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From Linear Representations,

to Actions by Diffeomorphisms



Lie Groups and rank

• Almost simple Lie groups

SLn(R), SLn(C), SOp,q(R), . . .

• Rank of a Lie group

rkR(SLn(R)) = rkR(SLn(C)) = n − 1,

rkR(SOp,q(R)) = min {p, q} , . . .

• Maximal Torus = A ⊂ G :

diagonal matrices in SLn(R)



Representations of Lie Groups : Highest weight theory.

• Example : SL2(R) ; A = diagonal subgroup

(
a 0
0 1/a

)
.

• Action on R2.
• Action on homogenous polynomials of degree n.
• Weights are given by

xkyn−k 7→ a2k−nxkyn−k .

−n,−n + 2,−n + 4, . . . , n − 4, n − 2, n.

The highest weight determines the irreducible representation.



Lattices in Lie groups.

• Lattices in a Lie group G =

discrete subgroups Γ ⊂ G such that Haar(G/Γ) <∞.

• Examples :

Γ = SLn(Z) in G = SLn(R)

Γ = SLn(Z[
√
−1]) in G = SLn(C)



Higher rank phenomena I.

Theorem [Margulis].—
Let Γ be a lattice in a simple Lie group G . If rkR(G ) ≥ 2,
then Γ is almost simple: All normal subgroups are finite or
cofinite.

Theorem [Margulis].—
Let Γ be a lattice in a simple Lie group G . If rkR(G ) ≥ 2,
then all finite dimensional linear representations of Γ are
built from :

• restrictions of linear representations of G ;

• unitary representations.



Zimmer Program I.

• M = a compact manifold.
• If G acts on M by diffeomorphisms then

dim(M) ≥ rkR(G ).

• Example: SL3(R) does not act on S1.

Zimmer’s Conjecture.—
Let Γ be a lattice in a simple Lie group G . If Γ acts faithfully
on a compact manifold M by diffeomorphisms, then

dim(M) ≥ rkR(G ).



Zimmer Program II.

Theorem (Ghys, Burger-Monod).—
Zimmer’s conjecture has a positive answer if M is the circle.

Theorem (Kaimanovich - Masur).—
If rkR(G ) ≥ 2, all morphisms

Γ→ Mapping Class Group of genus g

have finite image.
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Automorphisms of Projective Varieties

and Zimmer’s Conjecture



Complex Manifolds and Automorphisms

• M = smooth, connected, complex manifold.
• Aut(M) = group of automorphisms of M

= group of holomorphic diffeomorphisms.

Theorem [Bochner-Montgomery].—
If M is a compact complex manifold, then Aut(M) is a
complex Lie group.

• Aut(Pn(C)) = PGLn+1(C).

• Aut(M) may have an infinite number of connected
components.



Projective Varieties : Examples

• M ⊂ P1(C)× P1(C)× P1(C) surface with deg(M) = (2, 2, 2).

Z/2Z ? Z/2Z ? Z/2Z ⊂ Aut(M)



Projective Varieties : Examples II

• E = elliptic curve C/Z[
√
−1].

T = En = Cn/Z[
√
−1]n.

Then
Aut(T ) = T o GLn(Z[

√
−1])

• GLn(Z[
√
−1]) commutes to the multiplication by

√
−1.

M0 = T/{
√
−1} is an orbifold

Blow up the singularities

PGLn(Z[
√
−1]) ⊂ Aut(M).



Kummer Examples

Definition (Kummer examples) .—
A pair (M, Γ) with M a compact complex manifold and Γ ⊂
Aut(M) is a Kummer example if one has a commutative
diagram :



Main result

Theorem (Cantat, Zeghib) .—
Let Γ be a lattice in a simple Lie group G with rkR(G ) ≥ 2.
Assume Γ embeds into Aut(M), with M compact, Kähler,
and connected. Then

(1) dimC(M) ≥ rkR(G ) ;

(2) if dimC(M) = rkR(G ) then M = Pn(C) and
G = PSLn+1(R) or PSLn+1(C);

(3) if dimC(M) = rkR(G ) + 1 then either G acts on M or
(M, Γ) is, up to finite index, a Kummer example.

• Remark.— One can list all examples in (3).
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Hodge Theory, Linear Representations,

and Complex Geometry



Fujiki and Lieberman

Theorem (A. Fujiki, D. Lieberman) .— If M is a compact
Kähler manifold, the connected component of the identity
Aut(M)0 has finite index in the kernel of the morphism{

Aut(M) → GL(H∗(M,Z))
f 7→ f ∗

Alternative. (Fujiki-Lieberman + Margulis) —

(i) Γ acts (almost) trivially on the cohomology, and G
embeds into Aut(M)0;

(ii) Γ acts (almost) faithfully on H∗(M,Z) and this
action extends to a linear representation of G itself.

• Assume (ii) in what follows: ρ : G → GL(H∗(M,R))



Hodge Representation

Borel Density Theorem .— Lattices Γ ⊂ G are Zariski
dense.

• Assume the action of Γ on H∗(M,Z) extends to a faithful
representation of G .

(a) G preserves the Hodge decomposition
Hk(M,C) = ⊕p+q=kHp,q(M,C).

(b) The cup product is G -equivariant.

(c) The representation on Hk(M,R) is dual to H2n−k(M,R).



Hodge Index Theorem

• κ ∈ H1,1(M,R) = class of a Kähler form.
• Quadratic form

Qκ(u, v) :=

∫
M

u ∧ v ∧ κn−2

• Primitive subspace Pκ = orthogonal complement of κ:

Pκ =

{
u ∈ H1,1(M,R) |

∫
M

u ∧ κ ∧ κn−2 = 0

}
.

Hodge Index Theorem .— Qk is negative definite on
the hyperplane Pκ.

• Consequence.— If u ∧ u = u ∧ v = v ∧ v = 0 then u = cste v .



Dimension 3

dimC(M) = 3 ; W = H1,1(M,R).
? ? ? ?

• Easy Fact: ρ : G → GL(W ) is faithful.
• Cup product and duality{

W ×W → H2,2(M,R) = W dual

(u, v) 7→ u ∧ v



Copies of SL2(R)

• H ⊂ G , a copy of SL2(R).
• ρ : H → GL(W ) induced linear representation.
• Maximal torus of H = diagonal group

Aa =

(
a 0
0 1/a

)
.

• m = Highest weight of H in W : There exists u in W \ {0}
such that

ρ(Aa) · u = amu ∀a 6= 0

• m is also the highest weight on W dual



Restriction on the weights

Lemma (Restriction on the weights) .—
The highest weight m is at most 4 ; its multiplicity is 1.

Proof

(1) u 7→ amu and v 7→ am−2v

(2) By equivariance of ∧
u ∧ u 7→ a2mu ∧ u,
u ∧ v 7→ a2m−2u ∧ v ,
v ∧ v 7→ a2m−4v ∧ v

(3) By duality the highest weight on W dual is at most m

(4) If m > 4 we have 2m − 4 > m

(5) (2), (3) and (4) imply u ∧ u = u ∧ v = v ∧ v = 0

(6) (5) contradicts Hodge Index Theorem �



Restriction on the group G

Lemma .—
The group G does not contain any copy of SL2(R) ×
SL2(R).

Proposition (Possible Lie Groups) .—
If the rank of G is ≥ 2 then G is isogenous to SL3(R) or
SL3(C).



Yau’s Theorem

• c1(M) and c2(M) = Chern classes of M
• κ = a Kähler class.

Yau’s Theorem.— Let M be a compact Kähler manifold,
and κ a Kähler class on M. If

κn−1 ∧ c1(M) = κn−2 ∧ c2(M) = 0,

then M is covered by a torus Cn/Λ.



Restriction on M

• dim(M) = 3 ; G = SL3(R).

• diagonal subgroup: At =

 et1 0 0
0 et2 0
0 0 et3

, t1 + t2 + t3 = 0.

• K ⊂W the Kähler cone.
• Assume that K is G -invariant.

Proposition (Perron-Frobenius) .—
There exist u, v ∈ K eigenvectors for A:

∀ t = (t1, t2, t3)

{
ρ(At) · u = exp(α(t))u
ρ(At) · v = exp(β(t))v

with α and β linearly independant.



Restriction on M

• Assume w = u + v is a Kähler class.
• For all t = (t1, t2, t3)

ρ(At) · (u ∧ c2(M)) = exp(α(t))(u ∧ c2(M)) = u ∧ c2(M)

Thus

u ∧ c2(M) = 0,

v ∧ c2(M) = 0,

w ∧ c2(M) = 0

• Similarly w ∧ w ∧ c1(M) = 0.
• By Yau’s Theorem, M is covered by a torus.



Why is u + v a Kähler class ?

Theorem (Demailly, Paun) .—
If w ∈ K is not Kähler then ∃S ⊂ M analytic such that∫

S
wdim(S) = 0

• u + v not Kähler: ∃S ⊂ M a proper analytic Γ-invariant subset.

• dim(S) < dim(M) ; recursion on dim(M):

S = Pn−1(C) and it can be blown down to a quotient
singularity.


