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Abstract

Amap f: M —> N is proper if, for every compact set C c N,
f1(C) is compact. If f is a piecewise linear (PL) map, then the branch

set of f, B. ¢ M, can be defined as follows: x ¢ M - B, if there exists

f f
a neighborhood Ux of x such that f(Ux) = Vx is a closed star neighborhood
of f(x), and if there exists a PL homeomorphism hg: Ux —_— Bx X Vx’

where B is a PL ball, such that f[Ux = meh : U —> V., where T, is

the projection onto the second factor.

Theorem. Let Mm,‘Nk be PL manifoldg, and let £: M* —> Nk
be a proper PL map with Bf = ¢. Then, for each y ¢ Nk, there is a
neighborhood NY of y, and a' PL homeomorphism gy f-l(Ny) —> £ 1(y) x Ny’
such that

f ' _.
- = o0 :le — N.
le b)) T 2%y N — N,

Thus if Nk is connected, then f is the projection map of a PL fibre

bundle.

I understand that C. P. Rourke has proved this result
independently and at about the same time.

This theorem is a PL analogue of theorems which have been
proved differentiably on manifolds by C. Ehresmann [2]

and topologically by J. Cheeger and J. M. Kister [1].
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Chapter I

Introduction

Two kinds of maps which are important in the study of ;ny type

of manifold (topological, differential, PL) are
1) maps with some properties of embeddings,.
and 2) maps with some properties of projections.

In the topological and differential categories there have been
many very useful results in the study of maps of both types. In the
piecewise linear category, however, most knowledge is about embedding-like
maps. |

In this paper I obtain a result which gives some information
about some projection-like PL maps. My theorem says that, if a PL map is
proper, then local triviality in the domain forces the map to be a local
projection. The precise statement follows.

Theorem. Let M" and Nk be PL manifolds and let f: M — Nk
be a proper PL map with Bf = ¢. Then for every y in f(Mm) there is a
neighborhood Ny of y and a PL homeomorphism g, f_l(Ny) —> £ 1(y) x Ny
such that f f-lch) = T2og f'l(Ny) —_— Ny. Thus, if N is connected,

f is the projection map of a PL fibre bundle.

Chépters IT and III consist of lemmas needed for the proof
_of the main theorem. Many of the lemmas in these chapters are well known
and included only for the sake of completeness. The proofs of these
lemmas are included in the appendix for the reader who is not an expert

in PL topology.
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In Chapter IV I build a neighborhood and a homeomorphism which
yield the necessary local trivialization [see the proof sketch in the
beginning of the chapter].

Chapter V is a different proof of the theorem in the special
case of codimension 1.

In Chapter VI, I state some conjectures and indicate the proof
of a theorem which gives insight into a non-manifold generalization of

this paper and indicates a possible direction for my future research.

The main theorem in this paper is the PL analogue of theorems
which have been proved topologically and differentiably.

The topological result in codimension 0 was presented to the
American Mathematical Society by R. S. Palais in 1957 and then published

in the following form [ 7 , Theorem 4.2]:

Theorem. Let X and Y be connected, locally connected, and
locally compact Hausdorff spaces. A necessary and sufficient condition
for a local homeomorphism f: X ——> Y to be a finite covering is that
the inverse image by f of each compact subset of Y is a compact subset

of X.

With a proof that I was able to modify for a PL result
[Chapter V], J. G. Timourian obtained the topological result in
codimension 1 [11 , Proposition 2.1] and states his proposition

as follows:



Proposition. Let wp*l (possibly with boundary) and NP be

connected manifolds. If £: MP*1 NP is proper and Bf = ¢, then f

is a fiber bundle map.

In 1969, J. Cheeger and J. M. Kister obtained the topological
result in codimension n [ 1 , page 151]. This result comes from the

proof of the main theorem of the paper, which is:

Theorem. There are precisely a countable number of compact

topological manifolds (boundary permitted) up to homeomorphism.

In the course of the proof of that theorem, homeomorphisms
are obtained which yield the result of interest in this paper, as
follows (the notation B(2) means a closed ball in Rn and the condition

involving B(2) compares with Bf = ¢):

Remark. Lét f: W —> Y be a proper monotone map satisfying
the following condition. For every x in W there are closed neighborhoods
U of f(x) in Y and V of x in W and a homeomorphism h: B(2) x U —> V
such that foh is the projection map onto U....Then a local trivialization

of f is defined.

In 1947 C. Ehresmann published a proof of the differentiable

_case with the restriction that the domain be compact [ 3 , Proposition 1]:

Proposition. If E (a manifold) is compact, every differentiable

map p of rank n from E to an n-dimensional manifold gives E the structure



of a differentiable fibre space.

" The result with the compactness condition removed appeared in
a 1950 paper by Ehresmann [2]. J. A. Wolf published a new proof of the |
same result in 1964 [13 , Corollary 2.4].
In [ 6, Section 1, 1.6 ], K. Lamotke generalized Wolf's

proof to the case f: X ~—> Y where X is a manifold with boundary.

It is interesting to notice that, in some form, the condition
'proper' appears in every one of these theorems. The condition is actually
necessary: a counterexample can be found in each category to the theorem
with the 'proper' hypothesis removed.

Lét D c R? be a closed disk and f: R2 - D —> R be the
restriction of the projection map. ThenABf = ¢, but £ is not locally
trivial. f is clearly continuous énd differentiable. I'11l show that,
with the natural PL structure on R? - D and R, f is a polymap (a
generalization of PL map for maps defined on PL spaces which are not
necessarily simplicial complexes) and therefore this one situation

provides a counterexample to the generalization in all three categories.

Definition [14 , Chapter III, page 5]. A function f: X —> Y
between PL spaces is.called a polymap if the following condition is
satisfied: given g ¢ F(X) then there is g' ¢ F(Y) and a PL map f'

.such that fg = g'f"'.

Applying this definition to the example above, g: K —> RZ - D

is a PL embedding of a simplicial complex. fog is a simplicial complex in R.
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Let L = fog(K) and g': L —> R be the inclusion map. Define f': K —> L

by f'

(g'? fcg(K))<>fC!g, a PL map.

I was told recently that this result has been pfoved
independently by C. P. Rourke but that it is as yet unpublished. A.
Haefliger posed this problem to Rourke, who was unable to solve it at
the time. It was discussed by several people, including W. Anderson
and D. Sullivan, at the 1970 international summer school on manifolds
held at the University of Amsterdam, August 17-30, 1970. I understand
that Rourke subsequenfly proved the result. An abstract of my work
(with the restriction that Bf'l(y) = ¢) was received by the American
Mathematical Society on August 28, 1970. Within a few weeks I was able
to modify my proof slightly to remove the restriction on the boundary.
Since I have not seen Rourke's work, I do not know whether his proof

follows the same line as mine or was done completely differently.

This paper has been written in such a way that it can be read
both by a mathematician familiar with PL topology and by a mathematician
who has not studied the subject. Many proofs are in the appendix so they
do not get in the way of more important work. They are included so the
non-PL topologist can read the paper in as much detail as he desires.

Even some of the proofs in the main text are straightforward
and yield unéxciting results. Therefore, for the convenience of the
.reader who is interested only in the main results and proofs of this
work, I have starred the results that should be of interest to every
reader. The starred results are essentially those I would include in a

paper covering this work.



Chapter II

Simplicial Complexes

In this chapter I state and prove some results about simplicial
complexes which are needed for the proof of the main theorem.

The notation and definitions unless otherwise stated are those

of Zeeman [14, Chapter 1].

II.1. Notation. A and B are simplexes in Ep, Euclidean p-space.

A<B means A is a face of B.
If K and L are simplicial complexes, then K<l means K is a

subcomplex of L.

1I.2. Definition. The star of a simplex A in K, st(A,K), is

defined by st(A,K) = {BeK|A<B}.

I11.3. Definition [g5 , page 7].

st(A,K) = {BeK|B is a face of an element of st(A,K)}; i.e.,

st(A,K)

{BeK|dCeK: A<C and B<C}.

I1.4. Convention. If KcL, x€L-K, then st(x,K) is defined to be

the empty set ¢.

II.5. Definition. Simplexes A,B are joinable if their vertices
.are linearly independent. If A and B are joinable, the join, AB, is the

simplex spanned by the vertices of both; otherwise the join is undefined.



II1.6. Definition. The link of a simplex A in K, 1k(A,K),

is defined by 1k(A,K) = {BeK|ABek}.

I1.7. Definition. Two simplicial complexes K. and L are
joinable provided:
(1) if Ae€K, BeL, then A,B joinable
(ii) if A,A' € K and B,B' € L then ABnA'B' is empty or a
common face.

If K,L are joinable, we define the join KL = KuLu{AB|A€K,BeL}.

II.8. Definition. The underlying point set |K| of K is

called a Euclidean polyhedron.

I1.9. Convention. If A is a simplex, A¢K, then St(A,K) = ¢

and 1k(A,K) = ¢.

I1.10. Lemma. Let K be a simplicial complex with subcomplexes

L1, L2. Then for any simplex A of K, st(A, LjuLz) = 5t(A,L1) u st(A,L;).

II.11. Lemma. Let L; and L, be subcomplexes of a simplicial
complex K. Let A be a simplex of LinLz. Then st(A, LinLy)

= st(A,L1) n st(A,L2).

I1.12. Lemma. Let K be a simplicial complex, x a vertex of K,
and A a simplex of K. If xA can be defined, then

1k (A, st(x,K)) = x 1k(A, 1k(x,K)).



Proof. Let B e 1k(A, st(x,K)). Then AB € st(x,K). If x¢AB,
then AB € 1k(x,K) and B € 1k(A, 1k(x,K)) < x 1k(A, 1k(x,K)).
If xcAB, then x€¢B and B = xC, C € 1k(x,K). Therefore
AC ¢ 1k(x,K). Therefore C ¢ 1k(A, 1k(x,K)) and xC e x 1k(A, 1k(x,K)).
Therefore 1k(A, st(x,K)) < x 1k(A, 1k(x,K)).
Let Be x 1k(A, 1k(x,K)). Then B = xC, C ¢ 1k(A, 1k(x,K)).
Therefore AC ¢ 1k(x,K) and xAC € st(x,K). Therefore B = xC € 1k(A, st(x,K))

and x 1k(A, 1k(x,K)) < 1k(A, SE(x,K)). O

I1.13. Notation. A denotes the boundary of a simplex A;

A denotes the interior of A.

IT1.14. Definitions. Let A be a simplex in the simplicial
complex K. Choose a point Kﬁﬁ. Let L = (K-st(A,K)) u R A 1k (A,K).
Then L is a subdivision of K, and we say L is obtained from K by
starring A (at R).

A first derived K(l) of K is obtained by starring all the

simplexes of K in some order such that if A>B then A precedes B

(for example, in order of decreasing dimension). Another way of

defining K(I) is to define the subdivision of each simplex, inductively
in order of increasing dimension, by the rule A' = A Ar.
Therefore a typical simplex of K(l) is A%A! v Ap

where A <A <,..<A 1in K.
0 1 o]

g (™)

An rth derived is defined inductively as the

first derived of an (r-l)St derived.
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IT1.15. Notation. Let x;, X2 be vertices of a simplicial complex
K in EP with X1 # Xz; then [x;,x,] denotes the line segment in EP which
connects x; and Xx,.

If [x;,x2] is a simplex of K then x;,2 = [x1,Xx2], the point

at which [x1,x2] is starred in forming K(l) from K.

I1.16. Lemma. If x; # Xx; are vertices of K, then either

st kD) 0 5Exe, kD)

¢, or [x1,x2] is a simplex of K and

gft-.(x]"]((l)) n .s_t—CXZ’K(l)) E(XIQZQ 1](()(2,]((1))).

I found it necessary to define the following objects to use

in the proof of the main theorem.

I1.17. Definition. Let x , ..., x be the vertices of a
EE— 1 -

simplicial complex K.
: t

s(e k) = | Feex kW)
| i=1
m
T(xt,K(I)) = U EEIxi,K(I))
Ci=t+l

* 1I.18. Lemma. Given a simplicial complex K with vertices

t
(1) - 1), _ - (1)
xl, cees X Then S(xt,K ) n st(xt+1,K ) = i={ St(xi,t+1’1k(xt+1’K ))

t
= L_J St(x. ,lk(x.,K(l))), where the union is taken over all i
iT1 i,t+1 i

such that [xi,x ] is a simplex of K.

t+l
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Proof.
t
S(xt,K(l)) n EEtxt+1,x(1)) - (L_{E?Ixi,K(I)))n EEtxt+1,K(1))
. 1=
=1
- L_J(EEIxi,K(l)) n Eftxt+1,K(1)))
iT1

(%= (1)
};{st(xi,t+1, k(x,,.,K "))

=1 oo

e ¢))
L_{st(xi ea1> KX LK)
i= ?

[1I.16]. O

I1.19. Definition. Amap f: K—> L is a continuous map

k| — |L].
Call f simplicial if it maps vertices to vertices and simplexes

linearly to simplexes.

Call f piecewise linear (PL) if there exist subdivisions K', L'

of K, L with respect to which f is simplicial.

I1.20. Lemma.[ 5 , 1.1]. If f: K—> L is a piecewise linear

embedding and P is a simplicial complex with |P|c|K]|, then flp: P—>1

is piecewise linear.

I1.21. Lemma. Let K;, K, L;, L, be simplicial complexes and
- le

f1 I -
K1 nKay Kl nKz’
= f,. If f is 1-1,

f1: K; — L;, f2: K —> L, be PL embeddings. If

then define f: KjuK; —> LjuLa, by fl = f, f|

Ky K2

then f is PL.
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11.22. Lemma. For every vertex x of a simplicial complex K,

there is a simplicial homeomorphism f: lk(x,Kcl)) —_> (lk(x,K))(l).

The proof of this lemma is essentially contained in the proof

of [5, 1.14].

IT1.23. Lemma. If f: K —> L is a simplicial hdmeomorphism

and x is a vertex of K, then f(st(x,K)) = st(f(x),K).

The proof is obvious.



Chapter III

PL Manifolds

In this chapter I obtain results involving PL manifolds;

The results are limited to those leading to the proof of the main theorem.
I use work of Zeeman [ 14 ] and Hudson [5 ] interchangeabiy

and must be careful about the precisé relationships of their definitionms.

In this chapter, any definitions without references are my own.

Section 1: Definitions

-This section has various definitions of PL manifolds and the
fact that they are equivalent. A reader familiar with PL topology can

skip this entire section.

IIT.1.1. Definition [ 14 , Chapter I, page 4]. A convex linear

cell, or cell, A in EP is a compact nonempty subset given by
linear equations £ =0, ..., £ =0 and
linear inequalities g1 20, ..., g > 0.

A face B of A is a cell (i.e., nonempty) obtained by replacing some of

the inequalities g 2 0 by equations g; = 0.

I11.1.2. Definition.[14 , Chapter I, page 5]. A convex linear

cell complex, or cell complex, K is a finite collection of cells such that

(i) if AeK, then all the faces of A are in K;
(ii) if A,B € K, then AnB is empty or a common face.

12
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III.1.3. Definition [5 , page 2]. A Euclidean polyhedron

(polyhedron) in EP is any finite union of cells. In particular, a

simplicial complex is a Euclidean polyhedron.

II1.1.4. Definition [5 , page 20]. A piecewise linear n-ball

is a polyhedron which is PL homeomorphic to an n-simplex.

A piecewise linear n-sphere is a polyhedron which is PL

homeomorphic to the boundary of an (n+l)-simplex.

ITI.1.5. Definition [14, Chapter II, page 9]. An n-polyball
is a polyhedron triangulated by an n-simplex.

An n-polysphere is a polyhedron triangulated by the boundary

of an (n+1)-simplex.

NOTE: The two definitions above (III.1.4 and III.1.5) are

clearly the same; we shall use the terminology n-ball and n-sphere.

ITT1.1.6. Definition [ 14, Chapter III, page 2]. We call a

complex J a combinatorial n-manifold if the link of each vertex is

an (n-1)-sphere or an (n-1)-ball.

IIT.1.7. Definition [5 , page 20]. A PL manifold of dimension n,

Mn, is a Euclidean polyhédron in which every point has a closed neighborhood

which is a PL n-ball.

I11.1.8. Definition [ 5 , page 26]. The complex K is called a

combinatorial n-manifold if VAeK, 1k(A,K) is a sphere or a ball of

poawe;
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dimension n - dim A - 1.

I11.1.9. Definition. A simplicial complex K is a combinatorial

n-manifold if for every vertex xeK, st(x,K) is an n-ball.

II1.1.10. Lemma. For a simplicial complex K, definitions

I11.1.6, III.1.7, II1.1.8, and III.1.9 are equivalent.
Section 2: S(xt,(Mn)(l))

This section yields some results about S(xt,(Mn)(l)) [11.17]

which will be used in the proof of the main theorem.

II1.2.1. Definition [ 14, Chapter III, page 3]. If J is a

combinatorial manifold, define the boundary of J, bdy(J) = j, to be the

subcomplex J

{AeJ|1k (A,J) is a ball} and the interior to be the open

subcomplex 5 =3-3.

I111.2.2., Lemma. Let x be a vertex of Mn, a combinatorial

n-manifold; then 1k (x,M") < bdy(St(x,M™)). 1k(x,M") = bdy(St(x,M"))

<==> x ¢ bdy(M™).

I11.2.3. Lemma. If x ¢ bdy(M™), then

bdy (ST(x,M")) = 1k(x,M") y (bdy (SE(x,M")) n bdy (M™).

I11.2.4. Lemma. Let M" be a PL manifold with vertices xl, ...,bxm.

Let A be an a-simplex, A € S(xt,(Mn)(l)) n §?Txt+1,(Mn)(1)). Then
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1k (A, 5T (x,, ™ 1)) and 1k(A,5% (x,,;, ™ (1)) are undefined, empty,
or (n-a-1)-balls, i = 1,...,t. In particular, A ¢ bdy(gflxt+1,(Mn)(1))}

and if A € EEkxi,own)(l)), then A ¢ bdy (ST (x, , (M By (M5,

* II1.2.5. Lemma. Given a combinatorial n-manifold M" with
. (@)) — n, (1), .
| vertices xl,...,xm, then S(xt,(Mn) ) n st(xt+1,(M ) ) is a
combinatorial (n-1)-manifold (possibly empty) which is contained in
n, (1) e n, (1) n, (1)
bdy (S (x,» M) 7))n bdy (E(x,,,, MM 7)), and S(x,,;, MM )
= S(xt,GMn)(l)) u EEIxt 1,(Mn)(l)) is a combinatorial n-manifold.

Similarly T(xt,(M )(1)) is an n-manifold.

Proof. The lemma is true, trivially, for combinatorial
O-manifolds. Assume it is true for combinatorial (n-1)-manifolds.
By Lemma II.22, there is a simplicial homeomorphism

£: 1kex,,,, MM D) — akex,, M) D

t+1’

defined on vertices by A. -—é-B., where A, = x X. 1 [I1.15] is

418y Lt

a vertex of lk(x l,(M )(1)) [11.15]. Therefore

- (1)
f(xi t+l) =X, a vertex of (1k(xt+1,M )) and, by Lemma II.23,
n, (1) _ n., (1)
EGSTCR y,q0 Ty, 01 00)) = ST, (kM) ).
lk(xt 1,M ) is an (n-1)-manifold. Let j(i), i = 1,...,J, be an
enumeration of the vertices of 1k(xt+1,Mn).

By the inductive hypothesis S(xj(J),(lk(xt+1’Mn))(1)) is

an (n-1)-manifold.

S (1k Mty 1)y - ’ ST( (k(x, .MM 1y
(X (J)’ (xt 1, ) ) = H S X )’ xt 1:
i, iZ{ St(x,, (k(x,, M) ).
[x sX, .] is a simplex of M"

t+1

Rt e
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f is a simplicial homeomorphism.

150, s (ki M) D)) = 1 () T, are, ™) D)
@) T o e

t+1°

. . n
[xi,xt+1] is a simplex of M

L n,, (1)
= 1_L—J1 £ (5T x;, (k.M )
[xi’xt+1] is a simplex of M
v h
- st(xi’t+1,(lk(xt+1,Mn))( )

i=1
[x.,x, ;] is a simplex of M"
1°7t+1 mp

= stx, M Dy n ST, oM D)

[Lemma II.18]

is an (n-1)-manifold.

SCr, M D) 0 5Tex,, 1, 0N D) < by, 07 D)) 0 bay GEe, L o) Dy
" [Lemma III.2.4].

Therefore S(x,, M 1) = s, 0 M) v T, 0 D)

is a combinatorial n-manifold by [ 9 ., Exercise 6.5.15], which states:

The union of two n—ménifolds intersecting in an (n-1)-submanifold

of their boundaries is an n-manifold. [J

II1.2.6. Definition [14 , Chapter III, page 13]. If KcJ are
complexes, we say K is full in J if no simplex of J-K has all its
vertices in K.

I1I1.2.7. Comment. If J is a simplicial complex and
S = {xl,...,xn} is a set of vertices of J, then

K = {0eJ|all the vertices of o are in S}
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is clearly a full subcomplex of J, and can be called the full subcomplex

of J generated by S.

I1I.2.8. Definition [14 , Chapter III, page 14]. Let J be a

complex and let X<|J| [II.8]. The simplicial neighborhood N(X,J) is

the smallest subcomplex of J containing a topological neighborhood of X.
It consists of all (closed) simplexes of J meeting X, together with
their faces.

Now suppose X is a polyhedron in a compact n-manifold M.
We construct derived neighborhoods of X in M as follows. Choose a

triangulation J,K of M,X. Choose now an rth derived complex J(r) of J.

Call N = N(X,J(r)) an rth—derived neighborhood of X in M. If r=1 and
K is full in J, we call N a derived neighborhood of X in M. A fortiori,
if r22, then any rth~derived neighborhood is a derived neighborhood

(r-1) g(r-1)

because K is full in .AIf J' denotes the first derived,

then N(X,J') = {_] st(x,J'), the union taken over all vertices xeK.

I11.2.9. Definition [ 5 , page 57]. Let X be a polyhedron

contained in the PL m-manifold M. NcM is called a regular neighborhood

of X in M if
(i) N is a closed neighborhood of X in M,
(ii) N is an m-manifold, and

(iii) N \ X.

The fact about regular neighborhoods which we will use is

[ 5, Theorem 2.11]:

Let X<M, M an m-manifold, X a polyhedron. Then any derived
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neighborhood of X is a regular neighborhood.
I11.2.10. Lemma. Let M" be a combinatorial n-manifold with
vertices xl,...,xm. Then S(xt,(Mn)(l)) n T(xt,(Mn)(l)) is an (n-1)-

manifold.

The proof of Lemma III.2.10 can be done as a generalization

of the proof of III.2.5 but, since the result is known to PL topologists,

I'11>just include the following proof of M. Cohen because of its elegance

and brevity.

Proof. Let K, A{OeMn]{vertices of o} c {xl,...,xt}} and

Ko = {oeM"]|{vertices of o} < {x

t+1,...,xm}}.
Then K; and K, are full subcomplexes of M, and every simplex of M is
uniquely the join of a simplex in K; and a simplex in K,.

Hence ™)™ = e, W, 0 @y v Nk, D, ™ @y ana
Nk B, 0™ )y = v @, 0m )y v D, 0y D,

Thus the intersection is the boundary of a regular
neighborhood in Mn, so that it is a bicollared (n-l)-mgnifold. Since
N D, oM W) = sex,, 0m D) and v D, 0 D) = 1ix,, 0m B,

we are done. [
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Section 3: PL balls
To apply Hudson's isotopy theorem [4, Corollary 3.1]
in my proof, I need to show that my map is a locally unknotted isotopy.

Results in this section are used for that purpose.

ITI.3.1. Definition [ 4, page 632]. (A,B) is a (q,m)-ball pair

if A is a PL q-ball, B is an embedded PL m-ball and either AnB=B (type 1)
or AnB is an (m-1)-ball in B (type 2).

We define standard (q,m)-ball pairs as follows:

Type 1. A g-simplex and the join of the barycenter to the
boundary of an m-face.

Type 2. A q-simplex together with thé join of the barycenter
to an (m-l)-fade.

A ball pair is unknotte& if it is PL homeomorphic to a

standard ball pair.

II1.3.2. Notation. Let 0 be a simplex; then Zo is the

suspension of ¢ and C(0) is the cone over O.

III.3.3. Definition [14 , Chapter IV, page 1]. The standard

(q,m)-ball pair is A%™ o (Zq-mAm,Am), where A" is the standard m-simplex,

and 4™ denotes (q-m)-fold suspension.
This is clearly the same as the standard (q,m)-ball pair,

type 1, of Definition III.3.1.

* 111.3.4. Lemma. If (A,B) is an unknotted (d,d-1)-ball pair,
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type 1 (type 2), and 0 is an s-simplex, then (Ax0,Bx0) is an unknotted

(d+s,d+s-1)-ball pair, type 1 (type 2).

d ,d ,d

* II1.3.5. Lemma. Let K, L., M be d-manifolds such that
k? and 19 are subcomplexes of Md, ol - Md, k3nd - (KnL)d-l, a

d d d

(d-1)-manifold contained in 9K n 3L%, and oM" n (KnL)d°1 is a

(d-2)-manifold. Then, for every vertex v in (KnL)d-l,

(EEIV,Md), E?Iv,(KnL)d-l)) is an unknotted ball pair, type 1.

Proof. EZIV,Md) = E?Tv,Kd) u EEYV,Ld);

stov, k)Y = 5T,k 0 ste,Ld);

stv, koYY ¢ k)9t < axd g a1,

Therefore E?Iv,(KnL)d'l) is a face of E?Iv,Kd) and EEIV,Ld).

There is a homeomorphism hj: E?Iv,Kd) —_— cd, a d-simplex,

such that hl| is a homeomorphism taking EEIV,(KnL)d-l)

st(v, k)4 Y

10 @ face of Ud'

Let T4 be a»d-51mp1ex such that O4-1 is 2 face of T4

to Od

and such that 6, n T, =04 ;.

. h; ) .
Extend the homeomorphism lst(v,(KnL)d-l) to a homeomorphism
hy: EEIV,Ld) —> T4

Define h: E?Iv,Md) —> 0, u T, by
§

- hy: 5T,k — o,

stk d

h — d
IEEIV,Ld) = hp: st(v,L’) — T4.
The definitions agree on the intersection, which is a

closed set, so h is a well-defined map. h is 1-1 since 04 0 Tq = 941"
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h is PL by Lemma II.21.

t, ez, qand-ly) GEEMY, 5t con? ) — @, v Ty, 0y )

is a map of pairs. (crd Uty Gd—l) is h?meomorphlc to (Zod_l, Od-l)
and is therefore an unknotted ball pair, type 1. Therefore

(;(V,Md), ﬁ—(v,(KnL)d—l) is an unknotted ball pair, type 1. O

* I111.3.6. Lemma. Let K, L, M, KnL be as in Lemma III.3.5, and
let T be a (d-1)-manifold contained in Ij(nL such that T n 3(KnL) is a
(d-2)-manifold. If v e 3T, then (?C_(V,KQL), st(v,T)) is PL homeomorphic

to (20,C(0)), where the cone point is one of the suspension points.

Part of the following proof is due to M. Cohen and i'eplaces

a longer proof of mine.

d-1

Proof. st(v,KnL) = D- ~, a (d-1)-ball;

Ad-l

g.t-(v,f') = , a (d-1)-ball,

KnL m KnL Eﬂv
\\‘~._.4’/} T
T
- - - — i
ad-2 = 9ad1 4 oapdl - ok w,m) U ST, Tad (KNL)). If v e int(KaL), then

ST(v, Td(KnL)) = ¢ and AY™% = 1k(v,T), a (d-2)-ball. If v e d(KnL),

then st(v, 'nd3(KnL)) is a (d-2)-ball.
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1k(v,T) n st(v, Tnd(KnL)) = 1k(v, Tnd(KnL)), a (d-3)-ball. Therefore

242 is a (d-2)-ball.

Choose a cone point p & pd-1, pd-1y C(SDd-l) =S

pd-1 o cand 1y = apd-1, ¢(and'1) is a (d-1)-ball.

nceptly = ad 1 o gpd1 o gad-l [ gpdtl C pd-2

Therefore A% v c(309"Y) is a (d-1)-ball.

d-1
, a

(d-1) -sphere.
Ad-l

pd-1_ @1 _ &1 d

A sl 41y cap?ly), a (d-1)-ball [14 , Chapter III,

Theorem 3]. Also, and-1 is 4 (d-Z)-sphe%e and A972 ¢ BAd'l, so

aad-2.49-2 55 (d-2)-ball [14 , Chapte% I1I, Theorem 3]. Therefore

T T |
A4t 0 o tadly - 9adlad72 55 4 (d-2)-ball.

Using methods from the proof of Lemma III.3.5, we find
h: (Dd'l, Ad-l, A@-ln(Dd-l_ d-1
d-2 _ Od-l‘

ad-1yy S Fod-l U Td-l’ o,Cl-l, Gd-z
1971, since o871 v 1971 is pL homeomorphic to

),

where @ n

0972 and o971 is pL homeomorphic-to C(od-l), we are done. [

z
* 111.3.7. Lemma. If K, L, M, KnL, and T are as in Lemma III.3.6,
then, for every vertex v in I', (st(v,M), st(v,T)) is an unknotted ball

pair.

Proof. If v € int T then EEIVQP) = st(v,KnL) and Lemma III.3.5
yields the desired result.

If v € 3T, (st(v,KnL), st(v,I)) is PL homeomorphic to (Zo,C(0))
[Lemma III.3.6]. By the proof of Lemma_%II.S.S, st(v,M) is PL homeomorphic
to I(st(v,KnL)). Therefore (st(v,M), §E$V,KOL), st(v,I)) is PL homeomorphic

to (20, X0, C(0)). |

Wm
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Clc) o
Xo
Bl
By techniques of the proof of Lemma A.2.8, (£%0,C(0)) is an

unknotted ball pair, type 2. O

IIT1.3.8. Definition. If M, N are PL manifolds and NcM, then

intM N, the interior of N relative to M, is the largest open set in M

contained in N.
bdyM N, the boundary of N relative to M, is equal to ON-9M.
clM N, the closure of N relative to M, is the smallest

closed set in M containing N.

* 111.3.9. Lemma. If il is a face of an n-ball B" contained

n-1

e n oM" c 3B , then there is a PL n-ball

in a PL n-manifold Mn and B

n-1 2nd such that if x e int = Bn_l,
M

B'™ ¢ M® such that B'™ n B™ = B

then B'" u B" is a neighborhood of x in M".

Proof. Let a € int B". Then B" is a regular neighborhood of a.

Let N be a régular neighborhood of B" in M". Apply [ 9 , Exercise 6.4.5,

page 129] with X={a} to conclude that N-B" is PL homeomorphic to

bdy _ B"XI by vu.
M

n-1
X

Define B'™ = p 1 (B ). O
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Section 4. PL n-isotopies and PL structures

None of the work in this section is original; it is a
selection of definitions and results from J. F..P. Hudson, all of

which are needed in my proof.

III.4.1. Notation [ 4 , page 631]. Let I" denote the n-cube;
that is, the subset of Euclidean n-space with coordinates t;
satisfying OStiSI for i=1,...,n.

Let M be a compact PL m-manifold in a PL q-manifold Q, not

necessarily compact.

I11.4.2, Definition [ 4 , page 631]. A PL n-isotopy of M in Q

is a PL embedding i: 1" —> Q?<In whiéh commutes with projections onto
the second factor. So, for each teIn, there is an embedding it: M—>Q

given by the relation i(x,t) = (itx,t) for all x in M.

I111.4.3. Definition [ 4 , page 631]. An ambient PL n-isotopy

of Q is a PL homeomorphism h: QXIn _ QXIn which commutes with the
projections onto the second factor and is such that hg: Q —> Q is the

identity (0 being the origin).

IIi.4.4. Definition [ 4 , page 632]. A PL n-isotopy i of M
in Q is allowable if, for some PL (m-1)-submanifold N of oM, i;l(BQ)=N
for all t in I, N may be empty and it may be the whole of 8M. A PL
embedding i: M —> Q is allowable if i !(Q) is a PL (m-1)-submanifold

of oM.
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I11.4.5. Definition [ 4 , page 632]. If i: M —> Q is an

allowable embedding, i is locally unknotted at a point x of M if there

are closed neighborhoods A, B of i(x) in Q, i (M), respectively, such
that (A,B) is an unknotted ball pair.

If i: M—> Q is an allowable embedding, i is locally
unknotted if it is locally unknotted ét every point of M.

An allowable n-isotopy i: 1" — QXIn is locally unknotted

if, for every simplex ¢ linearly embedded in In, 0 <dim 0 < n,
1|Mx0: Mxg —> Q%0 is a locally unknotted embedding.

I11.4.6. Lemma [ 4 , Corollary 3.1]. If i: MxI" — QxI" is
an allowable locally unknotted n-isotopy, then i may be extended to an

ambient n-isotopy of Q.

II1.4.7. Definition [ 5, page 76]. Let X be a topological

space. A coordinate map (f,P) is a topological embedding f: P —> X

of a Euclidean polyhedron P. Two such maps (f,P) and (g,Q) are compatible
provided that if f(P) n g(Q) # ¢ there exists a coordinate map (h,R)

such that h(R) = g(Q) n £(P) and f 'h and g 'h are PL maps. Equivalently,
we say that (f,P) and (g,Q) are compatible if f_l(g(Q)) is a sub-

polyhedron of P and g 'f: £ !(g(Q)) —> Q is a PL map.

II1.4.8. Definition [ S, page 77]. A PL structure F on X

is a family of coordinate maps such that
(i) Any two elements of F are compatible.
(ii) For all xeX, there exists (f,P) € F such that f(P) is a

topological neighborhood of x in X.
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(iii) F is maximal; i.e., if (f,P) is compatible with every map

of F, then (f,P) € F.:
If X is a'second countable Hausdorff space, the pair (X,F) is

called a PL space. (X,F) will sometimes be referred to as X.

I11.4.9. Definition [ 5 , page 79]. The PL space (X,F) is

called ‘a PL m-manifold if for all xeX there exists h: Am —> X with

(h,A™ e F and x inty h(A™.

I1I1.4.10. Lemma [ 5 , Lemma 3.4]. If (X,F) is a PL m-manifold
and CcX is compact,|then there exists (h,R) € F such that
(i) R is a combinatorial m-manifold, and

(ii) C < intX h(R).



Chapter 1V -

PL Fibre Bundles

This chapter contains the proof of the main theorem of this

paper.

IV.1. Definition [ 8 , page 319]. A function f from a space
X to a space Y is said to be proper if it is continuous and if for
every bounded set A of Y, £ }(A) is a bounded set of X.

The property of proper maps which I need is that for every

compact set C of Y, £ '(C) is a compact subset of X.

IV.2. Definition [ 8 , page 90]. A fibre bundle £ = (E,B,F,p)

consists of a total space E, a base space B, a fibre F and a bundle
projection p: E —> B such that there exists an open covering {U} of B
and, for each Ue{U}, a homeomorphism byt UF —> p ! (U) such that

the composite

v
UxF —2 p 1 (u) 2> U

is the projection onto the first factor.

IV.3. Definition. A PL fibre bundle is defined as the fibre

bundle of IV.2 with spaces and maps replaced by PL spaces and PL maps.

1V.4. Definition [11 , 1.1]. Let f be a map of M" (poséibly

with boundary) into NP. The branch set B, ¢ M" is defined by: x is an

f

element of M'-B. if and only if f at x is locally topologically equivalent

f
27
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s e n n P n .
to the natural projection map of E or E, onto E, where E, is (closed)

Euclidean half-space.

I modified this definition to define the branch set for a PL

map .

IV.5. Definition. If £: M —> N is PL then the branch set
of £, Bf c M, can be defined as follows: x ¢ M-Bf if there exists a
neighborhood Ux of x such that f(Ux) = Vx is a closed star neighborhood

of f(x), and if there exists a PL homeomorphism hx: Ux —_— BxxVx,

where Bx is a PL ball, such that

£y = moeh i U —> V.
x

Ux is called a trivializing neighborhood of x and hx a trivializing

homeomorphism.

* IV.6. Theorem. Let Mm, Nk be PL manifolds and let f: M* —> Nk

be a proper PL map with Bf = ¢. Then for every y in f(Mm) there is a
neighborhood Ny of y and a PL homeomorphism gy: f_l(Ny) —_— f-l(y) X Ny
such that
f -1
- = o « f N > N .
¢ ORI ) .

Thus, if Nk is connected, f is the projection map of a PL fibre bundle.
Proof sketch. The proof is done by building the neighborhood

Ny and the PL homeomorphism gy as follows.

In Section 1, I subdivide the fibre so that the star of any
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vertex is contained in a trivializing neighborhood [IV.5]. Now I take
the stars of these vertices in a derived subdivision. These stars then
have the property that they cover the fibre and fit fogether nicely.

In Section 2, I order the stars and, using a restriction of
a trivializing homeomorphism [IV.5.], define an appropriate PL
homeomorphism on a '"block" containing the first star. (See Figure 1.)

In Section 3, assuming a map g defined on a "block" containing

the first t stars (Figure 2), and a map h on a '"block" over the

t+l
(t+,1)st star (Figure 3), I use an isotopy extension theorem of J. F. P,
Hudson [ 4 , Corollary 3.1 ] to "extend" g, to a PL homeomorphism
on a '"block" containing the first t+1 stars (Figure 4).

In Section 4, I show that, when the function has been extended

to a "block" containing the fibre, the '"block'" can be shrunk so that

the function does satisfy the conclusion of the theorem.

Proof.

Section 1. Let y € f(Mm). Since f is a proper PL map, fnl(y)
is a compact subset of M" and [III.4.10] there exists (h,R) € F [111.4.8]
with (i) R a combinatorial m-manifold, and

(ii) £ '(@y) < int _ h(R).
11 y Mm

We shall identify R with h(R) and call h(R) a combinatorial manifold.
Then f—l(y) is a combinatorial manifold.

Let int U U ... Uint Un'be a cover of £ '(y). Suppose

f(Ui) = Vi’ a neighborhood of y, and suppose that there are PL balls
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(1.1) | B, = f-l(yP n U

and PL homeomorphisms hi: Ui —_— Bixvi satisfying the following
commutative diagrams:

uv. £ v.
i i

(A hi l ﬂz

B.xV,
ii

h, is chosen so that for each u in fliy) n U,
(1.2) h, (u) = (u,y).

This can be done, since Bf = ¢ and f-l(y) is compact.
Let (£ 1(y)): be a subdivision of £ !(y) which is so fine

that for all vertices x € (£ !(y))1, st(x,(f *(y))1) < int U, for some i.

Let (£ !(y))2 be a first derived subdivision of (£ !(y)):.
Let Vs eees Yy be the vertices of (f !(y)) . Define a function

6: {1,...,v} —> {1,...,n} by 6(j) = mih{iléitvj,(f'l(y))z) c intMm u; .

Then EEIvj,(f‘l(y))z)c intMm Ue(j) n (£1(y)).. Therefore he(j) is

defined on Efxvj,(f_l(y))z) and

he(j)(ngVj,(f-l(y))z)) = EETVj,(f'l(Y))z) x {y} < int x {y}.

Identify EEtvj,(f'lcy))z) with .
he(j)(gitvj,cf-l(y))z) = E?ij,Cf-l(Y))z) x {y} and, under this
identification, say

St -1 c i .
(1.3) st(vj,(f ))2) 1ntf_l(y) Be(j)’
Let

(1.4) Ky = SO, (£ ())2) and L = T(v,, (€1 (1)2)  [11.17].
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Section 2. Let W; = Ve(l)

Let N = hél(l)(s_t(m,(f-l(y))z) X W) with a triangulation that

and recall K; = st(vy, (£ 1 (y))2).

subdivides its cell structure.

Let g;: Ny —— K;xW; be defined by
h
g1 = 8|y ¢ N1 —> KXW,
1

Then g; is a PL [II.20] homeomorphism which satisfies the following

commutative diagram:

N; —f——> Wi

(B) g1 l ////<;1

Ky xWy

and for each u € £ '(y) n N;, g1(u) = (u,y). (See Figure 1.)

Section 3. Assume a PL homeomorphism gt N, —> Ktxwt

t

(N, < M, N, n £ iy) = K W, a neighborhood of y) such that the

t’

following diagram is commutative:

N fsw

t t
(€) ¢ [ /2

; Ktxwt

and such that for each u in f *(y) n Nt’

(3.1) gt(u) = (u,y). (See Figure 2.)
Construct Nt+1 and a PL homeomorphism 8e41’ Nt+1 —_ Kt+1xwt+1’
- . —1 - - -
where Wt+1 is a neighborhood of y, Nt+1 nf ) = Kt+1’ €i41 satisfies

the following commutative diagram:
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f
Newn T

t+1
(D) £i41 l /////il

KW

-y |
and, for each u € f “(y) n Nt+1’ gt+1(u) = (u,y).

In doing this, I use the PL homeomorphism
By e+1)* Ya(es1) — Boce+1) Vo (1) to Duild g .

First I create the situation pictured in Figure 3; then I
use Hudson's theorem [ 4, Corollary 3.1 ] to build the desired
map (as pictured in Figure 4). In the next few paragraphs, I adjust

the situation and find a map G to which I can apply Hudson's theorem.

t+1

The homeomorphism h satisfies the following commutative

0 (t+1)
diagram:
f
e(t+1) 6(t+1)
(E) h6(t+1) l ///////;Z
By (t+1) Vo (t+1)

(3.2) g (K, n ST, 1, E T2 x yH < € n Yo (te1)

Therefore HV a neighborhood of y, V such that

£+1° t+1'S Yo ra1)”

ge! (K, 0 STV, 1, (F100)2)) X Viyp) € Ugep1y = Botey By rrany)-

Let Mt+1 be a triangulation of the cell complex

hett+1)((EEIVt+1:(f_1(Y))2) X Vt+1))’ and

. Y -1
(3-3) he = hgeiny|u - P M TSt 1 (E T ())2) X V.

Then Megp 0 flly) = st(vt+1,(f_1(y))z).
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Restrict diagram (E) to:

f
Mt+1 Wi Vt+1

(") bl l ‘/////;:

STy, ET )2 x v,

This restriction of he(t+1) is| PL [II.20].
Let (S(Vt,(f-l(y))z))z be a second derived subdivision of
S(v,, (1 (¥))2) [II.14].
Let (Kt n Lt)z be a second derived subdivision of Kt n Lt and
(3.4) T, = NS, (' (1))2) nstlv,;,(E1()2), &K 0 Lo,
a derived neighborhood [I1I1.2.8] in the (d-1)-manifold Kt n Lt [I11.2.10].
We shall temporarily drop the subscript t from Ft, Kt’ Lt
for ease in notation.
Since T is a regular neighborhood [14 , Chapter III, Theorem 8]
in a (d-1)-manifold, T is a (d—l)—manifopd [14 , Chapter III, page 22].
Since T is a derived neighborhood, T meets the boundary
regularly [-5, page 65 1, ‘ and T n 3(KnL) is a
regulaf neighborhood ‘of S(Vt,(fil(y))z nigztvt+l,(f-1(y))2 n 3 (KnL)
in B(KqL), a (d-2)=manifold [III.2.10].

Therefore T n 3 (KnL) is a (d-2)-manifold [14 , Chapter III,

page 22].

Claim: T n 3(KL) = T n 8(£ 1 (y)).

True because T' n 3(KnL) < T n 3(f ' (y)) and
(3.5) T a3 () < KaL n a(f{‘(y)) c 3(KnL).
Therefore

(3.6) I'n QG Oy is a (F-Z)—manifold.
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By (3.5), T'n (3(f£ '(y)))s < 3(KnL) n T c 9T since T and KnL are both

(d-1)-manifolds. In fact, (3(f *(y)))u %s a subcomplex of 9T'; so
|

(3.7) T'n (3(£71(y)))y is a submanifold of oT.
IT] e k| = Istv, (ET1 )2 |-

Thasetora ITXW£+1| c IS(vt,(f'l(Y))z) xwt] = lgtCNt)l and gEl is

. 5 g
defined on T Wt+1.

Also, |T| e IN(S(v,, (£ (y))2) n SE(v,, (£ ())2), K|
< |5y, € oD
c lintf_l(y) Be(t+1)| [(1.3)].

Since g, (u) = (u,y) when u ¢ £y,

nt U

g.!(Ix{y}) = T < int Bo(e+1) © 0m Vo).

£ (y)

Therefore there is a neighborhood

"
(S8) Weer S W 1 Ve
such that |
-1 " .
(3.9) £, (T x Wt+1) c 1ntwm Ue(t+l)
and such that
(3.10) W¥+1 is PL homeomorphic to Ik.
3 . X 1" ‘
Define Gt+1' T Wt+1 —_— B60t+1) X Ve(t+1)

_ | - =1 ‘ . .
by Gt+1 = he(t+1) g Since g, and he(t+1) satisfy diagrams (C) and

1 " "
(E) respectively, Gt+1(P X Wt+1) c Be(t+1) X Wt+1.

Ug (£+1)

@) g%;//ﬂ By (t+1)

" Ul "
I‘><Wt+1 Gt+; Be(t+1)xwt+1

We shall now show that Gt+1 satisfies the hypotheses of the




39
corollary to Hudson's isotopy theorem [4, Corollary 3.1].

These are:

1) T is a compact PL (d-1)-manifold.

2) is a PL manifold.

By (£+1)

3) Gt+1 is a PL k-isotopy [III.4.2].

4) Gt+1 is allowable [III.4.4].

5) G is locally unknotted [III.4.5].

t+1

1) I' is compact because it is defined as a closed neighborhood

in a compact manifold [(3.4)]. T' is a PL (d-1)-manifold [(3.6)].

2) Be(t+1) is a PL d-ball [(1.1)].
o “1 - o
3) Since - and he(t+1) satisfy diagrams (C) and (E),
respectively, and W¥+1 is PL homeomorphic to Ik [i(3.10)],
: " " s : B T
Gt+1' I' x Wt+1 > Be(t+1) X wt+1 is a PL k-isotopy.
1" = oo "
4 Cppr (T X Wiig) = Mg eanyBe) (T X Weip)
i 3.9
= he(t+1) (1ntMm Ue(t+1)) [( )]
c int B x V .
- 0 (t+1 o (t+1
£ 1(}’) ( ) ( )
Therefore, since Gt+1: ' x W¥+1 _ Be(t+1) X W¥+1 is a PL

k-isotopy, in particular Gt+ is an embedding, and must preserve

1
boundary points: (Gt+1);1(8B9(t+1)) =T n 3f ! (y), which is a (d-2)-

submanifold of 9T [(3.7)]. Therefore Gt+ is an allowable isotopy [III.4.4].

1

1 T x W¥+1 —_— x W is locally

5) To show that G, Be(t+1) £+
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unknotted [III.4.5], I must show that, for any s-simplex % linearly
embedded in W¥+1 and any point (y,0) € T'xZ, there are closed
neighborhoods A, B of Gt+1(Y,0) in Be(t+1) X 2 Gt+1(PXZ), respectively,
such that (A,B) is an unknotted ball pair.

Suppose (Y,0) is a point of TI'xI where ¥ is linearly embedded
in W¥+1. Then there is a vertex v of I'' such that st(v,I'') x £ is a
closed neighborhood of (Y,0) in I'XI. Also, st(v,(f '(y))s) x T is a
closed neighborhood of (y,0) in £ !(y) x I. |

By Lemma II1I1.3.7, (st(v,(f '(y))s), st(v,I'')) is an unknotted
(d,d-1)-ball pair.

By Lemma III.3.4, (st(v,(f *(y))s) X I, st(v,I'') x I) is an
unknotted (d+s,d+s-1)-ball pair.

We shall now build an appropriate PL ball pair (A,B) and a
PL homeomorphism h_: Gtv, (f 1 y))s) x I, st(v,I'') x £) —> (A,B),

showing thereby that (A,B) is unknotted.

st(v, (£ 1 (y))s)

EEIV,(Kt)s U (Lt)s)

E(V: (Kt)3) u -S_E(V’ (Lt) 3) .

st(v,(K)s) x T is a PL (d+s)-ball. st(v,(K)s) X I < K x W/ ,

< kK x W [(3.8)],
the domain of ggl [diagram (C)].

g, (ST(v, (KJs) x I c g l(stlv,(K)a) x W )

< g GEW, (KJ3) x V) [(3.8)]
c ggl(ﬁ'(v“l, Kt) X Vt+1)
< USceay | [(3.2)]

= Rgtea1) Bo(ee1) * Voer1)):

Therefore can be defined on EEIV,(Kt)g) x .

-
he(t+1) &t
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D i — 0—1‘—— ————
efine fv he(t+1) gt : St(V,(Kt)g) X\ > I.

B (t+1) *
Then £ is an embedding, f&(gixv,(Kt)3) x I) is a PL (d+s)-ball, and
fv: gitv,(Kt)g) X L >—>> fV(EEIv,(Kt)g) X Z) is a PL homeomorphism.

st(v,(KnL)3) X I is a face of EEIV,(Kt)3) x % because (KnL);
is a (d-1)-manifold [III.2.10] contained in 8(Kt)3. Therefore

fV(EEIv,(KnL)g) X I) is a face of fV(EEtv,(Kt)g) %),

) d+s :
By Lemma III.3.9, there is a PL (d+s)-ball B c Be(t+1) %
d+s

such that B n fV(EETv,(Kt)a) XiZ) B fv(ETIv,(KnL)g) x I).

%

Extend

3
v

STy, (KnL)s) x §° SEOV, (Knl)g) X & —> £ (E(v, (KnL)s) x I)

. — d
to a PL homeomorphism g,* St(V,(Lt)a) x § —> B°*° [14, Chapter III, Theorem 2].

Let h_: SV, (1 ))s) ®* B —3 By (t+1) ¥ be defined by
h LD e 1! -
M g?IV,(Kt)s) % B fv' St(V’(Kt)3) x L i fV(St(V:(Kt)a) X 1),
il - g.: TEov, (B0 4z Lo B3,
STV, (L)s) x £ - By' SFUVa el

Then hV is a PL homeomorphism.

{hv, iy ]: GEW, (£ () $)*E, SE(v,T")xE)

st(v,I'')xZ

—> @*huE, BT, (K3)xD), £, (GE(v,T)xD)

is a map of pairs.

f h og. ! 6
Vlrxz = 9 (t+1)° 5t |sz = t+1[rx2'

By Lemma III.3.9, Bd+s U fv(E?IV,(Kt)3) x ¥) is a neighborhood

of fV(Y,O) = Gt+1(Y,c) in Be(t+1) X 18

. f gLl e == b
Since V‘E?IV,T')XZ' st(v,IHxE > fv(st(v,F )52) is a
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homeomorphism, fV(EEIv,r') X I) = Gt+1(§Etv,r') x I) is a PL neighborhood
of £ (v,0) = G, ,(v,0) in £40'x3) =16, . (1'*x5).
. d+ —— —
since (B> u £ (ST(v, (K )s) X I), £ (ST(v, (K )s) X I)) is
A t v t
PL homeomorphic to an unknotted ball pair, Gt+1 is locally unknotted.

We have now proved that G satisfies 1)-5), the hypotheses

t+1

of Hudson's isotopy extension theorem [4, Theorem 3].

We may now apply the corollary of the theorem to find an ambient k-isotopy

1 . " ”
extending Gt+1'
i : : " -
Since Ht+1- Be(t+1) % Wt+1 9(t+1) Wt 1 is an ambient
isotopy,
H! : o d: b ' . .
t+l Be(t+1)X{w'}' Be(t+1) x {w'} > BE(t+1) x {w'} is the identity,

where w' is the point in the boundary of W! corresponding to the point

t+1
k
(0,0,0,...,0) of I,

(H£+1)y: Be(t+l) Be(t+1)’

), (b) = mieH! . (b,y), is a PL homeomorphism.

defined by

(Ht+1

Define a layer preserving PL homeomorphism

. 1"
Hoo1® Boceeny|™ Weba 11 Bofeeny ™ Meu1

by H,,, = ((Ht+1)' x id)e(H! ;). Then

He, (5y) = ()00 X dd)e (] ) (b,y)
= ()" X ad) ey, ) x 1) (b,y)
(3.11) = (b,y).
Let ﬁ' he(t+1)(B9(t+1) W; 1). Recalling that
Gt+1 N he(t+1)°gt. TXW¥+1’ we now have the fqllowing commutative diagram:
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-1
g
t |rxwn h
" t+l — 0 (t+1)
T'xW —_—_— e Nl e "
t+1 , Ues1 il T T
(H) nces H
Slon t+1
o B "
0 (t+1) W1
“q
. g L= Lo —_— o
Therefore t.,TXW¥+1 = he(t+1) H _,,°inclusion: DA Ui,y
or
(3.12) gt | =ht oH ! .
t |PXWE+1 O(t+1) t+1 PXW¥+1
Let
= Tt
3,35 Verr = Bp (t+1) a1

(This is the map we need to "extend" g, to a '"block" over the (t+1)St
star; see the proof sketch.)
"l K, x W . —> M" is a PL embeddi
g, : K I is a embedding.
Vypp? gztvt+l,(f-1(y))2) ol AR aed M" is a PL embedding.

(K, X W) 0 (E,,  (E7100)2) X Wi, ) = (K, 0 SE(v, s (£ ())2)) x Wy,

clT x W:é_*_l [(3.4)].

i) . = h]! o1
8t i T e (e+1) t+1|FX¥¥+1 [(3.12)]
= Vo1 | mawn [(3.13)].

t+1

Therefore ggl and ¢ agree on the intersection of their

t+1

domains, a closed set, so they give a well-defined map
. F -1 1"
Yoot (Ko U ST, (ETTO)2)) x Wy, —> M,

1 t

. "
Year® Kpan % Wi — (M

Since Kt+ = K v E?Ivt+l,(f_1(y))2) [1.49)],

Yes1 satisfies all the conclusions of the theorem, except

s i . 2 "
that it may not be 1-1. We now find a neighborhood Wt+1 of y, Wt+1 c Wt+1,
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such that Yt+1 K

t+1xwt+1 is 1-1.i
|
]
|

1) Let vy = Yt+1' Yth+1X{y} is 1-1 because

(8] Gy) = [(3.1)], or

|
b -1 on-1
Verr G6Y) = By oHeyy ()

(3.14)  y(k,y) = A .
=h (e+1) 57) [(3.11)]

L =]§ [(1.2)].

i
i
i |

|
Now we shall show that khere is a neighborhood W c W
t+l t+l

of y so that Y is 1-1.

t+1xwt+1

|
j
¥
If y(k1,s1) = Y(kz2,52), then s; = s, because y is a layer map.
I

2) Suppose that in every néighborhood of y there are distinct points

(k1,s) and (k2,s) such that Y(kl,ﬁ) = Y(k2,s). Then there is a sequence
I}

{sn}, s > Y, and points (pn,sn) T (qn,sn) such that Y(pn,sn) = Y(qn,sn).

We may suppose P, > P and q, > q.yThen Y(p,y) = Y(q,y) and p=q is in

K, 0 SE(vy, . (£ ())2). i

Ht+1°h6(t+1) is defined on a neighborhood of K n gEIvt+1,(f—1(y))2)

Therefore § = Ht+1°h9(t+1)°Y is defined on an open neighborhood

— -1 ol )
N Of (Kt n St(vt+1,(f (y))z)) X {’L\Y} in Kt+1 X w¥+1.

Let V be a derived neigﬁborhood of K. n E?Ivt+1,(f-1(y))2) in

Kt u st(vt+1,

Then § is defined on VxW,

!
(f71(y))2) and W a n?ighborhood of y such that VxW c N.
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8 P 2
Vst ,(E1(3)2)) x W

Hei1 B et Y

|(v nStv, s ETO)2)) x W

o 0—1 o-l
By 01T (e41) P ce1) Heaa

(3.15) = identity.
3.16 § = i 1 = ol 7 | = & .
( ) W identity, or 6 W Ht+1 he(t+1) 8 | rxw identity
[(3.12)].
Y is a layer map and Ht+1°h6(t+1) preserves layers, so § is a
layer map.

(3.17) Let X =V n EEIvt+l,(f-1(y))2), a finite polyhedron,

and Y = cl(bdy _ (Vn Kt) - [111.3.8].
£ (y) |

Claim 1: Y n (K_ 1 EEtvt+l,(f‘1(y))2)) = ¢.

. | —— -1 p
Let x be a point of Kt n st(vt+1,(f (¥))2). Then x € 1ntKnL T.

Let A = bdyf—l(y) (VnK). Then x € int A, because VnKnL c A

KnL
and V is a derived neighborhood of K n EEIvt+1,(f‘1(y))2),

hence of x. S;nce (int A)n(lntKnL k< 1ntA T nint, A,

KnL T

X € intA T'. Therefore x cannot be in the closure of A-T.

Claim 2: Y N EEtvt+1,(f‘1(y))z) S| (R -T) 0 EEIvt+1,(f'1(y))z) =0,

Therefore YNX = Y nV n EEIVt+1,(f-1(Y))2)

1]

6 U (Y 0 STV, (3)2) [Claim 1]

¢ [Claim 2].

Y 0 (K U ST, s (£ (30)2)) 0 ST, (7 ())2)
Y0 (K, N ST, (T O0)2)) U STV, (T ())2))

(N (KN SE(v, ;5 (E71 0D 2)))ul0n SE(v,, 15 (E7 (1))2))
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For u e W, Gu: V—> Be(t+1) can be defined by Gu(x) = Mol (x,u).
Gy(V n Kt) =Vn Kt # X. Therefore, by continuity, there is a
neighborhood of y (which we assume is W) on which 6u(V n Kt) # X

for all u in the neighborhood.

§, (V0 KD n 8 (Vnstlx,, , E1())2))

8,0V N KD 0 (V0 SECx,, 5 (£ 0))2))  [(3.15)]

8,0V n K) nX [(3.17)].

Claim 3: If Gu(V n Kt) n X # ¢, then Gu(Y) n Xz ¢.
Proof. Let x € (Gu(V n Kt) n X) - Y. Then
i) xeT,
(ii) x € 3f (y), or
(iii) x € int(VnK).
(i) is impossible because Gu = inclusion [(3.16)].

T

(ii) Gu VnKt is a homeomorphism. Therefore Gu(x) € Bf_l(y) n X and
gdx' € int(VnK) such that du(x') e X - Bf‘l(y), and we may limit our
attention to (iii).

(iii) If Gu(x) e 90X, then, since 6u is a homeomorphism, gx' e int(VnK)

Y
such that Su(x') € int X. Therefore we may suppose Gu(x) e int X.
X is a regular neighborhood of the ball Kt n E?Ixt+1,(f-1(y))z) in
§fIxt+1,(f—1(y))z). Therefore X is a ball [ 5 , Theorem 2.11].
Since X #léu(v n Kt), da point z in int X - GU(VnK).

Join Gu(x) and z by an arc o in int X, an open ball.
dr ¢ (image o n B(Su(VnK))) since Gu(VnK)'is a ball. r € int X.

Therefore T ¢ §,(V n 9f ' (y)) because the homeomorphism § takes

boundary to boundary and * Gu(F) since Gu His identity.
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Therefore r € Gu(Y), Gu(Y) n X # ¢, and we have proved Claim 3.
We have now shown that if 6u is not 1-1, then Gu(Y) nX=9.

Since Gy(Y) =Y, dy(Y) n X = ¢. Therefore, since X and Y are

compact, 4 a neighborhood W of y which is sufficiently small so that

u € W implies Su(Y) nX=¢; i.e., Gu is 1-1. Therefore § vxy 1S 1-1,

and Yy is 1-1.
[k, oo

Let W = W. We have now found a neighborhood, Wt+1’ so that

t+1

Y is 1-1.
t+1|Kt+1th+1

By Lemma II.2.1, Yes1lkl i is PL§

t+1 t+1

m
Let Nt+1 = Yt+1(Kt+1 X Wt+1) @M

< i s
(3.18) 841 = Yea1® Eg41 1S PL.

Then SRR Nt+1 —_— Kt+1 X Wt+1.

3 = o) = d satisfies
Newr M 8700 = Yoy (R X Weap) D E DD = Ky and g, s2
the following commutative diagram:

f 3
Nt+1 wt+1

(I) gt+1 /Tz

K W

t+1x t+1

Also, g, () = v (u) [(3.18)]

(u,y) [(3.14)].
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Section 4. Letting t

V, we now have Nv c Mm,

Nv n f_l(y) =K =f 1(y), W,, a neighborhood of y, and a PL homeomorphism

B Nv Kv X Wv with gv(u) = (u,y) satisfying the following
commutative diagram:

f
—_—
N\) W\)
(J) g\) l Mo
KVXWQ
Vo b

X ﬁﬁ) is open in h(R) and therefore in M". Therefore there is a

neighborhood of vy, Wb, such that f'l(Wb) (e Kv X ﬁv and, in fact, by
continuity, f—l(Wb) = Yv(Kv

1
X WQ)'
P — £°1 uny g L il L z
Let Nv = f (Wv). 29 Vg I(WG). gy 1is PL [II.20]
't N' —> K. x W' is a PL homeomorphism satisfying the commutative
g\)\) V V P
diagram:

£

1 1
Nv —_ Wv
1
(X) &y l /172

1
K\)x w\)

Therefore f is locally trivial and, if Nk is connected, f is the

projection map of a PL fibre bundle. [I



Chapter V
Codimension 1
i
J. G. Timourian proved a result similar to Theorem IV.6

for a map between topological manifolds when n-k = 1 [11 , 2.1].

|
His proof can be modified as follows [V.3] to yield Theorem IV.6

|

in the special case n-k = 1.

V.1. Definition [12 , page %0]. Amap f: X —=> Y is

monotone if f !(y) is connected for gvery ¥ € Y.

V.2. Lemma. Let Mk+1, Nk beiPL manifolds and let

k+1 k

f: M ——> N be PL, monotone, and Rroper, with B, = ¢; then; for

i3
every y in Nk, £fl0y) = ¢ or £ 1(y) is PL homeomorphic to Az’ the
boundary of a 2-simplex, or to I = [O;l].

Proof. £ l(y) = ¢ ==> f_l(y] is a cell complex of dimension
1 which is a manifold and therefore homeomorphic to S' or I. By the
Hauptvermutung, which is true in dimeﬁsion 1, £ !(y) is PL homeomorphic

to A2 or 1. O

* V.3. Theorem. Let Mk+1, Nk be PL manifolds, and let
g: Mk+1 —_— Nk be a proper PL map with Bg = ¢. Then for every y in
g(Mk+1), there is a neighborhood Ny of y and a PL homeomorphism
: g ! —> g l(y) x h that g| - = Maog : £ T(N) —> N_.
g, g (N) g ') x N such tha glg o) 2°g, )

4 y
Thus, if Nk is connected, then g is the projection map of the PL fibre

k1! .k =
bundle (M, N°, g 1 (y), g). ‘
I

49
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Proof: By a simple modification of [10 , (2.3)], there is a
factorization of g into hef, where f is a monotone PL map and h is a PL

covering map. Since h is a local homeomorphism, Bf = ¢ and it suffices

k A i |,
to show that f: M L Sl Nk satisfies the condition: for every y in

f(Mk+1) there is a neighborhood Ny of y and a PL homeomorphism

: fFImN) — £7? x N_ such th £ £l - = Mpog : £ I(N) —> N .
g, ( y) ) | Sme a £ (Ny) | T2°g, ( y) -

Let y € f(Mk+1). By Lemma V.2, £ !(y) is PL homeomorphic to
A? or I. Let {ﬁx} be a covering of f !(y), where Ux is a neighborhood of x.
Since Bf = ¢, Ux can be chosen so that there are homeomorphisms hX

which satisfy the following commutative diagrams:

£ TR
U, ol 4@ 00 ¥

X
(L) hl/

Let ﬁx1 U owud B ﬁxn be a fiﬁite subcovering such that
6x_ n ﬁx. n £ 1(y) is empty if j ¥ (i-1, i, i+1) mod n, and
ﬁxi n f_}(y) z ¢. Reﬁame the PL homeoﬁorphisms hi: Uxi — V;i
If H is a PL homeomorphism, H: f—l(y) —> I, then reindex

so that H'1(0) <0, H''(1) <0_ .
X3 X

n n
Let W be a neighborhood of y such that £ '(W) < | | U, .
‘ i=1
Let V. = f (W) n U_ . Then the following diagram commutes:
X; X3
. v
X
i
M) hi‘v l ////i:
, X.
1 |
WxJ

Let (N); be a subdivision of‘Nk which includes y as a vertex.
11 |
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Let Ncl) be the barycentric subdivision of (N);. Let N(b) be the

(b-1)

barycentric subdivision of N . Let E?{b)(y) = E?Iy,N(b)).

_ [4 if £1(y) is homeomorphic to I,
Let i = i) A
i mod n if f ! (y) is homeomorphic to AZ.

Then there is an integer N such that for every i = 1,...,n with

\' nV # ¢, there is a t. in J such that
X i Xi—_l- |

1 GEN axde, b < vy, 0 Vy | ond 1E™ )] < [ul.

This is true because:

-3
f () n Vx. n Vx. = b
i i-1
Since V= h;l(w x J) there is a t; such that
i
~i
f (y) n Vx n @x

n h;l(w X‘{ti}) z .

i i-1
v ¥ is an open set containing
X. B e ‘
1 i-1
- L |
f W) n vxi n vxi—l nh (W x {ti})‘

as ST ) >y, nPGE® ) x (5,1 > hT oLt
Since V. n V is open, there is an N. such that
X; X7 i

gl -1 () 8
b > Ni implies hi (st 10D > {ti}) = in n vxITT.

Choose N such that b > N implies Ez{b)(y) c W.
Let N = max(Ni,N).
Let T.: U x [-1,1] —> U_ x [-1+t.,1+t.] be defined by
1 Xi Xi 1 1
(Z,t)'H (Z;t+ti)'
Let h. = T.oh,.
1 1 b |

Without loss of generality, we may assume ti = 0 and

nloﬁioﬁi;i(EE{N)(y) x {01 > 0.

Look at the following diagram of PL maps:
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T ey 2

) =) (y)xJ h_;_1_> Ml £ 4 ()
: h
n

TN (yyxg

This is a one-way tree in C [14 , Chapter I, page 7 and

14 , Chapter I, page 10]. Therefore there is a simplicial subdivision

[14 , Chapter I, Theorem IJ:

hi!
—(N) F k+1 £ )
(0) (st _(y)XJ)z—i—> M )y —> (NT),
g |

i h
n
G <, 21

st (y)xa),

Recalling diagram (L) and restricting H;—l to (EE{N)(y) X J)i, we have

the following commutative diagrams:

oD 2 Iy,
(P) h?ll

1 M

&N v,

. =] . oid s . . o L
Since f and hi are simplicial, m; 1is simplicial.

Let (E?{N)(y))l = EEIy,(N(N?)l) and restrict diagram (P) to:

e EM e 2 EwM o,
Q) thl

1 my

*(GE o)) 4

If £ }(y) is homeomorphic to A2, let Wi = h;l(GEE(N)(y))lx{O}).

If £ 1(y) is homeomorphic to I, let
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ey = hil((?f(N) {0 ) & 1 2, ..., n;
W, = hIl((EE{N)(y))I X hi(e1)), where H(ey) = 0;
Wn+1 = h;l((EE{N)(y))l X hn(eZ))’ whetel Hies) = 1.

Look at the following picture for the case of the line:

This picture looks as it does at the ends because the e, are

not branch points.

W. u We g separates f_l((E?{N)(y))l).

Let L. = W. u We—- u the component of (f-l((gf{N)(y))l) -
i i i+l

(Wi u WI:TJ) which lies in in.

b, : hH(CGE™ 1)) —> (GED (¥))1x3); is a simplicial

homeomorphism.

- h oh~! (sx(N) L1, I i .
hi(wi+1) = hi hi+1((st (y))lx{O}).hi hi+1(x,0) = (x,ti(x)) by diagram
(L). Since hi’ hi+1

hi(wi+1) is the graph of ti; Therefore every p-simplex of hi(wi+l) is the

are simplicial, ti: (EE{N)cy))l —> (I); is simplicial.
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join of a unique point q = (y,ti(y)) with a unique (p-1)-simplex T of

hy (£ (GEC) (10)1) 0 by W, ). Let B, = (, (L)) n (GE™V 1)), x ).
Define g, : h, (L) —> GTM™ (y)); x [l—i i] Akt £l Tows :
Ei(x,O) (x,———J for|dllix € (st( )(y))

Ei {y}X[O t (}’)] : {}’} * [O,t-()’)] ' I T {}’} % [':'L:_]:':'l—] is given by

(y,0) ~— (y,———), (yst; ) = (y,-—), and extend linearly.
Let x € st( )(y) We have already defined g (x,0) = (x iila,
gi(x,ti(x)) = (x,ﬁa. Extend this linearly to a map

i ({x}XR)nB

: ({x} x@)iq B —> {x} x [E_l.ii

Now E; has been defined on all the vertices of hi(Li) and can be

extended linearly. Notice also that the following diagram commutes:

h, () B2 &M ),

(R) Eil' 5
Gt nax LA

Define u: (ST (y))1 x I —> GEC) (y)); x A% by

4| GEM (y),x[0,47 = 1 GECOODI0,H —> GECD (10):x[(0,0), (1,001,
) )
u (St( )(}'))1"[3,3 = Up: (St (Y))lx[3,3] e (St (Y))lx[(l,O),(O,l)],

(N de (N
9 @™ () 21y = et GE D1 — GEV 59)ax[00,1), 0,001,

where uy is the identity on the first component and linear on the second.

124

If £73(y) = I, define g2 £ 1 (GT™ ))1) —> GT™ (v)),1x[0,1]

OF Bl SRy g, ¢

0

If £71(y) % A2, define [g: £71(GT) 0))1) —> GTN (1)) 1xd2
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by g Li = uogiohi Li.

g is a PL homeomorphism%

Since E& satisfies diag#am (L) and since n1o§; = m; and

\
Tieu = M1, the following diagram commutes:

|
£ EN e L EM o

(s) El

GEM ))x£7 )
|

Therefore f is locally trivial at y and, if Nk is connected,

m

f is the projection map of a PL fibre bundle. [l




Chapter VI

Non-manifold Possibilities

While the proof of Thearem IV.6 relies heavily on the fact
that the fibre, f—l(y), is a manifold, the fact that the range and
domain of the function are manifqlds is needed only to satisfy the
hypotheses of Hudson's n—isotopy%ektension theorem [4, Theorem 3].
If this theorem were replaced by one with the n-simplex replaced
by a simplicial complex, then the proof in chapter IV would yield

the following generalization of Theorem IvV.6.

VI.1l. Conjecture. Let M, N be PL spaces and let f: M ——> N
be a proper PL map with Bf = ¢ and f1(y) a PL manifold. Then there is
a neighborhood Ny of y and a PL hdmeomorphism g, f-l(Ny) —_— f_l(y)xNy

such that f = Tpog : £} N —> N .
2 gy ( y)

=1
f (Ny) P

It is natural to ask wﬁether more information can be obtained
by looking at a much more general version of Theorem IV.6, where M, N,
£ is modified so that

it doesn't force any nice manifold-like structure in either the domain

and f !(y) are PL spaces and the definition of B
or the range.

VI;2. Definition. If f: M —> N 1is PL then the branch set
A S L S | Lol A RS

of f, Bf c M, can be defined as follows: x € M—Bf if there exists a
neighborhood Ux of x such that f(Ux) = Vx’ a closed star neighborhood

of f(x), and if there exists a PL homeomorphism hX: Ux _— Bx x_Vx,

4]

where Bx is a simplicial complexPWsuch that f = nzohx:.Ux > Vx'
|l X

I
| 56



With this new definiti

very general.

VI.3. Conjecture. Let I

is a proper PL map with Bf = .

on of Bf,

57

the following conjecture is

M, N be PL spaces. Suppose f: M ——=> N

Then for every y ¢ f(M), there is a

neighborhood Ny of y and a PL homeomorphism gy: f-l(Ny) _— f_l(y)XNy

such that f s £l

£ () T Ty

f is the projection map of a PL

The proof of Theorem I

also a proof that Conjecture VI.

VI.4. Conjecture. Let
f: K; x st(y,L) —> K, x st(y,l

Then there is a neighborhood Ny

(Ny) —_— Ny.

fibre bundle.

4 implies Conjecture VI.3.

of y, INyI c |st(y,L)|, and a PL

homeomorphism H: E?(y,Kz) X Ny

Htoft(x) = fy(x), i.e.,|Hof(x,E)

VI.5. Counterexample t

> ST(y,Kp) X N, which satisfies

= (mef(x,y),t), Vx e st(y,K,),

0/VI.4. Take K; = p, a point; K,=

four intervals meeting at the po

by

o

by

y = 0, st(y,L) = [-1,1]. Defing

£(p,t) = ((1-t)a+tby,t) if t e |

it a:

/;//bl

by
f§ p x [-1,1] — K, x [-1,1] by

Ki, Ko, L be simplicial complexes.

t e

0,11, ((1-|t]ar|t]br,0) if ¢ e [-

Thus, if N is connected,

V.6, with some minor modifications, is

Let

) be a level-preserving PL embedding.

N 1
Y

4

[ 2,51,

1=1

18],



o

s

Although Conjecture W‘Q1 “;

Conjecture VI.4 implies Conjec:umhij‘

general case of Theorem IV.6. It

hypotheses, Conjecture VI.4 will

of Conjecture IV.3.

!
it
i

, it and the fact that
of interest because they

eded to prove a more
|
1affwith some added
1l A

will imply a version

I} 1\
R
o
[ ¥
1 K
l
i
|
A
I 1
|
| |

58



A

The appendix consists

main body of the paper and lemma
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ppendix

i |

| |

of proofs of some of the lemmas in the

s needed for the proofs.

I felt that putting th

esk proofs iﬂ the main text would have
1 [

added unnecessary complication but include them here for the sake of

completeness.
Section 1: Proofs of some lemmas

A.1.1 (Lemma 1I.10). I
st(A,L;) = ¢, and St(A,L,) = ¢.
i) Let A ¢ L; n L,.
Let B ¢ EEIA,Li). Then
A<C, B<C. Since C e L; u LBl
st(A,L;) u st(A,L,) clSt(A,L{ |
Let B e st(A,L; u L,
such that A < C and B < C. Since
A el nL, c Li' Therefore B ¢
Therefore EEIA,Ll u Ly) < st(all
ii) Let A ¢ Li - L,

j
st(A,L;) u STi(A,L;) 1B

Let B e st(A,L; u L4
such that A < C and B < C. Since
complex, A is not a face of any

B ¢ —s—t_(A,Li) and st(A,L; u Ly)|id

i | |
, J i

in Chapier T

|

fﬂA £ Ly u LQ, then st(A,L; u Ly) = ¢,

| |
ﬁhere i§ a simplex C of L, such that

B ¢ st(A,L; u L,). Therefore

. | ‘

| i
|

Then there is a simplex C of L; u L

C e ngu Loy C € Li’ i 1 ox 2.

ST(A,L;) < ST(A,L1) U ST(A,Ly).
|

1) U ;dA,Lz] .

‘U(b}

here |
!

il

E'.E(A,Li); 4iSt(A,L; u Ly).

Then t s a simplex C of L; u L,

L. and L

] is a simplicial

ﬁ is ndt in
I |

|

ST(A,L;) U SE(A,L,). O

j

i
simplex of L.. Therefore C * Lj’ C e Li’
[l E




A.1.2 (Lemma II.11). L
|
simplex C in L; n Lz such that 4 #®(C, Bl C.
Ii
and st(A,L; n Lp) < st(A,L;) nlSELA, L)

Let B € st(A,L1) n st(

and C, in L, such that A < Ci, 3

i
of C; and Ca. A < Cy:n Cy, and B\

Therefore B € st(A,L; n Ly) and |

A.1.3 (Lemma II.16). éince K(l) is

(1)

n

of K, every simplex A of K i

b

< A.p and Aj is a simplex of
E?(xl,xm) = {A ¢ K(1)|HB e K
= A .m0l
EEIXZ,Kcl)) = {Bo o all Bq € K(l)

Since x; # X2 and sinc

(1)

for a simplex of K must alway

l
- J
.A A~ ] (1) s/\ A
xle 4% A.p % st(x2,K*"7) and xéBR Tﬂ %
Efle,K(I)) n gEIXz,K(l)) =‘{C % CO .[Cr €
\ :
1£ 5t0a, kM) o sEEpk™) 20,

satisfying x; < Co and X2 < Co.

| !
—— ——‘ [
simplex of K. st(x1,K(1)) n st(TZ,K(l))[
oA ~ | i
=1 ... c_ 4iE®)|x
= {Co C_ e K(l)l[xlf,XZ]
. ~ ~ | A ‘[ ~
1k(x2,1<(1)) = {D .0, « KWidn 40
0 2 kol | g
xax1,2 € KU, s0 xplp e 1k(X2;K(})) SE(x1,
_ )i A ~ (1) | | | A
= {D = D ... Dy c 1k (x2,K )|_HE =E|.

A,L;). Then
<;C1,Ai<c

<;C1 n éz. 0

of the form

)

et B € ::E(A,Ll n L2).

K, j=0,v..,p.
(1

.
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Then there is a

\ P
' Since C € Li’ B € st(A,Li)

there are simplexes C; in L;
1
2, B<Cya. C; nCy is a face

1nCZisinL1nL2.

ST (A,L1)l n SE(A,Ly) < st(A,L; n Lp). O

a first derived subdivision
A A . A where A <A <
gl P 0 1

s have dimen

Therefore [x

: x1 < B and A < B}
A =x lor x A . A_is a simplex of k(3.
0 1| 10 D
Bll ='x Jor xiB . B is a simplex of K(l)}.
0 2 20 q

e the second simplex in the expression

sion at least one,

K(l)).

E%le, Therefore
Kcl)lxlc € Kcl) and x,C € K(l)}.
there is a simplex Co of K

15X2] < Cp and [x3,x2] is a

and x, are both vertices of Co}

< Co}.
€ K(l)}.

obl 1 (x2, k(D))

A

I

€ 1k(X2,K(1)): %1, < BUD < Bl
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Since D € 1k(x2,K1), xo0 ¢ xS sincel Elellikix.,x 1)), x.E ¢ k().

(i) Let C € E?le,K(

~ ~

Loy fin EE(Az,KCI)). Then [x1,x2] < Co.

Therefore x.C_ ... C, e k1) andlldl 1k(x2,K(1)).

If [x1,x2] = Co, then
C e ST(x1,2, 1k(x2,k1)y).
If [x1,x2] # Co, then
and € € SE(x1,2, TGkl
Therefore st (x;,
(ii) Let D € E%le,g,

A

D = D0 o o Dz

there is a simplex E in 1k(x2,K

~ N

E=E | ... E, and x3Ee K(l).
0 m

Therefore x1E is a simplex of K(l) and E € st(x1,

~

X1l,2 = Co, Xi,od < C, and

!K(l)

Xl 2C €| libg1,2 < x1,2C, C < x1,2C,

ﬂjgztxz,K(I)) ¢ st(x1,2, 1k(X2,K(1)))-

vlk(X2,K§1))). Then

€ 1k(XZ,K(;)) c EEIXZ,K(I))' Since D € EzIXI,Z, 1k(X2,K(1))),

~—~

1)y yhich satisfies x1,, < E, D < E,

Since x1,2 < E and x3E € K(l), [x1,x2] = Eg.

k).

Therefore st (Xi1,2, lka;,Kcl)]) 1 EEIX1,K(1)) i EEYXZ,K(l)), 0

|

A.1.4 (Lemma II.21).

FUbdiVidG KilflLi, Ko, Ly to (K1)1, (L1)1,

(K2)1s (Lp)y so that f;: (K;); ;—f> (L1): and f5: (K3); —> (Lz):1 are

simplicial. Subdivide (Kl)ls (Kz)], Kl U Kz to (KI)Z: (Kz)z, (K]_ U Kz)z

so that (K;), and (K;), are subcomplexes of (K; u Kp)o [14 , Chapter I,

Lemma 4, Corollary 2]. Then (K;)2 n (Kp)2 is a subcomplex of (K;),,

(K2)2, and (K; v K3),.

f1((Ky),) is a subdi@ision of%fl((Kl)l) c (Ly);. Extend this

to a subdivision (L;), of (Ly)q.

£F1 (K)o n (Kp)2) = £2((Ky)o 1

[14, Chapter I, Lemma 3]. Since

(Kg)z) apd f£lis|1-1, (L1)2 U £, ((K2)2)

is a subdivision of L; v fz((Klﬁlj. Extend this to a subdivision

(Ll U Lz)z of LI‘U Lz.

f: (Ky v K3}y —> (I

1 U L,),|is simplicial, so f is PL. O
[ | * Uj: 3




Section 2: Proofs of some lemmas

A.2.1 (Lemma III.1.10).

(i) Definition III.1.6 ==> Definition II

If K is a combinatorial n-mani

(n-1)-sphere or (n-1)-ball for amyivertek x of

[ 5, page 7]. Therefore g%fx,K)

(ii) Definition III.1.9 ==> Defini

If K is a combinatorial

of K by n-balls. Therefore K is|a

(iii) Definition III.1.7 ==> Defiin

[ 5, Corollary 1.16]

(iv) Definition ITI.1.8 ==> Definition I

[14 , Lemma 9, Corollary 1]. (I

A.2.2. Lemma. If x is‘a vertex

then 1k(x, st(x,K)) = 1k(x,K).

Proof. Let A e 1k(x, EE{X,K)).
Therefore xA € K, A € 1k(x,K), and 1k(x,

Let A e 1k(x,K). Then XA e K.

Therefore xA € st(x,K), A e 1k(X,

i

|

S5 an n

ition |

st(x,

Theref

=t (x, 1)1

r
i

62

tex |MIN.

1

L. L8

fold, fhen 1k (x,K) is an

K. st(x,K) = x 1k(x,K)

—ball‘[ 5, Lemma 1.13].
II.1.7.
fold,jthen st(x,K) is a cover
anif@ld.

|

|
II1.1.8.

|
1116

of a Bimplicial complex K,

Then XA e St(x,K) < K.

K)) < 1k(x,K).
ore A € st(x,K) and x { A.

d 1k (x,K) < 1k(x, st(x,K)).O



A.2.3 (Lemma III.2.2).

1k (A, St(x,MD)) = x 1k(A, lk(xN‘l
sphere or a ball. Therefore x 1K
A € bdy(st(x,M")), and 1k(x,M)

If 1k (x,M") # bdy (St (X
and there is a simplex A in bdy(
xA ¢ M. Since A e st(x,M"), the
A < B, x <B. If x £ A, then xA
Therefore x < A.

A € bdy(st(x,M)), a
X € bdy(ngx,Mn)) and 1k(x, st(x
1k (x,M) = 1k(x, St(x,MD)) [A.2.
X € bdy(Mn).

Conversely, if x € bdy

‘Let A e 1k(x Vil ).

i 1
)) fI1g 12] 1k (A, 1k (x,M™) is a
(A, 1k(x,M )) is a ball,

¢ bdy (5t (x, M’*)f)

M“)), el lk(x M) S bdy (5t (x,MM)

S‘t(X,M )) T l‘k(X,M ).

< B and XA ¢ M?. Contradiction.
m oo
| | L

simplicial comp}ex. Therefore

,Mp)) is a ball.

Zﬂ. Theréforeilk(x,Mn) is a ball and
I i il

u (il
[Mn), thgn lk(x Mn) is a ball.

Therefore 1k(x, St(x,M")) is a ball [A.2.2] and x e bdy(St(x,M)).

Since x ¢ 1k(x,MY), x e bdy(St(x

1k (x,MY) # bdy (st(x,M™)). O

A.2.4 (Lemma III.2.3):

bdy (5t (x,MM)) n bdy(M™) < bdy(st

Mn)) - ik(x,M?) and
(A

| |

| o \1

1k (x, M ) < bdy(st(x M I [EIL.2 .27 .

M )). Therefore

1k (x,M) U (bdy (ST(x,M)) n bdy(n&“) c bdy(st(x M™Y.

Let A € bdy(st(x,M I

and x < A. Therefore lk(A,Mn) q.8

A e bdy(st(x,M)), 1k(A, st(x,M"

1k (A, 5t(x,MM))

is a ball and A € bdy(Mn).

STX,MY) n 1k (4

Thered

If A ¢ }k(x,‘ \), then A e st(x,M)

T(A,M) < st(x,M). Since

)) is a Ball.}

i :‘i
k‘,Mn) = 1k(A,M"). Therefore 1k(A,M™)
[k

| iEN

ore A e bdy(5t(x,M")) n bdy(M™). O
|
|

- |
( \

| |
iy
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Since A ¢ 1k (x,MM),

. & | . n . . .
re is a simplex B in M~ which satisfies
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A.2.5 (Lemma III.2.4). A € S(x, P11y Tt 1,(Mn)(1))
implies that there is an i such that A ¢ st(x , (M )(1)) n st(xt 1,(M )(1))

So A ¢ bdy (5E(x; , ™) 1) n bay GEGx,, ;O )(1)).

b1
If A & 5Ex;, 0 ), then k@A, FTx,, 0 Py = o,
otherwise x;A can be defined, so we may apply Lemma 11.12, and
(2.1) 1k, Stex, 0™ M) = x ke, ix, 0 Dy).
1k(x,, ) 1) is an (n-1)-ball or sphere and either
1) A ¢ 1k, M M) so 1k, k0™ D), and therefore
also 1k(A, St(x;, M 1)) [(2.1)1, is undefined or empty, or
i) 1k(A, lk(xi,(Mn)(l))) is an (n - a - 2)-ball or sphere
and x, Tk(A, Ik (x;, () (D)) LR IRER R ——
1k (A, 5T, 1)) isan (n - a - ball [(2.13]. O
w

i |
A.2.6. Notation. If Od is a dts%mplex, b(od) is the barycenter

[ 5, page 9 ] of afillr 4 [O,i]. s o (d-1)-face of a2,

o(o d- 1) is the vertex of Gd opposite odnl, ise., Od = o(cd_l)cd_l.

A.2.7. Lemma. (Gd—IXI)‘U ((b(dd]cd—l)xi) is a d-ball.

g B —

g2 " o gl
Proof. J !
0 Lenyu(w etod Iy = (od'lxx)u((b(od)cd‘i)x{o})u((bccd)od‘l)x{1}).
d-1 d, d-1

xI and (b(o )o )X{O} are both d—ba]ls.
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Ly o (wehod hxion = o8 xf0}) 4 (d-1)-ball.

. | e
delof e bdy (0 7x1) . 0% 7Ix{0} & bay (b (eH)o? HyxioN .

Therefore (Od'IXI) u ((b(od)od~lDX{0}) is la d-ball.

oS 1yx{1} is aldibarz. | | ]

(0¥ ) v (et %o Dot txi1h = o8 Ix{1}, a (d-1)-ball.

(o

dd_IX{O} co

0% 111} < bay (@@ Ixnyu e 0o Hxto) n bdy (b eedHx1h.

Therefore (0% 3x1) ul (b 6H)od Hiktol Wl dmiotyo®1Hx{1}) is a d-ball. O

s |
A.2.8. Lemma. Suppose FA,B) is an unknotted (a,a-1)-ball pair,

type 1, and (A,C) < (A,B) is an (a,a-1)-ball pair, type 2. Then (A,C)

is an unknotted (a,a-1)-ball paif, type |2.

\
Proof: C n A is an (a—%)—face of C. Therefore there is a

homeomorphism hy: C —> p(C n A), where p is a point and

=x,xeCnA.

—— L ‘
h CnA (x)

CnA | Il pra

‘ |
a-1 ! | a-1
Let T be an (a-1)-simplex with barycenter b(I" 7).

3 47

Let Pa < be an (a-2)-face of Ta ?.
\

B B (©) —> 27! such that R o (©) Al P2, Buo) = vr*h,

There is a PL embedding

and ﬁloﬁ}(c n A) = ra-2. i
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a-1
hj
e

i

T, (Crk) | hyoh; (CnA)

Let hy = hyehy: € —> 1?7

Since (A,B) is an unknatted (a,a-1)-ball pair, type 1,
there is a homeomorphism hy: (A,%) L0 el De?16% Yy, where b(o?) is
the barycenter of oa, an a-simpl?x, and 0a¥1 is an (a-1)-face of o2

[II1.3.41]. B=AnB,CnAc é,lC c B. Therefore C n A c C < B.

Therefore C n AcAdBnC=B ﬁ € ciB.
\
\
hs |
N
\
a-1

1 °a- -1
There is a homeomorphism hjz: (Ga,b(ca)oa 1) —_— (Z(Ta Y sT o 1ED
\
where Z(T ) is the suspension of -7 , an (a-1)-simplex.

A-—»

: hyoh, (C) ——> 17" is a PL embedding.

h,°h;1h;? (hyoh, (C)) = b(r 17272, Extend this to a PL homeomorphism
h,: Ta—l —_— ra-l. Extend hy to L PL hoheomorphism

w i

|
|
|
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hs: ze® Y hiilhy sl ket Y, 12 Y.

hsl

There is a homeomorphism

he:

where A? is an a-simplex, such that hs(b(Pa—l)) = b(AY, hs(Fa-z) = |ATRS

an (a-2)-simplex of A2l Thetef

¢z h 1

I —lc# b izt

3

a-l)ra—z

e hig (HlcTl o= b e

Let h = hgohychsoh, | (HHE) S AR 5421022} .| Therefore

(A,C) is an unknotted ball pair,

A.2.9. Lemma. Let I

type 1 (type 2), then (AXI,BxI) i

(type 2).

i

0

0,1]: I WA,B)} 'is an (a,b)—ball‘pair,

s an (a+l,b+l)-ball pair, type 1
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Proof. |
by (AxI) n (BxI) = ((AxI) v (AxI))n(BxT)
- ((RDAxD) U (AxD)a(e<D))
= ((AnB)x(In1)) U ((AnB)X(ini))
= ((AnB)xI) u (?xi).
If (A,B) is an (a,b)-ball pair, tyﬁe 1, then AnB

|
bdy (AXI) n (BxI) = (BxI) u (BxI) = bdy (BxT).

ﬁ. Therefore

C, a (b-1)-ball in B.

If (A,B) is an (a,b)-ball pair, tyﬁe 2, then AnB
Therefore |

bdy (AXI) n (BxI) = (CXI) u (BXI) = (CxI) u (Bx{0}) u (Bx{1}).

CxI is a b-ball contained in BxI Cibdy(BxI). Bx{0}, Bx{1} are b-balls

contained in BxI < bdy (BxI). (CxI) ‘n (Bx{ol) = (BnC)x{0} = cx{0}, a

(b-1)-ball. cx{0} c cxI bdy(cxl).L CX{o} c Bx{0} < bdy(Bx{0}).
Therefore (CxI) u (Bx{0}) is a b-ball.
((cx1) u (Bx{o})) n (Bx{1}) = Cx{i}i, a (b-1)-ball.
cx{1} < bdy((cxT) v (Bx{0})) n bdy(Bx{1}).
Therefore (CxI) u (Bx{0}) u (Bx{1}) is a‘b—ball contained in bdy(BxI). [
Ll
A.2.10 (Lemma III.3.4). §ince Os is PL homeomorphic to Is,
we may prove the lemma for I, and tPen a?ply this result s times for
the general case.
By Lemma A.2.9, (AxI,BxI){is a ball péir of the same type
as (A,B). Suppose first that (A,B) is an ﬁnknotted (a,b)-ball pair,

type 1. Then there is a homeomorphism h,: (A,B) (Od,b(od)&d-l).

hyxid: (AXT,BXI) -—ib (sdkl,b(crd)&d'lxn, hers id islthe
' \
identity map, is a PL homeomorphism. By Lemma A.2.6,

*

|
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- -]lile i 1 ‘ | ] o] - o — e
; @ Ix1) u et MRy is 4l d ball with boundary (%7'x1) u (b(ch6% i
; Let Td be‘a‘face of ﬁ”% (d+1)hs@hﬁlex Td+1.
. ! M_ < W |
: 1 (Od lxI)‘ u (b(Gdldﬁ 1) i ¢>‘Td-
b(@H6% X1 is a d-ball with bo daxy @71 v B D).
d .d_l ] ‘1 ‘.| :j-d‘. ‘
| |
|

Let f,: b(o )0 "xI )T be the extension of

bl i +d
fII(Od—lxI)U : Def f, > A .

Since f; and f, agree © ersection of their domains,
! I |

a closed set, we may define a hqwe:morphm

04" Ix1)u b (0H) o ® X1y u (b (o)

sm bf:d-spheres
?ig 4 Td b b(rd+1

£3: ( yid,

ﬁ&h@sm of balls

Extend f, to the interior, to thﬁq
| el o
b1 )T

£: b(cd)cd_
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Let g: o(dd“l)b(od)éd"j X —g BRI (V1)1 be the extension
i
d, °d- L 1+1, °d
of f b(Od)od P, : b(@)o > b(T! l#T .
odx1 = (b(od)od L) v o0 1) (Gd)&d-:!xfb.
) . d d+1 ‘ i L i ol -

Define H: o xI > T by Hlb(sd)cd 1%1\- £, HIO(Gd 1)b(0d)0d 1= g
Then H is a PL homeomorphism and H(b(odjéd'lxl) = b(Td+1)%d.

Therefore (AxXI,BxI) is an unkﬁotied ball paif, type 1.

i

If (A,B) is an unknotted ball‘pair; type 2, then there are

homeomorphisms h,: (A,B) ———>(Gd,b(0d);d2),

hoxid: (AXI,BXI) —> (odXI,b(Od)dd_ZXI).xWe‘may apply Lemma A.2.8 to

(0 xI b(Od)Od ZXI) c (OdXI,b(Od)Gd"IXI) tJ find that (0 X1 b(cd)od 2><I),

5

and therefore (AxI,BxI), is an u;kxottedibgll pair, type 2. [

’
|
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