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MOHAMMED BEN MUSA'S

COMPENDIUM
ON CALCULATING BY

COMPLETION AND REDUCTION.

When I considered what people generally want in \^^

calculating, I found that it always is a number.

I also observed that every number is composed of

units, and that any number may be divided into units.

Moreover, I found that every number, which may
be expressed from one to ten, surpasses the preceding

by one unit : afterwards the ten is doubled or tripled,

just as before the units were : thus arise twenty, thirty,

&c., until a hundred ; then the hundred is doubled and

tripled in the same manner as the units and the tens,

up to a thousand ; then the thousand can be thus re-

peated at any complex number ; and so forth to the

utmost limit of numeration.

I observed that the numbers which are required

in calculating by Completion and Reduction are of

three kinds, namely, roots, squares, and simple numbers

relative to neither root nor square.



( 6 )

A root is any quantity which is to be multiplied by
itself, consisting of units, or numbers ascending, or

fractions descending.*

A square is the whole amount of the root multiplied

by itself.

A simple number is any number which may be pro-

nounced without reference to root or square.

A number belonging to one of these three classes

may be equal to a number of another class; you
may say, for instance, " squares are equal to roots," or

" squares are equal to numbers," or " roots are equal to

numbers."!

/4j Of the case in which squares are equal to roots, this

is an example. " A square is equal to five roots of the

same ;"J the root of the square is five, and the square

is twenty-five, which is equal to five times its root.

So you say, " one third of the square is equal to four

roots ;'*§ then the whole square is equal to twelve

roots; that is a hundred and forty-four; and its root

is twelve.

Or you say, " five squares are equal to ten roots ;"||

then one square is equal to two roots; the root of

the square is two, and its square is four.

By the word root, is meant the simple power of the
unknown quantity.

f cx^ = bx cx^ = a bx=a

§ L=:4x .'. x2=12j: .•. x—\2
II ,5x2=100; ,'. X'=z2x /. x^2

①I
②
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In this manner, whether the squares be many or few,

(t. e. multiplied or divided by any number), they are

reduced to a single square ; and the same is done with

the roots, which are their equivalents ; that is to say,

they are reduced in the same proportion as the squares.

As to the case in which squares are equal to numbers ;

for instance, you say, " a square is equal to nine ;"*

then this is a square, and its root is three. Or " five

squares are equal to eighty ; "f then one square is equal

to one- fifth of eighty, which is sixteen. Or " the half

of the square is equal to eighteen ;":[ then the square is

thirty-six, and its root is six.

Thus, all squares, multiples, and sub-multiples of

them, are reduced to a single square. If there be only

part of a square, you add thereto, until there is a whole

square; you do the same with the equivalent in numbers.

As to the case in which roots are equal to numbers ;

for instance, " one root equals three in number ; "§ then

the root is three, and its square nine. Or " four roots (5)

are equal to twenty ;"
|| then one root is equal to five,

and the square to be formed of it is twenty-five.

Or "half the root is equal to ten; "If then the

t 5^2=80/. «2=^= i6

Xt=^ 18/. 0^ = 36 /. x=6
§ a:=3

II 4^=20 /. x=s
f ^ = 10 /. X = 20

:
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whole root is equal to twenty, and the square which is

formed of it is four hundred.

I found that these three kinds ; namely, roots,

squares, and numbers, may be combined together, and

thus three compound species arise ;* that is, " squares

and roots equal to numbers ;" " squares and numbers

equal to roots ;" "roots and numbers equal to squares."

Roots and Squares are equal to Numbers ;f for in-

stance, " one square, and ten roots of the same, amount

to thirty-nine dirhems ;" that is to say, what must be

the square which, when increased by ten of its own
roots, amounts to thirty-nine? The solution is this : you

halve the number^ of the roots, which in the present

instance yields five. This you multiply by itself;

the product is twenty- five. Add this to thirty-nine;

the sum is sixty- four. Now take the root of this, which

is eight, and subtract from it half the number of the

roots, which is five ; the remainder is three. This is

the root of the square which you sought for; the

square itself is nine.

The three cases considered are,

ist. cx'- + i.r=a
2d. cx^+ a = bx
3d. cx^=:bx-{-a

f \st case: cx^-{-bx=:d

Example x^ + i ox=39 ^

= x/64 - 5
=:8 - 5 = 3

:j: i. e. the coefficient.

S
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The solution is the same when two squares or three,

or more or less be specified;* you reduce them to one

single square, and in the same proportion you reduce

also the roots and simple numbers which are connected

therewith.

For instance, " two squares and ten roots are equal

to forty-eight dirhems ;"f that is to say, what must be ^^
the amount of two squares which, when summed up and

added to ten times the root of one of them, make up a

sum of forty-eight dirhems ? You must at first reduce

the two squares to one ; and you know that one square

of the two is the moiety of both. Then reduce every

thing mentioned in the statement to its half, and it will

be the same as if the question had been, a square and

five roots of the same are equal to twenty-four dirhems;

or, what must be the amount of a square which, when
added to five times its root, is equal to twenty-four dir-

hems ? Now halve the number of the roots; the moiety

is two and a half. Multiply that by itself; the pro-

duct is six and a quarter. Add this to twenty-four ; the

sum is thirty dirhems and a quarter. Take the root of

this ; it is five and a half. Subtract from this the moiety

of the number of the roots, that is two and a half; the

* cx''-\-bx=a is to be reduced to the form x^4-—x=~
• * c e

t 2aP+iox=4S
s x^+ 5x=24

= v/C6i+24]~2^
= 54 - 2j = 3

6
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remainder is three. This is the root of the square, and

the square itself is nine.

The proceeding will be the same if the instance be,

" half of a square and five roots are equal to twenty-eight

dirhems ;"* that is to say, what must be the amount of

a square, the moiety of which, when added to the equi-

valent of five of its roots, is equal to twenty-eight dir-

hems ? Your first business must be to complete your

square, so that it amounts to one whole square. This

you effect by doubling it. Therefore double it, and dou-

ble also that which is added to it, as well as what is equal

to it. Then you have a square and ten roots, equal to

fifty-six dirhems. Now halve the roots ; the moiety is

five. Multiply this by itself; the product is twenty-five.

Add this to fifty-six ; the sum is eighty-one. Extract

the root of this; it is nine. Subtract from this the

moiety of the number of roots, which is five ; the re-

mainder is four. This is the root of the square which

you sought for; the square is sixteen, and half the

(T) square eight.

Proceed in this manner, whenever you meet with

squares and roots that are equal to simple numbers : for

it will always answer.

j:'^-f-iox=56

= ^^'25 + 56" - 5
= n/8i - 5

= 9-5 = 4
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Squares arid Ntmihers are equal to Roots;* for

instance, "a square and twenty-one in numbers are

equal to ten roots of the same square." That is to say,

what must be the amount of a square, which, when
twenty-one dirhems are added to it, becomes equal to

the equivalent of ten roots of that square? Solution :

Halve the number of the roots; the moiety is five.

Multiply this by itself; the product is twenty-five.

Subtract from this the twenty-one which are connected

with the square; the remainder is four. Extract its

root ; it is two. Subtract this from the moiety of the

roots, which is five ; the remainder is three. This is the

root of the square which you required, and the square

is nine. Or you may add the root to the moiety of the

roots; the sum is seven ; this is the root of the square

which you sought for, and the square itself is forty-

nine.

When you meet with an instance which refers you to

this case, try its solution by addition, and if that do not

serve, then subtraction certainly will. For in this case

both addition and subtraction may be employed, which

will not answer in any other of the three cases in which

* 2d case. cx'--\-a.=ibx

Example, x'-^-ii—iox

x=^i±v\j}ir-^
— ^^sj 25 —21
= 5 ±v/~4"

8
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the number of the roots must be halved. And know,

that, when in a question belonging to this case you

have halved the number of the roots and multiplied

the moiety by itself, if the product be less than the

number of dirhems connected with the square, then the

instance is impossible;* but if the product be equal to

(8) the dirhems by themselves, then the root of the square

is equal to the moiety of the roots alone, without either

addition or subtraction.

In every instance where you have two squares, or

more or less, reduce them to one entire square, f as I

have explained under the first case.

Roots and Numbers are equal to Squares;% for instance,

" three roots and four of simple numbers are equal

to a square." Solution : Halve the roots ; the moiety

is one and a half. Multiply this by itself; the product

is two and a quarter. Add this to the four ; the sum is

* If in an equation, of the form x^-\-a=bx, (|)^ JL ar,

the case supposed in the equation cannot happen. If

(^)^=«» thenx = *

+ cx^4-a=bx is to be reduced to :r'^ {— —^
X 3d case cx^=:bx-{-a

Example x^ = 30:+

4

^^=v/[(f)H43 +f
= v/(Tiy + 4_ + ii

= \/~2i +4 +1^

= 2^ +1^=4

q


