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Abstract We prove the existence of C* local solutions to a class of mixed type Monge—
Ampere equations in the plane. More precisely, the equation changes type to finite order across
two smooth curves intersecting transversely at a point. Existence of C° global solutions to
a corresponding class of linear mixed type equations is also established. These results are
motivated by and may be applied to the problem of prescribed Gaussian curvature for graphs,
the isometric embedding problem for 2-dimensional Riemannian manifolds into Euclidean
3-space, and also transonic fluid flow.

Mathematics Subject Classification 35M10 - 53A05

1 Introduction

In this paper, we will study a class of Monge—Ampere equations of mixed-type. One source
of interest in these equations arises from the equation of prescribed Gaussian curvature. Let
u be a C? function defined in a domain  C R? and suppose that the graph of u has Gaussian
curvature K (x) at the point (x, u(x)), x € €. It follows that u satisfies the equation

det D*u = K (x)(1 + |Du?)?.
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826 Q. Han, M. Khuri

This equation is elliptic if K is positive and hyperbolic if K is negative, and hence is of mixed
type when K changes sign. Another source of Monge—Ampere equations comes from the
isometric embedding problem for 2-dimensional Riemannian manifolds into R3. See chapter
three in [8] for details. In [21], Lin proved the existence of local isometric embeddings of
surfaces into R? if the Gaussian curvature changes sign cleanly. In other words, the Gaussian
curvature changes sign to first order across a curve. In this case the Darboux equation, a
basic equation associated with the isometric embedding problem is elliptic on one side of the
curve and hyperbolic on the other. Such a result was generalized by the first named author
in [5] and [6]. Recently, we [9] discussed a case in which the Gaussian curvature changes
sign in a more complicated way and proved the existence of sufficiently smooth isometric
embeddings. For further results on this and related problems see [4—17], [20], and [21].
Mixed type equations also arise naturally in many other areas. Recently, there have been
several survey articles on this subject. In [22], Morawetz gives a detailed account of the
historical background and known results on mixed type equations and transonic flows. In
[23], Otway presents a detailed review on mixed type equations and Riemannian—Lorentzian
metrics. The most intensively studied equation of mixed type is the Tricomi equation [24]

Uyy + YUxy = f

The plane is divided into two parts by the x-axis. The Tricomi equation is elliptic in the upper
half plane and hyperbolic in the lower half plane. Many results have been obtained in vari-
ous settings for this equation. Nonetheless, beyond the equations of the Tricomi family, the
theory of mixed type equations is fairly underdeveloped. However this lack of development
is not due to a lack of applications or well-motivated problems. Mixed type equations which
change type in a way more complicated than that of the Tricomi case also arise naturally
in many circumstances. For instance, as far back as in 1929, Bateman [1] presented several
models for the 2-dimensional motion of compressible fluids. One of these models is given by
a class of elliptic-hyperbolic equations in the unit disk which change type in the following
way. The unit disk is divided into four regions by two straight lines through the origin. These
equations are elliptic in a pair of opposing regions and hyperbolic in another pair of opposing
regions. (See Fig. 1 on p. 612 in [1].)

In this paper, we study smooth solutions to a class of mixed type Monge—Ampere equa-
tions in the plane which change type in a way similar to that in [1]. The model equation has
the following form

uxxuyy_uiy :(x2_y2)w(x’ Y, U, Uy, My)v (1.1)

where v is a positive smooth function in By x R x RZ. Here B is the unit disk in R2. We are
interested in the question of whether or not (1.1) admits a smooth solution u, defined in some
neighborhood of the origin. We note that (1.1) is a Monge—Ampere type equation of mixed
type. The unit ball B; C R? is divided into four components by {|x| = |y|}. The equation
(1.1) is elliptic in {|x| > |y|} and hyperbolic in {|x| < |y]|}.

The following result is a special case of a more general result that we will prove in Sect. 6.

Theorem 1.1 Let yr be a positive smooth function in By x R x R%. Then there exists a smooth
solution u of (1.1) in B, for some r € (0, 1).

We should point out that x> — y? can be replaced by any function with a similar behavior,

such as y? — x2. This is due to the invariance of the Monge—Ampere operator by orthogonal
transformations.
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A class of mixed type equations 827

In order to prove Theorem 1.1, it is essential to analyze the corresponding linear equation.
It turns out that it suffices to consider

tyy + (% = Yy = f. (1.2)
Again, the plane is divided into four components by {|x| = |y|}. The equation (1.2) is elliptic
in {|x| > |y|} and hyperbolic in {|x| < |y|}. The lines of degeneracy {|x| = |y|} are non-

characteristic. Moreover, the boundaries d{y > |x|} and d{y < —|x|} are space-like for the
corresponding hyperbolic regions {y > |x|} and {y < —|x|}, respectively. Hence equation
(1.2) is considerably more complicated than the Tricomi equation, however we are still able
to establish the following theorem, which is a special case of a more general result proven in
Sect. 5.

Theorem 1.2 Let f be a smooth function in By C R2. Then there exists a smooth solution
u of (1.2) in By. Moreover, for any positive integer s, u satisfies

lullas sy < Csll fllgs+s s, (1.3)

where Cs is a positive constant depending only on s.

We point out that (1.2) is a small perturbation of the linearization for (1.1), at a suitably
chosen approximate solution. It should be emphasized that the form of the degenerate coef-
ficient x> — y? plays an important role in the solvability of (1.2). If x> — y? is replaced by
other quadratic functions, then it may not be possible to solve the new equation. For instance,
the approach and methods used in this paper do not yield solutions of

uyy + (3* = xDuyy = f. (1.4)

This equation is different from (1.2), in that (1.4) is elliptic in {|x| < |y|} and hyperbolic
in {|x| > |y|}. We note that the y-direction, which may be considered as the time direction,
does not always point into the hyperbolic regions. In this sense, the linear Eq. (1.2) is more
rigid than the nonlinear Eq. (1.1).

The proof of Theorem 1.2 consists of two steps. In the first step, we construct a smooth
solution in the elliptic regions {|y| < x} and {|y| < —x}. This is achieved by solving the
homogeneous Dirichlet problem. Such a solution then naturally yields Cauchy data for the
hyperbolic regions along the lines of degeneracy. In the second step, we construct a smooth
solution in the hyperbolic regions {y > |x|} and {y < —|x|}, by solving the Cauchy problem.
The solution constructed in Theorem 1.2 vanishes along the degenerate set {|x| = |y|} N By.
It is clear from the proof in this paper that one can prescribe the solution arbitrarily (as a
smooth function) on {|x| = |y|} N Bj. A similar idea was used by Han [7] in the discussion
of higher dimensional Tricomi equations and related Monge—Ampere equations.

The difficulty in solving both the Dirichlet problem in the elliptic regions and the Cauchy
problem in the hyperbolic regions arises from two distinct aspects of this problem. First, the
equation is degenerate on the boundary. Second, there is an angular point (i.e., the origin) on
the boundary of each domain.

Boundary value problems for (strictly) elliptic differential equations in domains with
angular points have been studied extensively. The regularity results are in fact not encourag-
ing. Well known examples of harmonic functions in sector domains demonstrate that these
solutions are not necessarily smooth. Furthermore, in general, solutions of degenerate ellip-
tic differential equations exhibit worse regularity than those of (strictly) elliptic differential
equations. Hence, it seems unrealistic to expect, at first glance, that solutions of the degener-
ate elliptic equation studied here should be smooth in domains with angular points. However,
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it is precisely due to the degeneracy at the angular points that we are able to prove that the
solutions have this high degree of regularity up to the boundary. The degeneracy plays an
important positive role. In fact, we are not aware of any other cases where degeneracy actually
improves the regularity.

In contrast to the extensive studies of elliptic equations in nonsmooth domains, little is
known about the Cauchy problem for hyperbolic equations when the initial curve is non-
smooth. Our first task here is to prove that the Cauchy problem is well posed for (strictly)
hyperbolic equations in domains whose initial curves contain angular points. Compatibility
conditions are needed at the angular points in order to ensure the regularity of solutions. (See
Lemma 3.3 for details.) As in the elliptic case, the degeneracy along the initial curve surpris-
ingly plays a positive role in passing the existence and regularity result from strict hyperbolic-
ity to degenerate hyperbolicity. In fact, it demonstrates that any such initial curve is space-like
for the hyperbolic regions. This plays an important role in the proof of the well-posedness
of degenerate hyperbolic equations in domains whose initial curves have angular points.

This paper is organized as follows. In Sect. 2, we will construct smooth solutions for the
Dirichlet problem in the elliptic regions and derive necessary estimates. Smooth solutions
to the Cauchy problem for uniformly hyperbolic equations in domains with angular points
on the boundary will be established in Sect. 3. Estimates independent of the hyperbolicity
constant will then be derived in Sect. 4. In Sect. 5, we will state and prove a general the-
orem of which Theorem 1.2 is a special case. Finally in Sect. 6, we will discuss a class of
Monge—Ampere type equations and study the appropriate iterations to prove a result which
generalizes Theorem 1.1.

2 Elliptic regions

In this section, we will study a class of degenerate elliptic differential equations in planar
domains with angular singularities. We will construct smooth solutions if the degeneracy
occurs at angular points.

For any « > 0, let C, be a cone in R? with vertex at the origin given by

Ce ={(x,y);0 < [yl < kx}.
Let ©, be a bounded domain in R? such that
QN By =C¢N By,
and
092 \ {0} is smooth.
Consider the equation
uyy + Kuyy +biux +bouy +cu = f in Q,, 2.1)
where K, b; and ¢ are smooth functions in Q. In the following, we assume
K >0inQ, and K =0ond2, N By. 2.2)

There are two major difficulties in studying (2.1). First, (2.1) is degenerate on a portion of
the boundary 92, N Bj. Second, there is an angular singularity on the boundary. Usually,
solutions of degenerate elliptic differential equations exhibit a worse regularity than those
of (strictly) elliptic differential equations. It is well known that solutions of (strictly) elliptic
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A class of mixed type equations 829

differential equations in domains with angular singularities are in general not smooth. The
regularity depends on the angle in an essential way; the smaller the angle, the better the
regularity of solutions. However, it is entirely different for equations which are degenerate at
angular points. In our case, we are able to construct smooth solutions of (2.1). Moreover, we
can prove that any solutions of (2.1) are in fact smooth if its Dirichlet value on the boundary
is smooth and satisfies a compatibility condition up to infinite order at the angular point. The
degeneracy plays an important positive role in the proof of the smoothness of solutions at
the angular point.
We will prove the following result.

Theorem 2.1 Let K, b;, c and f be smooth functions in Q. satisfying (2.2), ¢ < 0 in Qi
and

b1] < Cp (ﬁ+ |aX1<|) in Q. (2.3)

Then (2.1) admits a smooth solution in S with u = 0 on 3S2. Moreover, for any integer
m > 1, u satisfies

lullgm@ey < Coll £l gmei (g, (2.4)
where Cy, is a positive constant depending only on Cy, and the C™-norms of K, b; and c.

To prove Theorem 2.1, we regularize (2.1) by replacing K by K + § for any § > 0. Then
the new equation is uniformly elliptic and hence admits a unique solution us € HO1 (2).
In order to pass limit as § — 0, we need to derive estimates of us independent of §. The
condition (2.3) is introduced to overcome the degeneracy of K along 92, N Bj.

In the following, we consider

Lu =uyy +auxy +bruy +bouy +cu = f inQ,, (2.5)
where a, b; and ¢ are smooth functions in Q,. We assume
ag<a <1 inQ, (2.6)

for a positive constant ag € (0, 1).

It is obvious that (2.5) is uniformly elliptic. Hence (2.5) admits a solution u € HO1 ()
and classical results for uniformly elliptic differential equations on smooth domains apply in
any subdomains of €, away from the origin. Specifically, for any r € (0, 1) and any k > 2,
there holds

el gk @\B,) < Chor LIl 200,

where Cy , is a positive constant depending on k, r, ag and C*2_norms of a, b; and c. In
general, Cy , — oo asr — 0 or ap — 0. Therefore, we need to derive an estimate which is
independent of the lower bound of a. Moreover, the regularity of u close to the origin needs
special attentions.

We first consider boundary points away from the origin. We set for any ¢ > 0

Dy ={(x,y) x| <1,0<y<e} CR~. Q.7)

We denote by 82‘ D¢, 9, D, and 9, D, the horizontal top, horizontal bottom and vertical bound-
aries respectively. By an appropriate transform, a neighborhood of any point on 9<2, \ {0} is
changed to D, for an ¢ > 0. We consider (2.5) in D, and assume

Ib1] < Ch(v/a +1dxal) in D, (2.8)

for some positive constant C.
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Lemma 2.2 and Corollary 2.3 below provide energy estimates of solutions in narrow
domains.

Lemma 2.2 Suppose a, by, by and c are smooth functions in D, satisfying (2.6) and (2.8)
and u is a smooth solution of (2.5) with u = 0 on 8, D;. If

e(lct roo(py) + laxxlLo(n,) + b1 xlLon,) + b2,y LoD,y + 1)% <1,
then for any cutoff function ¢ = ¢(x) on (—1, 1)
leullr2p,) + llouylir2p,y + ||§0«/;mx||1‘2(pp)
< Co (Il 2o ) + 1y N2,y + W@ 200 + l0f I20y) - 29)
where Cy is a positive constant depending only ¢, a, Cy, and the supnorm of b;.
Proof For convenience, we set

M = |c¥ 1D,y + laxx|L(D,) + b1xL(D,) + b2ylLe,) + 1. (2.10)
Multiplying (2.5) by ¢?u and integrating over D, we obtain

1 1
/(¢2“§ +¢tau3) = / (wzauux - 5(<ﬂ2a)xu2 + §¢2b1u2)
P
D,

&

1 1 1 1
2 2, 2 2 2
+/ (ga uuy + Ego bou )y +/§0 (C + Eaxx - Ebl,x - EbZ,y) w11
D D

+ / ((ppxx + 9D)a + ppx(2ay — by)) u? — / o’uf.
D, D,

We first note that there is no boundary integral over 9, D, since ¢ = 0 there and there is no
boundary integral on 9, D, since u = 0 there. Next, we note that gox < Cypon (-1, 1) for
some positive constant C Since a > 0 in Dj, we also have

|8ca| < Cyo/a insuppy x (—1, 1), (2.12)

for some positive constant C, depending only on suppg and the C%-norm of a. Then by (2.8),
(2.12) and the Cauchy inequality, we have

(9o +97)a + 9. 2a; — bi) < ¢ + Coga,
where Cy is a positive constant depending only on ¢, C, and Cp. With (2.10), we get

/(wzuf, +¢’au?) < Co / O 0 +u3) + Co/wau2

D
+M/<pu +/ 2,

where Cy is a positive constant depending only ¢, C,, Cp and the supnorm of b>. A simple
integration over y yields

&

iy <y [ nd.
0
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and then

By a simple substitution, we get

/ (9%uj, + 9*auy) < Co / ¢*(? +u3) + Co / pau’

D
+82M/<pu+/ 2.

With es/M < 1, we then obtain

/(¢2u§+<ﬂzau§) < Co[ / ¢2(u2+u§)+/<pau2+/<p2f2],
D,

y=¢ D, D;
and hence
/(gozu2 +¢*ul + pau3) < Co[ / @* (W +u3) +/¢au2 +/<ﬂ2f2]~
Dy y=¢ Dy D
This implies (2.9) easily. ]

Corollary 2.3 Suppose a, by, by and ¢ are smooth functions in D, satisfying (2.6) and (2.8)
and u is a smooth solution of (2.5) with u = 0 on 9, Dy. If for an integer s > 1,

1
se(leT oo(n,) + laxxl Lo,y + 1b1xlLoD,) + b2 yliepy + D2 < 1,

then for any cutoff function ¢ = ¢(x) on (—1, 1)

s+1
lpull 5 (p,) < Cs (Z 1D ull 25 p,y + el L2, + ||f||H.»v<DE,>), (2.13)
k=0

where Cy is a positive constant depending on ¢, Cj, and the C*-norms of a, by, by and c.
We emphasize that C; is independent of inf a.
Proof We first claim for any integer s > 0

||¢8;”||L2(DS) + ||903}'3;””L2(DS) + ||(/’\/53;+1u||L2(D£)

= C(”a;u”LZ(a;ng) + ||3y3§u||Lz(3;rD€) + ||«/(pa8;u||L2(D€)

s—1 s—1
+ > llpdfullzap, + D lpdydfull 2, + ||¢a§f||Lz(D£)), (2.14)
k=0 k=0

where C is a positive constant depending on ¢, Cj, and the C*-norms of a, by, by and c.
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We first assume (2.14) for any s > 0 and prove (2.13). By (2.14);_1 and (2.14),, with
different cutoff functions, we obtain

‘ s—1
lpdzullL2(p,) + ll9dydy ullL2(p,)

s N
-1
gc( D I9kull 2 py + D 1dyd5ull 2t b, + 1/0Vady ull 2,

k=s—1 k=s—1
s—1 s—2 K
+ > IVekull2p,) + D IV@ KUl 2p,y + D |Wa§f||Lz<D£)).
k=0 k=0 k=s—1
Note by (2.5)

Oyyut = —adyxu — b1oxu — bydyu —cu + f in D,.

It is obvious that derivatives of u of order s can be obtained easily in terms of 3u and lower
order derivatives of u. Hence we obtain

s s
2 leddiuliam,) = C( 2 10l agrpy + 2 193l p,)
i+j=s k=s—1 k=s—1

+ D Ve Ul m,) + D IV fll2p,))-
i+j<s—1 i+j<s

This implies (2.13) by a simple induction.
Next, we prove (2.14). Applying 933 to (2.5), we get

030%u + adgdiu + b1 diu + brdydSu + Eu = ;. (2.15)
where
51 = b1 + say,
E= sl + 550~ Daxe,
and

s—1 s—1
fs=0f+ Z (Co,i203 M 2a + ¢51195 by + 05,185 0)dlu + ZC.v,iB,f”'bzaya)’;u,
i=0 i=0

where ¢y ; is a positive constant fori = 0,1, ...,s — 1 with ¢5,_> = ¢;,—1 = 0. Note that
(2.15) has the same structure as (2.5). So we can proceed as in the proof of Lemma 2.2 to get
an estimate of 3u. We only need to note that the corresponding coefficient for 2 (d5u)?, as
compared with that for ¢%u? in (2.11), is given by

1 1~

- 1 1 1
ot S = Sbie = Shay =ct (s = 1)2ayy, + (s — b=

By Lemma 2.2, we have for ¢ < (s+/ M)~

Ebz’y.

ledzull2cp,) + llpdydyull2p,) + ||</’\/58§+]M||L2(D£)
=< C(”a;””y(a;r[)s) + ||aya;“||1‘2(3h+pg) + ||\/‘Pa8;”||L2(D£)” + llofs ||L2(DE))~

With the explicit expression of f;, we get (2.14) easily. O
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A class of mixed type equations 833

Next, we study solutions in a neighborhood of the origin. We first recall some results
for (strictly) elliptic differential equations in domains with an angular singularity on the
boundary. Main references are [18], Chapter 4 and Chapter 5 in [3] or Chapter 6 in [19].

For any nonnegative integer m, define the space V" (C,) as the closure of Cgo (P \ {0}
with respect to the norm

1/2
||u||vm(c)c) = ( Z /rZ(\Ot\*m”DOtu'Z) )
|a|SmC,(
To illustrate how the regularity depends on the angle of the cone, we consider
Au = f inC,
u=0 onadC. (2.16)

Let k = tan(«/2) for an @ € (0, ). Obviously, u = ra cos(mf /) is a solution of the
homogeneous (2.16). It is easy to check that such a u is in V" (C, N B;) provided

m—1Da <m.

In general, the regularity u € V" (C,) cannot be improved if (m — 1)« /7 is not an integer.
Hence solutions of (2.16) exhibit a better regularity in smaller cones. This turns out to be a
general result.

We consider a slightly more general case. For a constant a > 0, we consider

uyy +auyy = f inCg, .17
u=0 ondC,. '
By introducing
X = ﬁs, y=t,
we have
up +ugs = f in Cﬁk’
u=0 on 9C /.

Lemma 2.4 Let k,a > 0 be constants and u € HO1 (Cy) be the unique solution of (2.17) for
an f € L*(C.). Then for any integer m > 2 satisfying

2(m — 1) arctan(+/ak) < , (2.18)
iffe VM=2(C,), then u is in V'™ (Cy) and satisfies

lullvmcey < Cllfllym—2(c,ys
where C is a positive constant depending only on m, a and k.

Note that (2.18) always holds for m = 2.

Remark 2.5 If (2.18) is violated, then u is not necessarily in V" (C,). To illustrate this, we
consider (2.16), or (2.17) with a = 1. We write k = tan(«/2) for an o € (0, ) and let
m > 2 be an integer such that (m — 1)/ is not an integer. If f € Vm=2(C,), then any
solution u of (2.16) admits a decomposition

i jmo
u= E cjr e cos— +w,
- o
J
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834 Q. Han, M. Khuri

where w € V™(C,) and the summation is extended over all integer j in the interval
(/7 (m — Da/m).

For solutions of (2.5), the regularity is governed by the corresponding result for the con-
stant coefficient operator dyy + a(0)0yx.

Lemma 2.6 Let « be a constant, a, by, by and ¢ be smooth functions in 2, satisfying (2.6)
and u € HO1 (Q) be a solution of (2.5) for an f € L*(). Then for any integer m > 2

satisfying
2(m — 1) arctan(y/a(0)x) < 7, (2.19)
ifEf € V"=2(C,), then nu is in V™(C,) and satisfies

nullvnco = CAlEull 2, + 18f lym-—2c,))
where & and 1 are two arbitrary cutoff functions in By with & = 1 on the support of n and C

is a positive constant depending only on m, a(0), k, &, n and C™2-norms of a, b; and c.

Later on, we will only use the regularity assertion, instead of estimates, in Lemma 2.6.
Now we begin to derive estimates of u close to the origin independent of inf a. The main
result for this part is the following lemma.

Lemma 2.7 Let m be an integer, f € H™(C, N By) and u be an H'-solution of (2.23) in
C1 N By satisfying u = 0 on 8 = *a. Then there exist constants 8,, and k, such that, if
Kk < Ky and /a(0)k < 8,,, thenu € H™(Cy N By) and

m+1
”u”H’”(C,(ﬂ{x<%}) < Cn (Z ”Dlu”LZ(CKQ{x:%}) + ||f||H’"(C,(ﬂBl))7 (2.20)
i=0

where §,, is a positive constant depending only on m, Kk, is a positive constant depending only
on the C%-norms of a, b;, ¢ and Cy, is a positive constant depending only on the C"-norms
of a, b; and c.

We emphasize that C,, is independent of inf a. The proof of Lemma 2.7 is complicated.
We first establish some auxiliary lemmas.

Lemma 2.8 Let m be a nonnegative integer, a, by, by and ¢ be smooth functions in Q. sat-
isfying (2.6) and u be an H?2-solution of (2.5) with u = 0 on 02, N By. Then there exists a
positive constant 1, depending only on m such that, if

i2a(0) < N, 2.21)

then there exists a polynomial Py, (u) of degree m such that Py, (u) = 0 on 92, N By, any
coefficient cy in the homogeneous part of degree k, for any k < m, in Py, (u) satisfies

el < Cx D 1D £(O)].

lor| <k—2
and

L(u = Pu()) = (m — 2)-th remainder of f — L(Py(u)),
where Cy is a positive constant depending only on 8, k, and the C*¥~'-norms of a, b; and

¢, and L = (a — a(0))dyy + b1y + bady +c.
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A class of mixed type equations 835

It is easy to see from the proof below that P, () is the m-th Taylor polynomial of u at O
if u is C™ in a neighborhood of the origin.

Proof We first consider the transform (x, y) — (x/«, y). Then (2.5) has the form
Uyy +K2au“ +«biuy + bouy +cu = f in Q,

for a domain 2 | C R? with Q 1N By = C1 N By. In the following, we simply assume « = 1.
Let Lo = dyy + a(0)dy,. We first note d,u(0) = dyu(0) = O since u = 0 ony = F«x.
Set

u="Pyuu)+Ruw) =02+ -+ On+Run),

where Qy is a homogeneous polynomial of degree k fork = 2,...,m, with Qp = --- =
O, =00n 0 N By.Hence fork = 2, ..., m, Qi has the form

k—2
Ok = (> = y") D crpix 270y

i=0

Then
L(RmW) +LoQ2+ -+ LoOm =
where
f=F—L=LO)(Puw) = f— D (L~ Lo)Ox.
k=2

Note that Lo Qx is a homogeneous polynomial of degree k — 2. We set

Lo Qy = the (k — 2)-th homogeneous part of f foreachk =2,...,m. (2.22)

Then
L(Rm(u)) = (m — 2)-th remainder of f — (£ — Lo) (P (u)).
We claim that we can solve successively Q2, O3, ..., Q. Infact, a simple calculation shows
k-2
LoQk = > (k—i)(k —i — Da(0) — (i +2)(i + D)2
i=0
k=2 k—4
— Dk =ik —i = DaO)ckaia2+ P G +2) + Deraita
i=2 i=0
If we write (2.22) as a linear system for cx—2,0, ck—2,1, - . ., Ck—2,k—2, the (k — 1) x (k — 1)
coefficient matrix is obviously invertible if a(0) = 0 and hence invertible if a(0) is small.
It is easy to see that ck—2,0, Ck—2,1, - - . » Ck—2,k—2 solving (2.22) is a linear combination of
DY f(0), |a| < k. o

To discuss the regularity of solutions close to the origin, we need to consider (2.5) in polar
coordinates. We note

x =rcosf, y=rsinf.
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It is easy to see that any D*u, for some || = m, is a linear combination of

1 inJ . .
-0, 0pu, 1 <i+j=<m,

—ir
ym—i

with coefficients given by smooth functions of 6.
In polar coordinates, (2.5) has the form

[l“rzurr + 2aiarurg + uge + Ell’ur + Ezue +cu = f, (2.23)
where
- sin? 6 4 a cos? 0
agz= —-,
N~ Cos?o +asin?6
- (1 —a)sin6dcosé
ap = —F—+—,
27 o820 +asin?6
3 cos20 + asin?6 + byrcosd + byr sin 0
1= - )
cos? 0 + asin?0
B — —2(1 —a)cos@sin® — byrsin@ + bor cos O
: = cos26 + a sin? 6 ’
- r2c
C = —_2,
cos2 0 + asin’ 0
and

r2f
cos20 + asin?6’

f=

Lemma 2.9 Let u be a C™-solution of (2.23). Then for any integer k, Il with 1 <k +1 <m

m m m—i

1 1 . . 1 o
OO = > (cdfu + didfogu) + > D ——eijd) 70 f
i=0 i=2 j=0

where dy, = 0 and all coefficients c;, d; and e;; are functions depending on derivatives of
api, aye, by, by and ¢ (with respect to r and 0) up to the order m — 2.

The proof is by a simple induction based on (2.23) and hence omitted. Therefore, in order
to estimate D™ u, we only need to estimate

rmlﬂ.a;'agu, 0<j<LO0<i+j<m.
In the following, we assume « < 1 and consider (2.5) in
R={(x,y) € Q:x <1/2},
or the equivalent (2.23) in
R={(r0);0<r<r@®),—a<0<al,
where @« € (0,7/2) with tane = « and r = r(6) corresponds to x = 1/2, hence

r(@) =1/(2cos0).

@ Springer



A class of mixed type equations 837

Lemma 2.10 Let (v be a positive constant and u be a C?-solution of (2.5) in R satisfying

u=0o0n6 ==+aand
u? n u%
ﬁ ,»M—Z < Q0.
R

Then there exists a sufficiently small kg such that, if

1
k(lalcz + |bilct + el +1)2 < ko,

then

i rh=4’

uw’ 1 1 2 2, 2 f?
/( +ﬁ(ur sin® + —ug cosH) ) < Cy /(u +u;) + (2.24)
r r
R aF R R
where Cy is a positive constant depending only on the C'-norm of a and the L>-norm of b;.
The proof is similar to that of Lemma 2.2.

Proof We multiply (2.23) by —u/r# and get by a straightforward calculation

1 (2ay1uu, - . . ~ou?
—;( i3 — (2a126 +r011,r—(ll«—3)6111—b1)rﬂ72 )

y (2.25)
uug  2dppuu,  bu? 1 u(% 2apugur . 5 u? uf
_(,ﬁ P 2rﬂ) Tam\ et T T = AT
0

where

1
A == (2ran.g —2(u —2)a 2a11,r — 2(n —3)ra
2( rap.or —2(n —2)ane +roa,r —2(n — 3rai, (2.26)

+ (1= 3) (1 — )@ — by, + (1 — 2)by — bog + 2¢).

A simple calculation shows

2 ~
uy | 2dapuur .

2
+aju
2 114U,
1 . 1 2 1 ) 2
= —2((ur sinf + —ug cos@) +a(u,cos9 — —up s1n9) )
cos26 + asin’ 6 r r
. 1 2 1 . 2 2 2
> (ur sm@—l—fugcose) +a(u,cos0— —ug sm@) = uy + auy.
r r

Now we integrate (2.25) with respect to rdrd@ in
Ry ={(r,0);r <r <r(@), —a <0 < a},

for any 7 < 1/2. Since u = 0 on 6 = =«, there is no boundary integral on § = £«. By the
Cauchy inequality, we have

1 2 2 r u? u?
:
[ vz ] (525)

Ry —a
M2 f~2
+/(A+1)r7+/r7,
Ry R;

do+Co / W +u?)
r=r
r=r(0)
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where Cy depends on the L>°-norms of a2 g, rai r, ai and b1. Next, we write

1
2 2 2.9 2
u u; \ [ 1 u
/ (}"7 + rﬂ—z) = / ;/ (71"“_2 + )d@di"
0 —o

RN{r<})

2
ur
rh—4

Then there exists a sequence r; — 0 such that

o
u? u?
_ +
=2 " pu—4

dg — 0 asr; — 0.

r=r;
By taking 7 = r; — 0, we have

1 2 2 2 2 u? fz
T (uy +auy) < Co W +u)+ [ (A+ 1)r7 + PR (2.27)
R R R

r=r(0)

For any (r,60) € R, the corresponding (x, y) satisfies |y| < xx and x < 1/2. Since
u(x, —«x) = 0, we have

y
u(x,y):/uy(x,t)dt,

—KX

and

KX

uz(x, y) < 2kx / uf,(x, t)dt.

—KX

Note that x2 < r2 = x2 4+ y% < (k2 + 1)x2. This implies

2(x,y) 7 u(x, 1)
-2 i
LR <ol 1 )'T 2Kx 2 / .
(x24y2)z x“+y s (x2+12)7
An integration in R = {(x, y) € Q,; x < 1/2} yields
2

2
u 2 9 = uy
/r—uféhc k“+1)2 /ru—2'

R R

If « is small so that

2,2 u2 1
de” (k™ + 1) 2 (|A|L°o+1)§§,

we then have by (2.27)
2 2 2 £2
u Uy auy 2, 2 f
/(r“—i_r:“—2 +rﬂ—2)SC0 / W +u) + I
R r=r(0) R
This implies (2.24). O
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Lemma 2.11 Let m be an integer and u be a C™+2-solution of (2.23) in R satisfying u = 0

on O = o and
m—+1 (8’14)2
Z r2(m l)

If
mic(lale + |biler + lelze + 12 < ko, (2.28)
then
"2 M (9p0iu)? s (3 f)?
r r l
2(m—i) +Z 2 | =€ Z(a u)* + Z 2m—i-2)7° (2.29)
r r
» \i=0 i=0 sir =0

where kg is as in Lemma 2.10 and Cy, is a positive constant depending only on the C™-norms
of a, b; and c.

Proof Foranys =0, 1,...,m, we apply 9} to (2.23) to get

anr? @ u)er + 2a12r @510 + 5w + br @1), + b5 (33 u)g

. (2.30)
+E9u = fO —dDapa5 " u,

where
B = by + s(ran,, +2a),
BY) = by + 2s(rana),.
() _ S PR g0
¢S = c+50,(rby) + 2S(S D(r=ai)rr,
d®) = sby,y +s(s — 1)(rdin)r,
and
s—2
FO =007 ) =D (2esim18 7 (ran) + 0.0} b2) B dfu
i=0

s—1
- Z (Cs,i72a,f_l+2(r2all) +e5im1 T rby) + ¢y,05 7 ) 0lu,
i=0

where ¢y ; is a constant depending only on s and i with ¢, 2 = ¢5,—1 = 0. Since (2.30) has
a similar structure as (2.23), we may apply Lemma 2.10 to (2.30). If

(35”)2 (3rs+1u)2
[ (C Ser) <=
R

and

4203 + 1) T (Al + 1D |1 + 1) < Ko,
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we obtain

@uw?> 1 (o 1. o 2
/( rh +rﬂ_2 0, us1n9+;303r140059)

R
s— 1 £(s)\2
< Co /((asu) + @ w)?) + 5 /(98 +/(er) ;
+R R

9,

where A is as A in (2.26) with g, I;i, ¢ replaced by Zzi(;), 55.;)’ &8 Foreachs =0,1,...,m,
we take u = 2(m — s) and then obtain

2
(3 u)? 1 1 . I
/(rZ(m—s) + 2D 9 usinf + ;Bgaﬁu cos 6
R

(3985_114)2 (f(s))2
<G /((aju)er(8‘,”‘u)2)+s2 A= T | s

R R R

Note that

(f? < cs( D> e+ Z(afu) + Z(aea'u) )

i=s—2

where C depends on the C*-norms of g;;, l;i and ¢. Hence we have

93 2 1 1
/(( u) n 3rs+1usin9+7398iu0089)2)
r

y2(m—s) r2(m—s—1) (

R
(8@35_11/!)2
< Co / ((8rsu)2 + (ars+1”)2) + 52 m
9 R R
K ) 2 s—2 )
@ f) ) (D9 0i10)
(TN S S W) e
% \i=s—2 i=0
Now we claim forany k =0, 1, ..., m
_ k+1 2
(Fu)? (393]‘ tu)? L f)
[ (s + Sy /zww g / z e |- @3

R

Note that (2.32) is simply a part of (2.31)y. Now we assume that (2.32) holds for k = 0, 1,
., 8 <m — 1and prove (2.32) fork = s + 1. By (2.31); and (2.32), - - -, (2.32),, we have

k+1

1 (0, /)
+1
/ 5D (89 usinf + — agasucose) < Cy / E(a’u) +/E -7 |’
R
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or

1 1
s+1.\2
/ o (G000 < K /7r2(m_s_l)(a; )

R R

k+1 2
/Z(al ) +/Z 2§m ‘]10)2)Jr ? (2.33)

O R i=0

where we used |tan 6| < tano = « for any |#| < «. Next, by (2.31);41 and (2.32)9, - - -,
(2.32), we have

1 : 1
/m@?“”)z . “*“2/m<898ﬁu)2

R R
542 s+1 5
@if)
i | [ i+ / > ) s
R i=0

If k(s + 1) < 1/2, (2.33) and (2.34) imply

s+2 s+1 (a’f)2
/ 2m— s)(a"a 0)? < Cosy /Z(al )? +/Z 2m—i—2)*

This, together with (2.34), yields (2.32) fork = s + 1. O
Now we prove Lemma 2.7.

Proof of Lemma 2.7 We will only estimate the L2-norms of D%y for |a| = m. We will first
subtract a polynomial of an appropriate degree from 1. By Lemma 2.8, if «2a(0) is small,
we may find a polynomial P of degree m — 1 such that P = 0 on dC,, N By, any coefficient
cy of degree k, for k < m — 1, in P satisfies

el <G D ID*FO),

lo| <k—2
and
ll(u — P) = fm = (m — 3)-thremainder of f — (£ — (3yy + a(0)0dxx)) P,

where Cy is a positive constant depending only on §8,,, «, and the C”~!-norms of a, b; and
c. Then the Sobolev embedding theorem yields

lexl < Cn—1ILf | gm=1(cenpy)- (2.35)

Note that f,, € V" 72(C, N By) and é(u — P) € HO1 (By) for any cutoff function £ in B;. By
Lemma 2.6, if lcza(O) is small, thenu — P € V"™ (C, N By). By Lemma 2.11, if (2.28) holds,
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then

(a’ w—P)? " (@0 (u— P))?
(e
R (=0 i=0
m+1 2
0] fn)
/2(8 (u—P)? +/Z 2m—i—2)* "
aFR

Now we apply Lemma 2.9 to L(u — P) = fi, to get

. m omi (aiad £ )
/Z'Da(” p)|<C</Z+:l a(u P)) +/Z Z2M)
R

la|=m oF R i=0 i=0 j=0
Then we obtain by (2.35)
m+1
Z ||D“””L2(C,(ﬂ{x<%}) = Cm( Z ||Diu||L2(cKm{x<%}) + ||f||H'"(C,(ﬂBl))'
la|=m i=0
This ends the proof. O

Now, we are ready to prove Theorem 2.1.

Proof of Theorem 2.1 We first note that ¢ < 0 in 2,.. For any § > 0, we consider
Lsu =tyy + (K + 8uyy +biux +bouy +cu = f in Q. (2.36)

This is a uniformly elliptic differential equation in €,. Hence there exists a solution us €
HO1 (£2,). By the classical theory of uniform elliptic differential equations, we know u €
C®(Q2 \ {0}) N C(L2). In the following, we derive estimates on us independent of §. For
brevity, we simply write u = us.

We first estimate u itself. We claim

[ulreo @) < ClflLe,)- (2.37)
To see this, we set
w(y) = e — e,

where d is chosen so thatd > y for any (x, y) € Q, and « > 01is chosen so that Lsw < —1.
Then (2.37) follows from a simple comparison of u with | f|ze@w.

Next, we discuss derivatives of u. We note that (2.36) is elliptic in any subset Q' of Q.
away from the two rays 6 = =+ arctan «. Then by the standard H"-estimates for solutions of
elliptic differential equations (e.g., Theorem 8.10 in [2]), we have for any m > 2

el ey < Con (Il 20, + 1 lgm—2cg,)): (2.38)

where C,, is a positive constant depending on the distance between 92" and the two rays
0 = =+ arctan «, the ellipticity constant in €’ and the C m=2_norms of K, b; and c.

Next, we claim for any p € 92, N dC, and any m > 1, there exists a neighborhood U of
p such that

lullmwngy < Cm(lull 20 + I1flHm@,)), (2.39)
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where C,, is a positive constant depending on the distance between U and the origin, and
the C™-norms of K, b; and c. To see this, we introduce a transform which takes p to the
origin, the ray 6 = arctan k or # = — arctan « to the x-axis, and a neighborhood of p in
to D, = (—1, 1) x (0, €). By Corollary 2.3, for any cutoff function ¢ = ¢(x) in (—1, 1) and
any m > 0, there holds

m-1
lpullm (D, < Cm (Z 1D ull 2y p,y + Nl 20,y + ||f||Hm<DE>),
k=0

as long as ¢ is small. In fact, we may apply Corollary 2.3 in D; = (—1, 1) x (0, t) for any
t € (¢/2, ¢) and then integrate with respect to ¢ in (¢/2, ¢). Then we get

m+1
lpull 7 (D, ) < Cim (Z 1D el 2 (p\p, oy + Ill 2, + ||f||Hm<Dg>).
k=0

The first term in the right-hand side can be estimated by (2.38). Hence, we get (2.39) easily
for an appropriate U. We should note that U depends on m. It is obvious that U does not
contain the origin.

With (2.38) and (2.39) and a simple covering, we obtain for any » > 0 and

lullgm@as) < CmUlullp2y + 1 T @) (2.40)

where C,, depends only on r and the C™-norms of K, b; and c. We emphasize that C,, does
not depend on §.

Next, we discuss the regularity of u in Q, N B,.. We claim for any integer m there exists
an ¢ = e(m) such that if § < &* there holds

m+1
Il e <es/2p) = Cm (Z 1D ull 120, npx=es 2y + ||f||Hm<szmx<sS/2}>)’ (2.41)
i=0

where C,, is a positive constant depending only on m and the C™-norms of K, b; and c. To
prove this, we set

x =g, y=c¢'.
Then
ly] < kx & |t| < eks.
Let v(s, 1) = u(&s, ¢*r). Then v satisfies
Vi + asvgs + 83b1v5 + 84b2v, +&8cv = sgf in Qg N By,

where as = (K + 8)e~2 and K, b; and ¢ are evaluated at (¢7s, £*#). Note K (0, 0) = 0 and
hence for (s, t) € Q¢ N By

K (e%s, 1) < DK |1/e1052 + 812 < ¢*| DK | .
This implies
(ex)%as(0,0) = k28,
and

8
as < &2|DK |~ + = inQq N B
&
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Now we take & small so that k&2 < §,, and k& < k,,, where 8,, and «,, are as in Lemma 2.7.
Then if § < ¢*, Lemma 2.7 implies v € Hk(Qa,() and

m+1
V]l (@ueis<1/2) < Con (Z 1DVl 2uenis=1/2) + ||f||Hm<gﬁm{s<1/2})), (2.42)
i=0

where C,, is a positive constant depending only on m and the C"-norms of K, b; and c.
Obviously, (2.42) implies (2.41). With a similar trick, we then get

m+1

lullgm @onix<esy2py < Cm (Z ID"ull 12, (e j2<x<65) T ||f||Hm(§zm{x<ai}))- (2.43)
i=0

With (2.40) and (2.43), we conclude the following result: For any integer m there exists

an & = e(m) such that the solution u; of (2.36) with us = 0 on 92, for 8§ < &* satisfies

lusllzm (e < Cm(”u”LZ(QK) + ||f||Hm+1(QK))s

where C,, is a positive constant depending only on m and the C™-norms of K, b; and ¢. With
(2.37) and the Sobolev embedding theorem, we obtain for any m > 1

lusll gm@) < Cm ||f||H"'+1(QK)~
It is easy to get a sequence of § — Oandau € Ny H™ () N HO1 (€2¢) such that
us — u in H™ () for any m as § — 0.

Therefore, u is a solution of (2.1) and satisfies u = 0 on €2, and (2.4). O

Remark 2.12 Tt is clear that Theorem 2.1 still holds if €, is replaced by Q. , with the
property that 9€2,, , \ {0} is smooth and that in a small neighborhood of the origin 92, ,
is given by smooth functions y = «1(x) and y = k7(x) over a small interval [0, d] with
k1(0) = k2(0) = 0 and x{(0) > 0 > «4(0). To see this, we simply note that there exists a
smooth transform in ., ., such that F (2, ., N U) = C, NV for a positive constant « and
neighborhoods U and V of the origin.

Remark 2.13 We also note that ¢ < 0 can be replaced by ¢ < ¢ for ¢ > 0 sufficiently small.
This is standard for elliptic differential equations.

3 The cauchy problem in non-smooth hyperbolic regions

In this section, we will discuss Cauchy problems for hyperbolic equations in R when the
initial curve has an angular point. We will discuss uniformly hyperbolic equations here and
treat degenerate hyperbolic equations in the next section.

It is well known that the Cauchy problem for linear hyperbolic differential equation is
well-posed in a domain whose boundary is a smooth non-characteristic curve. A standard
example of such a domain is the upper half plane. However, we cannot apply directly results
for smooth domains to non-smooth domains. In this section, we will prove by hand the exis-
tence of solutions of Cauchy problems for hyperbolic equations if the initial curve is not
smooth and has an angular point. The method is based on energy estimates and is particularly
designed for non-flat domains. The regularity of these solutions depends essentially on a class
of compatibility conditions of Cauchy data and nonhomogeneous terms at angular points.
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Throughout this section, we fix a function y = «(x) on R with «(0) = 0 satisfying
y = k(x) is Lipschitz in Rand smooth for any x # 0,
and
y = k(x) is strictly decreasing for x < 0 and strictly increasing for x > O.

Hence for any t > 0, «(x) = 7 has two roots, one positive and one negative. An important
example of such a function is given by y = «|x| for a positive constant «.
For a fixed positive constant ygp, we set

Qi,yp = {(x, ¥); k(x) <y < yol.

For brevity, we simply write €2 instead of €2, ,,. We denote by 9,2 and 9,2 the bottom and
top boundaries of €, i.e.,

2 ={(x,y); y=k(x) <y}, 92 ={(x,y); k(x) <yo.y = yo}.
In the following, we consider
Lu = uyy — (auy)y +biuy +bouy +cu = f inQ, 3.1
where a, b1, by and c are smooth functions in 2 satisfying
a>ap in <2, (3.2)
for a positive constant ap. Obviously, y = « (x) is space-like if
ak? <no on 3, (3.3)

for a constant g9 € (0, 1). Our goal is to prove that the Cauchy problem of (3.1) in €2 is
well-posed for Cauchy data prescribed on 9, 2. We point out that 9,2, as an initial curve, is
not smooth and has an angular point.

For any nonnegative integers m > [, we define H D Q) (H(gzl'[) (£2)) to be the closure
of all C*°(L2) functions (which vanish to all orders at 9,2), in the norm

[ m—j

2 i 0J N2

Il = [ 23 @afur
& =0 i=0

Obviously, the usual Sobolev space H™ (2) is a subset of H m.D (). The L2(2) inner prod-
uct will as usual be denoted by (-, -). A simple calculation shows that the formal adjoint L*
of L is given by

L*u = uyy — (auy)x — (biu)y — (bou)y + cu.

It is convenient to first establish an existence result for (3.1) with homogeneous Cauchy
data and with f vanishing to high order on 9,£2.

Lemma 3.1 Let m be a positive integer, a € C"tN(Q) and by, by, c € C™(Q) satisfying
(3.2) and (3.3). Then for any f € Hé,')"’o)(Q), there exists au € HéZlH’l)(Q) satisfying

(u, L*v) = (f,v) foranyv € C®(Q) withv = vy, = 0on 3;<Q. (3.4

We note that (3.3) holds automatically for arbitrary nonnegative a if d5<2 is a horizontal
line, i.e., k = 0. It is clear from the proof that ng in (3.3) is allowed to be 1 in Lemma 3.1.
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Proof Let 6:’0(52) consist of all C*°(2) functions v with v = v, = 0 on 9;2. We consider
a fixed v € C*°(Q2). For a large constant A to be determined, we consider

m

D (=D'a0 e =v inQ,
s=0
p=---=0""lo =0 ondQ.

This is a boundary value problem related to an ODE for each y € (0, yp), and therefore the
theory of such equations guarantees the existence of a unique solution ¢ € C>" (). Set

y
w(x,y) = / e“go(x,t)dt.

Then w satisfies

m
D= (e P wy) = v inQ,

5=0 (3.5)
w=wy=dhwy=---=3""w, =0 ondQ.
We note that w satisfies extra boundary conditions
0l ddwla,o =0, fori+j<m. (3.6)
To see this, we simply differentiate w = 0 along 9,2 to get
nawy —njwy =0 on 9,2, 3.7

where (11, n7) is the outward unit normal vector of 9;,€2. With w, = 0 on 9,2, we get easily
wy, = 0 on 9,2. A simple induction argument then yields (3.6). We note that

1
(n1,n2) = ——=(kx, —1).
V14«2 !
By taking A sufficiently large, we claim
m
(Lw, Z(—l)“xsaff(e”wy)) > Cllwllger.): (3.8)
s=0

where C is a positive constant depending on m, ag, the C”*!-norm of a and the C”-norms
of b1, by and c. To prove this, we integrate by parts each term in the left hand side of (3.8)
repeatedly with the help of (3.6). First for 1 < s < m, we have
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(wyy — (awy)y, (—1)Se—Ua§Swy)

:/e—*ya;agwa;ayw+/e—*ya;+1wya;(awx) —asm/e—*ya;—layywa;aywnl
Q Q Q2

(1. 1 ‘ S
e (Ex(a;awa + 5 0 = ay) (5 w)? — a;aywax(z C;a;aa;“—lw))

i=1

(1 1
e (Ea(8;+lw)2n2 + 5(a;gayw)znz - asma;—layywa;aywnl),

and
(blwx + brws + cw, (—1)se—”a§‘wy)
= /e—”a;(blwx +bywy + cw)dgdyw.
Q

For s = 0, we simply have

(Lw, e Mw) = /e‘”(1

1
2w§ +50a — ay)w? + (brwy + bowy + cw)w,).
Q

By taking A large enough and using a Poincaré type inequality to estimate ||w(lz2(q). wWe
obtain

m
(Lw, Z(—l)u“e”’aﬁfwy) > Clwllgpr.
s=0
1 1
A7 / e (Ea(8f+lw)2n2 + 5(a;g%Jyw)znz - ag’—layywafaywn,),
aQ

where A and C are positive constants depending on m, ag, the C"+!-norm of @ and the
C™-norms of by, by and c. Note that the boundary integral is nonnegative on 9;$2. We now
study the boundary integral on 9, 2. We first note Bf_layw = 0w = 0 on 9,2 by (3.6).
Then by an argument as similar as in proving (3.7), we have

m 3"y w — nad"dyw =0, n " dyw —n2d"'w =0 on Q.

It follows that the boundary integral on 9,2 is given by

(1 1
/e_’\’ (Ed(agl+lw)2n2 + E(afayw)Z"Z - a;cn_layywaalcnaywnl)

aQ
2
_! el P @79, w)ny = 1 e_ky(a/c2 — 1)@y w)’n
) 2 x Oy 275 x x 9y 2-
n

Q2 Q2

This is nonnegative by (3.3) and ny < 0 on 9, 2. Then (3.8) holds.
Next we claim

lvll=m,0) < Cllwllgnt1,1)- (3.9
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Here || - [|(—m.0) is the norm on the dual space Ho(b_m’o)(Q) of HéZ”O)(Q). This dual space
may be obtained as the completion of L2() in the norm | - | (—m,0)- To get (3.9), we simply
note

(v, 2)|
ceH0 g 1Zlen.0)
s ) o)

eH (@) 21l m.0)

vl (=m,0) =

< Clwllgn+1,1-

Now, a simple integration by parts yields
(w, L*v) = (Lw,v) forany v € C®(RQ).
By (3.8), we obtain

lwllgns1, DI L* ] (=m—1,—1) > (w, L*v) = (Lw, v)
m
= (Lw, Y0070 @) = Clwld, ),
s=0

and hence with (3.9)
loll(=m.,0) < CIL*V||(=m—1,—1y foranyv € C*®(Q). (3.10)
Consider the linear functional F : L*C®(Q) — R given by
F(L*v) = (f,v).
By (3.10), we have
|[F(L*)] < 1 f om0l =m,0) < CNF om0 IL* 0N (—m—1,-1)-

Hence F is a bounded linear functional on the subspace L*fo"(Q) of Héb*mfl’fl) (2). Thus
we can apply the Hahn-Banach Theorem to obtain a bounded extension of F' defined on
Hg;’”‘l"“(sz) such that || F|| < C|| f ll¢n,0)- It follows that there exists a u € HSZ'H’U(Q)
such that

F(z) = (u,z) foranyz e Hé;m_l’_l)(ﬂ).
Now restrict z back to L*@m(Q) to obtain (3.4). O

Next, we discuss the regularity of solutions in Lemma 3.1 in usual Sobolev spaces. The
Sobolev space of square integrable derivatives up to and including order m will be denoted
by H™(S2) with norm || - ||, and the completion of C°°(2) functions which vanish to all
order at 9,<2 in the norm || - ||,, will be denoted by H; (2).

Corollary 3.2 Under the hypotheses of Lemma 3.1, if f € Hy; (2), there exists a unique
solution u € HJy ' (Q) of (3.1).

Proof Obviously, Hji () € Hyr®(Q). Letu e Hy """ (%) be the function given in
Lemma 3.1 so that (3.4) holds.

We first consider m = 1. By u € Héi’l)(Q), we have u, u, € H'(Q) withu = u, =0
on 3,2 in the L2(8,2) sense. We integrate by parts to obtain

— (uy + bou, vy) = (f + (auy)x — bruy + (b2,y — c)u, v) for any v € 600(9). 3.11)
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A standard argument using difference quotients in the y-direction implies (uy + bou)y
€ L%OC(Q) and
(uy +bou)y = f + (aux)y — byuy + (bay — c)u.
Then uyy, € L2, (2) and
uyy — (auy)x +biux +bouy +cu = f inQ.

This implies easily that u,, € L?(2) and hence u € H?(R2). An integration by parts of
(3.11) then yields uy = 0 on 9,2 in the L2(8,) sense. Last, byu =|Vu| =00ndpQ2 =0,
(3.8) with m = 1 yields

1
(Lu, Z(—l)srsafs(e—”uy)) > Clullgyy).

s=0

from which the uniqueness follows.
Now we assume m > 2. We already proved thatu € H 2(§2) and that (3.4) holds. We need
to prove

90ju e L*(Q) foranyi+j<m+1,
and
Biafulabg =0 foranyi+ j <m.
This follows easily from (3.1), u € Hyy ™" () and f € HJL(R). D

Corollary 3.2 yields the existence of a regular solution of (3.1) for homogeneous Cauchy
data and f vanishing to high order on 9, 2. However, our main concern is to solve (3.1) for
general f and Cauchy data

u=¢, uy=1yY ondpL. (3.12)

Since 0, €2 has an angular point at the origin, there is a natural compatibility condition which
we will derive next. As 9,<2 is the graph given by y = «(x) over R, we may assume ¢ and
Y are functions of x € R.

Lemma 3.3 Let m > 2 be an integer and ¢ € C(952) N C"0pQ2\ {O)), ¥ € C(3€2) N
Cm_l(BbQ\{O}) and f € C"2(Q). Suppose (3.3) is satisfied. Then there existsau € C™(2)
such that

u=gq, uy =1, and 3% (Lu — f) =0 on 0p2, (3.13)

for any || < m — 2 if and only if there hold compatibility conditions C;(p, V¥, f) for
i=1,...,m

The compatibility condition C; (¢, v, f) is imposed on (one-sided) derivatives of ¢, ¥, f
and k up to order i at the origin. The formulation of such a condition will be given in the proof
below, from which it is clear that C,, (¢, ¥, f) makes sense for ¢ € C(9p2) NC™(9,2\ {0}),
Y e COQANC™1(3,Q\ {0) and f € C" ().

Proof First, we assume there exists a function u € C'(2) satisfying (3.12). Then a simple
differentiation yields

Ux +Kxlly = @x ON 0p$2\ {0},
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or
Uy = @x — Kx¥ on 9,82\ {0}.
Letting x — 04 and x — 0—, we have a compatibility condition

9x (04) = kx (0¥ (0) = ¢ (0—) — «: (0—-) ¥ (0),

or

¥ (0) (kx (04) — 1 (0—)) = @ (04) — ¢, (0—). (3.14)
If (3.14) holds, then

_ kx (04)9x (0—) + kx (0—) 9 (04)
Kx (04+) — 1 (0—)

It is easy to check that for any ¢ € C(9,€2) N Cl(@3p22\ {0) and ¥ € C(3) satisfying
(3.14), there existsau € C' () satisfying (3.12). We denote by C; (¢, ¥, f) the compatibility
condition (3.14), which in fact is independent of f.

The discussion for higher order derivatives is more complicated. For an integer m > 2,
we assume we already derived C; (¢, ¥, f) fori =1,...,m—1.Nowletu € C™ (5_2) satisfy
(3.13). For any multi-index o € Zi with |a| = m — 2, a simple calculation yields

ux(0) =

2 m e 1 1
9 8%2u(p) = aazzf]l’)ax u(p) + if o is even,
. a 7 (P)3;n_13yu(p) 4+ ... ifapisodd,

where - - - denotes a linear combination of derivatives of u at p with order < m — 1 and
derivatives of f at p with order < m — 2. Now we apply 9} to u = ¢ and 8;”_1 touy =y
and evaluate at p € 9,2 \ {0}. Then we get on 9,2 \ {0}

m
D Chd oy = 9 - I Chy ool = gD

where - - - denotes derivatives of u at p with order < m — 1. By a simple substitution of
d%u(p) with ap > 2, we obtain at p € 9,2 \ {0}

26,20 i\ am 2i41, 2i+1 i | qm—1
Z C Ky oy u + Z C Kk a0y 0yu

0<2i<m 0<2i+1<m

2itl 2 ,
— (p(m) 4, 2 leirl K)%lJrlalJrl 8;”14
0<2i4+1<m—1

0<2i<m—1

where - - - denotes a linear combination of derivatives of u at p with order < m — 1 and deriv-
atives of f at p with order < m —2. Thisis a2 x 2 linear system for )" u(p) and 8;”’1 dyu(p).
A straightforward calculation shows that the determinate of the coefficient matrix is given
by

(1 —ax)" 1,
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which is nonzero by (3.3). This implies that 3« and 3"~ '3,u, and hence all other m-th
order derivatives of u, at p € 9,2\ {0}, can be expressed as a linear combination of ¢ (p),
Y= (p), derivatives of u at p with order < m — 1 and derivatives of f at p with order
< m—2.Now we consider p = 0. In this case, there are four linear equations for 97" 1 (0) and
8;"’18},14(0) arising from x — 0+ and x — O—. This implies that there are two compatibil-
ity conditions similar to (3.14) involving ¢ (04), ¢ (0—), ¥ ™D (04), v~ D(0-),
kD (04) and kD (0—), i = 1,...,m. We denote by Cp, (¢, ¥, f) this compatibility con-
dition. If C,, (¢, ¥, f) is satisfied, then 37"« (0) and 3)’6"’1 dyu(0), and hence all other m-th
order derivatives of u at 0, can be expressed as a linear combination of @™ (04), o™ (0-),
1//(”‘_1)(04—), w(m_l)(O—), derivatives of u at 0 with order < m — 1 and derivatives of f at
0 with order < m — 2. O

Now we are ready to solve the Cauchy problem (3.1) and (3.12).

Theorem 3.4 Let m > 2 be an integer and ¢ € H"T1(9,9), Y € H™(0pQ) and [ €
H™(R2). Suppose (3.2), (3.3) and Ci (¢, ¥, [), i =1, ..., m, are satisfied. Then the Cauchy
problem (3.1) and (3.12) admits a unique solution u € H™ (2). Moreover,

lullm,e < CU@lmti,a0 + 1¥lnae + 1 flne)s (3.15)

where C is a positive constant depending only on m, ag, no, the C"'-norm of a and the
C™-norms of by, by and c.

Here and thereafter, we denote by || - |[;n,@ and || - |I,4,5, the H™-norms in € and 9,2
respectively.

Proof By the Sobolev embedding, we have ¢ € C(9,2) N C" (3,2 \ {0}), ¥ € C(9p2) N
"= 19,2\ {0}) and f € C"™~2(Q). Hence the compatibility condition C; (¢, ¥, f) makes
sense fori = 1, ..., m. By Lemma 3.3, there exists a v € C™(2) such that v = 0, vy =Y
and 0*(f — Lv) = 0 on 9,<2 for any |o| < m — 2. This implies f — Lv € H(;’Z_l(Q). By
Corollary 3.2, there exists a w € Hj,(2) such that Lw = f — Lv. Thenu = v+ wisa
required solution.

We note that (3.15) is the classical energy estimates. The proof is identical to that for
Cauchy problems with the initial curve as the x-axis. For example, the H'-estimate is based
on integrating the product of (3.1) and u,. We omit details. O

In this paper, we only need the existence part in Theorem 3.4. The estimate (3.15) depends
on the lower bound ap of a and is not sufficient for our application. In the next section, we
will derive an estimate independent of @y under extra assumptions on a.

4 A priori estimates in the hyperbolic regions

In this section, we will derive estimates of the solutions established in the previous section
which are independent of the hyperbolicity constant. Such estimates will enable us to estab-
lish the existence of solutions to the Cauchy problem for degenerate hyperbolic equations
when the initial curve has angular points.

Let y = «(x) and @ C R? be as defined in the beginning of Sect. 3. We consider an
equation of the following form

Lu=uyy —aKuyxy +biuy +bouy +cu=f inQ “4.1)

@ Springer



852 Q. Han, M. Khuri

with the Cauchy data
u=¢@, uy =% on L, 4.2)

where a, by, b, c and K are smooth functions satisfying

A<a<A inQ, (4.3)
0<K<1 inQ, 4.4

and
bi] < Cp(VK + |Kl) in 2, (4.5)

for positive constants A < A and Cj,. We always assume that 9,2 is space-like, i.e.,
aKi? <o, (4.6)
for a constant ng € (0, 1). In the following, we also assume
K2 <C%K, inQ, 4.7)
and
(y —k(0))? < CxK(x,y) forany (x,y) € Q, (4.8)

where C is a positive constant and d is a positive integer. Note that (4.7) implies in particular
K, > 0.

Here, K is allowed to be zero along 9,<2. If this happens, (4.1) is degenerate there and
(4.6) holds automatically. Conditions (4.5), (4.7) and (4.8) are introduced to overcome the
degeneracy. The condition (4.8) of the finite degree degeneracy is essential in our arguments.
It is not clear whether results in this section still hold without this assumption.

An example of Q2 and K is given by

Q={x,y); [xI<y<1}
and
K(x,y) = y2 —x%

Obviously, (4.7) and (4.8) are satisfied for « (x) = |x| and d = 2.
Our intention is to derive energy estimates. We first derive an estimate on H '-norms.

Lemma 4.1 Leta, by, by, c and K be Cd—functions in Q satisfying (4.3)—(4.8) and u be an
H3 solution of (4.1)~(4.2) for ¢ € H2(8,Q), v € H(8,Q) and f € HT(Q).
Then

lulli,@ < C(lellar2.a,0 + ¥ llasta0 + 11 flasia). 4.9)

where C is a positive constant depending on :, A, Cp, Ck, 1o and the C?-norms ofa, by, by, c
and K.

We note that (4.9) exhibits a loss of derivatives and such a loss depends on the degree to
which coefficients degenerate along the boundary.
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Proof Multiplying 2¢™*Yu, /K to (4.1), we get

2 2
Uy _ o Ky\ u _ a
O ( (12“‘“3))‘23)6(@ Pausiy)re (“*7’) %*e W = )

v —uy u% oy UxUy yf
= —2¢ Mayuyuy, —2e "by— —2e mp 2 e .
K K K K

By combining with

2
u Ky
9 —uy Ky -2
) (e K) +e (M + X )
u? ’42
e Ve + ?) + au,zc — 20y (e" " auyuy)

K u  u? a
—uy Yy Yy —p,y( _ y) 2
e (M+K)(K+K)+e ) (4.10)

, , b1
=—2¢e Macuuy, —2e " —uu
ey K

M% uuy uy f
- Zefuybz? +2e M (1 — 6)7 +2e™ 7

— Qe Wy Y Uty

N‘gm

we obtain

We point out again that 3, K > 0 by (4.7). We first consider the second term in the right hand
side. By (4.5) and (4.7), we have

M<Cb Ck ﬁ+l
VK © V K '

By the Cauchy inequality, we get

b b b} ouy 1
20— "y?luxuv| = [ 2L 1 .Lux| <e M)’(SK ) K‘

VK VK
2
)

: K uy 1
e (2gc§(c%<?y Dt ~u?),
&

uz)

IA

for any ¢ > 0. By choosing ¢ > 0 small enough and applying the Cauchy inequality to other
terms in the right hand side of (4.10), we obtain

g ) N
dyle “y(?—}—?—}—aux) — 20 (e M auyuy)
K

2,2 2
+( — po)e ™ (b;( + ?y + au,%) < ef’”ff,
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where [0 is a positive constant depending only on inf a, |a|c1, |b2|r, |c|p~, Cp and Ck.
By a simple integration, we have
2 2 2
u uy S
— w2y 2</ —ny L
(n—po) | e (K X auy) < [ e <
Q
e 2 2
+ 7—+—+au + 2akyuxuy),
12 K K xUx y)
P! *

where the integral over 9,2, having the correct sign, is already dropped. By the Cauchy
inequality and (4.6), we get

u3 2
2aliyuyuy| < T +aKk; -au

Therefore, by (4.3) and taking u large enough, we obtain

/(”2+"’2+u2)<c/ 2+—+u /fz (4.11)
J\K Tk J1+2 ' '

We should note that the boundary integral in the right hand side of (4.11) makes sense only
when u = uy = 0on 0,Qif K =0 on 9,.

To eliminate 1/K from the right-hand side of (4.11), we introduce an auxiliary function.
It is easy to see that there existsa v € H d+2(Q2) such that

D% = D% on 9,9 forany |a| <d + 1,
and

Ivllatz.e <€ D" 1D%ullog,0- (4.12)
lr|<d+2

Obviously, v satisfies
V=9, vy =79 ondR,
and
8;,(f —Lv) =0 ondpQ, foranyi =0,1,...,d — 1. (4.13)
Then we have

Lw—v)=f—Lv inQ,
u—v=0, (u—-v)y =0 ondpQ.

By applying (4.11) to u — v, we obtain

—v)? )2 Y
/ ((” O o, —vx)z) <c / V=B
Q Q
With (4.4), we have
. 2
/(u2+u§+u§)5C/(v2+u§+u§)+c/w. (4.15)
Q Q Q
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Next, we eliminate the factor 1/K in the last integral in (4.15). With (4.13) and (4.8), a simple
calculation yields

((f = Lo)(x, 1) < (3 — k() / (32(f — Lo)(x,0))’dr forany(x, y) € 9,
K(x)

an

d
— L 2
/(fTv) = C/ @(f = Lo)(x,9)* = C(Iflag + Ivllara0)’.

Q Q

Hence, we obtain

lulli,e < Clivllg+2,e + Cll flla,o- (4.16)
With the help of (4.12), (4.1) and the trace theorem, we get
lvllasz.e <C D IDullo.a,0
loe|<d+2
< C(lellar2.0,2 + 1¥llarr.a,2 + 11 flla.0,2)
< C(lellar2.a,2 + 1V llar a2 + 1 fllas1.2).

where C is a positive constant depending only on the C?-norms of a, by, by, ¢ and K. This
implies (4.9) easily. O

Remark 4.2 1t is clear that we have

2 2
/((u KU) + (uy Kvy) +(ux_vx)2)

Q
2
< C(l¢lla+2.0,2 + 1V lla+1,0,2 + I fllas1.)"- 4.17)

This will be used in the proof of Lemma 4.3 below.
Next, we derive estimates of derivatives of u.

Lemma 4.3 For an integer m > 1, let a, by, by, c and K be C’”+d—1-functi0ns in Q sat-
isfying (4.3)—(4.8) and u be an H" 2 solution of (4.1)~(4.2) for ¢ € H™T4+1(5,Q),
¥ e H" 4 (3,Q) and f € H™9(Q). Then

lulm.e < C(I@lmta+1.a,2 + 19 lmtd.ape + 1 flm+a.2)s (4.18)

where C is a positive constant depending on A, A, Cp, Ck, no and the C" 9= .norms of
a,by,by,cand K.

Proof We prove by induction. We note that Lemma 4.1 corresponds the case m = 1. Let s
be a positive integer < m — 1. Apply 9; to (4.1) to get

Li(3{u) = fs, (4.19)

where

s(s—1)
2

Ly = dyy —aKdex + (b1 — s(aK)x)0y + bady + (c +sbyx — (aK)xx) ,
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and

-1
fi = aff+zc“ R @K+ Y el 05T b9l

N
+Zc;”,a; fedlu + Zc’”’aS“ by 9L dyu,

" ///
s,0° Y

////

for some constants ¢’ ;, ¢ and cy. ;. We will write

s,
s—1 s—

fo=00f+ D Tydlu +Zr;’laxa u.
i=0 i

We should note that L has the same structure as L. As in the proof of Lemma 4.1, we
construct a function vy, € H42(€2) such that

D%v; = D¥(9ju) on 9,2 forany |o| <d + 1,
and

lvsllarae <C D ID*@wlo.ae-
loe|<d+2

Similar to (4.14), we have

S, 2 K _ 2
/((aqu Ux) n (axayuK ayvs) +(as+] a U) ) < C/ (f:& L;Us) (420)

Q

where C is positive constant depending only on inf a, |a|c2, |K|c2, |b1]c1, 1b2]c1, el Cp
and Cg. We write

s—1
fs = Lovs = fi+ D T4 (0ku v,>+ZF 0y (0hu — vy),

i=0

where vy, ..., vs_ are constructed for u, ..., 35!

s
7 u as v, for du, and

s—1 s—
fi =@ f = Lov) + D Tyvi+ D Ty
i=0 =

This implies

/(fA—Lv5 <c /fs +Z/(3xu v;) +Z/(88u—8v,) ’
0Q =0g

where C is a positive constant depending only on the C*-norms of a K, by, b and c. Note

3 fy=0 ondpQfori =0,....d— 1
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Therefore, we get

/fS</ A

/|8d(85f Lyvy)|? +Z/|a ANk +2/|ad Ilayv)

l—OQ _OQ
s—1

2 2
(||f||3+d ot lvsllgi e+ z Ivillg41,0)-
i=0

where C is a positive constant depending only on the C**¢-norms of aK , by, by and c. For
eachi =0, ..., s, we have

lillayz.e < C D [ID*Bullo.,0
loe|<d+2

< C(l¢llitas2.0,2 + 1¥llivarioe + 1 fliva.a)
< C(llgllivar2.0,2 + 1V livar1.0,2 + [ fllita+1.2)

where C depends on the C i+d_norms of a, b1, by, ¢ and K. In summary, we obtain

2 2
(30 =v)" (05— 0,0,)
/ ( X n X + (a;-‘rlu _ 8XUS)2)
Q

K K
9,0! 9 ?
(alu_v)Z (yxl/l— yvi)
<C
>/ (Bt
z—OQ
C(lel? 1 gt ag + A1 ) (4.21)
Plls+d+2.0,2 s+d+1,9,9Q Jls+a+1,2) | » .

where C depends on the C**¢-norms of a, by, by, ¢ and K. By a simple induction starting
from (4.17), we obtain

/ (@) + (3y5u)* + (35T u)?)
Q

2 2 2
= C(||€0||s+d+2,a,,sz + 1V itas1.0,0 T 1F I rat1.2)
All other derivatives of u of order s 4+ 1 can be obtained from (4.1). ]
Now we prove the main result in this section.
Theorem 4.4 Foranintegerm > 2, leta, by, by, c and K be Cm+d_1—functi0ns inQ satisfy-
ing (4.3)~(4.8)and p € H"T+1(3,Q), v € H" 4 (8,Q) and f € H"T(Q). IfC;i (¢, ¥, f)

holds fori = 1,...,m +d — 2, then (4.1)~(4.2) admits a unique H"t4+%(Q)-solution u
and such a u satisfies

lulm,e < C(I@lmtda+1,8,2 + 1V lmtd,a,2 + 11 fllm+a,2)s (4.22)
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where C is a positive constant depending on A, A, Cp, Ck, no and the C mtd=1_porms of
a, by, by, cand K. Moreover, if a, by, by, ¢, K and f are H*(2) and ¢ and r are H" (3,2)
foranys > 1 and Ci (¢, ¥, f) holds for any i > 1, then u is smooth and satisfies (4.22) for
anym > 1.

Proof For a positive sequence ¢ — 0, we consider an equation of the following form
Leu=uyy —a(K + &)uxy +biuy +buy +cu = f; inQ (4.23)
with the Cauchy data
U=gg uy =19y, ondp<Q, (4.24)
where ¢;, Y, and f; are chosen so that
ge — @in H" M 0,Q), v, — v in H"(9,Q), f. — fin H"T(Q),
and
Ci(pe, Ve, fe) holds forL, foranyi=1,...,m+d —2.

We note that L, in (4.23) is strictly hyperbolic in Q. By Theorem 3.4, (4.23)—(4.24) admits
a solution u, € H™4(Q). By Lemma 4.3, u, satisfies

luellme < C(I@ellmrari,ape + 1Wellmra.ae + I fellmra,2),

where C is a positive constant depending on A, A, Cp, Cg, no and the C™*t4=1_porms of
a, by, by, c and K. We finish the proof by letting ¢ — 0. ]

5 Proof of Theorem 1.2
In this section, we will prove a result of which Theorem 1.2 is a special case.
We consider an equation of the following form
Lu = uyy +aKuyy +biuy +bouy +cu= f in By C R?, (5.1)
where a, by, by, ¢ and K are smooth in B,. We always assume
a> X in By, (5.2)
for a positive constant A. Concerning K, we assume
{K = 0} consists of two curves given by smooth functions y = y; (x),
where y = y;(x) is decreasing and y = y»(x) is increasing and (5.3)
¥1(0) = 0, y2(0) = 0, y{(0) # ,(0).
By setting
K1 (x) = max{y(x), y2(x)}, «2(x) = min{y;(x), y2(x)},

we note that k1(x) and «z(x) are smooth at any x # 0, «;(0) = 0 and «;(x) > 0 and
k2(x) < O for any x # 0. Obviously, y = k1 (x) and y = k»(x) divide B, into four regions.
We denote by €24 and Q2_ the union of the two regions containing the x-coordinate axis and
the y-coordinate axis, respectively. We further assume that

K>0inQ; and K <0in Q_. 54
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Moreover, we assume that
K2 < C%|K,| inQ_, (5.5)
and
ly — K(x)|d < Ck|K(x,y)| forany (x,y) e Q_, (5.6)

where Ck is a positive constant and d is a positive integer. Concerning coefficients b; and
¢, we assume

1] < Co(VK + |K,]) in<, (5.7)
for a positive constant Cj, and
c<0 inQs. (5.8)

We note that (5.5) and (5.6) are assumed only in 2_ and (5.8) only in 2.

Now we explain briefly the roles of these assumptions. The curves y = y;(x) and
y = y(x) divide B; into four regions, in two of which (5.1) is elliptic and in another
two (5.1) is hyperbolic by (5.4). For any one of the regions, the origin is an angular point.
For any hyperbolic region, the part of the boundary containing the origin is space-like. The
assumption (5.7) is the so-called Levy condition. It is needed in both elliptic regions and
hyperbolic regions. The condition (5.8) is used to ensure the existence of solutions of the
Dirichlet problem in elliptic regions. The assumptions (5.5) and (5.6) are needed to overcome
the degeneracy in the hyperbolic regions.

For Eq. (1.2) in Theorem 1.2, we have K (x, y) = xz - y2, k1(x) = |x]|, k2(x) = —|x|
andd = 2.

We now present a result more general than Theorem 1.2 and only formulate it for the
infinite differentiability.

Theorem 5.1 Let a, by, by, ¢ and K be smooth functions in By C R2 satisfying (5.2)—(5.8).
Then for any smooth function f in B, there exists a smooth solution u of (5.1) in Bj.
Moreover, for any nonnegative integer s, u satisfies

NullgsByy < csllf I gs+a+s sy (5.9

where cs is a positive constant depending only on s, A, C, Cp, the C'-norm of y;, i = 1, 2,
and the CS72_norms of a, by, by, c and K.

Proof Throughout the proof, we denote by C; a positive constant depending only on s, A,
Ck, Cp, the C'-norm of vi, i = 1,2, and the C’-norms of @, by, by, ¢ and K.

We first smoothen the corner of €2 at d B> and consider (5.1) in Q4. By Theorem 2.1,
there exists a smooth solution u of (5.1) in 24 withu = 0 on d24. Moreover, for any integer
s > 1, u satisfies

lullas @y < Csll fll s+ (5.10)
By the trace theorem, we obtain
D ID%ull 20,y < Corill fllasag,)- (5.11)
loe|<s

Next, we assume y = 1 intersects y = k1(x) for a positive x and a negative x in By. If
not, we may extend K appropriately outside B; to achieve this. Now we set

Q= _N{0<y<l1},
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and
=0, ¥y=uy, ondpQ_,

where 052_ is the lower portion of d€2_;. We consider (5.1) in _; with the Cauchy data
u=g@, uy=13% onopQ_j. (5.12)

Since ¢ and 1 are boundary values of a smooth solution # in Q, it is easy to check that
compatibility conditions C; (¢, ¥, f) are satisfied for any i > 1 by Lemma 3.3. By Theorem
4.4, there exists a smooth solution u# of (5.1) in 2_ satisfying (5.12). Moreover, for any
integer s > 1, u satisfies

lullas @) < Cs+d(||¢||ys+d+1(ah9_l) + 1Yl gs+a, ) + ||f||Hs+d(Q_1))~

With (5.11), we have easily

lull s ) < Cmtdr2(1f I gsraseq,y + 1 las+a_yy)-
A similar argument can be applied to
Qo= _N{-1<y<0}.

Therefore we obtain a function u which is a smooth solution of (5.1) in Q24 N By and Q_ N By.
It is easy to see that u is smooth across €2+ N B and especially at the origin. The estimate
(5.9) also follows easily. O

Remark 5.2 'We also note that ¢ < 0 in (5.8) can be replaced by ¢ < ¢ for ¢ > 0 sufficiently
small. Refer to Remark 2.13.

The estimate (5.9) is not sufficient for the iteration process when solving the nonlinear
equations. For this, we need a stronger estimate.

Theorem 5.3 Let a, by, by, c and K be smooth functions in By C R2 satisfying (5.2)—(5.8).
Then for any smooth function f in B, there exists a smooth solution u of (5.1) in Bj.
Moreover, for any nonnegative integer s, u satisfies

Nl s ) < €5 (11 1| gsvar3myy + Asll 1 gassay)) - (5.13)

where cs is a constant depending only on s, A, Cg, Cp, the C'-norm of y;, i = 1,2, and
where

2

A‘Y = ||a||Hs+d+4(Bl) + Z ||bl ||Hs+d+4(Bl) + ||C||Hx+d+4(31) + ||K||Hs+d+4(31) + 1
i=1

We note that all estimates in Sects. 2—4 are standard energy estimates. Hence, we obtain
(5.13) with the help of interpolation inequalities. We skip the details.

6 Proof of Theorem 1.1

In this section, we will prove a result of which Theorem 1.1 is a special case.
Consider an equation of the following form

det(D*u) = K (x, y)¥ (x, y,u, Du) in B; C R?, (6.1)
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where K is smooth in B; and ¢ is smooth in B x R x R?. We always assume
¥ > A inB; xR x R?, (6.2)

for a positive constant A. Concerning K, we assume that K satisfies (5.3)—(5.6). In other
words, we assume
{K = 0} consists of two curves given by smooth functions y = y; (x),
where y = y(x) is decreasing and y = y»(x) is increasing and (6.3)
¥1(0) = 0, »2(0) = 0, ¥{(0) # ,(0).
By setting
k1(x) = max{y1(x), y2(x)}, K2(x) = min{y;(x), y2(x)},

we note that «1(x) and k>(x) are smooth at any x # 0, «;(0) = 0 and «1(x) > 0 and
k2(x) < O for any x # 0. Obviously, y = k1(x) and y = k> (x) divide Bj into four regions.
We denote by 2 and 2_ the union of the two regions containing the x-coordinate axis and
the y-coordinate axis, respectively. We further assume

K>0inQ,; and K <0inQ_. (6.4)
Moreover, we assume
K2 < C%|K,| inQ_, (6.5)
and
ly — K(x)|d < Ck|K(x,y)| forany (x,y) € Q_, (6.6)

where Ck is a positive constant and d is a positive integer.

‘We now point out the difference between the assumptions on K for (5.1) and (6.1). For lin-
ear equations having the specific form of (5.1), the conditions on K are assumed with respect
to this particular coordinate system. However, the Monge—Ampere operator is invariant by
orthogonal transformations. Hence, conditions on K for (6.1) in this section are assumed in
some coordinate system.

We now present a result more general than Theorem 1.1 and only formulate it for the case
of infinite differentiability.

Theorem 6.1 Let i be a smooth function satisfying (6.2) and let K be a smooth function
in B satisfying (6.3)—(6.6). Then there exists a smooth solution u of (6.1) in B, for some
re0,1).

The proof of Theorem 6.1 is based on Nash—-Moser iterations. An important step in such
an iteration process consists of appropriate estimates for solutions of the linearized equa-
tions. In the case of the degenerate Monge—Ampere Eq. (6.1), the linearized equations are
hard to classify. A crucial observation by Han [7] is that the linearization of Monge—Ampere
equations can be decomposed into two parts, one of which has type determined solely by K
and another which may be considered as quadratic error with respect to the iteration process.

In the following, we denote points in R2 by (x1,x2) instead of (x,y) and write
x = (x1, x2) € R2. Set

F(u) = det(D*u) — Ky (x, u, Du). 6.7)
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To proceed, we temporarily replace x € R? by & € R2, replace ¥ by v/, and write d; instead
of dg,. Then (6.7) has the form

F(u) = det(D*u) — Ky (X, u, Du).
All functions are evaluated at X. For ¢ > 0 set
2

X =¢&x,

and
- 1., 5 x
u(x)=5x1 + & w )
Now we evaluate F(«) in terms of w. Set
1 -
F(w;e) = F(w) = —F(u),
I3
or
1
F(w) = g{det ((1 = 8i2)81j + dijw) — Ky}, (6.8)
where

v (e, x, w, Dw) = &( 2y, %s“xf 15w, €231 = 8i2)x; +838iw(x)). (6.9)

Note that the arguments of & are %, u and Du in terms of w in the x-coordinates. All known
functions are evaluated at ¥ = 2x. By taking & small enough, we may assume F(w) is well
defined in B; C R2. Letting w = 0 in (6.8), we have

FO) = —2Ky.
&€

By K = K (¢2x) and K (0) = 0, there holds
FO) = eFy(e, x),
for some smooth function Fj in & and x. We also have
v(e,x,w, Dw) > A,

for any x € By, any ¢ small and any w € C*°(By).
Now we discuss the linearized operator F'(w) of F at w. For convenience, we set

(@) = ((1 = 8i2)81; + £0;jw).
A straightforward calculation yields
F(w)p = O30+ a;dip + ap, (6.10)
where (®%/) is the matrix of cofactors of (®;)), i.e.,
ol = etpw, % =—cdpw, 2 =1+edw, (6.11)
and

a; = ai(e,x,w, Dw) = —82K85iu1ﬁ, a=a(e, x,w, Dw) = —6‘4K8u1/~f. (6.12)
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As in (6.9), 35”41)} and 9,9 are evaluated at
1
(szx, §£4x12 + £5w(x), 82(1 —8i2)x;i + 838,‘11)()6)).

Obviously, a; and a are smooth in &, x, w and Dw.
By (6.8), we have
det(®) = eF(w) + K. (6.13)

It is not clear how K determines the type of the linear operator F'(w) in (6.10). Next, we
shall introduce a new coordinate system and rewrite (6.10).

Lemma 6.2 For any ¢ € (0, g9] and any smooth function w with |w|c2 < 1, there exists a
transformation T : By — T (By), smooth in €, x, D*w and D3w, of the form

X >y = (y1(x), y2(x)) (6.14)
such that in the new coordinates y the operator F'(w) is given by
F'(W)p = andyyy,p + (K + eFw))andy,y, p (6.15)

+(b10K + b119y, K + £b10F (w) + b1dy, (F(w))dy, p + bady, 0 + cKp.,

where a1, az, bio, b1, 510, 511, by and c are smooth functions in €, y, w, Dw, D%w, D3w
and D*w, with

aii =14+ 0() fori=1,2.
Moreover, fori = 1,2, y; = y;i(x) in (6.14) satisfies
lyi — xil < ce,
and forany s > 0
lyillgs = (X + lwll gs+2),
for some positive constant c.

This is Lemma 2.2 in [7] for n = 2 (p. 430). The proof for n = 2 is easy. We outline the
proof for completeness.

Proof By (6.11), we have
Y =882+ O(e) forany 1 <i,j <2. (6.16)
First, we set
Y2 = x3. (6.17)
Next, we consider the following equation for y;
D29,y + 2y, =0, 6.18)
yi(x1,0) = xi.

The coefficient of 3,y is given by ®22, which is not zero for small &. Hence for small &,
(6.18) always has a unique solution y; in By, smooth in &, x and D%w. Moreover,

yi(x) = x1 + O(e). (6.19)
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Obviously, y = y(x) forms a new coordinate system. This defines the transformation 7 in
(6.14).
In the new coordinates y, the operator 7' (w) has the following form

F'(w)p = bijby,y;p + bidy,p +ap, (6.20)
where
2
bij = Z DM yidry;.
k=1
and
2 2
bi= > Oy + D adei.
k,l=1 k=1
We now claim that
_ ij 2 _ a2
by = %) det(®Y)(d1y1)*, b2 =0, by =>™, 6.21)
and
det(di/) 2
by =9 (Wal)’l) + Zakakyl, by = ay. (6.22)
k=1

To prove the claim, we note that the expressions for b2 and b, follow from (6.17) and those
for b1 and b1 follow from (6.18). To calculate b1, we have by (6.16)

2
Zakcp“ =0.
k=1

Then the first term in by in (6.22) can be written as

2 2
> Moy =D o(@M o).

k=1 k=1

Then the expression for by follows again from (6.18).
By substituting (6.21) and (6.22) in (6.20), we have

1 ..
F(w)p = ®*2,,,,p + e det(®V) (81 y1)%dy,y,

det(dY)
+(31 (val)’l) + Zakakyl) Oy, p + axdy,p +ap.
k=1

Recalling (6.12), (6.13), (6.16) and (6.19), we conclude the proof. O

Next, we write F'(w) in (6.15) as

2 2
Fw)p = Lw)p +eFw) D ajijp+e Y (bjoFw)+ bijdi (Fw)))djp.(6.23)
i,j=1 ij=1
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where a;; and I;,-.,- are functions smooth in &, x, D*w, D3w and D*w, and £(w) has the
following form in 7' (By)

L(W)p = az0y,y,0 +a11Kadyy,p+ (01K + Elayl K)dy, p + b0y, 0+ cKp, (6.24)

where a1, ax, by, l;l, b> and c are functions smooth in €, y, w, Dw, D?w, D3w and D*w.
We point out that, in the new coordinate system (y1, y2) in (6.14), the operator £L(w) in
(6.24) has a special structure. Both a1 and aj, are positive and there is a factor of K in the
coefficient of dy,y, p. Hence, the operator £(w) is elliptic if K > 0 and hyperbolic if K < 0.
We emphasize that the type of £(w) is determined solely by K and is independent of w, the
function at which the linearized operator is evaluated. This is crucial for the iterations. Next,
we note that the correction terms that were added in (6.23) are quadratic in F(w) and p, and
their derivatives. Hence they can be relegated to the quadratic error in the iteration process,
that is, they may be ignored when solving the linearized equation.
By writing

_ apg 1 ~ by c
a3 L(W)p = By + EKBHYIIO + E(blK + b1y, K)dy, p + 72233'219 + aTZKPv

we note that the coefficients in the right hand side satisfy (5.2)—(5.7). (The notation here is
different from that used in the previous section.) The coefficient of p may not be nonpositive.
However, it is small as K = K (¢2x) and K (0) = 0. By Theorem 5.3 and Remark 5.2, for
any smooth function f in By and any ¢ > O sufficiently small, there exists a smooth function
p in By such that

Lw)(poT = foT ™ inT(By),

where T is the transformation given by (6.14). (In the following, we abuse notation and
simply write L(w)p = f in Bj.) Moreover, if [|[wl| g4,y < 1, then for any nonnegative
integer s

lollas sy < cs (||f||H:+d+3(Bl) + (lwll gs+a+s g,y + 1)||f||Hd+3(31)) , (6.25)

where c; is a constant depending only on s, A, Ck, the Cl-norm of Vi, i = 1,2 and the
H*T4+8_norm of K. Here, we use the fact that a1, ax, b, by and ¢ are functions smooth in
g, y,w, Dw, D?w, D3w and D*w.

The proof of Theorem 6.1 is based on Nash—Moser iterations. A general result for the
existence of local smooth solutions is formulated in [8]. (Refer to Theorem 7.4.1 on p. 130
[8].) However, the linearized equations of (6.1) do not satisfy the condition listed there. Spe-
cifically, solutions of the linearized equations of (6.1) do not satisfy the estimate (7.4.5) in
[8]. As we have discussed, the linearization of Monge—Ampere equations can be decomposed
into two parts, one of which can be used to form a linear equation whose solutions satisfy the
estimate (7.4.5) in [8] and another which may be considered as quadratic error. Therefore the
iteration process in the proof of Theorem 7.4.1 can be performed. We now outline the proof.

Proof of Theorem 6.1 Now we can use iterations to solve F (-, ) = 0 for ¢ sufficiently small
as in the proof of Theorem 7.4.1 on p. 130 [8]. The estimate (6.25) plays the same role as
(7.4.5) there. We begin the iteration by setting wog = 0. Then wy is constructed by induction
on £ as follows. Suppose wg, wi, ..., we have been chosen. Let p; be a solution of

L(we)pe = —F (wy). (6.26)
Here, py is chosen to satisfy

loell Hs By < cs (||-7:(wi)||HS+d+3(Bl) + (lwell gs+a+s g,y + 1)||]:(w45)||Hd+3(31)) ;
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for any s > 0. Now we define
Weg1 = We + Sepe, (6.27)

where {S¢} is an appropriately chosen family of smoothing operators. We point out that
(6.26) replaces (7.4.8) in [8]. We may proceed as in the proof of Theorem 7.4.1 [8] with
minor modifications. By Taylor expansion and (6.27), we have

F(wet1) — F(we)
= F'(we) (w1 — we) + Q(we: wer — we)
= F'(we)(Sepe) + Q(we: Sepe)
= L(we)(Sepe) + (F'(we) — L(we))(Sepe) + O(we; Sepe)
= L(we)pe + L(we)(Se — Dpe + (F (we) — L(we)) (Sepe) + Q(we; Sepe),

where Q(wg; Sppp) is the quadratic error. Then (7.4.23) on p. 133 of [8] may be modified
accordingly. We point out that, by (6.23) and (6.24), the difference of F'(w¢)(S¢po¢) and
L(we)(Sepe) consists of quadratic expressions in F(wy) and Sy pg, and their derivatives,
which may be estimated in a way similar to Q (wg; S¢pe). The rest of the proof is the same
as that of Theorem 7.4.1 [8], and is therefore not included here. O

Acknowledgments The first author acknowledges the support of NSF Grant DMS-1105321. The second
author acknowledges the support of NSF Grant DMS-1007156 and a Sloan Research Fellowship.

References

1. Bateman, H.: Notes on a differential equation which occurs in the two-dimensional motion of a com-
pressible fluid and the associated variational problems. Proc. R. Soc. Lond. Ser. A 125, 598-618 (1929)
2. Gilbarg, D., Trudinger, N.: Elliptic Partial Differential Equations of Second Order, 2nd edn. Springer,
Berlin (1983)
3. Grisvard, P.: Elliptic Problems in Nonsmooth Domains, Monographs and Studies in Mathematics, vol.
12. Pitman, Boston (1985)
4. Guan, B., Spruck, J.: The existence of hypersurfaces of constant Gauss curvature with prescribed bound-
ary. J. Differ. Geom. 62, 259-287 (2002)
5. Han, Q.: On the isometric embedding of surfaces with Gauss curvature changing sign cleanly. Commun.
Pure Appl. Math. 58, 285-295 (2005)
6. Han, Q.: Local isometric embedding of surfaces with Gauss curvature changing sign stably across a
curve. Cal. Var. P.D.E. 25, 79-103 (2005)
7. Han, Q.: Local solutions to a class of Monge—Ampere equations of the mixed type. Duke Math. J. 136,421—
473 (2007)
8. Han, Q., Hong, J.-X. (2006) Isometric Embedding of Riemannian Manifolds in Euclidean Spaces. Math-
ematical Surveys and Monographs, vol. 130. American Mathematical Society, Providence, RI
9. Han, Q., Khuri, M.: On the local isometric embedding in R3 of surfaces with Gaussian curvature of mixed
sign. Commun. Anal. Geom. 18(4), 649-704 (2010)
10. Han, Q., Hong, J.-X., Lin, C.-S.: Local isometric embedding of surfaces with nonpositive gaussian cur-
vature. J. Differ. Geom. 63, 475-520 (2003)
11. Han, Q., Hong, J.-X., Lin, C.-S.: On Cauchy problems for degenerate hyperbolic equations. Trans.
AM.S. 358, 4021-4044 (2006)
12. Hong, J.-X., Zuily, C.: Existence of C*° local solutions for the Monge-Ampere equation. Invent.
Math. 89, 645-661 (1987)
13. Khuri, M.: The local isometric embedding in R3 of two-demensional Riemannian manifolds with Gaussian
curvature changing sign to finite order on a curve. J. Differ. Geom. 76, 249-291 (2007)
14. Khuri, M.: Local solvability of degenerate Monge—Ampere equations and applications to geometry. Elec-
tron. J. Differ. Equ. 2007(65), 1-37 (2007)
15. Khuri, M.: Counterexamples to the local solvability of Monge—Ampere equations in the plane. Commun.
PDE 32, 665-674 (2007)

@ Springer



A class of mixed type equations 867

16.

20.

21.

22.
23.

24.

Khuri, M.: On the local solvability of Darboux’s equation, Discrete Contin. Dyn. Syst. (2009), Dynamical
Systems, Differential Equations and Applications. Proceedings of the 7th AIMS International Conference,
suppl., 451-456

Khuri, M.: Boundary value problems for mixed type equations and applications. Nonlinear Anal. 74, 6405—
6415 (2011)

Kondrat’ev, V.-A.: Boundary value problems for elliptic equations in domains with conical or angular
points. Trudy Moskov. Mat. Obshch. 16, 209-292 (1967) (in Russian); Trans. Moscow Math. Soc. 16,
227-313 (1967)

Kozlov, V.-A., Maz’ya, V.-G., Rossmann, J.: Elliptic Boundary Value Problems in Domains with Point
Singularities. Mathematical Surveys and Monographs, vol. 52. American Mathematical Society, Provi-
dence, RI (1997)

Lin, C.-S.: -The local isometric embedding in IR3 of 2-dimensional Riemannian manifolds with nonneg-
ative curvature. J. Differ. Geom. 21, 213-230 (1985)

Lin, C.-S.: The local isometric embedding in R3 of two dimensional Riemannian manifolds with Gaussian
curvature changing sign clearly. Commun. Pure Appl. Math. 39, 307-326 (1986)

Morawetz, C.: Mixed equations and transonic flow. J. Hyperbolic Differ. Equ. 1, 1-26 (2004)

Otway, T.: Variational equations on mixed Riemannian—Lorentzian metrics. J. Geom. Phys. 58, 1043—
1061 (1008)

Tricomi, E.G.: Sulle equazioni lineari alle derivate parziali di secondo ordine, di tipo misto. Atti Acad.
Naz. Lincei Mem. Cl. Fis. Mat. Nat. 14(5), 134-247 (1923)

@ Springer



	Smooth solutions to a class of mixed type Monge--Ampère equations
	Abstract
	1 Introduction
	2 Elliptic regions
	3 The cauchy problem in non-smooth hyperbolic regions
	4 A priori estimates in the hyperbolic regions
	5 Proof of Theorem 1.2
	6 Proof of Theorem 1.1
	Acknowledgments
	References


