"L’ Z?zl a;+b; (2i>_2d 677”' Z;l:l a;j+b;
d—1
= sin (7 (ag — bg)) (H sin (7 (a; — ag)) sin (7 (b; — bd))>
j=1

Therefore, AX_ZI(ZZ')QWMH — (2i)"**'. We have proven the following:
Lemma. Ay = — (2mi) " and for d > 2, Agsy = (2mi) "7 Ay,

It follows that Ay = — (27m')_2d2+d_1 for all d > 2. This finishes the computation of

the determinant of U. Using this fact in conjunction with (4.3.5) and (4.2.1) yields

Theorem.
detU = — (27Ti)_2d2+d_1 ety (T)_4d2_2 *exp (4nB* + 4mid B)
Il c-a)o@—b) ] o(a—>bn).
1<j<k<d 1<l,;m<d
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Chapter 5

Partition Function

5.1 The d =0 Case

As stated in chapter 2, Ny consists of constant maps; Ny = {w(z) = c|c € P'}. By ignoring
the point at oo, we restrict ourselves to a dense open subset of Ny with holomorphic coor-
dinate c¢. If w € Ny, then w*(TP!) is the trivial bundle. Furthermore, the space T,,Ny is
identified with the holomorphic, whence constant, sections of this bundle. Recall a Rieman-
nian metric was placed on Ny by the following formula, valid in our dense open coordinate

chart:

1 Uﬂjg + 1_}11)2
(v1,v2) = B —QQdﬂw
s (1t wP)

where vy, v9 are now restricted to be elements of T,,/Ny. We can easily express this metric in
terms of the coordinates ¢ and ¢:

%dcdé.
(1+ |e]”)

UE (1+cf*) dug} dede =
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The associated volume form, and hence the measure on Ny is given by

' by
2\ 2
(1+[e])
iy

= Z; (14 [c[*) " de A de.

Now we must discuss the regularized determinant of the Laplace operator:

1 2 0z 1
1 V0 ——m ) =00 =—= (02+02).
det |g| (1+]wf) ((1—|—|w|2)2) 4( .+ 0,)

It is well-known that this operator is diagonalized in the Fourier basis. Let A* = Z (%) S

Z <%> be the dual lattice to A.

{fw(z) = exp [mi (zw0 + wz)] |w € A*}

is an orthogonal basis satisfying —0,0s f,,(2) = 72 |w|* fu(2). Therefore, the regularized zeta

function for this Laplacian is defined by

s) = > (7))

weA™\ {0}
_ 7_57_(_—25 Z T?j
Y In + m7’|25
(n,m)€Z2\{(0,0)}

for R(s) > 1. The sum is an Eisenstein series E(7, s), studied extensively by Kronecker [14].

The constant term of the expansion around s = 1 of E(7,s) is the content of his first limit

formula:
E(r,s) = si 1 —ﬂlog{%} + O(s).
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E(T, s) also satisfies the functional equation:
7 *T(s)E(r,s) = 75 'T(1 — s)E(1,1 — 5),

which, when combined with the limit formula and the expansion of I'(s), yields an expansion

of E(r,s) around s =0 :
T *E(r,s) = —1 — log {47, |7](7')\4} s+ 0(s%).

Proofs of these formulas can be found in Chapter 8 of [25] or Chapter 20 of [15]. It follows

that

¢(0) = —logT, —log {47, [n(r)['}

= —log {47'y2 ]n(r)\4} .

Therefore, det’ A = exp {—2¢'(0)} = 167, In(7)[°. This computation has been performed
many times with slight variations in different contexts: see for example Appendix 1.1 of |22],
or |20, 16] for a mathematical perspective; or [19, 13| for an independent physics derivation.

Thus, the degree zero measure is given by:

2 f) (167 () *) T (14 ) def?

= (2rfrln @)Y (14 1el?) 7 Jdel

5.2 The d > 2 Case

Combining the theorem from 3.2.2 and the corollary from 3.3, we get the following formula

for det’ A, for any w € N, in terms of the coordinates on Ny:

29



d
det ‘A, = (2)*|c* < H lo (b, — aj)|8> exp {16%(77B2) —4nT, (4Byd + d2> }

o Ty
Jik=1
d 2\ 2
2 2d P (1 + |w| )
-ex —4d§ 2R (nb? —i——bz}——/lo d
P{ = { ;) Ty Ty Jx & hoa2p Ho
- (det Q(hy))?

Also, the measure dpg(w) can be expressed as
(d) " det Q(hy) |det U[* |de|? |das|? - - - |dag_1|? |dby|* - - - |dba_y|* |dB|?

where det U is the result of the calculation in chapter 4:

—4d242d—2 —9d27r —8d2— —
[det U)? = (2m) " 22 287 | (1) 750 )" exp (SR (nB?) — 8mdB,)

IT lotaj—ay o —b)l* J] lo(a—bm)?.

1<j<k<d 1<l,m<d

It follows that

(det 'A) " dpralw) = (d) " (2) * (2m) 2 g ()] S

IT lo(a—a)o@—b)* ] lo(a—>bw)™ (5.2.1)

1<j<k<d 1<l,m<d
d 2\2
o d ho (14 |w|7)
exp | 2d 2% b2+—b2l+—/lo — (4
p{ ; { () A I had,2B @5 9)
dc ? 2 2 2 2 2
? \dall te \dad,l\ ‘dbly tee |dbd,1‘ ‘dB’ . (523)
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One should check that this is a well-defined measure on Ny; that it is invariant under the
lattice actions on &;,...,&4 1, and so is independent of the choice of representatives of
the zeroes and poles of w. Indeed, the lattice acts by translation on the representatives
ai,...,aq-1,b1,...,b4_1, B, and scales c. Therefore, (5.2.3) is invariant under the lattice ac-
tions. It is an easy computation to see that (5.2.1) is also invariant, using the transformation
rules of o and the definition of a4 and by. It is more difficult to see the invariance of (5.2.2),

but it is easier if we rewrite the integral as

1+]w[
_/ ( h2d2B ) Z /log hlb ‘Slb ‘) z.

From the definitions of 1, (2) and s1p,(2), we see that

hig,+1(2) |81’bj+1(2)‘2 = exp {28 [1 (20; + 1)]} hyp,(2) |51,bj(z)‘2 .

Thus, under the transformation b; — b; + 1,

—2d /2 log <h17b].(z) {81,1;]-(2)‘2) d?z s —

Ty Ty

108 (b 2 [, () e —tam 2 + 1)}

But this is equal and opposite to the transformation undergone by 2d [23‘%(771)?) + %b?J] A
similar computation can be performed for the transformation b; — b; + 7. This proves the
invariance of (5.2.2). As a side note, we observe that the first term in (5.2.2) can be brought

inside the integral as follows:

exp{_T—dei:/E {bg (1, () 510, (2)[) = 2Rm02) - Z—ZbQ } & }

Comparing this expression with the asymptotics given in Section 3.2.2, we see that the extra

terms precisely cancel the z-independent terms of the expansion around z = b;.
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The above shows that (det ’Aw)fé dpg(w) is well-defined on our dense open subset of
N,. Furthermore, it extends continuously to all of Ny: the remainder of Ny consists precisely
of degree-d meromorphic functions whose zeroes and poles are not all simple. The formula

given for (det ’ Aw)_% dpg(w) vanishes identically on this set.

5.3 The d < —2 Case

As mentioned in Chapter 2, in this case, the partition function integral localizes to the space
of anti-instantons (anti-holomorphic maps.) Any and every anti-holomorphic map may be
obtained through complex conjugation of a holomorphic map with the same zeroes and
poles. Therefore, this case completely reduces to the positive d case discussed above, if w
is replaced with w. w* (TP!) is the anti-holomorphic bundle determined by the multiplier
conjugate to that of w* (TP'). Hence, metrics on w* (TP') and w* (TP') obey the same
quasi-periodicity relations, and furthermore, the pullback of the Fubini-Study metric by w
is represented by the same function as the pullback by w. Thus, despite that Az = 0%0, it
follows that det’ Ay = det’ A,

Similarly, upon taking conjugates when computing the measure, the matrix U is
replaced by U, leaving |det U ]2 unchanged. Hence, as would be expected, the measure on

N, is the same as that on N_;. Thus, for d < —2, we have

(det "Ag) ™ dprg(w) = (det "Ay)"F dpya(w).
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5.4 Conclusions and Avenues for Future Research

We have successfully computed the approximation to the partition measure for all values of

d.

S @t f)” T [ @] (det Au) ™M djra(w)

Z[®] ~ Ty .
g (27t ) N T [ (det M) dpg(w)

However, the only convergent term in the denominator is d = 0, which has the value

-1

(2f7 [ (7))

For |d| > 2, de (det ’Aw)_% dpg(w) diverges due to the behavior of the measure near the
boundary of Ny. One cause of divergence occurs when zeroes and poles become arbitrarily
close: if @& and by, tend toward each other, for some [ and m, then by (5.2.1), the integrand
grows like C'|a; — by,| ">, which is not integrable in two dimensions. This is not entirely
unexpected, however. Physical theories are rarely expected to hold to all length scales.
The procedure to resolve this issue is to introduce an ultraviolet cutoff, for example by
treating each zero and pole as having a “hard core”enforcing that the distance between any
zero and pole is greater than some small fixed length ¢, and then taking the principal part
as € — 0. This is precisely what Fateev et al did in the genus 0 case, where analogous
divergences occurred. This was part of their analogy with the classical Coulomb system at
a temperature 7' = 1.

There is one other source of divergence, however: the integral over the scaling variable

d_c‘2
C

Je-

Chapters 3 and 4 leads to a conjecture that similar divergences will occur if X is of higher

This did not occur in the genus zero case, but an examination of the work in

genus G, provided that degree d is large enough. Indeed, if w is a map of degree d, then

(det Aw)_1/2 contributes a factor of |¢|~*?, however, the measure dug(w) contributes a factor
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of |c|**, where n. = h° (X, w* (T'P")) — 1. Therefore, by Riemann-Roch, |¢[~* will appear in

the partition function measure with a power of
degw* (TP)" = 1 (3, w* (TPY)) +1 =1 (Z,0" (TP") " @ K ) + G,

where K, the canonical bundle of ¥, has degree 2G'—2 [18|. Thus, in particular, if d > G—1,
2
will

then h° <Z,w* (TPHY ' ® K) = 0 independently of the map w, and a factor of |—
c

appear in the measure.

In the genus zero case, the quantity ¢ had physical significance as the vacuum expec-
tation value (the value at oo) of the field. However, this variable still had to be integrated
out before a comparison with either the classical Coulomb model or the sine-Gordon model.
In our case, ¢ offers no physical interpretation. Therefore, one possible solution to this prob-
lem is to define physically relevant observables as those for which the factors of ¢ can be
decoupled from the other variables and formally cancelled out of the equation. Future work
is required to see if such a procedure can be carried out. Alternatively, it may be possible
to introduce a cutoff to the domain of |c| in some way, such as demanding & < |¢| < R,
and then finding a coherent way to take the remove the cutoff as R — oo. Some consistent
method must be found if any analogy is to be drawn between this model and either the
classical Coulomb model or the sine-Gordon model.

The methods in this thesis may be able to be generalized to CP'-instantons on higher
genus surfaces, but only in the case where the degree of the instanton is large. Eells proved
that, in the case of large degree, every harmonic map is holomorphic, and every cohomology
class has a holomorphic representative |7, 6|. In general, it is a much more difficult question
to describe low-degree harmonic and holomorphic maps on higher-genus Riemann surfaces,

and different methods would be required to pursue this topic in that setting.
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Appendix A

Analytic Continuation of the Zeta

Function

Suppose A, is the 0-Laplacian on a complex line bundle 7 : L — ¥ with hermitian metric
h over a compact Riemann surface . If 0 = Ay < Ay < Ay < --- are the eigenvalues of Ay.

We define ((s) := > 7=, A;°. We continue ((s) by examining I'(s){(s). Since {(s) converges

Jj=17""

absolutely for R(s) > 1 [22], we have:
- — sdt C —s
I(s)¢(s) = (/O et 7) >N
j=1
— [ t\°dt
= Z/ eit (_> —
=170 Aj t
— i/oo e—)\jttsﬁ
j=1"0 t
= /mie_’\"tﬁﬂ.
0o I t
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For finite ¢, 2377, et is the trace of the heat operator e **». Therefore, if py is the

dimension of the kernel of Ay, then we obtain

dt

2I'(s)C(s) = /000 (Tr {e """} — po) t57.

This is not defined in a neighborhood of 0, so we expand the trace of the heat kernel. For
small ¢,

Tr{e 21} = % + a4+ O(1),

where «; are the Seeley coefficients for this Laplacian. Also, for large ¢, Tr(e=*A") —p, decays

exponentially, and so
o dt
o(s) = / (Tr {e’mh} —po) ts?
1

is an entire function in s. Therefore, for R(s) > 1,

M) = [ (Tl = p) £ ol

1
_ _ dt  a_ Qo — Po
- Tr(e %) — ap — —— 1>t8— — =
/0 (r(e ) — ayp ; t+3—1+ . + ¢(s)

a_1 Qo — Po

1
= t%)dt — .
/00() T T (s)

The remaining integral converges for R(s) > —1, and so we have meromorphically continued

2I'(s)((s) to a neighborhood of 0. So

Qo — Po

+ ®(s)
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where @ is analytic in a neighborhood of 0, and 0 at 0. 2((s) is thus analytic at 0 as sI'(s)

analytically continues to be 1 at s = 0, and we can define

det Ah = 672@4(0).
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Appendix B

Asymptotics of Green’s Functions

In this section, let > be a genus n Riemann surface with Riemannian metric g, and let
7w : L — X be a holomorphic line bundle with hermitian metric A. Also assume the degree
of L is at least 2n — 1. We will be working in a local coordinate system such that the metric

g has the form:

9zz = gZZZOa

9zz = UGzz-

We also abuse notation, using g to denote the function 2g.z. Let Ay = 0*0 = —g~'h™10.h0>
be the d-laplacian on the space of sections L. We also define A, := 90* = —9; (¢~ 'h~10.h),
acting on F-valued (0,1)-forms. We will compute the large-t and small-t asymptotics for

et and e tAn,
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B.1 Seeley Coefficients of exp (—tA;)

Let G be the Green’s function for A,. G(z, 2/;t) satisfies

oG
ot
G(z,2;0) = d(z—2").

= —AG;

Seeley tells us that G has an asymptotic expansion in ¢ near ¢t = 0 [22]:

G(z,25t) = (| exp(—tAp)|z)

= exp (M) (A1 (2, 207+ Ao(2, 2') + Ai(2, )t + O(1%)) .

Therefore,

oG s -5
o 2P ( ) (At + Ag + Ayt + O(#2))

— exp(T SA_t7° +[SAo(z,y) — A4]t 2+ SA +O(1))
“ALG = —exp (TS) (ARA_t71 + Ay Ag + A At + O(t%))
exp (TS) (ASA 2 + ApSAst™ + ApSA, + O(1))
g exp (_TS) (0.50.5A 117 + 8.50.5 Aot 2 + 0.50.54,1~ + O(1))
o exp (TS) (0.50.A_1t72 + 0.50. Aot~ + 0.50.A, + O(1))
g exp (TS) (0-50.A117% + 0.50. Aot~ + 0.50. 4, + O(t)) .
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Comparing the coefficients for t=3, we see that we must have
S = ¢ '0:50.8.

A solution to this is given by S(z,2') = d(z,2')?, where d(z,2’) is the distance between z

and 2’ in the metric g. Thus, expanding around z’, we have
S(z,2)=g(Z) |z =2+ O (|Z — z'\S)
This is most easily seen in polar coordinates around z’. Plugging this into G we examine

the initial condition to find the value of A_; on the diagonal. We want

1
lim = [ A_q(z,2")exp (—

t—0t ¢ »

M) dpy(2) = 1.

t

But the integrand has a single critical point (and a maximum) at z = 2/, so we can now
evaluate the integral via steepest descent. The determinant of the Hessian of S at 2’ is easily

seen to be (2g(2'))?. Therefore, we must compute the Gaussian integral

/Rz o (_M) = g(tz/) /R exp () du = QZ')

Hence, we get

/ / /
lim A4 (2, 2Ng(2) =t
=0+ t g(2")

1
So, A_1(2',2') = —. Note that this differs by a factor of 4 from the result in [9]. This is due
7r

to a reparameterization of t.

Now, we compare t~2 terms to get

SAU - A_l = g_lﬁzSGZSAO + AhSA_l — g_lﬁzS&gA_l — g_lﬁgSazA_l.
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The equation for S cancels the Ay terms in this expression, leaving us with an equation that
we can solve for higher coefficients in the Taylor expansion of A; around the diagonal, we

will denote z — 2’ simply by Z so the formulas appear less cluttered.
—A_ | =A,SA_ — g 0,50;A_; — g 10:50,A_;.
Let us solve for A_; up to the quadratic level:
A_i(z,7) = % ‘a1 (Z2)+a12(2,2)+0(2)).
To do this, we will need more terms in the approximation for S above.

570 =) (1 lowg) - (2) - § Qo) (2,2 + § (o) - (2))" +0(2P)

S = ()2 +Ss(2,2,2) + S4(2,2,2,Z) + O (|Z]) .

$(2.2.7) = 59()logg) - (2) |2
1
G

1

S\(2,2,2,2) = g(Z’)< 48

(log.9)" (2,2) — ~ |(log g) | 2% + + (1o 9) - <Z>>2) 12

6

From this, we can easily calculate the first few derivatives of S:

1 ,
71(2)0.0:8 = 1+ (00,1089) ()12 + 0 (12F)

g_l(z)ﬁz logh(2)0:S = (0,logh)Z + ((@ log h)’ . Z) Z

, 1
— (0:logh) ((log )" Z) Z + 5 (9-log h) (9:log 9) | 2
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1
+5 (9:1og h) ((log g)' - 2) Z + O (|2]°)
Now we can find a_;; and a_; » by expanding the equation for A_; in powers of Z :

AL = —AWSA 4 +9710.80-A 1 + g 19.50.A_,
a_11(Z) = a_11(Z2) + % (0.logh) Z + Z0; (a_11(2)) + Z0, (a_11(Z))
aan(Z) = — (2.1ogh) ()7
5= (0,0,108.9) 121+ 2 (0. log ) a-1.(2)
+% ((0.1ogh) - Z) Z — %82 logh ((logg)' - 2) Z

a_172(Z,Z) = &_172(Z7Z)+

11 11
+——8Z log h (05 log g) \Z\z —l— -5 (az logh) ((logg)" - Z) Z
+Z Z0:a_12+ Z0, ja_ 12)

=1

— ((log g)' - )(Z@a 11+ Z0,a_ 11)

0gyg
( 10gg ) 8,5@71’1 + §Z ((log g), . Z) 8 a_1.

Iy
2
1
+5 (0: log g) |Z|* 0:a_11 + 5 (8 log g) |Z|* d.a-1,
11
—2a_12(2,7Z) = D (8 o, log g) | Z|? ——(8 log h)” ZQ—F;((azlogh)’-Z)Z
(2.2) = —~1(9,0,1089)|2® + — (0. log h)’ Z* — —Z(d. log h) - Z
a_12\4, = od 1 \HCn ogyg o \Uz 0og o > 108

where 0,0, is shorthand for 07 4 02 = 40.0:. The t~' term in the expansion of the Green’s

function and heat equation gives:

(—AhS> AO = —AhA,1 - g’l(z) (8,25(95140 + 85582140)
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Expanding to lowest order in |Z| gives

A() = a070—|—0(\Z|)
(—AhS) Ao = CL07Q+O(|Z|)
1 1

—AWAL, = —34—7rauau log g — %—W@u(‘% logh+O(|Z])

-1 -1
Ao(2,2) = —i?ﬁuaulogg—%—ﬁauaulogh

Thus, the Seeley expansion for small ¢ is

: N_ 2.0 g () n_ 9 (F) :
('| exp(—tAp)|Z) = ;t 1 Wa’ﬁ“ logg(z') — ym 0,0, logh(2) +O(t). (B.1.1)

We multiplied the result by 2 because we wanted to take the real trace of the heat kernel.
Additionally, we note that —ﬁ(z)@ﬁ“ log g(z) = K(z), where K is the Gaussian curvature

of ¥. Furthermore,

dz Ndz

(97'0,0,logh) duy = (0,0,1ogh) —

= 2i001logh,
which is 2¢ times the curvature of L. Thus, for small ¢,

I () /@mmemmamu@
2
2 L1 i
= —Area (X))t + — | Kdpy—— [ 90logh+ O(t)
6 » 47 n

™

= ZArea(S) i+ 41 () — 5 des(L) + O().

Here, we have used the Gauss-Bonnet theorem to compute the first integral. The second

used the fact that %85 log h is a representation of the Chern class of the bundle.
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B.2 Seeley Coefficients of exp (—tﬁh)

Now we must do the same for exp(—tA}).
Ay =—¢'0.0: — g~ (D.1log h) 9 — (@g_l) 0, — (82 (g_laz log h))

We will denote the zeroth order term by C. Let G be the Green’s function for A),. @(z, 2’5 t)
satisfies
oG < -
— = =AG;
ot hT,
G(z,7;0) = 6(z—2).

For small ¢, the Seeley expansion of G is given by:

Gz, 2t) = (Z|exp(—tAp)|2)

— exp (@) (A,l(z, N4 Az, ') + Ar(z, )+ O(t2)> .

Therefore, as before:

oG S -S\ /- -
E = t_2 exXp ( > (Afltil + AO + Alt + O(t2>)

/N
—
>
>
|
Q
SN—
U
l:m
0
+
/N
>
>
|
Q
N—
U
O:B‘
)
+
—
>
>
|
Q
SN—
[}
E:-z
+
o
=

7



+glexp (azéaggfx,lt-?’ 4 0.80-S A0t + 0.80-S A1 + 0(1))

—glexp (625‘82/1,115’2 T 0.80-Agt™" + 0.50-A, + O(t))

—g ~exp

|
<l ~ld =l

(agéazfx,lﬂ +0.50. At + 8.50. 4, + O(t)) .

The t~3 term and initial condition have not changed. Therefore, S = S and

- 1 ~
A = T +a11(Z)+a12(Z,2)+0O (|Z|3) :

To find a_y1 1 and a_; 2, we look at the t~2 term:

A, = - (Ah — 0) SA | +g7'0.80-A 1 + g 19.90.A4_,.
a-11(Z) = a-11(2)+ %Z@Z log h — %Z (0:log g)
+ 205011+ Z0,a_11;
a_11(Z) = —%Z@z log h + 128— log g.
a-12(2,72) = a-12(2,Z)+ %—(6 9, 10g 9) | Z|* + Z0.log hi_11(Z)
—i—%Z (0.logh) - Z — —28 logh (logg) - Z
+llaz log h (9:log g) | Z|* + l—Zé)z log h(log g)" - Z

—1-2 205 012+ Z0, ja_ 12)

]:

((1g9) Z) (205011 + Z0.0-1,)

. 1 / -
—Z( logg )Ogd_u + §Z ((logg) : Z) 0 2011

(0.log g) | Z* Dsti—11 + 5 (a log g) | Z|* 9.a1,

>]|}_.[\3|»—~L\:>

Z((@ logg) Z) %Z ((logg) -Z) 0z log g
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1 _ _ )
——3 (0:log ) (12 (0. log g) + Z (0. log g - Z)) — Z8-log ga_1.1(Z);

- 11 1
—2a_12(4,2) = - (8,0,1og g) | Z|” — = (8. log h)* Z*
1 2
+=((d.logh) - Z) Z + =0, log hd:log g | Z|?
s s
1

_ , 1 _
——Z((9:10gg)' - Z) — — (:log g)" Z*

3

~ 11 2 1 2 72 1 /
G (7. 7) = ——2(0.0 712 + — (8. logh)* 2% — — Z(d.1logh) - Z

+%Z ((82 log g) - Z) — %6@ log hdslog g ]Z|2 + % (05 log g)° Z2.
The ¢! term in the expansion of the Green’s function and heat equation gives:
(-A,ﬁ) Ao = —ApA_, — g 1(2) (azsagfio + agsazfxo) .
Expanding to lowest order in (z — 2’) gives

Ay = a0+ O(|Z));

(—AhS> A~L0 = C~L0,0+O(|Z’);
9" 9! 9"
—ARA; = Eaﬂau logg — 8—Waﬂau log h — 7&3 log ho: log g

gfl gfl
+=—0;log g0, log h + =0, log h0; log g
s m

1
+= (97'0:0.log h — g9z log g0. log h) + O(| Z|);
T

-1 1
Ag(7, 7)) = fZ—W@uaulogg(z’)—i—%—ﬂ(‘)M@“logh.

Thus, the Seeley expansion for small ¢ is

! A / 1 - ! / ! /
(< exp(—thp)[) =~ + fQ—Wauau log g(2') + gg—wa#au log h(2') + O(t).
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Again, we multiply by two to get the real trace:

/ A no__ 2 g_l(zl) / g_l(zl) !
(2| exp(—tAp)|Z) = — + o 0,0, log g(2") + pp 0,0, logh(2') +0O(t). (B.2.1)

Thus, for small ¢,

Tr (e_tAh> = /E (2 |exp (—tAp)| z) dpgy(2)

2 1 ; _
= ZArea(X)t 7'+ —/ Kdpu, + L/ d00log h + O(t)
T Jy AT [+

s 3
2 2 1
= %Area ()t + 3X (X) + 3 deg(L) + O(t).

B.3 Expansion at large t

It is obvious that when t gets large, exp (—tAy) approaches P, the orthogonal projection
operator onto the subspace of holomorphic sections of L. Our claim is that under our
assumption about the degree of L, exp (—tﬁh) approaches 0; i.e. Ay, has no kernel. Indeed,
by basic Hodge theory and Serre duality, the space of harmonic L-valued (0,1)-forms is
isomorphic to H' (X, L) =2 H° (3, K ® L*)". Since K has degree 2n — 2, where n is the genus

of ¥, HY (3, K ® L*) is guaranteed to be trivial if L has degree at least 2n — 1.
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