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What are powers?

In Lecture 7, we learned about

powers with positive exponents: z"=g-xz----- T
N——_—
n times
. . L1
powers with negative exponents: =" = —
T

powers with exponent 0: 20 = 1.

In this lecture, we study the properties of powers (a.k.a. “power rules”).
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Multiplication of powers with the same base
(xn LM = :L.n+m )
This formula is valid for any integers n, m. To prove the formula, we consider 4 cases.
Case 1. If n, m are both positive, then
n times m times (n+m) times
Case 2. If n, m are both negative, then —n, —m are positive and
"M — 1 . 1 _ 1 _ 1 — p—(=n—m) _ nt+m
x—n  gp—m x—Np—m r—n—m '
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Multiplication of powers with the same base

Case 3: one of the integers is positive and the other one is negative.

Say, if n =5 and m = —3, then

x5.x_3:56_:x.x.x.x.x_z’%,z“xxzx2:x5+(_3)
3 T-T-x -z x
If n=—5 and m = 3, then
3 ST C 1

¥ oz x 2 x-x-T T2

For any other values of n and m, having opposite signs, the reasoning is the same as above.

Case 4: if one of the integers (say, m ) is zero. Then

g™ =g". 20 =g 1 =" =g"t0
X |
We see that in all cases, 2" - 2™ = "™
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Examples
Example 1. 23.24 =231 -927-2.2.2.2.2.2.2=128
(=17 (=17 = (=1)"*7 = (-1)!°
1 1
35 3~ 8f35 ng 3 —
33 27
2\ 2\ 2\ 4
3 3) 3) 9
1012 10—12 1012 12 10
Example 2. Simplify the expression z3 - 278 . 2%
Solution.
23 8. = 38— _ =9 1
29
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Division of powers with the same base

Z — gnm
xm
This formula is valid for any integers n, m.
z" 1 _ _
Indeed, — =2"  — =" .27 =" ™,
zm zm
54
Example 1. Find the value of the expression w6
. P S |
Solution. %= P =57 = 2 = o5
aty=3
Example 2. Simplify the expression ——.
Ty
Solution. P . L o
TY T Y () 2 65 D
T 2y2 2 42 e
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A power of a power
( (:L,’I”L)’I?L — mnm )
This formula is valid for any integers n, m.
It is proven by cases depending on the signs of the integers.
If n, m are both positive, then
(@)™ = (z") - (z") (z") =
m
(1‘ x).(w...x) ..... (x x)
—— —\— ——
n n n
m
€T r = Inm_
—
nm
. . _ 1
All other cases can be reduced to this case using =" = —.
T
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Examples

Example 1. (23)* = 234 = 212 = 4096.
—3V4 _ o(=3)4 _ 9—12 _ 1 _
Example 2. (27°)* =2 =2 == =—.

Example 3. ((—2)73) " = (=2)("3 () = (—2)12 = 212 — 4096.

Example 4. ((—1)"1)71 = (—1)(*1)'(*1) = (-1t =—1.

Example 5. Simplify the expression (2%)? - 27%.

Solution. (23)?2.274 =232 . 271 =20 . 271 = 2071 =22
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Multiplication of powers with the same exponent

(" -y =(@y)" )

This formula is valid for any integer n .

Indeed, if n is positive, then

9/13



Examples

Example 1. Simplify the expression (—z)?.
Solution.  (—2)? = ((-1) -2)? = (-1)? - 2°

Example 2. Simplify the expression (107522)73.

Solution.
(10—51.2)—3 _ (10—5)—3 X (xQ)—B _ 10(—5)~(—3) X x2~(—3) — 101546

Example 3. Simplify the expression (5z)2(—3z)3.

Solution.
(52)%(=3z)% = 5222 - (=3)32% =52 (=3)3 . 2% - 23 = 25 . (—27)2?+3 = —6752"
—_——
numbers variables
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Division of powers with the same exponent
7 )
vt \y
This formula is valid for any integer n.
Indeed, if n is positive, then
n
———
" Terexee-T x(m)n
n n
If n is negative, then —n is positive and
oy Y\~ " z\"
OO
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Examples

2\* 2°
Example 1. (§> === E

3327
2\~ 27! 31 3
Example 2. <§> =3 T 5

In general, (%) e (g)”

) a\—1 b
In particular, <—> = —.
b a
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Summary
In this lecture, we have learned
¥ how to multiply powers with the same base: 2" - 2™ = z"+™
n
¥ how to divide powers with the same base: —- = 2"
x
™ how to calculate a power of a power: (z")™ = "™
¥ how to multiply powers with the same exponent: z" - y" = (xy)™
. . z" z\"
¥ how to divide powers with the same exponent: — = | —
Yy Yy
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