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Math 260
September 2, 2008

. Find the sum of the numbers from 1 to 100.
. Find the sum of the numbers 1 +3 +9 + 27 + ... + 36,

. There are 100 light bulbs lined up in a row in a room. Each bulb has its
own switch and is currently switched off. The room has an entry door
and an exit door. There are 100 students lined up outside the entry door.
Each bulb is numbered consecutively from 1 to 100. Student number 1
enters the room, switches on every bulb, and exits. Student number 2
switches off bulbs 2,4, 6,.... Student number 3 enters and flips the switch
on every 3rd bulb. This continues until all 100 students have flipped the
switches.

(a) In the end, is bulb number 64 on or off?

(b) In the end, how many bulbs are on?

. Show that

/ e de = /7.

— 00
. How many zeros are at the end of 100! ?

. A box contains two coins. One coin is heads on both sides and the other
is heads on one side and tails on the other. One coin is selected from the
box at random and the face of one side is observed. If the face is heads
what is the probability that the other side is heads?

. You are a cook in a remote area with no clocks or other way of keeping
time other than a 4 minute hourglass and a 7 minute hourglass. You do
have a stove however with water in a pot already boiling. Somebody asks
you for a 9 minute egg, and you know this person is a perfectionist and
will be able to tell if you undercook or overcook the eggs by even a few
seconds. What is the least amount of time it will take to prepare the egg?

. You have nine pearls, eight are real and one is fake. All the real ones weigh
the same and the fake weighs less than the real ones. Using a balance scale
twice how can you weed out the fake one?

. It is impossible to draw this figure without taking the pen off the paper,
redrawing any lines, or other trickery. Explain why it is impossible.



The Fifty-Sixth William Lowell Putnam Mathematical Competition
Saturday, December 2, 1995

A-1 Let S be a setof real numberswhich is closedunder
multiplication(thatis, if a andb arein S, thensois ab).
Let T and U be disjoint subsetf S whoseunion is
S. Giventhatthe productof ary three (not necessarily
distinct) elementsf T' is in T andthatthe productof
ary threeelementof U is in U, shov thatat leastone
of thetwo subsetd", U is closedundermultiplication.

A-2 For whatpairs(a, b) of positive realnumbersdoesthe

improperintegral
/ (\/\/:U+a—\/_— \/\/_—\/a:—b) dx
b
corverge?

A-3 The numberd; d; . .. dy hasnine (not necessarilydis-
tinct) decimaldigits. The numbere;es ...eq is such
thateachof thenine9-digit numberdormedby replac-
ing justoneof thedigits d; is did> . . . dy by thecorre-
spondingdigit e; (1 < ¢ < 9) is divisible by 7. The
numberf; fs ... fo is relatedto ejes . . . eg is the same
way: thatis, eachof theninenumberdormedby replac-
ing oneof thee; by the corresponding; is divisible by
7. Shaw that, for eachi, d; — f; is divisible by 7. [For
exampleif dids . ..dy = 199501996, theneg maybe?2
or 9, since199502996 and199509996 are multiplesof
7.]

A-4 Supposeave have a necklaceof n beads.Eachbeadis
labeledwith anintegerandthe sumof all theselabels
isn — 1. Prove thatwe cancutthe necklaceto form a
stringwhoseconsecutie labelszy , zs, - . . , 2, satisfy

k
dwi<k-1  for k=1,2,...,n
i=1

A-5 Letxy,,,.. ., 2, bedifferentiable(real-valued)func-

tionsof asinglevariablef which satisfy

d.’171

- +a12Z2 + -+ 1pTy

d(L'z

G + Q222 + - - + A2pTn

dz,

W = Qp1T1 + ap2T2 + -+ + CppTn
for someconstantsa;; > 0. Supposethat for all 1,
z;(t) — 0 ast — oo. Arethefunctionsz,, zs, ..., z,

necessariljinearly dependent?

A-6 Supposehateachof n peoplewritesdown thenumbers
1,2,3in randomorderin onecolumnof a3 x n matrix,
with all ordersequally likely and with the ordersfor

differentcolumnsindependenbf eachother Let the
row sumsa, b, ¢ of the resultingmatrix be rearranged
(if necessaryjothata < b < ¢. Shaw thatfor some
n > 1995, it is at leastfour timesaslikely that both
b=a+1landc=a+ 2asthata=b=c.

B-1 For apartitionw of {1,2,3,4,5,6,7,8,9}, let w(z) be
thenumberof elementsn the partcontainingz. Prove
thatfor ary two partitionsw and«’, therearetwo dis-
tinct numbersz andy in {1,2,3,4,5,6,7,8,9} such
thatm(z) = n(y) andn’'(z) = #'(y). [A partition of
asetS is acollectionof disjoint subsetgparts)whose
unionis S.]

B-2 An ellipse,whosesemi-axeshave lengthsa andb, rolls
without slippingon thecurve y = ¢sin (£). How are
a, b, c related giventhatthe ellipsecompletesonerev-
olutionwhenit traversesoneperiodof thecurve?

B—3 To eachpositive integerwith n? decimaldigits, we as-
sociatethe determinanof the matrix obtainedby writ-
ing thedigitsin orderacrosgherows. For example for

8 6\ _

17

50. Find, asa functionof n, the sumof all the determi-

nantsassociateavith n2-digit integers. (Leadingdigits

are assumedo be nonzero;for example,for n = 2,

thereare9000determinants.)

n = 2, totheinteger8617we associatelet

B—4 Evaluate

of2207 -

Expressyouransweiin thefort I—b‘/E,Wherea b,c,d
d s Uy Ly
arei tﬂjers.

B-5 A gamestartswith four heapof beanscontaining3,4,5
and6 beansThetwo playersmove alternately A move
consistof takingeither

a) onebeanfrom aheap providedatleasttwo beans
areleft behindin thatheap,or
b) acompleteheapof two or threebeans.
The playerwho takesthe last heapwins. To win the

game,do you want to move first or second? Give a
winning stratey.

B-6 For a positive realnumberea, define
S(a) ={|nal :n=1,2,3,...}.

Provethat{1,2,3,...} cannotbeexpresseasthedis-
joint union of threesetsS(a), S(3) and S(vy). [As
usual,|z] is thegreatesinteger< z.]



The Fifty-Seventh William Lowell Putnam Mathematical Competition
Saturday, December7, 1996

A-1 FindtheleastnumberA suchthatfor any two squaresf
combinedareal, arectangleof areaA existssuchthat
thetwo squaresanbe pacledin therectanglgwithout
interior overlap). You mayassumehatthe sidesof the
squaresreparallelto the sidesof therectangle.

A-2 Let C; and Cy be circleswhosecentersare 10 units
apart,andwhoseradii arel and3. Find, with proof,the
locusof all pointsA/ for whichthereexistspoints X on
C; andY onC, suchthat M is themidpointof theline
sgmentXY.

A-3 Supposdhateachof 20 studentdhasmadea choiceof
anywherefrom 0 to 6 coursedrom atotal of 6 courses
offered. Prove or disprove: thereare5 studentsand2
coursesuchthatall 5 have choserbothcourseor all 5
have chosemeithercourse.

A—4 Let S bethe setof orderedtriples (a, b, ¢) of distinct
elementof afinite setA. Supposehat

1. (a,b,c) € Sif andonlyif (b,¢,a) € S;
2. (a,b,c) € S if andonlyif (¢,b,a) ¢ S;

3. (a,b,c) and(c,d, a) arebothin S if andonly if
(b, ¢, d) and(d, a, b) arebothin S.

Provethatthereexistsaone-to-ondunctiong from A4 to
R suchthatg(a) < g(b) < g(c) implies(a,b,c) € S.
Note: R is thesetof realnumbers.

A-5 If p is aprimenumbergreatethan3 andk = |2p/3],
provethatthesum

(§)+(g)+...+(§;)

of binomialcoeficientsis divisible by p?.

A-6 Let ¢ > 0 be a constant. Give a completedescrip-
tion, with proof, of the setof all continuousfunctions
f: R — Rsuchthatf(z) = f(z? + ¢) forall z € R.
Notethat R denoteghesetof realnumbers.

B-1 Definea selfishsetto be a setwhich hasits own cardi-
nality (humberof elementsiasan element.Find, with
proof,thenumberof subset®f {1,2,... ,n} whichare

minimal selfishsets,thatis, selfishsetsnoneof whose
propersubsetss selfish.

B-2 Show thatfor every positive integern,

2n41

m—1\ T M+ 1\ 2

(" ) <1-3-5---(2n—1)<<"+ )

e [

B-3 Given that {z1,22,... ,2,} = {1,2,...,n}, find,
with proof,thelargestpossiblevalue,asafunctionof n
(with n > 2), of

X1T2 + 223 + -+ Tp_1Tp + TpT1.

B-4 For ary squarematrix A, we candefinesin A by the
usualpower series:

2n+1

N~ ()
SlnA—;mA

Prove or disprove: thereexistsa 2 x 2 matrix A with
realentriessuchthat

. (1 1996
smA—<0 1 )

B-5 Givenafinite string S of symbolsX andO, we write
A(S) for the numberof X’s in S minusthe number
of O’s. For example, A(XO0OX00X) = —1. We
call astring S balancedif every substring?’ of (con-
secutve symbolsof) S has—2 < A(T) < 2. Thus,
X0O0X0O0X isnotbalancedsinceit containghesub-
string OO X OO0. Find, with proof, the numberof bal-
ancedstringsof lengthn.

B-6 Let (a1, b1), (az,b2),. .., (an,b,) bethe verticesof a
convex polygonwhich containsthe origin in its inte-
rior. Prove thatthereexist positive realnumberse and
y suchthat

(a1,b1)z" y" + (a2, bo)z?y" + -
+(an, bn)z*"y" = (0,0).



The Fifty-Eighth William L owell Putham M athematical Competition
Saturday, December 6, 1997

A-1 A rectangle HOM F', hassidesHO = 11 andOM =
5. A triangle ABC hasH astheintersectiorof theal-
titudes,O the centerof thecircumscribecircle, M the
midpointof BC, and F' thefoot of thealtitudefrom A.
Whatis thelengthof BC'?

A-2 Players1,2,3,... ,n are seatedarounda table, and
eachhasa single penry. Playerl passes penry to
player 2, who then passeswo penniesto player 3.
Player3 thenpasse®nepenry to Player4, who passes
two penniegso Player5, andso on, playersalternately
passingone penry or two to the next playerwho still
hassomepennies. A playerwho runsout of pennies
dropsout of the gameandleavesthetable. Find anin-
finite setof numbersn for which someplayerendsup
with all n pennies.

A-3 Evaluate
oo $3 1.5 $7
A @‘?*TIGZE*“)
x> z? z8
(1+2_2+22.42 T +> da.

A-4 Let G be a groupwith identitye and¢ : G — G a
functionsuchthat

$(91)9(92)8(93) = P(h1)p(h2)p(hs)

wheneer g1gog3 = e = hyhshz. Prove thatthere
exists an elementa € G suchthaty(z) = ad(x)
is a homomorphism(i.e. ¥(zy) = ¥ (z)y¥(y) for all
z,y € G).

A-5 Let N,, denotethe numberof orderedn-tuplesof posi-
tiveintegers(ai,as, . .. ,a,) suchthatl/a; + 1/a2 +
...+1/a, = 1. DeterminewhetherN, is evenor odd.

A-6 For a positive integern andary real numbere, define
xy, recursvelyby zo = 0, 21 = 1, andfor k > 0,
ctpr1 — (n— k)xy
kE+1

Fix n andthentake ¢ to be the largestvaluefor which
Znt+1 = 0. Findzy, in termsof n andk, 1 < k < n.

Th+2 =

B-1 Let {z} denotethe distancebetweenthe real number
x andthe nearesinteger For eachpositive integer n,
evaluate

Fa= X mint(g) ()

(Heremin(a, b) denotegheminimumof a andb.)

B-2 Let f beatwice-differentiablereal-valuedfunctionsat-
isfying

f@) + f"(z) = —zg(2) f' (2),

whereg(z) > 0 for all real z. Prove that|f(z)| is
bounded.

B-3 For eachpositive integern, write thesum_" _, 1/m
in theform p,, /¢, wherep,, andg,, arerelatively prime
positive integers. Determineall n suchthat5 doesnot
divide ¢,.

B—4 Let an, », denotethe coeficient of 2™ in the expansion
of (1 + = + z2)™. Provethatfor all [integers]k > 0,

L
0< (=1)ap—;; < 1.
i=0

w‘g
—

B-5 Provethatfor n > 2,

nterms n —1terms
2 2
227 = 2% (mod n).

B—6 Thedissectiorof the 3—4—5triangleshovn belaw (into
four congruentighttrianglessimilarto theoriginal) has
diameter5 /2. Find the leastdiameterof a dissectiorof
this triangleinto four parts. (The diameterof a dissec-
tion is the leastupperboundof the distancedetween
pairsof pointsbelongingto the samepart.)



The Fifty-Eighth William L owell Putham M athematical Competition
Saturday, December 5, 1998

A-1 A right circularconehasbaseof radiusl andheight3.
A cubeis inscribedin the conesothatonefaceof the
cubeis containedn the baseof the cone. Whatis the
side-lengttof thecube?

A-2 Let s beary arcof theunit circle lying entirelyin the
first quadrantLet A betheareaof theregionlying be-
low s andabove the z-axisandlet B bethe areaof the
region lying to theright of the y-axisandto the left of
s. Provethat A + B depend®nly onthearclength,and
notontheposition,of s.

A-3 Let f bearealfunctionontherealline with continuous
third derivative. Prove thatthereexists a point a such
that

f@)- f'(a)- f"(a) - f"(a) 2 0.

A-4let A; = 0andA4, = 1. Forn > 2, the num-
ber A,, is definedby concatenatinghe decimalexpan-
sionsof A,,_; and A,,_, from left to right. For ex-
ampleA3 = A2A1 = 10, A4 = A3A2 = 101,
Ay = A4A3 = 10110, andsoforth. Determineall n
suchthat11 dividesA4,,.

A-5 Let F beafinite collectionof opendiscsin R? whose
unioncontainsasetE C R%. Shaw thatthereis a pair-
wisedisjointsubcollectionD,, ... , D,, in F suchthat

EC U‘?’:13D]’.

Here,if D isthediscof radiusr andcenterP, then3D
is thediscof radius3r andcenterP.

A-6 Let A, B, C denotedistinct pointswith integer coordi-
natesn R?. Prove thatif

(|AB| +|BC|)* < 8 -[ABC] +1

then A, B, C arethreeverticesof asquare Here| X Y|
is thelengthof segmentXY and[ABC(] is the areaof
triangle ABC.

B—1 Find the minimumvalueof

(x+1/z)% — (28 + 1/2%) — 2
(x+1/x)3 + (23 + 1/23)

forz > 0.

B-2 Givenapoint(a, b) with 0 < b < a, determinghemin-
imum perimeterof a trianglewith onevertex at (a, b),
oneonthez-axis,andoneontheline y = z. Youmay
assumehatatriangleof minimumperimeterexists.

B-3 let H betheunithemispherd (z,y, z) : 2° +y* +2° =
1,z > 0}, C theunitcircle {(z,y,0) : 22 + y? = 1},
and P theregular pentagorinscribedin C. Determine
thesurfaceareaof thatportionof H lying overthepla-
narregioninside P, andwrite your answelin the form
Asina + Bcos (3, whereA, B, a, 8 arerealnumbers.

B—4 Find necessarandsufiicient conditionson positive in-
tegersm andn sothat

mn—1

Y (—p)lifmi+liiml < g,

=0

B-5 Let NV bethe positive integerwith 1998decimaldigits,
all of them1; thatis,

N =1111---11.
Findthethousandtligit afterthedecimalpointof v/ N.
B—6 Prove that, for ary integersa, b, ¢, thereexists a posi-

tive integern suchthaty/n3 + an2 + bn + c is notan
integer
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