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Math 260
September 2, 2008

1. Find the sum of the numbers from 1 to 100.

2. Find the sum of the numbers 1 + 3 + 9 + 27 + . . . + 36.

3. There are 100 light bulbs lined up in a row in a room. Each bulb has its
own switch and is currently switched off. The room has an entry door
and an exit door. There are 100 students lined up outside the entry door.
Each bulb is numbered consecutively from 1 to 100. Student number 1
enters the room, switches on every bulb, and exits. Student number 2
switches off bulbs 2, 4, 6, . . .. Student number 3 enters and flips the switch
on every 3rd bulb. This continues until all 100 students have flipped the
switches.

(a) In the end, is bulb number 64 on or off?

(b) In the end, how many bulbs are on?

4. Show that ∫ ∞

−∞
e−x2

dx =
√

π.

5. How many zeros are at the end of 100! ?

6. A box contains two coins. One coin is heads on both sides and the other
is heads on one side and tails on the other. One coin is selected from the
box at random and the face of one side is observed. If the face is heads
what is the probability that the other side is heads?

7. You are a cook in a remote area with no clocks or other way of keeping
time other than a 4 minute hourglass and a 7 minute hourglass. You do
have a stove however with water in a pot already boiling. Somebody asks
you for a 9 minute egg, and you know this person is a perfectionist and
will be able to tell if you undercook or overcook the eggs by even a few
seconds. What is the least amount of time it will take to prepare the egg?

8. You have nine pearls, eight are real and one is fake. All the real ones weigh
the same and the fake weighs less than the real ones. Using a balance scale
twice how can you weed out the fake one?

9. It is impossible to draw this figure without taking the pen off the paper,
redrawing any lines, or other trickery. Explain why it is impossible.



The Fifty-Sixth William Lowell Putnam Mathematical Competition
Saturday, December 2, 1995

A–1 Let
�

be a setof real numberswhich is closedunder
multiplication(thatis, if � and � arein

�
, thensois ��� ).

Let � and � be disjoint subsetsof
�

whoseunion is�
. Giventhat theproductof any three (not necessarily

distinct)elementsof � is in � andthat the productof
any threeelementsof � is in � , show thatat leastone
of thetwo subsets����� is closedundermultiplication.

A–2 For whatpairs 	
������
 of positive realnumbersdoesthe
improperintegral���� ��� � ��� ��� � � � � � � � � � ����� � �
converge?

A–3 The number �"!#�%$'&�&(&)�%* hasnine (not necessarilydis-
tinct) decimaldigits. The number + ! + $ &�&(&)+ * is such
thateachof thenine9-digit numbersformedby replac-
ing just oneof thedigits �-, is � ! � $ &�&�&�� * by thecorre-
spondingdigit +., ( /10324065 ) is divisible by 7. The
number7 ! 7 $ &�&(&�7 * is relatedto + ! + $ &�&(&8+ * is thesame
way: thatis,eachof theninenumbersformedby replac-
ing oneof the + , by thecorresponding7 , is divisibleby
7. Show that,for each2 , � , �97 , is divisible by 7. [For
example,if ��!��-$:&(&�&8�-*<; /(5=5->@?A/(5=5%B , then +DC maybe2
or 9, since /(5%5%>=?%E@5%5=B and /(5%5%>=?=5=5%5=B aremultiplesof
7.]

A–4 Supposewe have a necklaceof F beads.Eachbeadis
labeledwith an integerandthe sumof all theselabels
is FG�H/ . Prove thatwe cancut thenecklaceto form a
stringwhoseconsecutive labels� !@� � $@��&(&�&(� �JI satisfyKL ,NM ! � , 0POQ�P/ for OR; /%��ES��&�&(&��)F:&

A–5 Let � ! � � $ ��&�&(&#� � I bedifferentiable(real-valued)func-
tionsof asinglevariable7 whichsatisfy� � !�%T ;U� !�! � ! � � !)$ � $ �HV(V�VD� � ! I � I� � $�%T ;U� $�! � ! � � $�$ � $ �HV(V�VD� � $ I � I

...
...� � I�%T ;U� I ! � ! � � I $ � $ �WV�V�V.� � I@I"��I

for someconstants�",YX[Z\? . Supposethat for all 2 ,� ,�	]T)
_^`? as T_^\a . Are thefunctions� ! � � $ ��&(&�&(� � I
necessarilylinearlydependent?

A–6 Supposethateachof F peoplewritesdown thenumbers
1,2,3in randomorderin onecolumnof a b�c4F matrix,
with all ordersequally likely and with the ordersfor

differentcolumnsindependentof eachother. Let the
row sums �����d�8e of the resultingmatrix be rearranged
(if necessary)so that �90f�40fe . Show that for someFfgh/D5=5%> , it is at leastfour timesas likely that both�i;W� � / and e�;W� � E asthat �Q;[�j;We .

B–1 For a partition k of l-/=��E��8bA�)mJ��>���BS��n"�8oA�85Sp , let kq	 � 
 be
thenumberof elementsin thepartcontaining� . Prove
that for any two partitions k and k�r , therearetwo dis-
tinct numbers� and s in l%/=��E���bS�)mJ��>S�8BS��n"��oS�85Sp such
that kq	 � 
�;tkq	]sS
 and k�ru	 � 
�;tk�rv	]sS
 . [A partition of
a set

�
is a collectionof disjoint subsets(parts)whose

unionis
�

.]

B–2 An ellipse,whosesemi-axeshave lengths� and � , rolls
without slippingon thecurve sw;teyx)zN{R|(}~J� . How are�����.��e related,giventhat theellipsecompletesonerev-
olutionwhenit traversesoneperiodof thecurve?

B–3 To eachpositive integerwith F $ decimaldigits,we as-
sociatethedeterminantof thematrix obtainedby writ-
ing thedigits in orderacrosstherows. For example,forF�;[E , to theinteger8617weassociate�S�#� � o�B/�n �[;>@? . Find,asa functionof F , thesumof all thedetermi-
nantsassociatedwith F $ -digit integers.(Leadingdigits
are assumedto be nonzero;for example,for Ft;�E ,
thereare9000determinants.)

B–4 Evaluate �� E=E=?-n�� /E=E@?"ni� !$�$)���#���Y�Y� &
Expressyouranswerin theform

~�� ��� �� , where�����.��ed�8�
areintegers.

B–5 A gamestartswith fourheapsof beans,containing3,4,5
and6 beans.Thetwo playersmovealternately. A move
consistsof takingeither

a) onebeanfrom aheap,providedat leasttwo beans
areleft behindin thatheap,or

b) a completeheapof two or threebeans.

The playerwho takes the last heapwins. To win the
game,do you want to move first or second? Give a
winningstrategy.

B–6 For a positiverealnumber� , define� 	u��
'; l��]F������@F�;�/=��ES�8bA��&�&(&�p%&
Prove that l-/=��E��8bA��&(&�&�p cannotbeexpressedasthedis-
joint union of three sets

� 	u��
#� � 	
��
 and
� 	���
 . [As

usual, � � � is thegreatestinteger 0 � .]



The Fifty-Seventh William Lowell Putnam Mathematical Competition
Saturday, December7, 1996

A–1 Findtheleastnumber
�

suchthatfor any two squaresof
combinedarea1, a rectangleof area

�
existssuchthat

thetwo squarescanbepackedin therectangle(without
interior overlap).You mayassumethat thesidesof the
squaresareparallelto thesidesof therectangle.

A–2 Let ��� and ��� be circles whosecentersare 10 units
apart,andwhoseradii are1 and3. Find,with proof,the
locusof all points � for whichthereexistspoints � on� � and � on � � suchthat � is themidpointof theline
segment�	� .

A–3 Supposethateachof 20 studentshasmadea choiceof
anywherefrom 0 to 6 coursesfrom a total of 6 courses
offered. Prove or disprove: thereare5 studentsand2
coursessuchthatall 5 havechosenbothcoursesor all 5
havechosenneithercourse.

A–4 Let 
 be the setof orderedtriples �
����������� of distinct
elementsof a finite set

�
. Supposethat

1. �
��������������
 if andonly if ����������������
 ;

2. �
��������������
 if andonly if �
���������������
 ;

3. �
����������� and �
���� !����� areboth in 
 if andonly if���������� "� and �
 !�������#� arebothin 
 .

Provethatthereexistsaone-to-onefunction $ from
�

to%
suchthat $&�
���(')$&���#�*'+$&�
�,� implies �
�����������(�-
 .

Note:
%

is thesetof realnumbers.

A–5 If . is a primenumbergreaterthan3 and /�021�34.5��6�7 ,
provethatthesum8 . 9#:<; 8 . 3 :-;>=,=�=�;

8 . / :
of binomialcoefficientsis divisibleby . � .

A–6 Let �+?A@ be a constant. Give a completedescrip-
tion, with proof, of the setof all continuousfunctionsBDC %FEG%

suchthat
B �IH5�J0 B �
H � ; ��� for all HK� % .

Notethat
%

denotesthesetof realnumbers.

B–1 Definea selfishsetto bea setwhich hasits own cardi-
nality (numberof elements)asanelement.Find, with
proof,thenumberof subsetsof L 9 ��3M��N,N�N5�PORQ whichare

minimal selfishsets,that is, selfishsetsnoneof whose
propersubsetsis selfish.

B–2 Show thatfor everypositive integer O ,8 3�OTS 9U :WVYX�Z"[V ' 9 = 6 =]\�=�=�= ��3�OTS 9 ��'
8 3�O ; 9U :WV�X]^"[V N

B–3 Given that L,H � �PH � �,N�N,N&�PH!_&Q`0aL 9 ��3���N,N�N5�PORQ , find,
with proof,thelargestpossiblevalue,asafunctionof O
(with ODbc3 ), of

H � H � ; H � H�d ;>=,=�=�; H�_fe � H!_ ; H�_�H � N
B–4 For any squarematrix

�
, we can define g�hji � by the

usualpowerseries:

gPhki � 0mln_po&q �rS 9 � _�Y3�O ; 9 �4s � � _�t � N
Prove or disprove: thereexists a 3vuw3 matrix

�
with

realentriessuchthat

gPhki � 0
8 9x9,yzyp{
@ 9 : N

B–5 Givena finite string 
 of symbols� and | , we write} ��
~� for the numberof � ’s in 
 minus the number
of | ’s. For example,

} �I�K|�|��K|�|��D��0AS 9 . We
call a string 
 balanced if every substring� of (con-
secutive symbolsof) 
 has S�3-� } �I���T��3 . Thus,�K|�|��K|�|�� is notbalanced,sinceit containsthesub-
string |�|��K|�| . Find, with proof, thenumberof bal-
ancedstringsof length O .

B–6 Let ��� � ��� � �4�]�
� � ��� � �4��N,N�N��]�
�f_5���#_M� be the verticesof a
convex polygon which containsthe origin in its inte-
rior. Prove that thereexist positive realnumbersH and� suchthat

�
� � ��� � ��H�� [ �M� [ ; ��� � ��� � ��H5� V �M� V ;�=�=�=; ���f_5���4_���H � X � � X 0x�
@���@z�#N



The Fifty-Eighth William Lowell Putnam Mathematical Competition
Saturday, December 6, 1997

A–1 A rectangle,
�������

, hassides
������	
	

and
������

. A triangle 
���� has
�

astheintersectionof theal-
titudes,

�
thecenterof thecircumscribedcircle,

�
the

midpointof ��� , and
�

thefoot of thealtitudefrom 
 .
Whatis thelengthof ��� ?

A–2 Players
	��������������������

are seatedarounda table, and
eachhasa single penny. Player1 passesa penny to
player 2, who then passestwo penniesto player 3.
Player3 thenpassesonepenny to Player4, whopasses
two penniesto Player5, andsoon, playersalternately
passingonepenny or two to the next playerwho still
hassomepennies. A playerwho runsout of pennies
dropsout of thegameandleavesthetable.Find anin-
finite setof numbers

�
for which someplayerendsup

with all
�

pennies.

A–3 Evaluate "!# $�%'& %)(�+* %),�.-0/ & %)1�.-0/�-�23* -�-�-�4
$ 	 * %)5� 5 * %)6� 5 -�/ 5 * %)7� 5 -�/ 5 -�2 5 * -�-�-84:9 % �

A–4 Let ; be a groupwith identity < and =?>@;BAC; a
functionsuchthat=EDGFIH�J�=EDGF 5 J�=EDGF ( J � =KDMLNH�J�=EDML 5 J�=EDOL ( J
whenever F H F 5 F ( � < � L H L 5 L ( . Prove that there
exists an element PRQS; such that T�D % J � P�=ED % J
is a homomorphism(i.e. T�D %�U J � T.D % J8T�D U J for all% � U QV; ).

A–5 Let W�X denotethenumberof ordered
�

-tuplesof posi-
tive integers DYP H � P 5 �������Z� P[X\J suchthat

	^] P H * 	_] P 5 *����� * 	^] P X �`	
. DeterminewhetherWaH # is evenor odd.

A–6 For a positive integer
�

andany real number b , define%Nc recursively by % # �ed , % H ��	
, andfor fhg d ,% cji 5 � b %�cji H & D � & f\J %�cf * 	 �

Fix
�

andthentake b to be the largestvaluefor which% X i H �kd . Find % c in termsof
�

and f , 	�l f lm� .

B–1 Let n %po denotethe distancebetweenthe real number% andthe nearestinteger. For eachpositive integer
�

,
evaluate � X � 7 X�q Hrsut HKvxwzy D{n}|2~� o � n�|��� o J �
(Here vxw�y DOP ��� J denotestheminimumof P and

�
.)

B–2 Let � bea twice-differentiablereal-valuedfunctionsat-
isfying ��D % J * ��� ��D % J � &@% F�D % J�����D % J �
where F�D % J"g d

for all real % . Prove that � ��D % J�� is
bounded.

B–3 For eachpositive integer
�

, write thesum � Xsut H 	_] |in theform � X ]~� X , where� X and
� X arerelativelyprime

positive integers.Determineall
�

suchthat5 doesnot
divide

� X .
B–4 Let P s�� X denotethecoefficient of % X in theexpansion

of D 	 * % * %)5 J s . Provethatfor all [integers] fhg d ,dal+���M����r � t # D & 	 J
� P c q � � � lk	
�

B–5 Provethatfor
� g � ,�

terms� �j� �� 50� � � ��� � & 	 terms� �0� �� 5�� � � � D vx��� � J �
B–6 Thedissectionof the3–4–5triangleshown below (into

fourcongruentright trianglessimilarto theoriginal)has
diameter

� ]~�
. Find theleastdiameterof a dissectionof

this triangleinto four parts. (Thediameterof a dissec-
tion is the leastupperboundof the distancesbetween
pairsof pointsbelongingto thesamepart.)



The Fifty-Eighth William Lowell Putnam Mathematical Competition
Saturday, December 5, 1998

A–1 A right circularconehasbaseof radius1 andheight3.
A cubeis inscribedin the coneso thatonefaceof the
cubeis containedin the baseof the cone. What is the
side-lengthof thecube?

A–2 Let � be any arc of theunit circle lying entirely in the
first quadrant.Let

�
betheareaof theregion lying be-

low � andabove the � -axisandlet � betheareaof the
region lying to theright of the � -axisandto theleft of� . Provethat

��� � dependsonly onthearclength,and
noton theposition,of � .

A–3 Let � bearealfunctionon therealline with continuous
third derivative. Prove that thereexists a point � such
that �
	��
��������	��
������� ��	��
�
����� � ��	��
�������

A–4 Let
����� � and

�! "�$#
. For %'&)( , the num-

ber
�!*

is definedby concatenatingthedecimalexpan-
sionsof

�+*-,.�
and

�!*-,/ 
from left to right. For ex-

ample
�+01�2�  � � �3# � , �+45�$�!06�  �7# � # ,�+8��9�+4��+0:�;# � #<# � , andso forth. Determineall %

suchthat
#=#

divides
� *

.

A–5 Let > bea finite collectionof opendiscsin ?  whose
unioncontainsa set @5AB?  . Show thatthereis a pair-
wisedisjointsubcollectionC �ED ���6� D C * in > suchthat@FA�G *HJI �LK C H �
Here,if C is thediscof radiusM andcenterN , then

K C
is thediscof radius

K M andcenterN .

A–6 Let
�OD � DQP denotedistinctpointswith integercoordi-

natesin ?  . Provethatif	JR � �SR � R � P R �  UTWV �YX � � P!Z
�[#
then

�OD � DQP arethreeverticesof a square.Here R \^]_R
is the lengthof segment \`] and X � � P!Z is theareaof
triangle

� � P .

B–1 Find theminimumvalueof

	a� �b#dc �/�fehgB	��ie �b#dc �ie���gj(	�� �b#dc ��� 0 � 	a� 0 �b#dc � 0 �
for �:&�� .

B–2 Givenapoint 	k� Dml � with � T l T � , determinethemin-
imum perimeterof a trianglewith onevertex at 	k� DQl � ,
oneon the � -axis,andoneon theline � � � . You may
assumethata triangleof minimumperimeterexists.

B–3 let n betheunit hemisphereoY	a� D � DJp �rqs�  � �  �tp  �#<DQp ����u , P theunit circle oY	�� D � D �=��q��  � �  �5# u ,
and N theregularpentagoninscribedin

P
. Determine

thesurfaceareaof thatportionof n lying over thepla-
narregion inside N , andwrite your answerin theform�wvJxzy|{}� ��~6� v
� , where

�OD � DJ{rDf� arerealnumbers.

B–4 Find necessaryandsufficient conditionson positive in-
tegers� and % sothat

� *-,��� � I.� 	�g # �E�
���
�r��� �

��� * �!� ���
B–5 Let � bethepositive integerwith 1998decimaldigits,

all of them1; thatis,

� ��#=#<#=# �6��� #=# �
Findthethousandthdigit afterthedecimalpointof � � .

B–6 Prove that, for any integers � DQlEDQ� , thereexists a posi-
tive integer % suchthat � % 0 � �Y%  �Wl % ��� is not an
integer.
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