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Abstract

Let M be a smooth oriented manifold. The homology of M has the structure of a Frobenius
algebra. This paper shows that on chain level there is a Frobenius-like algebra structure,
whose homology gives the Frobenius algebra of M. Moreover, associated to any Frobenius-
like algebra, there is a chain complex whose homology has the structure of a Gerstenhaber
algebra and a Batalin-Vilkovisky algebra. And if the Frobenius-like algebra comes from M, it
gives the free loop space LM and String Topology of Chas-Sullivan.
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1 Introduction and summary

In this paper we investigate some properties of a chain complex model of the free loop space
of a smooth manifold. The purpose of our study is twofold. One is to give a down-to-earth
algebraic model of the algebraic structures (the Gerstenhaber and Batalin-Vilkovisky algebras)
of String Topology discovered by Chas and Sullivan in [5], and the other is to relate these algebraic
structures with some known ones, especially those from the Hochschild complexes of the cochain
algebra. Our theory includes non simply connected manifolds.

The paper consists of six sections. In Section 2] we discuss the open Frobenius structure of
a manifold and construct a chain complex whose homology gives such a structure. Such a chain
complex is called an open DG Frobenius-like algebra. In Section [Bl we use the open DG Frobenius-
like algebra to construct a chain complex model of the free loop space of a simply connected
manifold. In Sections Ml and [l we give a model of the Gerstenhaber and Batalin-Vilkovisky
algebras on the homology of the free loop space of a simply connected manifold obtained in [5].
In the last section, Section [0, we give a chain complex model of the free loop space of a general
manifold and construct the associated Gerstenhaber and Batalin-Vilkovisky algebras.

1.1 The open DG Frobenius-like algebra of a manifold

Let M be a smooth, not necessarily closed, oriented n-manifold. Denote by H,.(M;Q) and
H}(M;Q) the rational homology and compact cohomology of M respectively. We have that
H}(M;Q) with cup product U is a graded commutative algebra, and H,(M; Q) with diagonal map
A is a graded cocommutative coalgebra. The Poincaré duality says that there is an isomorphism
of Q-spaces (grade the cohomology negatively):

PD: HX(M;Q) —> Hyr(M; Q).



We may also consider H*(M;Q) and HS°(M;Q) the rational cohomology and infinite homology
(see Definition [2.6]) of M. Again (H*(M;Q),U) and (H°(M;Q),A) are a graded commutative
algebra and a (possibly complete) graded cocommutative coalgebra, and we have the Poincaé
duality:

PD: H*(M;Q) — H5.(M;Q).

By pulling back via PD the coproduct A on these two homology groups to the corresponding
cohomology groups, the following result is known to algebraic topologists:

Theorem [2.8] (two open Frobenius algebras of a manifold). Let M be a smooth manifold. Then
(H:(M;Q),U,A)  and (H*(M;Q),U,A)
form two graded commutative open Frobenius algebras, namely,

(1) (HX(M;Q),V) is a graded commutative algebra and (H!(M;Q),A) is a graded cocommu-
tative coalgebra with a counit; respectively, (H*(M;Q),U) is a graded commutative algebra
with a unit and (H*(M;Q),A) is a possibly complete graded cocommutative coalgebra;

(2) The coproduct A is a map of bimodules:
AlaUpf) =AaUp=aUAB, for o,f€ H(M;Q) or H*(M;Q).

Moreover these two Frobenius algebras are dual to each other in the sense that
H*(M;Q) = Hom(H.""(M;Q),Q),

which maps U and A of the latter to A and U of the former respectively. And if M is closed,
these two Frobenius algebras are identical, and hence have both unit and counit.

In the language of homology groups, the above theorem says that the homology or infinite
homology of a manifold with intersection product and diagonal coproduct form two dual open
Frobenius algebras. However, we cannot lift these two open Frobenius algebras to the chain level,
since the intersection of two chains is partially defined only if they are transversal to each other.
In this paper we show that a weaker form of the above open Frobenius algebras exists on the
chain level of the manifold. Such a chain model uses the cubical Whitney polynomial differential
forms and their appropriate duals (the currents).

Give a smooth manifold M with a smooth cubilation (such a cubilation always exists by
the dual decomposition of a smooth triangulation). Recall that a Whitney polynomial form (see
Definition [2.9) on M is a differential form such that the restriction to each cube is of Q-polynomial
coefficients. Denote the set of Whitney forms by A(M), then A(M) forms a commutative DG
algebra under the wedge product and the exterior differential. There is a DG subalgebra of A(M),
which is the Whitney forms with compact support, and is denoted by A.(M). Of course if M is
closed, A(M) = A.(M).

By dualizing A(M) properly (for the precise definition, see Definition [2.28) we also get two
complete DG coalgebras which model the chain complex and the infinite chain complex of M,
and are denoted by C(M) and C°°(M) respectively. If M is closed, then

C(M) = C>(M) = Hom(A(M),Q).



Furthermore, we have two embeddings

t:A(M) — C(M) and t: A(M) — C*(M)

ar—>{ﬁr—>/Moz/\ﬁ}.

And they are in fact quasi-isomorphisms of A.(M)- and A(M)-modules respectively. These

which are given by

properties lead us to define:

Definition [2.17 (open DG Frobenius-like algebra of degree n). Let k be a field. An open DG
Frobenius-like algebra of degree n is a triple (A, E, 1) such that:

(1) A is a DG commutative associative algebra over k;
(2) E is a (possibly complete) DG cocommutative coassociative coalgebra over A;

(3) t: A— FE is a degree n DG A-module quasi-isomorphism.

From the definition one deduces that the homology of a DG Frobenius-like algebra is a Frobe-
nius algebra. The theorem is:

Theorem [2.23] (open DG Frobenius-like algebras of a manifold). Let M be a smooth n-manifold
and let A(M) and A.(M) be the set of Whitney forms and Whitney forms with compact support
on M. Let C(M) and C*°(M) be the two complete DG coalgebras of M. Then the triples

(Ac(M),C(M),1) and  (A(M),C*(M),)

are open DG Frobenius-like algebras of degree n, whose homology groups give the Frobenius alge-
bras of Theorem [2.8.

In this paper we will mostly discuss the open DG Frobenius algebra (A.(M),C(M),¢). There
is also a concept of open DG Frobenius-like algebras with a group action. The background is this:
Let M be smooth manifold, and let M be its universal covering. Denote by G the fundamental
group w1 (M) of M, then G acts on M by deck transformations. The open DG Frobenius-like
algebra on M admits a G-action, whose G-equivariant homology group, as one would expect, is
the open Frobenius-like algebra of M. For more details, see Section 21

1.2 The chain complex model of the free loop space

Let M be a smooth manifold, and assume it is simply connected for a moment. Also in order
not to be confused by the notations, we assume M is closed. Denote the open DG Frobenius-like
algebra of M by (A, C) for short. Let LM be the free loop space of M. We have a fibration

QM — LM

|

M.



The result of Adams ([1]) says that the cobar construction (see Definition [B.8]) of the chain complex
of M, is quasi-isomorphic to the chain complex of QM. From this we may obtain that if C is the
complete DG coalgebra of M, then the complete cobar construction (see Definition B:32) Q(C)
gives a complete DG coalgebra model of QM. Applying a theorem of Brown (Theorem [BH or
Brown [3], Theorem 4.2) of the twisted tensor product for fibrations we have:

Theorem (a complete DG coalgebra of the free loop space). Let M be a simply connected,
smooth closed manifold and C be the dual space of the Whitney forms (the currents). There is a
chain equivalence

~

(CEC),b) = (C(LM), D),

where & is the complete tensor product, and b is Brown’s twisted differential:

bz @ [a1]---|an))
= dz @ 1] |an] + (=1)*z @ dala1] - - - |an]

+ 30D & ([ ] Jan] — (1) Dol gy, 27))

where da is the Adams differential on the complete cobar construction, and x',x" comes from the
complete coproduct of C: Az = 2/ @ z2".

For more details of the complex C ®Q(C ), see Definition B35, and we call it the complete
cocyclic cobar complex of C. Recall the embedding A — C, if we view A as currents we have:

Theorem [3.37 (chain complex of the free loop space from the open Frobenius-like algebra). Let
M be a simply connected, smooth closed manifold. Let A be the Whitney forms and C be the
currents on M. Define a chain complex (A®Q(C’), b) with b given by

bz @ [a1]- - |an])
= dz®[ar] - |an] + (=1)"lz @ dalay]| - - - |an]
+Z(—1)‘x‘+|5i‘x AB ® ([ﬂi*\al! ] — (_1)(|Bi\—1)|[a1\---|anﬂ[aly e Ian!ﬂi*]).

Then there is a chain equivalence
L@id : (ARQ(C),b) = (C&N(C),b).

In the case that M is not closed, we may apply the open DG Frobenius-like algebra (Ac, C)
instead in the above to model the chain complex of LM.

As we shall see, the cocyclic cobar complex C ®Q(C) is in fact the dual complex of the cyclic
bar complez (see Definition BI4]) of A. As is observed by A. Connes ([§]), there is a cyclic
structure on the cyclic bar complex, and one can define on the complex so-called Connes’ cyclic
B-operator, which characterizes such cyclic structure. Such a cyclic B-operator is later used by
Jones to model the S'-action on the cochain complex model of the free loop space of a manifold
(see Jones [15]). We can define a dual version of Connes’ cyclic operator (see Definition [3.39]) on
the cocyclic cobar complex, which then models the S'-action on the chain complex of LM:



Theorem [B.41] (cyclic B-operator and the S'-action). Let M be a simply connected, smooth
closed manifold. Let A be the Whitney forms and C be the currents on M. Define B : C®Q(C) —

C&N(C) by
B(z @ [a1]-- - |an])

—1)lladllanllilarl-laiallg(2)a; @ [ais] - |an]ar] - - - |ai—1],

I
RS

where € is the counit. Then B? =0 and we have a chain equivalence
(CQUC),b, B) = (C.(LM),0,J),
where J is the S'-action on Cy(LM).

1.3 The Gerstenhaber and Batalin-Vilkovisky algebras

We next apply the open DG Frobenius-like algebra of a manifold to construct a model for the
Gerstenhaber and Batalin-Vilkovisky algebras on the homology of the free loop space discovered
by Chas and Sullivan in [5]. The algebraic model has also been obtained by Cohen-Jones [7],
Félix et al [9], Merkulov [20] and Tradler [24].

Theorem (model of the loop product). Let M be a simply connected, smooth closed manifold,
and let (A, C) be the open DG Frobenius-like algebra of M. Define

o1 A3Q(C) Q) AGQ(C) — ABQ(C)

by
(@@ [ar]-|an]) ® (y @ [br] - bn]) := (—D)llanllos Ay @ [ay |- - Jan[b] - [ba],

then
(ARQ(C), »,b)

is a DG algebra, which models the Chas-Sullivan loop product on C.(LM) in [J].

For the definition of the loop product see [5] §2 or Section Ml of this paper. The operator e
thus defined in not commutative, but commutative up to homotopy. We have:

Theorem (Gerstenhaber algebra of the free loop space). Let (A,C) be the DG Frobenius-
like algebra of a simply connected, smooth closed manifold M. Define an operator

* 1 ABQ(C) Q) ASQ(C) — ABQ(C)

as follows: for a =z ® [a1]---|an],B =y @ [b1] - |bm] € ADQ(C),
axfl= Z(_1)\y|+\ﬁll[ai+1\---|an}\5(%3/)33 ® [a1] -+ ai—1]b1] - - - |bmlaiz1] - - - |an],
i=1

where € is the counit of C, and
{Oé,ﬁ} =ax ﬁ - (_1)(‘a|+1)(|ﬁ‘+1)ﬁ * fO’f’ Oé,ﬁ € A®Q(C)

Then (H.(A®Q(C),e,{,}) is a Gerstenhaber algebra, which models the one of Chas-Sullivan in
.
/



The structure of a Gerstenhaber algebra (see Definition [£.9) is discovered by Gerstenhaber in
his study of the deformation of associative algebras (see Gerstenhaber [10]). He shows that for
an associative algebra A, the Hochschild cohomology of A (see Definition B.I8)) is a Gerstenhaber
algebra. The following theorem has been obtained by the authors cited above:

Theorem [4.17 (isomorphism of two Gerstenhaber algebras). Let M be a simply connected
smooth closed manifold, and A be the Whitney forms on M. Then the Gerstenhaber algebra
of Chas-Sullivan in [5], which is modeled in the above theorem, is isomorphic to the Hochschild
cohomology of A.

Recall the dual of Connes’ cyclic operator B : C&Q(C) — CRQ(C). We may restrict it to
the subspace B : AQQ(C) — C&Q(C), which is a chain map. Via the isomorphism

H,(A®Q(C)) = H,(CRQ(C))
we obtain a degree one operator on H,(A&Q(C)), still denoted by B.

Theorem [5.4] (Batalin-Vilkovisky algebra of the free loop space). Let M be a simply connected,
smooth closed manifold. Then (H.(A®Q(C)), e, B) is a Batalin-Vilkovisky algebra, namely,

(1) (H.(A®Q(C)),e) is a graded commutative algebra;
(2) B is a second order operator of square zero.

Such a Batalin-Vilkoviksy algebra models the one of Chas-Sullivan in [5].

Up to now, we have only discussed the case when M is simply connected. For a non simply
connected manifold, the above discussion may not hold, since the cobar construction of the chain
complex of M is not equivalent to the chain complex of QM. However, this will be overcome in
Section [B by lifting the fibration QM — LM — M to the universal covering M of M (idea due
to M. Mandell). The loops in LM lift to paths on M, which admits a 7 (M )-action, and can be
characterized explicitly. By taking the quotient over m (M) we get back to LM. We may deal with
the lifted fibration on M similarly as in the simply connected case, and the 71 (M )-equivariant
homology forms a Batalin-Vilkovisky algebra, as one would expect.

The rest of the paper is devoted to the proof of above theorems. Section [2] discusses Theorem
2.8 and proves Theorem [2.23] Theorems B.36] B:37 and B.41] are proved in Section Bl Theorems
42 10 and E17] are proved in Section @ Theorem [5.4] is proved in Section Bl And in Section
we prove the above theorems when the manifold is not necessarily simply connected.
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2 DG Frobenius-like algebra of a manifold

In this section we first discuss the open Frobenius structures of a manifold, and then discuss some
properties of the Whitney differential forms on the manifold, by which we construct two open
DG Frobenius-like algebras, which characterize the Frobenius structures on chain level.

2.1 The open Frobenius structures of a manifold

Definition 2.1 (open Frobenius algebra of degree n). Let C be a graded vector space over a field
k. An open Frobenius algebra on C of degree n is a triple (C,-, A) such that

(1) (C,-) is a graded associative algebra, and (C,A) is a graded coassociative coalgebra of degree

ny

(2) A:C — C®C is a map of bimodules: Aa-b) = a-A(b) = Aa) - b, for all a,b € C, or
more explicitly, if we write Aa =Y a' ®@ad”, then

da-by @@ b => (V) =Y da@ b (1)

We say C is commutative if it is both graded commutative and cocommutative.

Remark 2.2. In above definition we have assumed the product - has degree zero, and the
coproduct A has degree n. In some cases the product may have degree n while the coproduct has
degree 0. If this situation happens, we may shift the degree of C' up by n (denoted by C[—n]),
then (C[—n],-, A) forms a Frobenius algebra of degree —n, by our definition.

Definition 2.3 (unit, augmentation and counit, coaugmentation). Suppose (A,-) is a graded
associative algebra over a field k. A unit of A is a linear map

n:k— A

such that the following diagram commutes:

Qk__tden id®n AR A

® id ® A.

\/

koA

Also we say A is augmented if there is a nonzero algebra map
e:A—k,

and ¢ is called an augmentation.
Similarly, suppose (C,A) is a graded coassociative coalgebra over k, then a counit of C is a

linear map
e:C—k



such that the following diagram commutes:

C®‘i\€®ld/'
2N

CeCc—22c , CRk.
And we say C is coaugmented if there is a nonzero coalgebra map
n:k— C,

and n is called a coaugmentation.

From now on when mentioning an algebra (respectively, a coalgebra), we always assume it

has a unit and an augmentation (respectively, a counit and a coaugmentation) unless specifying

otherwise.

Example 2.4 (Frobenius algebra on compact cohomology and homology). Let M be a connected
(not necessarily closed) n-manifold, and denote by H,(M;Q) and H}(M;Q) its homology and
compact cohomology respectively. Then H}(M;Q) and H,(M;Q) form two isomorphic commu-
tative open Frobenius algebras of degree n with a counit but no unit. In fact, by Poincaré duality,

there is an isomorphism
PD: H{(M;Q) — Hy1.(M;Q),

which is given by

(PD(c),u) ::/MaUu, for o€ HI(M;Q), we H"(M;Q).

Define
A: HY(M;Q) — Hi(M;Q) ® Hi(M;Q)
by
Aa:= (PD™' @ PD™") o A(PD(a)).
By (@) we have
AlaUB)(z®y) = (PD'@PD ) oA(PD(aUpB))(z®y)
= A(PD(aUB))(PD ' (z) ® PD™!(y))
= PD(aUB)(PD™'(z)UPD™(y))
— / aUBUPD  z)uPD (y),
M
while

(Al@Uup)(zey) = Y (e up)(ey)
= S (o aa” UBLy)



= Y (o, a){a" U B, PD o PD7\(y))

= Z(o/,x}/ o’ UBUPD(y)

M

= Y (o, z){a”", PD(BUPD(y))

- / aUpBUPD Y (z)uPD (y),
M

for all o, 8 € HY(M;Q) and z,y € H,(M;Q). This shows
AlaUp) = A(a) UL.
Similarly, we can show
AlaUp) =aUA(S).

This shows that
(HY(M;Q),u,A)

forms a (graded) Frobenius algebra. It is commutative since the cup product is commutative,
and the counit comes from the fact H"(M;Q) = Hy(M;Q) = Q. The Poincaré duality map PD
also gives an isomorphic Frobenius algebra structure on the homology H,(M;Q). O

Remark 2.5. In this paper, we grade the cochain complex negatively, and grade the chain
complex positively. The coproduct on the cohomology has a grading —n, so if we write

A:HP(M;Q) — P HI(M;Q) ® Hy(M;Q)
r+s=p
by Poincaré duality in stead of
AHI(M:Q) — (D HI(MQ) © H(M:Q),
r4+s=p—n

the degree adds formally.

On an open manifold M there is another Poincaré duality which is between the cohomology
and the infinite homology of M.

Definition 2.6 (infinite homology, Munkres [22] p. 33). Let M be a locally finite cubilated (or
simplicial, or cell) space. An infinite q-chain on M is a function ¢ from the oriented q-cubes of
M to the integers such that ¢(o0) = —c(d’) if o and o’ are opposite orientations of the same cube
(or simplex, or cell). (We do not require c(o) = 0 for all but finitely many oriented cubes.) Let
C°(M) denote the group of infinite q-chains. Since M is locally finite the boundary operator

07 1 C° (M) — C24(M)
as in the ordinary case is well defined and (0°)? = 0. The homology

oo ker 0>
H2(M) = im 0>

is called the infinite homology of M.

10



Example 2.7 (Frobenius algebra on cohomology and infinite homology). Let M be a connected
(not necessarily closed) n-manifold. Let H*(M;Q) and H°(M; Q) be the cohomology and infinite
homology of M. Then H*(M;Q) with cup product and (possibly complete) coproduct induced
from Poincaré duality (see Munkres [22], p. 388)

gives (H*(M;Q),U, A) as well as H°(M;Q) a commutative open Frobenius algebra of degree n
with a unit but no counit. U

Theorem 2.8 (two Frobenius algebras of a manifold). Let M be a connected (not necessarily
closed) n-manifold. Then the two open Frobenius algebras

(H}(M;Q),U,A) and (H*(M;Q),U,A)
are dual to each other in the sense that
H*(M;Q) = Hom(H,"""(M;Q), Q).
And if M is closed, then they are identical, and hence have both unit and counit.

Proof. This follows from Examples 2.4 and 2.7] O

We usually call the open Frobenius algebra on the (co)homology of a closed manifold, namely,
an open Frobenius algebra with a counit which is isomorphic to its dual space (the isomorphism
is given by (x,y) = e(z - y), where ¢ is the counit), a closed Frobenius algebra. In the language of
homology, Theorem 2.8 says that on a manifold M, the rational homology or infinite homology of
M, together with the intersection product and the diagonal coproduct, form two dual Frobenius
algebras.

The Frobenius algebra structure on the homology of a manifold can not be lifted to chain
level. For example, a k-chain, where k < dim M, can never intersect with itself in an expected
manner. However, we next show that a weaker form, which we would call a Frobenius-like algebra,
exists on the manifold. Such an algebraic structure uses the so-called cubical Whitney polynomial
differential forms on M, which is discussed in next subsection.

2.2 Cubical Whitney polynomial differential forms

Definition 2.9 (Whitney polynomial differential forms). Let M be a cubilated topological space.
A cubical Whitney polynomial differential form w on M is a collection of differential forms, one
on each cube, such that:

(1) the coefficients of these forms on each cube are Q-polynomials with respect to the affine
coordinates of the cubes;

(2) they are compatible under restriction to faces, i.e. if T is face of o, then wy|T = wr.

The set of Whintney polynomial forms on M is denoted by A(M).

11



Proposition 2.10. Let A(M) be the Whitney polynomial differential forms of a cubilated space
M. We have:

(1) A(M), under wedge A\ and exterior differential d, forms a commutative DG algebra;
(2) The Whitney forms may be mapped to the cochains of the space as follows:
p: AM) — C(M;Q)
W {I" — /n w}, for any I,
which is a chain map.

Proof. (1) holds because A and d are both natural for restriction to faces. (2) follows from Stokes’
theorem. O

The following theorem says p in fact induces an algebra isomorphism on cohomology, which
is the de Rham theorem for Whitney forms.

Theorem 2.11 (de Rham’s theorem for Whitney forms). Let M be a cubilated topological space.
Then p is a chain equivalence of DG algebras, i.e.

pi: H*(A(M), d) %gH*(M;@).

Before proving the theorem we first show the following;:

Lemma 2.12 (extension lemma). Let w” be a form in A(OI"™). Then there is a form &" € A(I™)

such that @|gm = w.

Proof. Suppose 0,01 are a pair of front and back faces of I™, say,
og = {(tl, cee ,tn)|t1 = 0} and o1 = {(tl, cee ,tn)|t1 = 1}.

Consider
Wy = (1 - tl) : w|cro +t 'w|017

then wy := w — & vanishes on oy and 0. Take another pair of faces of I", say oy, o},
06 = {(tlv T 7tn)|t2 = 0} and Ui = {(tlv T 7tn)|t2 = 1}

Consider
Gy 1= (1 = t) - waloy +ta - walyr.

Since Wy vanishes on oy, o1,
w3 =W — (@1 —I—(:JQ)

vanishes on 0,01 and (), 0. Continuing this procedure we obtain a sequence of forms on I":

&}17‘:)27"' 7(:)71'
Let
W= E (1)2',
%

then w = ©|grn. This proves the lemma. O

12



Lemma 2.13 (Poincaré lemma). Let K be a star shaped complex in R"™, and let w" € A(K),
r <0, be closed, then w is exact, i.e. there is a form &+ such that w = d€.

In the above lemma we say K is star shaped if there is a point pg € K such that if p € K then
the segment pop is in K.

Proof. Suppose K is star shaped from pg. Define

h:IxK—K

h(t,p) == (1 —1t)-po+t-p.

Define
t=1

&(p) ::/t h*'w, pekK.

=0
We claim that w = d€. In fact, since w is closed and h* is a chain map,

t=1 t=1 t=1 t=1
e = d/ hrw = / dh*w + h*w( - h*w‘ .

t=0 t=0 t=0 t=0
However, since h(0,:) = po and h(1,-) = id, h*w|ié = w — 0 = w, and therefore d¢ = w.
Q.E.D. O

Remark 2.14. The above lemma can be generalized to the complex which is star shaped from
a star shaped complex.

Lemma 2.15 (de Rham’s theorem for cubles). For any cube I", if o™ € A(I™), r <0, is closed,
then w is exact, i.e. there is a form £+t € A(I™) such that w = d¢. If r = 0, then w is a constant

function.

Proof. (1) First the lemma holds for interval: any closed O-form is a constant function on the
interval and any 1-form is closed and also exact.

(2) In general, the Whitney forms on a cube are just the tensor product of the forms on the
intervals, and by (1), the lemma holds. O

Proof of Theorem[2.11. Denote by M, the k-skeleton of M, then by Extension Lemma 2.12] we
have the following commutative diagram

0 —— A(My, My_1) —— A(My,) —— A(My—1) —=0 (3)

l Pk

00— C*(Mk,Mk_l) — C*(Mk) — C*(Mk_l) — 0,

where A(My, My_1) and C*(My, My_1) are the Whitney forms and cochains on M}, which vanish
on Mj_1. Since the interior of k-cubes in My, are disjoint, A(My, My_1) and C*(Mjy, My_1) may
be written as

@ Aa*ort) and G C*(IF,01%).

IkEMk IkEMk
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Suppose for a moment
Yo @ Autorty — @ eIk ork (4)
Ike My, Ike My,

is a quasi-isomorphism, we can prove the theorem by induction: For k£ =1,
p: A(My—1) — C*(Mg_1)

is identity map, and therefore induces an isomorphism on cohomology. Now suppose for k > 1, p
is a quasi-isomorphism, then in the long exact sequence induced by (3):

H*(A(Mg-1)) = H*(A(My, Mg_1)) = H* (A(My)) = H*" ' (A(My_1)) = H* "' (A(My, My._1))

\Lp* \Lp* lp* \Lp* lp*
H*(Mjy—y) — H*(Mj,, M) — H*(M},) — H* 1 (My_1) — H* 7' (M, Mj,_1),

the left two and right two p.’s are isomorphisms, and therefore by 5-lemma, the middle one is an
isomorphism.
We now prove (@)). For this we only need to show

p: A(I*, o1%) — C* (1%, 01*) (5)

is a quasi-isomorphism. This is proved by induction. First, observe that (Bl) holds for £ = 0.
Now suppose it holds for k = n — 1. For k = n, notice that similar to (B]) we have a short exact
sequence

0—— A(I",0I") —— A(I") —— A(0I") ——0 (6)

| P

0——C*(I™,0I") —= C*(I") —— C*(0I"") —— 0.
By the acyclicity of A(I") (Lemma 215 and C*(I"), from the induced long exact sequence we
see that showing () is equivalent to showing

p: ABI") — C*(OI7) (7)

is a quasi-isomorphism. Suppose w” is a closed form in A(OI") and if r =1 —n, then |, g w =0.
Let o1 = {(t1, -+ ,tn)|t1 = 1} be a face of I". Then by Poincaré Lemma w|yn_,, = d§ for some
¢ € A(OI™ — 01). By Extension Lemma we can extend € to € on AI". Now w — d€ is closed
on OI™ and vanishes on 0I™ —oy. If r =1 —n, then 0 = faInw = falnw —df = fal w —df. By
our assumption that (&) holds for £ = n — 1, we obtain that (w — dé)\gl = du. Extend p to i by
zero on the rest of AI", then w = d(€ + fi). This shows that

Q, if ¢g=0,1-—n,
0, otherwise,

HI(ADI™)) = {

i.e. (@) holds. By the long exact sequence of (@), (B) holds for k = n.

As for the product structure, a general theory of algebraic topology called acyclic models
implies that any DG algebra which models the cochain algebra of a manifold induces the same
product (the cup product) on cohomology. For a very clear treatment of this issue see Vick [25],
Section 4 Products, in particular p. 113. Thus de Rham’s theorem is proved. O
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Remark 2.16. The proof is also given in Cenkl-Porter [4], Theorem 4.1. Since the idea will be
used later, we here give a complete proof.

Note that A(M) is bigraded by the degree of the forms and the order of their polynomial
coefficients, and both A and d respect the total grading.

2.3 DG Frobenius-like algebra on smooth manifolds

Suppose M is a smooth manifold, then by a theorem of Whitehead [27], it admits a smooth trian-
gulation, and any two such cubilations are combinatorially equivalent. The dual decomposition
of the triangulation in fact gives M a smooth cubilation. An observation about the Whitney
forms on M is the following: If M is closed, then for each r > 0 (r is the total degree), the set of
Whitney forms of degree r, denoted by A"(M), is of finite dimension, and A(M) = @, A" (M).
Since wedge product preserves the degree, the dual space of the Whitney forms, i.e. the set of
currents, is a complete DG coalgebra, whose homology is the rational homology of M. Moreover,
the differential forms embeds into the currents, whose images in the currents are dense. This
leads us to define:

Definition 2.17 (open DG Frobenius-like algebra of degree n). Let k be a field. An open DG
Frobenius-like algebra of degree n is a triple (A, E, 1) such that:

(1) A is a DG commutative associative algebra over k;
(2) E is a (possibly complete) DG cocommutative coassociative coalgebra over A;
(3) t: A— E is a degree n DG A-module quasi-isomorphism.

From the definition, a commutative Frobenius algebra is automatically a Frobenius-like alge-
bra, with F being A itself. An open DG Frobenius-like algebra is a generalization of an open
Frobenius algebra in the following sense:

Theorem 2.18. Let (A, E, 1) be an open DG Frobenius-like algebra over a field k. Then the
homology of A is a commutative open Frobenius algebra.

Proof. This follows from the definition. O

2.3.1 On closed manifolds

We next show that the sets of Whitney forms and currents on a closed manifold form an open
DG Frobenius-like algebra. First, let us recall some facts:

Lemma 2.19. If {V,,} and {W,} are both inverse limit systems of k-modules, then

{ P Vmew,}

m4n=j

s also an inverse limit system of k-modules.
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Definition 2.20. If {V,,} and {W,} are both inverse limit systems of k-modules, and V = lim V,,,
and W = lim W,,. Define the complete tensor product of V and W as

VW = lim @ Vi @ Wi,

m-—+n=j

Lemma 2.21. Let M be a smooth closed manifold and let C(M) be the dual space of A(M).
Then the wedge product
AN:AM)® A(M) — A(M)

induces a DG mapping
A:CO(M) — C(M)RC(M)

which makes (C(M), A, d) into a complete, cocommutative DG coalgebra, where d is now the dual
differential.

Proof. First note that we have a filtration for A
A()CA1 C---CA_ CAZ'CAZ'_H (G

where A; is the set of Whitney forms whose total degree < i. Note C'(M) = Hom(A,Q) (in the
following we write it as C' for short) is the set of linear functionals on A. If A; C A;, we have the

restriction map

qﬁ : Hom(A;, Q) — Hom(A4;,Q),
and the sequence {Hom(A4;,Q), qbz} forms an inverse limit system, and

C = limHom(A4;,Q).

—

Now we can see that

Hom(A® A,Q) = limHom( EB A ®A;,Q)
i+j=k

= l(in EB Hom(A;,Q) ® Hom(A;,Q)
i+j=k
= C(A)RC(A).

Therefore A : A ® A — A induces the diagonal
A:C — Hom(A® A,Q) = C&C

making C' into a complete DG coalgebra. The cocommutativity of C' comes from the the com-
mutativity of A. O

Since A(M) computes the rational cohomology of M, by the Universal Coefficient Theorem,
C(M) computes the rational homology of M.

Definition 2.22. Let M be a smooth closed manifold, and let A(M) be the Whitney polynomial
differential forms and C (M) be its dual, the currents. Then

(C(M), A, d)

1s called the complete DG coalgebra model of M.
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In the following, we shall write A(M) and C(M) as A and C for short.

Theorem 2.23 (open DG Frobenius-like algebra of a closed manifold). Let M be a smooth closed
n-manifold and let A be the Whitney forms and C be the currents on M. Recall the embedding
of p-forms to (n — p)-currents by

L:A—>C:an—>{ﬂn—>/a/\ﬂ}, (8)

M

then (A,C, 1) forms a complete open DG Frobenius-like algebra of degree n over Q.

Proof. We have to show (A, C) satisfies (1), (2) and (3) in Definition 217 (1) follows from the
discussion of previous subsection.
We now show (2). First, note that C'is a DG A-module, where the action of A is given by

CRA — C
r@a — {B— (z,anp)},

for a, 3 € A and x € C. Now for any «, 8, u,v € A, by definition,

A(af)(u ® v) = (af)(uv) = /M afuv,
and

1)lulleaBl(0) u)((1a)” - B, v)

(A(a) -ﬂ) (u®v) = )

DC Bl (1a)'  u) ()", Bo)
)
)

(—
= (-
= (=) B Aq(u @ Bu)

(-1 [ul1B] /Mauﬂv:/MaBuv.

AaB) = Ala) - B.

This means

Similarly, one can prove
Aaf) = a-A(B).

We now show (3). In fact, the embedding of A in C' is dense comes from the fact that on
homology level,

Lo : H*(A,d) — Hu4(C,d) = Hom(H "*(A),Q)
o — {5H/ auﬁ}, 3 e H*(A,d)
M
is an isomorphism by Poincaré duality.
At last, the commutativity comes from the commutativity of the wedge product. The unit of

A comes from
n:k— A

viewed as a constant function on M, and counit of C' comes from the dual of . Q.E.D. O
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Theorem 2.24 (explicit formula for A). Let A be the Whitney forms of M and C be the currents.
Since A is the direct limit of finite dimensional spaces, if we denote by {(;} the basis of A, and
denote by (3} their dual vectors, then

Aa = Z L(a A BB
i
Therefore, we can formally write (compare Remark [2.3)

A:A — A&C
a — > (aAB)BE.

Proof. Denote by
ap = Z t(a A B)RBE,

i<p
then
{ap = ilan ﬁi)®ﬁ:}‘(A®A)p

i<p

forms an inverse limit system, whose inverse limit is ), t(a A B;)®3¢. Now for any u,v € A,

Aa(u@v):L(a)(u/\v):/ aANuAv,

M
while
3 2 3* — -1 || |bs] ’ ka,
S danmosiwen) = SMH( [ ansin)@e)
= /a/\u/\v.
M
Therefore
Aa = Z (oA By @3B
Q.E.D. 0

Remark 2.25. James McClure has constructed a theory of intersection product at chain level
by using the PL chains on the manifold (see McClure [18]).
2.3.2 On open manifolds

Let M be a smooth, not necessarily closed, cubilated manifold. Denote by A the set of cubes in
M, then A is a partially ordered set where for a, 6 € A, o < § iff @ is a face of .

Lemma 2.26. Let A(M) be the set of Whitney forms with finite degree. Denote by AL, the set
of Whitney forms of degree r on «, then

A(M) =lim A, =lim lim AJ.

« e} T
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Proof. This follows from the definitions of the inverse and direct limit systems. O

Denote by A.(M) the set of Whitney forms with compact support, then A (M) is a DG
subalgebra of A(M), whose cohomology is the rational compact cohomology H}(M;Q) of M.

Definition 2.27 (currents on open manifolds). Let M be a smooth cubilated manifold. Define
C® := Hom(A4,,Q) = lim Hom(A4!,Q),
which is the set of currents on «, and

C(M) :=lim C®, and C*°(M):=lim C*,

«

where im C@ is the completion of C(M) with respect to the filtration given by A, namely,

«

C*(M) := H C’a/na(x) ~npog(x), Vel

acA
where g : C* — [, C® is the identity map, and ng(x) is the push forward of x to (3.
One sees that if M is closed, then A(M) = A.(M) and C(M) = C*°(M) = Hom(A(M),Q).

Lemma 2.28. Let M be a smooth cubilated manifold, and let C(M) and C*(M) be as in above
definition. We have:

(1) C(M) is a complete DG coalgebra with a counit and

H.(M;Q) = H,(C(M),d);

(2) C*°(M) is a complete DG coalgebra with no counit and
HX(M;Q) = H (C™(M),d),
where HZ°(M; Q) is the rational infinite homology of M (see Definition [2.0).

Proof. We sketch the proof of (1). First, notice that if « and 3 are cubes in M and o < 3, by
Extension Lemma [ZT2] we have A,|g = Az. Moreover, the following diagram commutes:

A, ® A, —2s A,

Aﬁ ®A5—/\>A5.

This implies dually
{Ca — Caxa}

is a direct limit system of linear maps and therefore

C(M) — C(M x M)
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is well defined. However C'(M)® C(M) is dense in C(M x M), and if we denote by C'(M)®C(M)
the completion C(M) ® C(M) in C(M x M), then the above map is in fact

C(M) — C(M)&C(M).

Thus C(M) is a complete DG coalgebra.
Define

p:Cu(M;Q) — C(M)
a — {w»—>/w}, for any w € A(M),

where C,(M;Q) is the rational cubical chain complex of M. One can check that p is a chain map
and the proof of the quasi-isomorpshim is completely analogous (dual) to de Rham’s theorem for
Whitney forms (Theorem [ZTT]). And the counit of C'(M) comes from the nonzero funtional on
the constant function.

(2) follows from the same argument once we define the chain map

p: CX(M;Q) — C%(M)
a — {wb—>/w}, for any w € A.(M).
Q.ED. 0
Moreover, A(M) and A.(M) embed into C°°(M) and C (M) respectively:

t:AM) — C*°(M) and A (M) — C(M)

aH{BH/MaAB},

which are isomorphisms on the corresponding (co)homology groups. Therefore we have

by

Theorem 2.29 (DG Frobenius-like algebras of an open manifold). Let M be a smooth, cubilated
open manifold. Let A(M), Ac.(M),C(M) and C*°(M) be as above. Then

(A(M),C=(M),¢)  and  (Ac(M),C(M),)

are two open DG Frobenius-like algebras, whose homology groups give the two open Frobenius
algebras of M in Theorem [Z.8.

Proof. The proof follows from above lemma (Lemma 2.28]). O

2.3.3 On manifolds with a group action

Lemma 2.30. Let (A, E, 1) be a DG Frobenius-like algebra and G be a group. Suppose both A
and E are G-modules. Suppose also that v : A — E is G-equivariant, then (A/G,E/G,./Q)
is also an open DG Frobenius-like algebra, where A/G and E/G means A Qg k and E Qg k
respectively.

20



Proof. This follows directly from the definition of a DG Frobenius-like algebra. O

Suppose N is a smooth cubilated manifold and G € Diff (V) is a discrete subgroup of the
diffeomorphism group of NV, which acts on N freely and properly. Without loss of generality we
may also assume G preserves the cubilation. Denote such a structure by a pair (N,G). As an
example, let M be a smooth cubilated manifold and G = 71 (M) be the fundamental group of M.
Let M be the universal covering of M, then (M , ) is such a pair, where G acts on M by deck
transformations.

Now suppose (IV,G) is such a pair. In last subsection we have constructed a DG Frobenius-
like algebra for N: (A.(N),C(N),t¢). Since G € Diff(N), both the differetial forms A.(N) and
the currents C'(IV) can be pushed forward, and therefore are G-modules.

Lemma 2.31. Let (N,G) be as above. Then
L AdN) — C(N)

18 G-equivariant.

Proof. Note that given g € G and w € A.(N), the pushforward of w under g is given by
ge(w) = (g7 (w).

Now for any w € A.(N) and n € A(N),

while

They are equal, so ¢ is G-equivariant. O

Theorem 2.32 (DG Frobenius-like algebra of manifold with a group action). Let N be a smooth
cubilated manifold and G € Diff(N) be a discrete subgroup of the diffeomorphism group of N,
which acts on N freely and properly. Then (Ac(N)/G,C(N)/G,/G) is quasi-isomorphic to the
DG Frobenius-like algebra of N/G.

In particular, if M is a smooth manifold and M is its universal covering. Let G = w1 (M) be
the fundamental group of M. Then then DG Frobenius-like algebra (A.(M)/G,C(M)/G,1/G) is
quasi-isomorphic to the DG Frobenius-like algebra (Ac(M),C(M),t) of M.

Proof. The theorem follows from the fact that C'(NN)/G is quasi-isomorphic to C(N/G). O
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3 DG coalgebra of the free loop space

In this section we first recall Brown’s twisted tensor product theory for fiber bundles and then
apply it to the case of the free loop space, to obtain a complete DG coalgebra model of LM.

3.1 Twisted tensor product theory

Recall the definition of a twisting cochain:

Definition 3.1 (twisting cochain). Let (C,d) be a DG coalgebra over a field k and (A,d) be a
DG algebra. A twisting cochain is a degree —1 linear map ® = @ ®,:Cy — Ay—1 such that

(1) ®o(e) =0, where € is the counit;

(2) 600y =—Bg_j0d— > (—1)fdLU By
k

Remark 3.2. In Brown [3], the second equation is
§o®g=0y 10d— Y (—1)fdpUdy.

There is no negative sign in front of ®,_1 o d. However, these two definitions are equivalent. In
Brown’s proof of the existence of twisting cochain, if we set ®1(T") = Ty — T, then all of Brown’s
results will hold in our case. The reason for us to modify the definition is to make it compatible
with later discussion.

Let (M,p) be a connected pointed topological space, and S,(M) be the 1-reduced singular
chain complex of M. The Alexander-Whitney diagonal approximation gives a DG coassociative
coalgebra on S.(M). Now let C,(Q2M) be the chain complex of the based loop space of M at
base point p. We have

Theorem 3.3 (Brown [3] Theorem 4.1). For each pathwise connected space M, there exists a
twisting cochain @y € @ CU(Sq(M); Cy—1(2M)) satisfying the following properties:

(1) If T is the constant 0-simplex then @5 (T) = 0;

(2) If T € S1(M) is a 1-simplex and Ty € S1(M) is the constant 1-simplex, then ®y(T) =
To—T, where in the right side of the equality T and Ty are viewed as 0-simplices in C(QM);
(3) ®ys is natural, i.e. if there is a map f: M — M and f : QM — QM is induced by f, then

f#oq)M:q)Mof#.

Now let F — E 5 (M,p) be a fibration with fiber F = 7~ !(p). Suppose the fibration is
transitive, which means it is a Hurewicz fibration satisfying the homotopy covering property.
Taking any loop v € ,M, for any point f € ' we may lift v in F ending at f. Denoting the
initial point of the path to be 7 f, we get a continuous action of €2,M on F, which induces an
action on chain level:

o: Cu(QM) @ C(F) — Cu(F).
In fact Ci(F) is a left DGA C,(Q2M)-module under the action o.
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Definition 3.4. Suppose ® is the twisting cochain of Theorem [3.3. Define an operator Op on
Si(M) ®@ Ci(F) as follows:

Oz @ f)=0z@f+ (D) z@af +Y (-1’ @ &(2") o f.
Then 02 = 0. We call Op the twisted differential and S.(M) @ C.(F) the twisted tensor product.

Theorem 3.5 (Brown [3] Theorem 4.2). For a transitive fiber bundle F — E — M, there is a
chain equivalence

¢ (S.(M)® C.(F),0p) — (C.(E), ).

Now for the free loop space of a manifold, QM — LM — (M,p), there is a natural lifting
function given as follows: for any ~ : [0,1] — M, v(0) = ¢, v(1) = p, then

vy: QM — Q/M,
P q | (9)

x — yxy .

Let us call this lifting function the natural lifting function. In fact the natural lifting function
makes LM — M a transitive fiber bundle.

Lemma 3.6 (see also McCleary [16]). The action of Cx(QM) on itself induced by the natural
lifting function (@) is given by

o: C.OM)®CQM) — C.(QM),
a®x — aox:=Y dzS(a"),

where Aa =Y o/ @ &, and S is induced from the inverse map v — vy~ 1 in Q,(M).
Proof. This can be seen from the action of QM:

v QM — Q.M,

r o yayh

which induces on chain level
aocx=po(ld®p)o(ldIld® S)o(Id®T)o(A®Id)(a® x),

where T is the twisting function, and A is the diagonal. The formula of the action is exactly the
one given in the lemma. O

Theorem 3.7. Let M be a connected manifold and QM be its based loop space. Let Cy(QM) be
the singular chain complex of QM and S.(M) be the 1-reduced chain complex of M. We have a
chain equivalence

¢ : (S, (M) ® CL(QM),dp) — (CL(LM),d),

where
dp(z®a) =0z ®a+ (—1)?lz @ da + Z(—l)ml’/ ® ®(z") 0 a,

for x € Sy,(M) and a € C.,(QLM) with o the action given in Lemma [3.6l.

Proof. Apply Brown’s theorem (Theorem [B.5]) to the fibration QM — LM — M. O

23



3.2 The cyclic bar complex and the cocyclic cobar complex

In this subsection we discuss some algebras. These concepts are important in the understanding
of the free loop space.

3.2.1 The cocyclic cobar complex of a DG coalgebra

We begin with the definition of the cobar construction of a DG coalgebra:

Definition 3.8 (cobar construction). Let (C,A,d) be a DG coalgebra and let C be the kernel of
the counit. The cobar construction of C, denoted by Q(C), is a DG algebra defined as follows:
As an algebra Q(C') is the tensor algebra

@(EC’)®"

n>0

generated by the XC of C, where ¥ means the degree of C is shifted down by one. Elements of
Q(C) are written as [a1|-- - |a,], where a; € C, and the unit is given by [ ]. The differential da
on [x]is given by:

da[z] = —[dz] = Y (-D)"/)a"],  for zeC

where ' and x" comes from the reduced coproduct Ax =Y 2’ @ 2" —1®@x —x ® 1, and then
extends to Q(C) by derivation. By coassociativity of C, we have that d5 = 0.

Lemma 3.9. The identity map

7:C

—
a +——

9(C)
[a]

is a twisting cochain (see Definition [31]). Moreover, it is universal in the sense that for any
twisting cochain ® : C' — A, where A is a DG algebra, there is a DG algebra map n : Q(C) — A
such that the following diagram commutes:

()

-
/ K
[}

A.

C

Proof. Define n as follows:

Ik Q(C) — A
[aa] -+ lan] — ®(a1)--- B(an).

Since ® : C — A is a degree —1 map and ®(1) = 0, it is in fact a map ©C — A. Since Q(C) is
the free algebra generated by XC, by the property of freeness, 1 is a well defined algebra map.
To show 7 is a chain map, note that by the definition of twisting cochain, we have

é(nla]) = do@(a)
= —®(da) = Y _(-1)I®(a)D(a)
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= —n(lda]) = > (=1)"n([a’|a"))
= n(dalal).

This proves the lemma. O

Theorem 3.10. Let C be a DG cocommutative coalgebra, then the cobar construction of C,
Q(C) is a DG Hopf algebra, which is the universal enveloping algebra of the free DG Lie algebra
generated by X.C, with the differential

de : £(2C) — Z(20)
Ya +—— —Zda—Z(—l)‘“/|[2a',2a"].

In particular, any element in XC is primitive in the sense that
A¥a=Ya®1+1® Xa.
Proof. See Quillen [23], Proposition 6.2. O

For more details of Hopf algebras, Lie algebras, etc., see Milnor-Moore [21] or Quillen [23].

Remark 3.11. In [I] Adams proves that the cobar construction of the 2-reduced singular chain
complex of a simply connected manifold is quasi-isomorphic, as DG algebras, to the singular chain
complex of QM. His construction is similar to that of Brown (Theorem B.3]). In this sense we
may view Brown’s twisting cochain ® as the identity map, too.

Definition 3.12 (the cocyclic cobar complex). Let (C,d) be a cocommutative DG coalgebra and
Q(C) be its cobar construction. Define an operator

b:C®QC) — CoQC)

by
b(z @ [a1] - - - |an])
= da:®[a1 Nan] + (=1 )‘x‘x®dA[w1!”'|an]
(=D)*'a" @ 72" o [aq| - - - |an]
= dw@[a1|~'|an]

—(~1)klg @ (Z(_l)\[al\---\ai]\ ([a1|---|dai|---|an] (=)l ay]| - - |df]a” ---Ian])>
+3 (- ([x”yal\---\an] —(—1)”“1|""“"”(‘x"‘_l)[al]---|an]a:”]),

Where in the first equality, o is the left adjoint action of the Hopf algebras Q(C). By Lemmal3.9,
b is a twisted differential, b*> = 0. The complex (C ® Q(C),b) is called the cocyclic cobar complex
of C.

In the above definition, the second equality holds because the images of C' are all primitive,
and for primitive elements, say 7x, we have Atz =7 ® 1 + 1 ® 7o and STt = —7x.

Lemma 3.13. b is a coderivation with respect to the coproduct induced from two coalgebras.
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Proof. For x ® a € C ® Q(C), suppose
Ax = Zw'@:n”, Aa = Za'@a",
ignoring the signs for a moment (they can be dealt with systematically), we have

Az ® a) :Zx'@)a’@x”@a”

and
b(z ® a) :da:®a+x®dAa+Zx'®m:”oa,
thus
WAz ®a)) = Z <dx' ®d ® " @d + 2 @dyad” ® " @ a”) (10)
+Z <:L"'®a'®d:1:”®a'/+$®a/®:ﬂ'/®dAa’/> (11)
—i—Z(x’)’ ®T(a:’)”oa’®x”®a” (12)
- Z ¥ ®d ®(x")' @ 7(2")" 0 d”, (13)
while
Alb(z®a)) = A(dw®a+x®dAa+Zx’®m:”oa>
= A(d:p@a—l—x@dAa) (14)

+ Z(ﬂj/)/ Q (7':17// o a)/ ®(ﬂj/)// Q (7':17// o a)//. (15)
Note (I0)+([II)=(I4), we only need to show ([I2)+([@3)=(H). Let us look at (IH)): first, note in

(I3, there is a factor (72" o a) and (72" o a)” which are the factors of the coproduct A(7z o a),
while

Atz oa)
= A(T:E” a—a- Tm”)
= Ar2"-Aa—Aa- A7z

= <Tx”® 1+ 1®Tx”> <Za/®a//) — <Za/®a”) (7’:17”@ 1+1 ®7':17”)
= Z (Tx"oa'®a”+a'®7x”oa">,
so to show ([I2)+([I3)=(IH), it is the same to show
Z(az’)' @ 7(x')" od ® " @d" + 2 @d ®(x”)' @ 7(x")" 0 a” (16)
= Y @) er'od Q@) @d + (@) @d Q@) @ra" 0d". (17)

Comparing the first and the second term in (I6]) and (7)) respectively, by coassociativity and
cocommutativity of C' we see they are equal. O
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3.2.2 The cyclic bar complex of a DG algebra

Definition 3.14 (cyclic bar complex). Let (A,d) be a (negatively) graded commutative DG algebra
over k, with unit n : k — A. The reduced cyclic bar complex (also called the reduced Hochschild
chain complez) of A, denoted by A ® Q(A) or (HC.(A;A),b) , is a chain complex defined as
follows: As a vector space, HC\,(A; A) = @, A ® (SA)®", where A is the cokernel of the unit
and SA is A with degree shifted up by one. Denote elements of HCy(A; A) by v ® [a1] - |an],
then the differential b is given by

b(v @ a'] - Ja"])
= dv@lal] o) = JO(-1)PHI @ fal) o fdal] o)

i

+Z Dl 1ally @ [ql] - - Jaiat™] - - - a”]
+(_ )Ilea ® [a?]---|a"] — (_1)\1)\\a”\+(\a”|—1)\[al\“'\a”’lﬂa% ® [al]--- a1
The homology of the cyclic bar complex is called the Hochschild homology of A.

Definition 3.15 (bar construction). In the above definition, we call the free DG coalgebra

@(SA)@R

n>0

with d’L”e? ential deﬁned by
all--|at—1 7 n
da([al]--|a = —E H -] ”[ |- |da'|---]a"]
all--|at=1 i— i, i+ n
+§ ” -] “[ |- e Ha'a™ |- - - |a"]

the bar construction of A, and is also denoted by Q(A) (compare Definition [3.8).

Given a DG algebra A, there is a natural product on its cyclic bar complex, called the shuffle
product. Let us now describe. If (a1, --- ,ap,) and (b1, - - ,by) are two ordered sets, then a shuffle o
of (a1, -+ ,ap) and (by,--- ,by) is a permutation of (ai,--- ,ap, b1, -+ ,by) such that o(a;) occurs
before o(aj) and o(b;) occurs before o(b;) whenever i < j. The shuffle of two sets appears in
our discussion in the following way: Let V be a vector space and T'(V') be the tensor algebra
generated by V, it is a Hopf algebra viewed as the universal enveloping algebra of the free Lie
algebra generated by V, ie. T(V) = U2 (V). Denote elements of T(V) by a1 ® - - - ® ap, then

Ala; ® - ®ap) = Zag(l) Q- @ Ag(s) ®ao(i+1) Q- @ Ag(p)s (18)

where the sum runs over all o such that (1,--- ,p) is a shuffle of (1,--- ;i) and (i 4+ 1,--- ,p).
Now in the cyclic bar complex of a DG algebra A, given x ® [a!|---|aP] and y @ [b]-- - |b9],
define their shuffle product as

(v [a']--la"]) x (w [b']--- b))
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= (=)lllietl \amz Yoweo(a']®- @] @b @ b)),

where o runs over all shuffles of ([a!],--- ,[aP]) and ([b'],--- ,[b9]), and € is the sign of the per-
mutation of the elements.

Lemma 3.16. Let A be a commutative DG algebra over k. Then
(A®Q(A), x,b)
18 a commutative DG algebra.

Proof. See, for example, Getzler et al [13], Proposition 4.1. O

Proposition 3.17. Let C be a cocommutative DG coalgebra and A be its dual DG algebra. Then
there is a non-degenerate DG pairing

(,):CRAC)RAQA) — &

given by

(a0 @ [a1] -+ -[an],b° @ [B']- - [b7]) = [ [ (@, V")
i=0
Moreover, the pairing respects the coproduct of C @ Q(C) and the shuffle product of A @ Q(A),
namely, for any o € C ® Q(C) and p,v € AR Q(A),

(o, xv) =Y (o, u)(a”,v),
where Aa =Y o' @ a”.

Proof. This follows from a direct computation. O

Finally, we introduce the definition of the Hochschild cochain complex and the Hochschild
cohomology of a DG algebra, which will be used later:

Definition 3.18 (Hochschild cohomology). Let (A,d) be a DG algebra over k. The Hochschild
cochain complex (HC*(A; A),b) is the vector space @, Hom(A®™; A) with differential b defined
as follows: for f € Hom(A®"; A), bf is the sum of two terms bif € Hom(A®"; A) and by f €
Hom(A®(+1): A), where
(bif)(ao ® -+ @ an_1)
= (=D)leolt-Hanbn=lgra0 @ - @ an_y))
+ Z(_1)|ao|+“'+\ai71|—i+1f(a0 R - Qde; Q- ® an—l)
and
(be)(ao Q& an)
= (-1 )lao\aof(a1 ®- - Qap) — (-1 )\ao\+n,+|an\—nf(a0 ® - @ an_1)an
+Z pylaoltHlal =t f(g0 -+ @ ajai1 ® - @ an).

We have b*> = 0. The cohomology of (HC*(A; A),b) is called the Hochschild cohomology of A,
and denoted by HH*(A; A).
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3.2.3 The cyclic structure and A..-structures

The cyclic bar complex of an algebra has a cyclic structure, which was first observed by Connes
in his study of non commutative geometry. The cyclic operator thus obtained, always denoted
by B, was later studied by Jones to model the S'-action on the free loop space (see Jones [15],
Getzler-Jones [12], and Getzler et al [13]). Let us recall their results.

Definition 3.19 (Connes’ cyclic B-operator). Let A be a DG algebra and HC.(A; A) be the
reduced cyclic bar complex of A. Define the Connes cyclic operator B on HC.(A; A) as

B(a® @ [a']---]a"])

= Z(_1)|[aoI"vlaH]II[ailvvv\an]I1 ® [@'] - |a™]a’] - |a" 1],
=0

~.

where 1 is the unit.

Lemma 3.20. Let B as above, then
B?=0, and bB+ Bb=0.
Proof. See, for example, Connes [§], Lemma 30. O

Definition 3.21 (the dual of Connes’ cyclic B-operator). Let C' be a DG coalgebra. Define on
the cocyclic cobar complex C @ Q(C) the following operator

Bz @ [a1]---[an])
n—1

= Y (—plledlandliiodldadle(p)a; @ [aipa] - |anlaa] - - Jaica],
i=1

where ¢ is the counit of C'.

Lemma 3.22. B2=0 and bB + Bb = 0.

Proof. Since the cocyclic cobar complex is dual to the cyclic bar complex (see Proposition B.I7),
it follows from Lemma, [3.20] O

Definition 3.23 (cyclic homology). Let A be a (negatively graded) DG algebra over k, and u be
a parameter of degree —2. Let A® Q(A)[u] be AR Q(A) tensor with klu], where u commutes with
the shuffle product (Lemma[316) and denote bp := b+ uB. Then b% =0, and we call

(A®Q(A)[u],bp)

the cyclic complex of A, and its homology is called the cyclic homology of A.
Analogously, let C be a DG coalgebra over k, and v be a parameter of degree 2. Define on
C ® Q(C)[v] a differential operator bp by

V' @br + 0" @ Bz, for n>1,

bp(v"™ =
(V" @) {b:n, for mn=0,

Then b2B = 0 and the complex
(C@Q(C)[v],bp)

1s called the cyclic chain complex of C, and its homology is called the cyclic homology of C.
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The cyclic bar complex and the cyclic complex of a DG algebra are related to the free loop
space as follows: If A is the de Rham algebra of a simply connected, smooth manifold, then
(A®Q(A),b) and (A®Q(A),bp) give the cochain and the S'-equivariant cochain complex model
of LM respectively (see below). We first recall Borel’s definition of equivariant homology.

Definition 3.24. Let G be compact Lie group and M be a manifold with a G-action. Let BG be
the classifying space of G and EG be its total space. The G-equivariant homology and cohomology
of M, denoted by HE (M) and HE (M) respectively, are the homology and cohomology of EGxgM,
1.€.

HE(M) := H,(EG xg M) and H}(M):= H*(EG xg M).

Lemma 3.25. Let X be a topological space with an S*-action given by f : S' x X — X. Then
at chain level we have two operations:

J: CU(X) — C(X)

« — (—1)‘°‘|f#(z X @) (19)

and
I: C*(X) — CY(X)

wo o (CD ()2, (20)

where z is the fundamental cycle of S*, and x and / are the cross product and the slant product
respectively (for the definition of these two products, see [1])], p. 278-280). Modulo degenerate
chains, I*> = J?> =0 and 0J + JO =0, §I + 16 = 0.

Proof. See, for example, Jones [15], §4. O

Definition 3.26. Let X be an S'-space and let C,.(X) and C*(X) be the singular chain and
cochain complexes of X respectively. Let u be a parameter of degree —2 and v be a parameter of
degree 2. Define

9y : Cu(X)[v] — Cu(X)[v]

and
o7 : C*(X)[u] — C*(X)[u]
as follows:
n ) da@vt + J(@) @0, for n>1,
A" ®a) = { Oa, for n=0
and

Sr(w @ u™) == 6w @u" + I(w) @ u", forn > 0.
Proposition 3.27. Let X be an S'-space. With Oy,d; defined above, there are chain equivalences

¢ (C(X)0],0y) — (C5'(X),9),

¥ (CH(X)[u],6r) — (Cgi(X),0).

Proof. See Getzler et al [13], Proposition 1.5. O
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Theorem 3.28 (Jones). Let M be a simply connected manifold and A(M) be the (de Rham)
cochain complex of M. Then there is a chain map

¢: (AR Q(A),b,B) — (C*(LM),6,1),
which leads to chain equivalence
¢ (A® QA)[u],bp) — (C*(LM)[ul, 5r).
Proof. See Jones [15], §4 or Getzler et al [13], Theorem 2.1. O

However, the cocyclic chain complex (C ® Q(C)[u],A,bp) of C, is no more a DG coalgebra,
i.e. bp is no more a coderivation. In the cyclic bar complex case, Getzler, Jones and Patrick have
observed that there is a perturbation of the product, such that the complex is associative up to
homotopy. And they have found an A,-algebra structure on the cyclic bar complex ([13]).

Definition 3.29. Let V be a graded vector space over a field k. An Aso-coalgebra on V' consists
of V and a sequence of linear operators

My V — VO deg(m,) =n — 2,
satisfying the following conditions:
(1) mi=d:V =V is a differential;

(2) mog=A:V — V®2 s q chain map (called coproduct), i.e. d is a coderivation with respect
to A:
Aod=(d®Id+ Id®d) o A; (21)

(3) m3:V — V®3 is a chain homotopy for the coassociativity of A, i.e.

mgod+ (d@Id®? +Id®d® Id+1d*>@d)oms = (A@Id) o A — (Id® A)o A; (22)

(4) my, : V. — V@ n >4 are the higher homotopy operators, and all m,, satisfy the general

formula:
n k—1 ' '
SO0 1% @ g @ 1) oy, =0, (23)
k=1 j=0
where
I1d% @ my_pp1 @ I a1 @ ay @ - -~ @ ay,)
= (—n)rE el tale @@ a; @ makr(aj) @ g ® ag.
k—1 '
Note that (2I) and (22) satisfy the general formula (23]), and we shall write (ZI d% @
j=0

Mpy—ft1 @ Id®k_j_1) o0 my as My_k+1 © my for short.
In other words, an A.-coalgebra on A is the free associative algebra (the tensor algebra)
generated by A with degrees shifted down by one, and a derivation d on it with d? = 0.

31



Proposition 3.30. If V is an Ay -coalgebra, then its homology H.(V,m1) is a graded coalgebra.

Theorem 3.31. Let C' be a cocommutative DG coalgebra over a field k of characteristic 0, and
let u be a parameter of degree 2. There is a sequence of linear operators

My : C @ QC)u] — (C U)W, n=1,2,-

which extends to the free coalgebra generated by C @ Q(C)[u] by derivation, satisfying mi = bp
and mi+mso+--- is a coderivation of square 0, i.e. (CRQ(C)[ul,{m,}) forms an A -coalgebra.

Proof. The theorem is a corollary of Getzler et al [13], Proposition 4.3. O

3.3 The complete DG coalgebra of the free loop space

In last section we have constructed a complete DG coalgebra which models the chain complex of
a manifold. The goal of this subsection is to apply the complete DG coalgebra to Brown’s twisted
tensor product model of the free loop space.

Definition 3.32 (complete cobar construction). Let C be a complete DG coassociative coalgebra
with counit € : C' — k. The complete cobar construction of C, denoted by Q(C’), is the direct sum
of the complete tensor products:

Prce . éxc,

n>0 n

where C' is the kernel of the counit € : C — k, and ¥ means shifting the degrees of the elements
down by one.

Lemma 3.33. Define on ©C an operator
dp : XC — XOXC
Yo — —Ndz - (-1)"1L2’'&%8a”,
where X' and Xx” comes from the reduced coproduct of C (with degree shifted down by one):

ZZE/®$” =Arz—-—2zR1-1Qx.

Then da extends to Q(C) under completion, with di = 0. Therefore, (Q(C),dy) is a DG algebra
under completion. If moreover, C is cocommutative, then (Q(C’), dp) is a complete DG coalgebra,

where
AYz:=Yr®1+1Q Xz, Xz € ©C

and extends to Q(C’) diagonally under completion.

Proof. We can extend da to XC ® XC by derivation, however, in order to show di = 0, we have
to extend it to XC®XC. The point here is that, the coproduct of C

A:C — CeC

is a continuous map, by which we mean it maps a Cauchy sequence to a Cauchy sequence (in
the projective topology), and therefore for an element in C®C', suppose it is approximated by a
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Cauchy sequence {)_, +i=n fi®gj}, where A ®id +1id ® A can be defined and whose images are
also a Cauchy sequence. One may define the image of the limit under id ® A + A ® id to be the
limit of the images. And since the difficult part of extending da to XC®XC is the same as that of
extending A ®id +id® A to C®C, such a difficulty can be overcome by the above argument. [J

Theorem 3.34 (complete DG coalgebra of the based loop space). Let M be a simply connected,
cubilated space. Let A be the Whitney polynomial differential forms of M and C' be the currents.
Then the complete cobar construction Q(C') gives a complete DG coalgebra model of the chain
complex of QM.

The proof is deferred to Section [6, where a more general case is proved. However, we can
see this from K.-T. Chen’s iterated integral theory: In [6], Chen proves that if M is a simply
connected, smooth closed manifold, then the bar construction (Definition B.I5]) of the differential
forms of M gives a DG algebra model of the cochain complex of LM. Chen’s proof still holds
when we restrict our study on the Whitney forms. By definition, the complete cobar construction
is exactly the dual complex of the bar complex, and therefore the theorem holds.

Definition 3.35 (complete cocyclic cobar complex). Let C be a complete DG coalgebra. Consider
the complete tensor product C’®Q(C’) of C and Q(C’), and define on it an operator:

bz @ [a1] - |an))
= dz @ar]--|an] + (-1)*lz @ dala1] - - - |an]

> -l e ([x”\al, o an] = (=) Mlaxllanll g . .. \an\x”]),

which extends to C&Q(C) under completion. Then b = 0, and we call the complex (C&Q(C), b)
the complete cocyclic cobar complex of C.

Theorem 3.36 (complete DG coalgebra model of the free loop space). Let M be a simply
connected, smooth closed manifold, and let A be the set of Whitney forms and C be the set of
currents on M. Then there is a chain equivalence

b1 (CRQ(C),b) —> (Cu(LM),0).

Proof. The proof is the dual version of Chen [6] and Jones [15], see also Getzler et al [13]. We
can also see it from twisted tensor product point of view: Since C' gives a chain model of M and

Q(C) gives a chain model of M, and the identity map
7:C — Q(O)

is the twisting cochain of Brown (Remark B.IT]), applying Theorem [B.7] we obtain the chain
equivalence. O

Theorem 3.37. Let M be a simply connected, smooth closed n-manifold and let A be the Whitney
forms of M and C the the currents. Consider the tensor product A®Q(C), and define an operator

A~

b: ARQ(C) — AGQ(C)
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by (compare Theorem [2.24):

bz @ [a1]---|an))
= dz @ 1| |an] + (=1)1*z @ dala1] - - - |an]

£ D A @ (8] an] — (~1) Bkl o 57]),

then b2 = 0. The embedding of A in C gives a quasi-isomorphism

ARQ(C)——= C&O(C)

which induces isomorphism
H.(A&Q(C) —> H,(LM).

Proof. Since the identity map 7 : C — (C) is a twisting cochain (now in complete sense) as
before, b is a twisted differential, i.e. b*> = 0 (compare Definitions 312 and [3:35). Now we show

L@id s AQQ(C) — CRO(C)

is a chain map: Since ¢ : A — C is a chain map, ¢ ® id preserves the differential part (i.e. those
terms only containing the differential) on both sides, so we only need to check ¢ ® id preserves
the diagonal part (i.e. those terms only involving the coproduct). However, by Theorem 2.24] A
of A factors through A®C — C®C, which implies that ¢ ® id also preserves the diagonal part,
therefore ¢ ® id is a chain map. Before showing ¢ ® id is a quasi-isomorphism, we claim:

Lemma 3.38. Let )y be the degree zero currents of M, then the the ideal generated by Qg is
acyclic.

Proof. This is a dual version of Getzler et al [13], Proposition 2.4. O

Denote by (C') the complete cobar construction modulo the ideal, then

0®Q/(VC) and  C&Q(C)
are quasi-isomorphic, so are A®Q/Z/m and A®Q(C). Give a filtration of A®Q/Z/m and C®Q/Z/m
by . .
F, =P A"2Q(C), and F, =D C,&Q(C),
q<p q<p
then the filtration is complete and moreover ¢ ® id preserves the filtration. The E?-terms of the
associated spectral sequences are, since M is simply connected,

H*(M) ® H (QM), and H,(M)® H.(QM),

which are isomorphic, and therefore by the comparison theorem of spectral sequences (see, for
example, McCleary [17] Theorem 3.26, p. 82), ¢ ® id is a quasi-isomorphism. O

34



Definition 3.39 (the dual of Connes’ cyclic B-operator in complete cocyclic cobar complex).
Let C be a complete cocommutative DG coalgebra, and C®Q(C) be the complete cocyclic cobar
complex of C'. Define the dual of Connes’ cyclic B-operator

B: C&Q(B) — C&Q(C)

as

n—1

Bz ®a| - |an)) = Z(_l)\[ai\---lan}H[allvvvlamllg(:n)ai ® [ais1] - anlar] - |ai—1],
i=1

where ¢ is the counit of C'.
Lemma 3.40. B2 =0 and bB + Bb = 0.

Proof. The proof is the same as Lemma [3.22] O

We may also consider the cyclic homology of a complete cocommutative DG coalgebra (Defi-
nition B.23). As a corollary of Jones (Theorem [3.28]), we have:

Theorem 3.41. Let M be a simply connected, smooth closed manifold, A be the Whitney forms
and C be the currents on M. We have chain equivalence

(C&Q(C),b, B) — (C,(LM),d,.J),
which induces an isomorphism
H.(CR&UC)[u), bp) — HS' (LM).

Proof. This is a direct corollary of Theorem [3.2§] O

4 The Chas-Sullivan loop product

In this section we use the DG Frobenius-like algebra of a manifold M to give a model for the
Chas-Sullivan loop product defined in [5]. The study of the commutativity of the loop product
leads to a Gerstenhaber algebra structure on the free loop space, which is isomorphic to the
Hochschild cohomology of the Whitney forms on the manifold.

4.1 Model of the Chas-Sullivan loop product

Lemma 4.1. Let M be a simply connected, cubilated smooth closed manifold, and let A be the
Whitney polynomial forms and C be the currents. Define a product

o ABQ(C) (X) ASQ(C) — ABQ(C)

(@@ [a]--[an]) o (B@ o] - b)) := (—=1)/Nnllonlla g @ [an] - fan|ba] - o). (24)

Then (A® Q(C),e) forms a DG algebra.
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Proof. From the definition we see that e is associative, also in Theorem [B.37] we have shown b
is a differential. Therefore we only need to show b is a derivation. Taking a ® x and 8 ® y in
A®Q(C), ignoring the signs, we have

bla®z)e(f®y)) (25)
= bla-B®zy)
= dla- )@z -y+a-F&da(x-y) (26)
+ (a-p) @r(a-§)"o(z-y), (27)

while

bla®y)e (BRy)+ (a®z)eb(BRY) (28)
= (do)-B@z-y+a-f@da(z) Yy (29)
+Za’-ﬂ®(7a”ox)-y (30)
ta-(dB) @z y+a- BT da(y) (31)
+> a-fex- (" oy). (32)

To show (25])=(28)), noting that (26])=29)+@I)), we only need to show [27)=E0)+B2), i.e.
dla-p)era-B)o(@-y) =) o Ba@d ox)y+Y a-f ez (18 0y).
By the Frobenius-like condition (Definition 2.I7]) it is the same for us to show
Tzo(z-y) = (rz0z)-y+z-(rz0y),

where z = (a3)”. However, by Theorem 310, all 7z are primitive and the primitive elements act
as derivation, we are done. O

Let us briefly recall the loop product define in [5]. For the free loop space LM of a manifold
M, denote by C.(LM) the chain complex of the total space. For z,y € C.(LM) two chains in
general position (transversal), consider their projections in M, denoted by Z and g respectively
(we would like to call them the “shadow” of z and y, since such a “projection” does not preserve
dimension and is usually not a chain map). The Chas-Sullivan loop product is defined as follows:
first intersect & and g in M, then over the intersection set, do the Pontryajin product pointwisely.
From this we get a chain in C,(LM), denoted by x e y, which is usually called the Chas-Sullivan
loop product of x and y:

o: C.(LM)®C,(LM) — Cy.(LM),
TRy — Tey.

Chas and Sullivan showed that 0 is derivation with respect to . A theorem of Wilson ([28])
says that although the above product is defined on transversal chains, it already catches all the
homology information of C.(LM), thus the Chas-Sullivan loop product is well-defined on the
homology space H.(LM). Denote H.(LM) = H,(LM)[n], then H,(LM) is a graded algebra
with the product having degree 0.
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Theorem 4.2 (model for the loop product). Let M be a simply connected, smooth closed mani-
fold. Then the product e in Lemma [{.1] gives a model of the loop product in [5].

Proof. Let us denote by
¢ : ASQ(C) — C.(LM)n)

the chain model of the free loop space. In last section we have shown that ¢ is a chain map, so
here we only need to show ¢ is an algebra map. First let us consider ¢(a®@x) and ¢(5®7y). They
are two chains in LM, whose geometric pictures are the traces obtained by moving x (resp. y)
along « (resp. ). Their shadows in M are a and (3 respectively. Now ¢(a ® x) @ (3 ® y) is a
chain in LM described as follows: The shadow is a.- 8, and for any point ¢ € « - 3, suppose there
is a path v connecting p and g¢, i.e.

v:[0,1] —a-BC M, ~(0)=gq, ~(1)=p,

then by naturality of the twisting cochain, the fiber over ¢ is the Pontryajin product

Yo (@) - v (y), (33)
where 4 is the chain map induced from
v: QM — Q/M,
P q . (34)
A R e A

On the other hand, ¢((—1)*I8la- 3@z - ) is a chain in LM described as follows: its shadow
is also a - (3, and the fiber over g is

V(T - y). (35)
In order to show
dla@z)ed(Bey) =o(-1)Wa-ses-y),
we only need to show (B3)=(35):

Y4 () - (y) = v4(z - y). (36)

However, look at the path action (B4]), we have

Yz y) =) YY),

for any x,y € Q,M, and on chain level, it exactly gives equality (36]). O

4.2 Gerstenhaber algebra on the loop homology

In [5], Chas and Sullivan show that the loop product on the loop homology of a manifold is
commutative. They show that, at chain level, the loop product is homotopy commutative, and
such a homotopy comes from a new binary operator, which is inspired from the pre-Lie operator
of Gerstenhaber on the Hochschild cochain complex of an associative algebra (Gerstenhaber [10]).
The authors then discover that with the loop product and the pre-Lie operator, the homology of
the free loop space forms a Gerstenhaber algebra.
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4.2.1 Commutativity of the loop product

We first give a description of the pre-Lie operator * defined in [5]: for two chains «, 5 € C,(LM)
in general position, we have & is transversal to loops in 3. Form a chain « * (8 given by the
following loops: for any loop v in 3, first go around v from the base point till the intersection
point with &, then go around the loops in «, and finally go around the rest of ~.

Definition 4.3. Let A be a DG Frobenius-like algebra of a simply connected, smooth close man-
ifold, and let A®Q(C) be the twisted tensor product. Define an operator

51 ABQ(C) (R) ABQ(C) — ABQ(C)

as follows: for a =z ® [a1]- - |ap],B =y @ [b1]| - |bm] € A®Q(C’),
ax* = Z D)iFBlllaial-lanlle (g2 @ [ay| - - - Jai—1]b1] - - - [bm|aist] - - - lan], (37)

where ¢ is the counit of C'.

Lemma 4.4. Let A be as above. Then for any o, 3 € A®Q(C’),
blax 3) = bax 4+ (=DM ax b3+ (=1 (00 g — (=1)2I813 ¢ o). (38)
In particular, (H,(A®Q(C), ) is a graded commutative algebra.

Proof. Take arbitrary a = z ® [a1|- - - |an), 8 =y @ [b1] - - - |bm] € ARQ(C). First observe that the
expressions of b(a x (3), ba *  and « * b have two parts, one contains those terms involving the
differentials of the entries in o and 3 (we call the differential part), the other contains those terms
involving the coproducts of the entries in o and 3 (we call the diagonal part).

From the construction of *, we observe that the differential parts of both sides of (38]) are
equal. So we only need to check the diagonal parts. In fact, the diagonal part of b(« * 3) equals

S ela)s’ ool bl - o] (39)
+ Z e(ay)a’ @ o]+ lai-a[br] -+ [bmlaiga |+ an|2”] (40)
+ Z eay)r @ o] [afla]| -+ aia[br] -+ [blaisa] -+ an) (41)
]
+ Z e(aiy)r @ [ax|- - |ai1|br| - - [D[07] - - |bmlaiga] - - - |an), (42)

and the diagonal part of ba * 3 equals

Ze(x@)x’ ® [b1| - |bralar] - |as] (43)
+ Z e(aiy)a’ @ [2"]ar] - -fai—1|br] - - bmlait1] - -] (44)
+ Z e(ay)a’ ® [ar] -+ |aia b -+ [Bmlaier] - anle”] (45)
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+ Y e(@"y)a’ @ [a] - lanlba] - ba] (46)

+ ) elay)r @ lar] - lai—a|ba| - [brolaiza| - aflaf] -+ |am] (47)
i#]
+ Ze(aéy)x ® lar] -~ lai—1|b1] - - bmlaf |ais1] - - |am)] (48)
i
+ Ze(a;'y)x @ [a1] - fai-lag|bi] -+ [bmlaita] - - lam], (49)

)

while the diagonal part of a * b3 equals

> ela)z @ [ar- - aialy”[ba] - [bmlait] - - |am] (50)
+ > elaiy)r @ far] - lai—1[ba] -+ boaly”|aisa] - Jam) (51)
+ Y elay)r @ far] - laioa|ba| - [B5BF] - [bulaigal - |an). (52)
i.j

Note that A is a Frobenius-like algebra, by (II), we see that (39) and ([@4]) cancel, so do (@) and
@3], @) and (A7), [@2) and (B2), @) and (B10), (49) and (B0). Two terms left are ([@3]) and (4a).

However, from the connectedness and (1), in (43]) we have

Z e(2"y)a’ = Z e(x"a'y = 2y

so up to sign,
H3) = 2y @ [b1] - - [bmax] - - - [an] = B e a.
Similarly, we have (@) = « e 3. Thus the lemma is proved. O

Definition 4.5 (pre-Lie algebra). Let V be a graded vector space over k. A pre-Lie structure on
V' is a degree one binary operator
x: VeV —V

such that

(vxa)* B — (~DIFDIEED (s gy v =y x (ax g — (=)D 5 5a). (53)
We call (V, %) a pre-Lie algebra (or pre-Lie system).
Lemma 4.6. Let (V, %) be a pre-Lie algebra. Define

{7}: VeV — V
a®b — a*b—(_1)(|a\+1)(\b\+1)b*a’

then (V,{,}) is a degree one Lie algebra.
Proof. See Gerstenhaber [10], Theorem 1. O

Lemma 4.7. Let A be as above. Then (AQQ(C), ) is a pre-Lie algebra.
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Proof. Take arbitrary three elements & = z®Ja1| - |an], 8 =y@[b1]-- - [bm], 7 = 2@ [c1] -+ - |e1] €
A®Q(C). Up to sign, the four items in (53) are:
(v )
= Y ele)elcjz)z @ fer| - eialbr] -+ bmleiral - [ejo1lar] - anleja] -+ e]  (54)
i7]
+ D elem)elay)z @ [er] - feialar] - laalbi| - [bmlajial - [anlcia] -+ e, (55)
.3
(y*B)*a
= ) elar)e(ey)z @ [ea] -+ [eimalar] - anleiya] -+ lejalba] - [bmlejal - |a]  (56)
i#]
+ Z€(Ciy)€(bj$)z ® ler] -+ leima]ba] -+ - [bj—1lar] - - lam|bjpa] - - - [bmlcipa] -~ - |a],  (57)
i3
7 (o B)

= ZE(CiZE)E(ajy)Z ® [er] - [eimlar] - - aj—1|ba] -~ [bmajia| - - lanlcipa] - - e, (58)
,J

and

v (0 )
= Y elew)e(bm)z @ [er] -+ leia[bal -+ [bj-alar] -+ |anlbjal - [bmleiga] -] (59)

2
Note that (54]) and (B6]) cancel, so do (B3] and (58)), (B7) and (B9). Thus (G3]) holds. O
Corollary 4.8. Let A be as above. Then
(A2Q(C), {,},b)

is a degree one DG Lie algebra. In particular, (H*(A®Q(C’),{,}) is a degree one graded Lie
algebra.

Proof. The degree one Lie algebra follows from the above lemma and the theorem of Gerstenhaber
(Lemma .6)). Lemma B4 shows b respects {, }: in fact, for any a, § € AQQ(C),

bla B} = blaxf— (~1)FDIID g a)
= (baxpB+ (=Dl b3) — (=1)(lel+DsI+D (b3 * a+ (=1)IB+1 5« ba)
= {bo. 5} + (=D {a, b5},

This proves the corollary. O

Definition 4.9 (Gerstenhaber algebra). Let V' be a graded vector space over a field k. A Ger-
stenhaber algebra on 'V is a triple (V,-,{,}) such that

(1) (V,-) is a graded commutative algebra;

40



(2) (V,{,}) is a graded degree one Lie algebra;
(3) the bracket is a derivation for both variables.

Now we are ready to show the famous theorem of Chas and Sullivan, where the Lie bracket
{, } is called the loop bracket:

Theorem 4.10 (Gerstenhaber algebra of the free loop sapce). Let M be a simply connected,
smooth closed manifold and LM its free loop space. Let A be Whitney forms and C be the
currents on M. Then

(H.(A2Q(C),e.{,})
is a Gerstenhaber algebra, which models the Gerstenhaber algebra on H,(LM) obtained in [5].

Proof. We have shown that H,(A®Q(C) is a graded commutative algebra (Lemma EA4) and a
degree one graded Lie algebra (Corollary [4.8]). Next we show that the bracket is a derivation
with respect to the loop product for both variables. By symmetry we only need to show, for

«, ﬁa Y € H*(A®Q(O))7
{ae B} =ae{By}+ (-1 (a5} e p.
This immediately follows from the following Lemma [£.11] O

Lemma 4.11. Let A be as above. Then for a = x & [a1| - |an],8 = y & [b1]---|bm],y =
zZ® [61’ s |Cl] S A®Q(C),

(1) (e B)xy=ae(Bx7)+ (-1 (axy)ep;

(2) setting

ha® B ®7)
= > (—D)e(cim)e(ciy)z @ [er| - [eialar] -+ lanleira] - lej_1lbi] - [bmlcja] -+ e,
i<j

where € = [y[(la] +[8]) + [x] + [y| + |alllciva| - leall + |Bl[cja] - - |en]l, we have
(boh—hob)(a®f@y) =7*(aep) = (yxa)ef—(=1)I*" o e (yxp).
Proof. (1) comes immediately from the definitions of e and *. We prove (2). In fact, up to sign,

Tr(wef)—(yra)ef—ae(yxp)

= ZE(CM?J)Z ® [e1] -+ |eirlar] - -+ an[br] - - bmlcia] - - - ] (60)
+ ZE(Cﬁ)yz ® [e1] -+ |eilar] -~ an|civr] - - |erfba] - - o] (61)
+ Zs(ciy)xz @ [a1] -+ |anler] - - [ci—1|ba] - - - [bmlciva] - - e, (62)
while
bo h(a,,7)
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and

and

> elaw)e(egy)dz @ [ea - [eimtlar] -+ |anleira] -+ |ejoalba] -+ [bmlejal - - ]
1<J

> elem)elesy)z @ [er] - eialan| -+ [an] - [dep| -+ Jeja[ba] -+ [bm] - - |ci]
1<j,r

> elan)elegy)z @ [er] -+ leicalan] - lan| - [ |e]] - [ej-albal - - [bm] -+ |ei]
1<j,r

> elam)elegy)z @ [e] -+ leimalan] -+ |dap| -+ |an] - - [ej1[ba| - - [bm] - -~ |ci]
i<j,p

> elcim)e(ey)z @ [er] -+ |eimtlaa| - laplag] -+ [an] -+ |eja[ba| - [bm] - - |ci]
i<j,p

> e(a)elcy)z @ [er] -+ leimalar] -+ lan| - - [ej1[ba| -+~ |dbgl -+ - [bm] -+~ |ci]
i<j,q

> eleim)e(eiy)z @ [er] -+ leimalar| - an| -~ [ej—1[ba] - (BB ] - [bm] - - - |er]
1<j,q

> elaw)e(ey)? @ [2|er] - [eialar] - [an| - [ejalbr] - [b] -+ |c2]

1<J

> elcim)e(csy)? @ feal -+ leimalan] -+ lan] -+ lejalba] -« [bml - - ler]2"],

1<J

h(ba, 3,7)

> elcdr)e(cy)z @ e - [eimtlaa] -+ |anleira] -+ |ejoalba] -+ [bmlejal - - ]
1<J

> elcim)e(ey)z @ [er] -+ leimalar| - [dap| -+ |an] -+ |cioa[ba] -+ [b] -+ 2]
1<j,p

> elam)e(ey)z @ er] -+ [eimalar| - [aplag| - an| - |eir[ba] -+ [bm] - - - |c2]
1<j,p

> eleia)e(eiy)z @ fea| - leiala”|aa] - - an] -+ ej_a[ba] -+ bl - - |er]

1<J

> elaa)e(ey)z @ [eal - [eimilaa] - |an|2"] -~ [eja[ba] -+ [bm] - - [,

i<

h(e,b3,7)

> elcim)e(cidy)z @ [er] -+ leimtlar] -+ lanleja] - lej—alba - [bralcjpa] - |er]
1<J

> ela)elcgy)z @ [er] -+ leioalan] -+ lan - - [ej1[ba| - - |dbg - - [bm] - - - |ci]
1<j,q

> eaw)elcgy)z @ [er] -+ leimalan] -+ lan| - [eja[ba| - [ [B)] - - [bm] - - |c2]
1<J,q

> elam)e(ey)z @ [er] -+ leialan] - lan| - [ejaly"[ba] -+ [bm] - - - |ci]

1<j
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+ Y elar)e(ey)z @ el - leimalan] - an| -+ lejalba] - [bmly”] -+ lei], (81)
1<J

and h(a, (3, b7y) is the sum of these four parts: Part I equals

> eleiw)e(ejy)dz @ [er| -+ feialar] - anleja] -+~ lejalba] -+ [bmleja -+ |a]  (82)

1<j

+ ) e(em)elegy)z @ ferl - leimilar] - anl - |deg| - lejoalba] -+ bl - ler]  (83)
1<g,r

+ > elan)elcy)z @ [er] -+ leimalan] -+ lan| - [)lef] - [ejoalbi] -+ [bm] -+ |ar],  (84)
1<g,r

Part II equals

> e(desm)e(cjy)z @ [ea] - lelar] -+ |an| - lej_a[ba| - bl -+ - |el] (85)
i<j

+ Zﬁ(céx)ﬁ(cjy)Z@’ [ea] -+ [eimtla| -~ fanle] |-+ [ej—a]br] - - bl -~ - |ei] (86)
i<j

+ > eldfm)e(ey)z @ el leialdlar] - - lan] - lej—1[ba] - Bl - - [ei], (87)
i<y

Part III equals

> e(cim)e(de;y)z @ [er] - leitlar] -+ |an| - 1 [ba - bl -+ < |er] (88)
i<y

+ Y ela)e(dy)z @ el - [eimalar] -+ an| -+ |ejalba] - [bml]] - - |ci] (89)
i<y

+ Y elem)e(dfy)z @ [ar] -+ leicalar] -+ lanl - [eja|cf|ba] -+ o] - |cr] (90)
i<y

and Part IV equals

> elda)e(dy)z @ 2@ [er] -+ feicalaa| - anlba| - [bmlcisa| -+ |e] (91)

+ ZE(CM)E(C]'?/)Z' ® [2"]er] - - [eicala] - - fan] - - ej—a]bi] - - [bm| - - - |ci] (92)
i<j

+ > eleim)e(ey)d @ feal - [eialar| - - fan] -+ lej_1lba] - Bl - - - [er]2"] (93)
i<j

+ > e 2)e(eiy)? @ [ar] -+ lanler] -+ [ej—1lba] - bl - - [er] (94)
J

+ Y elem)e(Z"y)Z @ feal - [eimalaa] - - an] - larlba] -+ [bm] -+ - |e]. (95)

i

Note that (63) and (82]) are equal, so are (64]) and (83]), (65]) and (R4), ([©0) and (73], (67) and
[@), (68) and ([T8), [©9) and (79), (70) and ©@2), (1) and @3), (75) and (&7), ([T6) and (8G),
(B0) and @0), and ®T) and [89). Also (2)+(®)=0, (0)+(@B8)=0, so the remaining terms in
boh(a, B,7v)—hob(c, B,7) are ([@I))+ [@4) + ([@F), and after simplifying, it is exactly (60)+ (61]) + (G2]).
Thus (2) is proved. O
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The above lemma is much similar to [5], Lemma 4.6, with a minor modification.

Remark 4.12. We have shown in Theorem B2l that (H,(A®Q(C)), ) models the Chas-Sullivan
product. Strictly speaking, since the bracket {,} presented above comes from the commutator
of %, while x is not a chain map, one may be skeptical that {, } really models the Chas-Sullivan
loop product, even though the above constructions follow [5] step by step. However, in [5] and in
Section [B] of this paper, the bracket is uniquely determined by the S'-action, as the deviation of
Sl-action from being a derivation. The S'-operator does come from a chain map, therefore {,}
does model the Chas-Sullivan loop bracket.

4.2.2 Brace algebra with a product

The operators e and * defined in last subsection are in fact a part of a more general structure,
called a homotopy Gerstenhaber algebra by Gerstenhaber and Voronov ([20]), or a brace algebra
with a product by McClure and Smith ([19]).

Definition 4.13 (brace algebra with a product, [20]). Let V = (@ V",d) be a chain complex
with b of degree 1. V 1is called a brace algebra with a product if it is equipped with a product e
making it into an associative DG algebra, and a collection of braces

Veyen — V
(‘Taxla"' 71'71) — JZ’{.’L’l,“‘ 7‘TTL}7

for all n > 0, satisfying the following identities:
(1) fO’f'$,ZE1,"' y Tns Y1,y Ym € V}

${$1, e 7xn}{y17' o 7ym}

= Z (=D z{y1, - i 21 {Wirts b Uit b Ym s
0<ir<-<in<m

where € = Zzzl || Z;pzl ly;l;

(2) fO’f’ T1,T2,Y1, " ,Yn € V}

n
(:El L 1172){3/1, e 7yn} = Z(_1)6$1{y17 T 7yk} L xQ{yk-i-l) T 7yn}7
k=0

k
where € = (|za| + 1) 32,y |ypl;

(3) forx,zq1, -+ ,xp41 €V,
d(x{z1, - Tn1}) — (do){21, -, 2pi1}
n+1
_(_1)|-’E| Z(_1)|I1|+"'+‘$i71‘w{x17 e 7dxi7 o ,.Z'n+1}
i=1
— (_1)(|x|+1)‘x1|x1 Y x{a’;2, e 7':U’I’L+1} + (_1)|x|+‘x1‘++‘x7l‘x{$1, R 7':U'I’L} ° xTL—l—l

n
_(_1)|r| Z(—1)|m‘+”'+m‘ﬂf{mly T @ Tig1, e Tl )
1=1
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Theorem 4.14 (brace algebra with a product of the free loop space). If M is a simply connected,
smooth manifold, then the chain model of LM , A®Q(C), has the structure of a brace algebra with
a product.

Proof. Take x = = ® [a1] -+ |apl, 21 = 1 ® [b%|'--|bél],~' \ T = Ty @ [b’f||bgn] € A®Q(C’),
then define

‘T{xh' o 7‘Tn}

= Z (—1)e(asz1) - - - elas, zn)

1<i1 < <in<p
z® far|- - lai,—1|bg] - [bg, | -+ lag, 1 [BT] - b, |- - ap],

where € is the sign as in (37). Similar to the computations in last subsection one checks that it
satisfies all the conditions listed in above definition, though the computation is tedious. [l

4.2.3 Two Gerstenhaber algebras are isomorphic
Recall the results of Gerstenhaber in his study of the deformation of associative algebras ([10]):

Definition 4.15 (the product and bracket of the Hochschild cochain complex). Let A be a (DG)
algebra over a field k and let HC*(A; A) be its Hochschild cochain complex (Definition [3.18).
Define the product -, the pre-Lie operator , and the bracket {,} on HC*(A;A) as follows: for
f € Hom(A®"; A), g € Hom(A®™; A), up to sign,

(1) fO’I" any ai, -, m4n EAJ
(f-g)ar, - amin) == fla1, - ,an)g(ang1, 5 Gmin); (96)
(2) fO’I" any ai, -+ ,an4+m—1 € A7

(fxg)(ar,  anim-1) =Y _ flar, -+ a4 1,9(a5, Qigm-1), s tnym-1);  (97)
i=1
(3) the bracket is the commutator of x:

{f,9} = Frg— (=)D g £ (98)

Theorem 4.16 (Gerstenhaber [10]). Let A be a DG associative algebra over a field k and let
the operators -, * and {,} be given by the above definition, then Lemmas ({{-4]) and ({-11]) hold.
Therefore the Hochschild cohomology (HH*(A; A),-,{,}) is a Gerstenhaber algebra.

Theorem 4.17 (isomorphism of two Gerstenhaber algebras, see also Cohen-Jones [7], Merkulov
[20], Tradler [24] and Félix et al [9]). Let M be a simply connected smooth closed manifold and
A be the Whitney forms on M. Then

HH*(A; A) — H,(LM)

are isomorphic as Gerstenhaber algebras.
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Proof. In fact, let C' be set of the currents on M, then the Hochschild cochain complex is chain
equivalent to A®Q(C) (see Lemma and Theorem [3.37):

HC*(A; A) ~ AGQ(C).

For f,g € HC*(A; A), we may write them as f = u® [a1] - |an],g = v @ [by]- - - |bm] € ARQ(C),
the operators -, * and {, } defined above by (96]), (O7) and (@8] can be rewritten as

f-g:uv®[a1|"'|an|b1|"'|bm]

and
n

Frg=2 (a,vyufar] - lai1lor|- - [bmlaip] - lan],
i=1

and
{f,9} = frg— (=)D g f.

Comparing them with the loop product (24)) and pre-Lie operator (37), we see that H,(LM) and
HH*(A; A) are isomorphic as Gerstenhaber algebras. O

5 Batalin-Vilkovisky algebra on the loop homology

Let J be the St-action on the loop homology. In [5], Chas and Sullivan prove that (H.(LM), e, .J)
forms a Batalin-Vilkovisky algebra. Namely, J on homology is not a derivation with respect
to e, but the deviation from being a derivation of J is a derivation. One deduces that, for
a,f € H(LM),

{a,b} == (=) J(aeB) — (=D)L J(a) e b— e J(B)

defines a degree one graded Lie algebra on H, (LM ). Chas and Sullivan show that this Lie bracket
is in fact the loop bracket on homology.

Definition 5.1 (Batalin-Vilkovisky algebra). Let V' be a graded vector space over a field k. A
Batalin- Vilkovisky algebra on V' is a triple (V, e, A) such that:

(1) (V,e) is a graded commutative algebra;
(2) A:V —V is degree one operator with A% = 0;

(3) The deviation from being a derivation of A with respect to e is a derivation for both variables,
namely,

(~1)A(a e 8) — (1) Aa) o b — a0 A(9)
is a derivation for both o, 3 € V.

Proposition 5.2. Let (V,e,A) be a Batalin-Vilkovisky algebra. Define [ ,]: V@V — V by
[0, 8] := (=D A(a e B) = (~1)*IA(a) o b — a0 A(B), for a,B €V,

then (V,e,[ ,]) forms a Gerstenhaber algebra.
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Proof. See Getzler [11], Proposition 1.2. O
In other words, a Batalin-Vilkovisky algebra is a special kind of Gerstenhaber algebra.

Lemma 5.3. Let M be a simply connected, smooth closed manifold and LM be its free loop space.
Then

{a,8} = (-1 B(ae f) — (~1)*B(a) e b — e B(B), for a, 3 € H.(LM), (99)
where {,} and o are the loop bracket and the loop product respectively, and B is the induced
St-action on H,(LM).

More precisely, let A be the DG Frobenius-like algebra of M and A®Q(C) be be the twisted

tensor product, and let B be the dual Connes cyclic operator (Definition[3:39) on C&Q(C), then
there is a linear map

h: ARQ(C) Q) AGQ(C) — CRA(C)
such that for any o, 8 € A®Q(C’),
(boh—hob)(a® B) ={a,B} — (—1)*B(a e B) — (—1)IAFVTD 3 ¢ B(a) + a e B(B). (100)

Proof. First note that A®Q(C’) embeds in C’®Q(C’), the operator B is well defined. For o =
@ a1 lan), 8=y @ [b1] - - |b] € ARQ(C), define

dlov, B) ==Y e(@)e(ay)a; ® [ai] -+ aj1|br] -+ bmlajia| -+ lanlar| - - |a;1]
i<y

and

W(a, B) = e(W)e(bim)br @ [brral - [bi—1lar] -+ lanlbipa] -« [bmlbr] - - - [bp_1],
<l

and let h = ¢ + 1. We show h thus defined satisfies (I00]).
In fact, up to sign,

{@, 8} = (-1)*'B(a e §) + (~1)"15 ¢ B(a) + a ¢ B(3)

= > elay)r @ lar] -+ lai—1|br| - [bmlaiza] - - an] (101)

+ > elaey)a; @ laipa] -+ lanlbr] -+ bmlaa] - Jai] (102)

+ > e(ay)be ® [bpgal - [bmlas| - - [anlbr] - - [be—1] (103)
k

+ Y e(bpa)y @ [ba] -+ |bp—1lar] - [an|brra] - - [brn] (104)
k

+ Y e(@ay @[] bmla |- [anlar] a1 (105)

+ Y eWbrr @ [ar] - lan|brga| - b lbr] - [bri], (106)
k

while
bo(a, B)
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and

and

> e(@)e(ajy)da; @ [aiga] -~ lajalbi| - [bmlaji] - |anlar] - aii]
1<J

> e(@)e(azy)a; @ [aiva] -+ |day| - laj_1]bi| - - [bmlaj1] - - [anla]| - - Jai—1]

i<j,p
> e@)e(ay)ai ® [aipa| -+ laplay|-- - |aja[br] -+ [bmlagir] -+ - [anlar| - - - ai—1]
i<j,p

> e(@)e(azy)ai @ [aipa| -+ lajalbr] - - |dbg| - - [bmlajia| -+ - lanlas] - - [ai1]

1<J,q

> e(@)elagy)a; @ [aipa] - aj_albr] - ylby] - [bmlajia| -+ |anla] - |aii]

1<j,q
25(@5(%‘9)‘1/@' @ [af|aiga |-~ laj_1lbr| - [omlaja] - - lanlaa| - - - |aii]
i<j

ZE(x)E(ajy)a;/ ® [aipa| - laj-1lbi] -~ bmlajia| - lanlar] - Jai-1|az].
i<j

¢(bav, )

> elay)e(@)ai @ [ag |-~ [dap| - |aj_1|bi| - [bmlajia] -+ [anfar| - |ai1]

1<J,p

> elay)e(@)ai @ [aia -~ laplay| - a1 [ba] -+ [bmlajia] -+ |an]ar] - ai1]

i<j,p
Zﬁ(x)E(ajy)dai ® [ai1| - laj-1]b1| - [bmlaja] - - - lanlas] - |ai-1]
i<j

Y e(@)e(dajy)a; @ [aiga] -+ lajalbi| - [bmlajir| -+ |anlar] - aii]
1<J

> e(@)e(dsy)ai ® [aipa|--- |aj_1lbr| - bmlaf|aja] - lanlar] - ai1]
1<J
> e(@)e(@fy)ai ® [aipa| - |aj1laj|ba] - bmlajia] - lanlar] -+ |a;1]
1<J

Ze(x)e(ajy)a; @ [af] - laj-1|bi] -~ [bmlaja] - lanlar] - - |a;-1]
i<j
Ze(m)e(ajy)a;’ ® lait1] -~ laj-1|b1] -~ [bmlaji1| -~ - lanlar| - - |ai-1|af]
i<j
> e(@)e(aly)a; @ [br] - |bmlai] -+ |anlar| -+ |ai1]
i
> e(@)e(aiy)a” @ [aa] - |aialbr] -+ bmlaiga] - - |an]
;

> e(@)e(a"y)ai @ [aira -+ lanlbi] - - [bmlar] - ai—1],

i

¢(a, bf3)
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= Y e@e(ady)a; ® [a |- ajalbi| - [bmlajia| - |anlaa| - ai1] (125)
1<J

+ Y e(@)elagy)a; @ laiga |- laga[br] -+ |dbg| -+ |bmlaja] -+ lanlar] -+ Jaia]  (126)
1<j,q

+ Y e(@e(ay)a; @ laipa| - lajalba] - [0 |- [bmlagia] - - lanfa] - |aa] (127)
1<j,q

+ Y e(@elazy)ai ® [aiga] -+ lajaly"|br] - [bmlaja| -+ |anlar] - - aii] (128)
i<j

+ Y el@)elagy)ai @ [aia| - laj_alba] - [bmly”|ajia] -+ lanaa] - - Jaia]. (129)

i<j

Note that (II4) and (I08) are identical, so are (I16) and ([I07), (II7) and (I25), (II5) and

(109), (I20) and [{I2), (21I) and ([I13), 1Y) and [29), (19) and ([A28), [{I0) and (T26),
and (IIT]) and (I27), therefore the remaining terms of bé(c, 3) — ¢(bay, B) — (v, bB) are exactly

(T0T) + ((02) + (05).
Similarly, the remaining terms of bi)(c, ) — ¢(bar, b) — (e, ber) are ([I03]) + (104]) 4 (I06]). Thus
formula (I00) holds. Since A®Q(C) and C&Q(C) have the same homology, [@9) follows from

(T00). O
The above lemma is similar to Lemma 5.2 in [5]. By this lemma we obtain:

Theorem 5.4 (Batalin-Vilkovisky algebra of the free loop space). Let M be a simply connected,
smooth closed manifold and let A be the Whitney forms and C be the currents on M. Then

(H.(A®Q(C), e, B)

is a Batalin-Vilkovisky algebra, which models the Batalin- Vilkoviksy algebra on H,.(LM) obtained
m [5/.

Proof. We have shown (Theorem [.10) that
(H.(AQ(C),0,{.})

is a Gerstenhaber algebra, therefore the loop bracket {,} is a derivation for both variables with
respect to . The above lemma says that the deviation of B from being a derivation is exactly
the loop bracket. Thus according to Definition [5.1]

(H.(AGQ(C), o, B)
is a Batalin-Vilkovisky algebra. Note that in [5], the Batalin-Vilkovisky algebra is obtained
exactly the same way, we say the Batalin-Vilkoviksy algebra obtained above models the one of
[5]. O
6 Batalin-Vilkovisky algebra on a general manifold

In the previous sections, we have only studied the free loop space of a simply connected manifold.
The non simply connected case is quite different in nature, for example, the cobar construction of
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a non simply connected may not be the chain model of the based loop space of that manifold. The
goal of this section is to construct a chain complex model of LM, which encodes the fundamental
group 71 (M), and includes the simply connected manifolds as a special case. The idea is to lift
the loops on M to its universal covering M, where the loops now becomes paths, which can be
characterized explicitly. This idea is due to Mike Mandell, which is informed to the author by
James McClure. Since M is simply connected, our algebraic methods may now be applied.

6.1 The chain complex model of LM

We begin with the following observation about the free loop space LM.

Lemma 6.1 (an equivalent characterization of LM). Let M be a smooth manifold. Denote by G
the fundamental group m (M) and by M the universal covering of M. For any g € G, let

Lﬂ@::{lez[aﬂ-aAZfﬂ):gof«D}

Then [ ] LQM admits a G-action induced from that on M: for f € LQM, and h € G,

geG

hof: [0,1] — M
x  +— ho f(x).

Note that since (ho f)(1) = ho f(1) = ho(go f(0)) = hgh~ Lo ((ho )(0)), ho f € thh—lM. We
have a homeomorphism

[T Lot /G = L,
geG

and the following commutative diagram:

[1z.M [© LM

where g s the projection of the paths to their starting points.

Proof. The proof follows from the definition of the universal covering space (see, for example,
Hatcher [14], §1.3) and the definitions of L,M and LM. O

In the following we shall use this lemma to construction a chain complex model for LM.

6.1.1 The chain complex model of LQM

Recall the definition of LgM :

LW = {f:[0.1] = M| £(1) = g £(0)}.

Let

Api={(t ot eR0 <t <o <t <1}, n>0 (130)
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and consider the maps (see [13] §2)

LQMXATL&)MX---XM (131)
lpmj
LyM,

where ¥,, are the evaluation maps

\I/n(fa (tl,‘ o 7tn)) = (f(o)vf(tl)v o 7f(tn))

Since Ly, M is the space of continuous maps from I to M, we would view {¥,,} as an approximation
of L, M, which 1ntu1t1vely means, as n becomes larger and larger, the chain complex of M x- - - x M,
Whlch is C.(M)®" 1 will go to Ci(LyM) closer and closer, and the limit is C,(L,M ) This

approach is called the cosimplicial approrimation of LgM .

Definition 6.2 (cosimplicial space). A cosimplicial object K® in a category € consists of
(1) a sequence of objects KO, K', K2, --- in €;
(2) for each n >0, a collection of morphisms, called coface maps:

K" — K", 0<i<n;

(3) for each n >0, a collection of morphisms, called codegeneracy maps:

ol K" S K" 0<i<n.

The coface and codegeneracy maps satisfy the following identities:

dod = sodTl if i<y,
Stood=l, if i<

ol o = id, if i=3 or i=j41,
8 Yool if i>j+1,

odoot = olodl, if P>

A cosimplicial object in the category of topological spaces and continuous maps is called a cosim-
plicial space.

Example 6.3 (the standard simplices). Let A,, be the standard simplices given by (I30). Then
{A,} is a cosimplicial space with coface maps §; : A,—1 — A, and codegeneracy maps o; :
Anpi1 — A, given by

Oo(t1, -+ ytn—1) (O t1,--- ,tn_l)

0i(tr, -+ ,th—1) = (to, Jtict, tistiy- o ytp—1), 1<i<n-—1
n(t, s tno1) = (t,0 s tae1, 1)

oi(ty, s tar1) = (t, Lt tipe, o s tag).
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Example 6.4. Let X be a topological space with a group G-action. Fix g € G. Then {X*"+1}
is a cosimplicial space whose coface and codegeneracy maps are given by

6i(zo, s ¥p-1) = (To, i1, T4, T, ,Tp1), 0<i<n—1
511(:1:07'” 7$n—1) = ($07"' 7xn—1790x0)7
Ui(x07”’ 7xn+1) = (‘T()a"' 7xi7xi+27”' 7xn+1)’

Proposition 6.5. Let M be a topological space and M be its universal covering. Denote by G
the fundamental group w1 (M). Fiz g € G. Let M*"*! be the cosimplicial space in Ezample [6.4)
Then the following diagram is commutative:

N U~
LgMXAm—>M><---><M (132)

~ v, o~ ~
LyM x Ay ——=M x -+ x M,

where s is any morphism of the two cosimplicial spaces, and V,, and V,, are the evaluation maps

(L31).

Proof. 1t follows from the definition of these two cosimplicial spaces and W,,. O

We shall not talk much about the cosimplicial space, since all we need in the following is the
commutative diagram (I32]). For more details, see, for example, Bott-Segal [2], §5 or Jones [15].
The above proposition leads us to consider the following two complexes:

Definition 6.6 (cosimplicial chain complex and simplicial cochain complex with a group action).
Let (C,A,d) be a coassociative DG coalgebra over field k. Suppose G is a discrete group and C
admits a k[G]-action, which commutes with A. Let Q(C) be the cobar construction (Definition
[3.8) of C. Fix g € G. Define an operator

by : C®Q(C) — C®QC)

by(x @ [ax]- - [an])
= dz®[a1]- - |an] — Z(—l)‘xHHal““‘“i*l”x ® [ay|-- - |dai| - - |an]

+2(ED12 @ o] -+ fan] = (-1 D0l Ao  fay - fan gua])
_|_Z |x|+\a1| Jai- 1|“”x®[a1| ailall - |an],

then bf] =0 and the chain complex is called the cosimplicial chain complex of C'.

Analogously, let (A,-,d) be an associative DG algebra over field k. Suppose G is a discrete
group and A admits a k[G]-action, which commutes with -. Let Q(A) be the bar construction
(Definition[3.13) of A. Fixz g € G. Define an operator

by: A®QA) — A® QA)
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by

by(x @ [a']---|a"])
= dr®lal| - |a"] +Z 1)l Heelat =M, ®[a']---|da’|---|a"]

+<m ® [a?]- - [a"] — (= 1)@ "+ Dl =l D (g 072 @ ay | - - - ‘an_l])
+Z Dlel+llatla™ Ny @ (g1 - - gl - - - [a),

then bg =0 and the chain complex is called the simplicial cochain complex of A.

One sees that the two chain complexes are dual to each other (see Proposition B.IT7). In the
above definition, if we write b, = b; + bIgI, where bg only involves the differential part, and blgI only
involves the coproduct or product part, then bg and bg commute, and both have square zero.

Also, if G is trivial, then the above two complexes are the cocyclic cobar complex of C' (Definition
[B.12)) and the cyclic bar complex of A (Definition [3.14]).

Definition 6.7. Let M and LgM as above, and let C*(LQM) and C,(M) be the chain complezes
(singular, simplicial or any other appropriate DG coalgebra model) of LQM and M respectively.

Note that there is a chain equivalence (by the Eilenberg-Zilber theorem, see, for example, [17]
Theorem 4.536, p. 122)

BZ:Co(M x - X M) — Co(M)® - ® Cy(M).

Define (see (I31]))
(Eg#: C _ EBC ®n+1
n>0
EZ v, x Ay, ).
s ()5

In order to keep the degree, we shift the degrees of the last n-entries in Cy(M )®"+1 down by one,
and also modulo those chains that contains counit. Denote the induced map by

g1 Cu(LgM) — Cu(M) @ Q(C(M)).

Similarly, let C*(M) and C’*(LQM ) be the cochain complexes (singular, simplicial or Whitney
forms, etc.) of M and LyM respectively. Define

87 CH(M)®QC*(M)) — C*(LgM)
r® [at|---|a"] — UH(xAat A Aa).

n

Theorem 6.8 (two quasi-isomorphisms). Let M and LQM be as above. Then the two maps

¢g#l (C*(LgM),a) I (O*(M)®Q(C*(M))vbg)

and
of : (C*ON) @ QUCT (D), by) — (C (L), 0)

are quasi-isomorphisms.
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Proof. Since in the previous chapters we have used the Whitney forms and their dual to model
the loop space, we prove the cochain case first.
First we show that (ﬁf& is a chain map. Notice that the notation

/ H(xAat A Aad")

n

means integration along the fiber: denote by e; : LQM — M the evaluation of the paths at time
t, then

/ w#(MalA...Aan):/ eb(x) At () A--- Aeh ().
n A”L

We have
F(by(z@a']--[a™) (133)
= [ et nci (@) ne (o) (134)
#32 [cife) n (@) e A (e A 26 (07) (135)
T 22: /An1 es(@) Al (a ) A Ak (alatY A Aer () (136)
[t nd ) e nd @) (131)
+ /Anl ep((gFa™)z) A efl(az) A A efnil(a”_l). (138)

which equals
d/ e;;(x)m;(al)A...Ae:n(a")—/M e3(@) Ay (@) A A (@)

Note that by the commutative diagram (I32)), the second term in the above expression is exactly

(I36) + ([I37) + [@38)), therefore
@) =d [ cifo) neya) Ao e, (@) = (0 (o 0 al] -+ [a")),

An

which proves that qﬁ# is a chain map.
Now we show that qﬁ# is a quasi-isomorphism. Consider the fibration

{f:IHM‘f(O):x,f(l):gox}—>LgM (139)

lm

M,
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where e is the evaluation of the paths at starting point, then C*(L,M) is a DG C* (M )-bimodule.
Give a filtration of C*(L,M) by

F, = @ CUM)C*(LyM),

q<p

then the associated (Serre) spectral sequence converges, and its Ep-term is H*(M) @ H*(QM).

Now for the complex C*(M)®Q(C*(M)), in order to remove the positive terms (keep in mind
that in this paper the cochains are negatively graded), we have to consider Chen’s normalized
complex (see Getzler et al [I3], §2): Denote by Q° the subcomplex of Q(C,(M)) which contains
zero-cochains, then Q0 is acyclic (Lemma B:38). By modulo Q° in Q(C,(M)), we obtain Chen’s
normalized chain complex, denoted by

~——

C*(M) @ Q(C*(M)).

Given a filtration on it by

—_——

E, = P C1(M) ® Q(C*(M)),
q<p
then the associated spectral sequence converges with Fo-term

—_~—

H*(M) @ H*(Q(C*(M))).

The following lemma (Lemmal[6.9)) says that they are isomorphic, so by the comparison theorem of
spectral sequences (McCleary [17], Theorem 3.26, p. 82) we see that QS# is a quasi-isomorphism.
Now we go to the ¢, case, where all the argument is just the dual of above. First, notice
that ¢y4 is a well defined map. In fact, since M is simply connected, Ci(M) ®@ SC,(M)®" is
at least (2n — 1)-connected, therefore if n is big enough, W, 4 (o X A,) is degenerate, so modulo
degenerate chains, ¢4 is well defined.
We now show ¢4« is a chain map. In fact,

bon@0) = (D Wy ) (D0 x A,)
= (D W) (D 0a x An) = S ax04,))
- 00 (L 1) (Tox a0 = (L) (T X1 6,0
= bl ody(a) + b o dgu(a) = by o dyu(a). Z
That ¢,4 is a quasi-isomorphism is completely analogous to the ¢} case. O

Lemma 6.9 (Adams [I], Chen [6]). Let X be a connected and simply connected manifold and let
Q(C*(X)) be the bar construction of its cochain complex. Then

H*(QM) = H*(Q(C"(X))).
Proof. Let PX be the path space of X:

PX = {f L [0,1] — X‘f(l) - xo}.
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And let A,, be the standard n-simplex as (I30). Consider the following evaluation:

v, -~
QXXATL%MX'--XM

s

QX,
where
Similar to the above lemma, we obtain a chain complex
C*(X) ® Q(C7(X))
with the boundary operator defined by

5(x®[a1!---la"])
= dr®lal| - |a"] +Z Dlel+llatl1a™ Ny @ (g1 - - |dal] - - - |a™]

tza' @ [a )+ Z 1)l Hela™ Ml [a!]---|a’a’™| - |a"],
and a chain map
¢ : (C*(X) @ UC™(X)),b) — C*(PX,0).
We know that PX is contractible thus C*(PX) is acyclic. Also define an operator

h: CF(X)@QCHX)) — C*(X)®Q(C*(X))
r@fal-ja]  —  1@flal]--]a,

one checks that
bh + hb = id,

(140)

which means that the identity map is homotopic to zero, and therefore the chain complex is also

acyclic. By Chen’s normalization, we obtain two spectral sequences similar to proof of above

lemma and ¢ is an isomorphism on the total space and on the base. The comparison of the

Eilenberg-Moore spectral sequences (McCleary [17], Theorem 7.15, p. 252) gives an isomorphism

on the fiber

H*((C*(X))) = H*(QX),

which proves the lemma.

6.1.2 The chain complex model of LM

Note that [ 9eG LQM is a disjoint union, by Theorem we see that

(C-(01) & AC.(01) © QIG], Y b4 )

geG

gives a chain model of [] ¢ L,M.
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Definition 6.10 (the G-action). Let C\(M) and Cy(M)®Q(C,(M)) @ Q[G] be as above. Define
a Q[G]-action on the latter complex by

Gl Q) C-(M) @ Q(C.(M)) ® QIG] —  Cu(M) ® Q(C(M)) © Q[G]
(hyz @ [a1]| - |an] ® g) ——  hex @ [heag)| - - - |hiay) @ hgh™t.

Lemma 6.11. The chain map

> gy O T LoNT) — C.(81) @ Q(C.(M)  QIG]

geG geG
is Q[G]-equivariant.
Proof. This is a chain level version of (I31]), where the evaluation maps are G-equivariant. O

Theorem 6.12. There are quasi-isomorphisms

C.(LM) = [ LodT) /G =5 (C.(00) @ (C.(11)) 2 QIE]) /G
geG
Proof. Note that the G acts on M freely and properly, so does it on 11 p LQM . Therefore at chain

level, Q[G] acts on C, (]_[ L M) and C,(M) @ Q(C,(M)) ® Q[G] both freely and properly. By
the classical result of algebraic topology (see, for example, McCleary [17] p. 337) the quotient
chain complex gives the chain complex of || e LQM / G LM. O

Note that taking quotient by G also means tensoring with Q over Q[G].

6.1.3 The S'-action on LM

By lifting the S'-action on LM to the universal covering, we obtain an R-action on [ g LgM ,
which is given as follows:

Definition 6.13 (the R-action on ngG LQM). Let M and LQM be as above. Define an R-action
on LgM
R x LyM — L,M

(g0 f)(@) = (¢ o f)({g +a}),

foranyqeR and f: 1 — M € LQM, where [q + x| is the largest integer no greater than q + x
and {q+ x} is their difference. Consider all the components, we then obtain an R-action

R x [] LyM — ] LyM.
9€G geqG

Lemma 6.14 (the Z-action). The embedding of Z in R induces a Z-action on ngG LgM, which
s given by

Zx L,M —s L,M

go f(x) —— g0 f(z), q€cZ.
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Moreover the Z-action commutes with the action of G. Therefore, if we take the quotient space
]_[g LQM/G, the R-action can be passed to R/7Z, which is the S'-action on LM . In other words,
the following diagram commutes:

R x [[ LM [1z.M (141)

|zxc |o

R/Z x [ [ LyM /G — [ LM /G.

Proof. Note that if f € LQM, then ho f € thhflM. For any q € Z, we have

ho(gof)=ho(g?o f)=(hgh™")Toho f=qo(hof)

Therefore the Z-action commutes with G. By taking quotient we obtain an action
R/Zx ([] £o01/G) — (] 1,01 /).
9eG geqG
which is the S'-action on LM. O

This lemma leads us to define two operators J and B, which is the action of the unit interval
on LyM, as follows:

Definition 6.15 (unit interval action on the chain complex). Denote by 1 the above R-action
on LQM:
¢ :Rx LyM——L,M.

Define 3 3 3
J: Cy(LgM) — Cyp1(LgM)
et — (A1 X @),

where Ay is the unit interval in R. And also define an operator B on Cy(M) ® Q(C,(M)) as
follows

B: C((M)®Q(Cu(M)) — Ci(M)®Q(C(M))
@ fa]-lan]  — D e(@)ai @ [ain]- - |anlgear| - |geaia].
Lemma 6.16 (compare Theorem B.28). Let J and B be as in above definition. Then
(1) J2 =0 and B2 = 0. Moreover, both commute with the Q[G]-action.
(2) 8J + JO = id — g. and byB + Bb, = id — g..

(3) both J and B commutes with the Q[G]-action, and the following diagram commutes:

C. (] £o07) J o ( [T Lo07) (142)
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Proof. (1) J?> = 0 comes from the fact J? is a degenerate chain, and B?> = 0 comes from the
definition. That these two operators commutes with Q[G] just follows from the definition.

(2) The first equation comes from Lemma and the second equation comes from direct
computation.

(3) Consider the evaluation maps composed with the unit interval action:

0,1] x LyM -5 LM, 2 M ox---x M (143)
(s,f) — sof = (f(s), f(s+t1),-, fs +tn)).
We see that W,1) comes from W, 1: Recall that
An:{(tl,---,tn)ewogtlg---gtngl},
we have a decomposition of [0,1] x A, into n + 1 standard (n + 1)-simplices:
By = {0Ss< St S1Ss+t < Sstt, <2
= {o<stti-1< st m1Ss < Ssa g <1, (144)

and therefore if W, 14(a X Apt1) =2 ®Ja1] - - |an41], by changing variables (compare (I43]) and
(I44)), we have (up to sign)
% i [a] #0;
Z a; ® [ai+1| s |an+1|g*a1| s |g*ai—1], otherwise,
= BoUuiig(ax i),

\Ifn#(joz X An) =

where in the |z| # 0 case the value is zero because it is a degenerate chain (the degrees of the two
sides are not equal while W, 4 is a chain map). This implies (I42)) if we consider all the ¥, 4’s
and all the components of [ . LyM. O

Theorem 6.17 (S'-action and the cyclic operator). Let M and ngG LgM be as above. Then
J and B pass to the quotient chain complezes over Q[G], denoted by J and B, and we have

(1) J2=B?=0,0J +J0 =0 and bB + Bb = 0;

(2) The following diagram commutes:

C*G(ngc L9M> . CE‘:—l(HgEG LQM)

| |

(0*(1\%) ® Q(C,.(M)) ® @[G]) /G B, <C*(M) ® Q(C,(M)) & Q[G]) /G.

Proof. The proof follows from the above lemma. U

One sees that J is the S'-action on the chain complex of the free loop space LM, so B models
the S'-action on the chain complex model (Ci(M) ® Q(C.(M)) ® Q[G]) /G.
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Lemma 6.18. Let M, M and G as above. Define

B: (C.(M)@Q(C.(M)©Q[G]) — (C.(M) @ Q(C,(M)) ©Q[q))

by
B ® ']+ |a" @ g) := Z 1®[g*a’l- - |g*a™a’| - |a" "] ® g,
7

then B can be passed to (C(M)@Q(C(M))®Q[G]) /G, denoted by B, which models the S*-action
on the cochain complex of LM .

Proof. The proof is completely analogous to the above theorem. O

6.2 The Batalin-Vilkovisky algebra

In this subsection we briefly describe the Batalin-Vilkovisky algebra on the homology of the free
loop space of a general manifold. The computations are much the same as those in previous
chapters, so we will only give the statements and leave the verification to the reader.

As before we consider the DG Frobenius-like algebra on M, which is (Ac(M), C(M), 1) (recall
the arguments in §2.3.3). To simplify the notations we write A.(M)®Q(C(M))® g as Cy(L,M),
and (Ac(M) @ QC(M)) ® Q[G]) /G as CF(]] LyM) for short.

6.2.1 The loop product on H,(LM)
The loop product e of Chas and Sullivan is modeled as follows:

Definition 6.19 (loop product). Let (A.(M),C(M),1) be the DG Frobenius-like algebra of M.
Define a binary operator & on Cy(]] LQM) as follows: for any

a =2 |a,] ® g € C(Ly D)

and
B=y@[bil-bm] @ h € C(LyM),
let
asfi=z- gy @ ar|---lan|bi] - [bm] @ gh.
On the G-equivariant chain complex C’*G(H LgM), define a binary operator e as follows: for
[, [8] € CE (I Ly M),
o) e (8] = |as Y g.8].
geG

Lemma 6.20. The operator e does not depend on the choice of the representatives and is well
defined. Moreover, it commutes with the boundary operator b.

Proof. The fact that e commutes with b follows from a direct computation (compare Definition
41l in the simply connected case). To show e does not depend on the choice of representatives,
take arbitrary h,k € G,

[hea] @ [k 3] = {h*ai Z g*k‘*ﬂ} = [h*ai Z g*ﬂ} = [h*ai Z g*h*ﬂ} = [a] @ [3].

geG geqG geqG
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Also since Q[G] acts on Ci (][ Ly M) freely and properly, and the differential forms are compactly
supported, o is well defined. O

Therefore we obtain a graded algebra on the homology of LM. As in the simply connected
case, such an algebra exactly models the Chas-Sullivan loop product.

6.2.2 The loop bracket and the Batalin-Vilkovisky algebra

Definition 6.21 (x operator and the loop bracket). Let (A.(M),C(M),t) be the DG Frobenius-
like algebra of M. Define a binary operator % on C(]] LQM) as follows: for any

azm@[a1|---|an]®g€C’*(LgM)

and
B=y®R[b1] - |bpm] ®h e C(LpM),

let
axB =Y elaiy)r @ lar] -~ |ai_1[ba] - [bm|haaisa] - |hutn] © gh.

On the G-equivariant chain complex C’*G(H LgM), define a binary operator x as follows: for
[Oé], [5] € C*G(H LgM)7
ol (8] := |a# Y 0.6

geG
Lemma 6.22 (Gerstenhaber algebra of the free loop space). Let M and M be as above.
(1) On Cu(I1LyM),

b(a#f) = bakB + a¥bf + (-1)*(asf — (-1l (h! Baa)).

(2) On CE(I] LQM), the operator x does not depend on the choice of the representatives and is
well defined. Moreover,

b B) =baxf+axbf+(-1)Naes— (- Wgea)
which means o is graded commutative on the homology Hf(]_[ LQM).
(3) The commutator of x forms a degree one Lie algebra, which is compatible with e, making
(H*G(HLQM),o, { })
be a Gerstenhaber algebra.

Proof. These results follow from direct computations (compare §4.2lin the simply connected case).
All the computations there can be applied here with a minor modification. O
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Theorem 6.23 (Batalin-Vilkovisky algebra of the free loop space). Let M be a smooth manifold
and M be its universal covering. Let B be the cyclic operator defined in Theorem [6.17 on the
chain complex model of LM . The homology

(Hf(HLg]\Z/>,o,B>
forms a Batalin-Vilkovisky algebra, which coincides with the one given by [J].

Proof. As in the above Definition [6.19 and Theorem [6.21] the homotopy operator defined in
Lemma [5.3] can be applied here, which implies the theorem. O

Remark 6.24. The arguments in Section [6] are independent of Section B, where the latter is
a special case of the former. The reason that we keep Section [3] is that it is more geometric,
especially in the identification of the Chas-Sullivan loop product (Theorem [A.2]).
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