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On the local isometric embedding in R? of surfaces
with Gaussian curvature of mixed sign

QING HAN AND MARCUS KHURI

We study the old problem of isometrically embedding a two-
dimensional Riemannian manifold into Euclidean three-space. It is
shown that if the Gaussian curvature vanishes to finite order and its
zero set consists of two Lipschitz curves intersecting transversely at
a point, then local sufficiently smooth isometric embeddings exist.

1. Introduction

Does every smooth two-dimensional Riemannian manifold admit a smooth
local isometric embedding into R?, or heuristically, can every abstract surface
be visualized at least locally? This natural question was first posed in 1873
by Schlaefli [16], and remarkably has remained to a large extent unanswered.
It is the purpose of this paper to provide a general sufficient condition under
which local embeddings exist.

The local isometric embedding problem for surfaces is equivalent to find-
ing local solutions of a particular Monge—Ampere equation, usually referred
to as the Darboux equation. The primary difficulty in analyzing this equa-
tion arises from the fact that it changes from elliptic to hyperbolic type,
whenever the Gaussian curvature of the given metric passes from positive
to negative curvature. Consequently, the hypotheses of any result must take
into account the manner in which the Gaussian curvature, K, vanishes. The
classical results deal with the cases in which the curvature does not vanish,
or the metric is analytic. It was not until 1985/1986 that the first degenerate
cases (when K vanishes) were treated, by Lin. He showed the existence of suf-
ficiently smooth embeddings if the metric is sufficiently smooth and K > 0
[11], or K(0) =0, |[VK(0)] # 0 [12]. Smooth embeddings of smooth surfaces
were obtained by Han et al. [5] when K <0 and VK possesses a certain
nondegeneracy, and by Han [3] when K vanishes across a single smooth
curve (see also [1, 2, 8] for related results). Lastly if K =|VK(0)| =0,
|V2K(0)| # 0 then Khuri [9] has proven the existence of sufficiently smooth
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embeddings for sufficiently smooth surfaces. For more details on this prob-
lem and other related topics the reader is referred to [4]. Here we will show

Theorem 1.1. Let g € C"*, m, > 36(N + 10), be a Riemannian metric
defined on a neighborhood of the origin in the plane, with Gaussian curvature
K wvanishing there to finite order N. If the zero set K—'(0) consists of two
C™= curves intersecting transversely at the origin, then g admits a C™,
m < 1—12m* — N — 24, isometric embedding into R on some neighborhood of
the origin.

Remark 1.1. Our methods actually treat a slightly more general situation
in that the zero set K ~1(0) may consist of more than two curves intersecting
transversely at the origin. However, in this setting there should not be more
than two regions on which K > 0.

The embeddings produced by this theorem are referred to as sufficiently
smooth, since higher regularity of the metric implies higher regularity for
the embedding. However, this theorem does not guarantee that C'* metrics
give rise to C'*° embeddings, as the methods used here require the domain of
existence to shrink whenever higher regularity is demanded of the solution.
On the other hand, it is likely that techniques similar to those found in
[3, 6] may lead to a C* version of Theorem 1.1. We also point out that
counterexamples to the existence of local isometric embeddings have been
found for metrics of low regularity, by Pogorelov [15] when g € C*!, and by
Nadirashvili and Yuan [13] who recently generalized this result. Moreover
counterexamples to the local solvability of smooth Monge—Ampeére equations
have been found in [10]. Yet it is still very much an open question, whether
or not there are any smooth (or sufficiently smooth) counterexamples to the
local isometric embedding problem.

As mentioned above this problem is equivalent to finding local solu-
tions of a particular Monge—Ampere equation. To see this we use a standard
method originally introduced by Weingarten [20]. That is, we search for a
function z(u,v) defined in a neighborhood of the origin such that the new
metric g — dz? is flat. Note that ¢ — dz? will be Riemannian as long as
|Vgz| < 1. Since flat metrics are locally isometric to Euclidean space, there
exist two C™ functions z(u,v), y(u,v) (if g € C™ and z € C™1, see [7])
such that g — dz? = da® + dy?. The map (u,v) — (z(u,v),y(u,v), 2(u,v))
then provides the desired embedding. Furthermore, a straightforward calcu-
lation shows that g — dz? is flat if and only if z satisfies

(1.1) det Hess, z = K(det g)(1 — |Vy2|%).
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This Monge-Ampere equation is the so-called Darboux equation, and the
question of its local solvability is equivalent to the local isometric embedding
problem.

It is trivial to construct approximate local solutions of (1.1), and thus
it is natural to use an implicit function theorem to prove existence. Under
the hypotheses of Theorem 1.1 the linearization will be of mixed type, and
thus we will necessarily lose derivatives when it is inverted. This suggests
that we use a version of the Nash—Moser implicit function theorem, which
essentially reduces the problem to a study of the linearized equation. We
will show that the linearization has a particularly nice canonical form, when
an appropriate coordinate system is chosen and certain perturbation terms
that behave like quadratic error in the Nash—Moser iteration are removed.
This was first observed by Han in [3]. More precisely, the canonical form is
given by

(1.2) Lu = (aKug), + buyy + cKuy + duy,

where a, b > 0. The significance of this particular structure is that it explic-
itly illustrates how the Gaussian curvature affects the type of the lineariza-
tion. Moreover it is also important that the first-order coeflicient ¢K vanishes
whenever the principal symbol changes type, as this leads to the so-called
Levi conditions [14] in the hyperbolic regions, which facilitate the making of
estimates. Under the assumptions of Theorem 1.1 on the Gauss curvature,
there are four separate regions of elliptic or hyperbolic type for (1.2), each
having a Lipschitz smooth boundary. We will develop the appropriate exis-
tence and regularity theory for (1.2) in each of these regions, and show that
combined with a Nash—Moser iteration this leads to a corresponding solu-
tion of the nonlinear equation (1.1) in each region. These separate solutions
will then be patched together to form a solution on a full neighborhood of
the origin.

This paper is organized as follows. In Section 2 we obtain the canonical
form (1.2), and in Sections 3 and 4 the linear existence theory is established
in the elliptic and hyperbolic regions, respectively. Lastly in Section 5 we
use a version of the Nash—Moser iteration to solve (1.1) in the elliptic and
hyperbolic regions separately, and also show how the solutions obtained can
be patched together to yield the desired solution.

2. The linearized canonical form

In this section we will bring the linearization of (1.1) into the canonical
form (1.2). Before doing this, however, we must specify at which function the
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linearization will be evaluated. For this we need an appropriate approximate
solution, zp. We will then search for a solution of (1.1) in the form

zZ =2 —|—€5w,

where £ > 0 is a small parameter. Let y = (y',%?) be local coordinates in
a neighborhood of the origin with g = g;;dy‘dy’, then we are interested in
solving

(2.1) ®(w) := det V2 — K|g|(1 — |V,2]?) =0,

where |g| = det g;; and V;; are covariant derivatives with respect to these
coordinates. We choose

1 Ms
20=5")?+_ (),
n=3
where each p, is a homogeneous polynomial of degree n, chosen so that

(2.2) °B(0) =0, |a| <m.—2.

Here a = (aq, a2) is a multi-index, and m, is as in Theorem 1.1. Note that
such a polynomial zy may be found in the usual way by following the proof of
the CauchyKowalevski Theorem, since the line y2 = 0 is noncharacteristic
for (2.1) as VHZ()(O) =1.
Upon rescaling coordinates by y* = 2, the linearization of ® at a func-

tion w,

d

L{w)u = —®(w + tu)|=o,

dt

is given by

(2.3) e L(w)u = a“uy; + 26K |g|(V 2, Vu),

where u.;; denote covariant derivatives in ' coordinates, (-,-) is the inner
product associated with g, and

() = Vaoz  —Vigz
—Vizz  Vnz
is the cofactor matrix of Hess, 2. Note that the quantity |g|~*a™ transforms

like a contravariant two-tensor. According to the assumptions of Theorem
1.1, K~1(0) divides a small neighborhood of the origin into domains {Q; }%
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on which K > 0, and {€, }2”, on which K < 0 (obviously xo + 0o = 4). The
following lemma gives the desired canonical form. We will denote the Sobolev
space of square integrable derivatives by H™, with norm || - || gm.

Lemma 2.1. Let g € C™ and w € C*™ with |w|cs < 1. Given a domain
Qr, or Q,, 0=1,2, or Q,, 0= 3,4, and given small 0,0 > 0, there exists

K’

a local C™ =2 change of coordinates £ = £'(x) such that
QN B, (0) = {(¢5,€%) [0 < & < (tand)¢', [¢] < o},

or

0, NB,(0) ={(¢",&*) | h(g") <& [él <o},  0=1,2
or

0, NB,(0) ={(¢", &%) | h(€®) <&, [él <o}, o0=34,

for some Lipschitz function h(¢') (not necessarily the same for different
regions) satisfying h(0) = 0 and |h(&%) — [€]|cr = O(0). In this new coordi-
nate system the linearization takes the form

e L(w)u = a®L(w)u + (a®) 7 ®(w)[02u — O log(a®*V/]g])Dpru],
where
L(w)u = agl (kagl’u,) + 8522u + Caglu + dagzu
with
k = Kk(z,w, Vw, Vw, VE),
c = K&z, w, Vw, V2w, V3w, VE, V) + (a®?) 720, ®(w)0p £
d = e%d(z, w, Vw, V*w),

for some k,¢,d € C™ % such that k > 1/2 if e = e(m) is chosen sufficiently
small. Moreover there exists a constant C,, independent of €, § such that

(2.4) | € | fm< 07 CH(A+ || w ||gm+s), m < my — 2.

Remark 2.1. In estimate (2.4), ¢ is only relevant for the regions {0} }5° ;.
Furthermore, since the curvature K vanishes at least to second order, it may
be possible to eliminate the role of ¢ in the arguments of the next section.

Proof. We may choose an initial coordinate system x = (2!, 2?) so that each

of the elliptic and hyperbolic regions Q. (2, are sector domains, that is, each
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occupies the region between two lines passing through the origin. Further-
more, we may assume that Q7 () contains the positive (negative) z2-axis.
Note that according to the hypotheses of Theorem 1.1, 9Q;F — {(0,0)} and
002, —{(0,0)} are both C"™+ smooth, so that this initial transformation is
also C"-. The approximate solution zg is chosen with respect to this initial
coordinate system (recall that 3* = £22%), and therefore

a*? >0, a'? = O(?).

It is now an easy exercise in linear algebra to show that for each domain Q,
or ,, 0=1,2, 0or Q,, 0= 3,4, there exists a linear change of coordinates
7 = (z',7?) such that

of ={@., 7% |0<7* <7, [7] <1},

or

Q, ={@". 2" |[z"|<z* <1}, o=12,

or
Q, ={@@.z°) ||z7?| <z' <1}, 0=34,
and such that
05(y")? >0,  9pop@y') =0
Here 3' = 2. Tt follows that a?? > 0 and a'? = O(e?) are preserved under
this linear change of coordinates. For convenience we will still denote 7° by
y* and 7' by z'.
We may write (2.3) as
Li(w)u = ailjuxixj + @b ugi = e L(w)u,

where ailj =a¥,

(2.5) ah = —Ez(aijféj + 2K gl

with 2! = g“zyi, and Fi- ; are Christoffel symbols in y' coordinates. According
to (2.1)

al! = Vapz = (a2) [K gl (1 = [Vy2l?) + (V122)? + B(w)].
We then set

Lo(w)u = aéjuxixj + abugi = Ly(w)u — (a®) 7 ®(w)ugpn,
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that is a1 = a2 and a} = a’ except for
(2.6) ayt = (a®**) 7 K|g|(1 — |V,42]?) + (V122)?).

Also let
Li(w)u = aéjumimj + adug: = (a®2) "1 Ly(w)u.

We now define the desired change of coordinates by

with
(2.7) a'?¢l +a*?¢l. =0,
so that if
L4(w)u = aij’u,gigj + aiugi = L3(w)u
then

al —ajﬁl ; = 0.

In order to obtain the correct expression in these new coordinates for the
domains QF or Q,,0=1,2,0rQ,, 0= 3,4, we impose the initial conditions

(2.8) &Mzt zt) = (tand)'2t, or €Yz 0)=2', or &(a',0) =

1 1

respectively. Note that since the curves z! — (2!, 2!) and 2! — (2',0) are
noncharacteristic for (2.7), Equation (2.7) with initial condition (2.8) has a
unique C™+~2 solution on some neighborhood of the origin. Furthermore,
standard methods for first-order equations combined with the Gagliardo—
Nirenberg inequalities (Lemma 5.2 below) yields (2.4). Note also that (¢!, ¢2)
forms a new coordinate system near the origin since

-1 _ 1 1 a12
(tand) ™! = £,.:(0,0) +£;2(0,0) = &,:(0,0) —53(0,0)

or
€L.(0,0) =1,

according to the respective initial conditions given by (2.8).
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We shall now calculate the coefficients of L4(w). Observe that (2.6) yields

aj' = a €165 = (Viuz) K9l = Vo2 ) + (V122)?] (60)°
—2(Vi12) H(V122)6: &2 + (§52)%,
but (2.7) gives
e = (V1) T (Vi22)Eon
S0
aj' = (a®) 2 Klg|(1 —|Vyz*) (&)

Next we examine aj. By (2.7)

1 12y ¢l 12,1 1 12y ¢l 12,1
51112 = —(CL3 )zlgxl —as 511117 512.%2 = —(CL3 )12511 —as gxlm%
so (2.6) produces

(29) a}l = a?é;ixj + aéf;L

= (a®) 2 K|g|(1 = [Vg2)&p,
al? al? al? . -
(&) (=), (@), ] v

Calculating the second term on the right-hand side yields

2242 a'? a'? a'? 12 12 22\—1/ 122 22
(a ) |:<a22> <a22> ) + <a22> 2:| =a axl — (CL ) (CL ) Cl,zl
x X

+ aZQag — alQaig

12 12 22

_ 11 22 12
=a a7 —aay -

1ta"a;z amaig
+ (a®*)1a23 (det a™)
= —aﬁal2 + a},ﬁam + aZQaglc% - alQaig

+ (a**)7'aZ (det @) — (det a¥) 1.
Therefore (2.5), (2.7) and (2.9) imply that

(210)  a®a} = —[a, + £*(aVT}; + 2K]g|2")]&5: + ((a*) 7 det a?) &l
+(a®) T Kg|(1 — [Vgz*)&guan
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A computation shows

ay +a,f +a"T}; = _ngzylzﬂ + F;:lzy"’zﬁ + (Dlgye = Thoyn — Ty
+ 2015l o — T3l 2y
= ngam + Fﬁla” + (T2 — Thyyn — Tyl + 2051,
— I3l — F;:Q i+ F§1F§2)2y’"

However, we see that the coefficient of z,: is in fact a curvature term. More
precisely, if we denote it by x* then

X' =Thaye = Togyn + Tl — Tl = =Ry = —g" [g]K,

where R;kl is the Riemann tensor for g in 4* coordinates (recall that Ffj are
Christoffel symbols in y’ coordinates). A similar calculation shows that

a?lﬁ + azg + ale’lzj = F?lau + F?Qa22 — giQIQ\szi.
Therefore after solving for ¢!, in (2.7), (2.10) becomes

a*aj = (a®) T Kgl(1 — Vg2 )enp — 2 Klgl2'¢

— 6219, (a®) " det a¥ — ((a®)~! deta?),u]els.
It now follows from
det a¥ = ®(w) + K|g|(1 - [V,2[*)
that we have

a?a} = —2K|g|2 €L, + 0,1 [(0®) 7 K |g|(1 — |Vy2*)EL]
— [T, (a®) T K |g|(1 — [Vg2[?) + €T (a®) 7 @ (w)
— ((@®) 7' @(w))a1 151

Lastly, it is trivial to calculate the remaining coefficients:
a?? =1, a3 = —62(a22)_1(aijfgj + 2K |g|2?).
Then by defining
L(w)u := Ly(w)u + (T + 9y log a®®)(a”®) 2 (w) & ue

and recalling that P§1 = %5@1 log |g|, we obtain the desired result. O
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3. Linear theory in the elliptic regions

In light of Lemma 2.1, it will be sufficient for our purposes to study the ques-
tion of existence and regularity for the operator L(w), instead of the pure
linearization £(w). More precisely, in this section we will study the Dirichlet
problem for a modified version of L(w) in an elliptic region. First note that
by using polar coordinates &' = rcosf, £ = rsinf, we can transform the
elliptic region Q;f N B,(0) of Lemma 2.1 into a rectangle

Q={(r,0)|0<r<o 0<6<d}.
Under these coordinates we find that
L(w)u = Kupy + Aupg + Bugg + Cuyr + Dug,
where

K = k cos? 0 4 sin? 6,
sin 6 cos 0

sin?@  cos?6

B=k

r2 r2
in26 20
c=p 2 & + (c+ Og1k) cos 0 + dsin ),
sin 0 cos 6 sin 0 cos @
D=2k—-1)—m— — 1k d )
(k= )P — (et 0 20 + a2

It will be convenient to cut-off these coefficients away from the origin. So let
¢ € C*°(]0,00)) be a nonnegative cut-off function with

1 if0<r<%a,
T) =
# () {0 if o <7,

and define
Lu = Kty + Auyg + Bugg + Cuy + Dug,

where

K = ¢’K, A=A, B =B, C = ¢C, D = ¢D.
We will study the boundary value problem:

(31) Lu=fin Q, u(r,0)=u(r,0)=0, 0u(0,0)=0, 0<s<s,
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for some large integer sg. The motivation for considering this problem stems
from our method for constructing solutions to the nonlinear problem (2.1)
(see Section 5). Namely, we shall construct solutions in the elliptic and hyper-
bolic regions separately, and then show that they can be patched together.
This requires certain compatibility conditions at the origin, and the bound-
ary conditions of (3.1) guarantee that they will be satisfied. Of course, a
necessary condition for solving (3.1) is that f must also vanish to a corre-
sponding high order at the origin. It is therefore convenient to introduce the
following weighted Sobolev spaces which control the amount of vanishing.
Define norms

lu 2 = /Q S AT @),

0<s<m, 0<t<l
s+t<max(m,l)

where X,y > 0 are large parameters, and let H(™b)(Q) be the closure of
C™(Q) with respect to this norm, where C" (£2) is the space of smooth
functions that vanish in a neighborhood of r = 0. We will always denote
the traditional Sobolev spaces having square integrable derivatives up to
and including order m by H™(2), with norm || - ||;,. The following sim-
ple lemma describes the boundary behavior exhibited by elements of the
weighted spaces.

Lemma 3.1. Suppose that u € H"™L)(Q) 0 C™2x(mD=1(Q), then for any
0 < rg < o we have

s —2(s+1
| @0 <0 u

s<m-—1, t<l-1, s+t <max(m,l)—1,
where the constant C depends only on o — rg.

Proof. When s <m —1,t <l —1, s+t < max(m,[) — 1 we have r—7/2+s+1 x
030ku € HY(Q) N C°(£2). The desired result now follows from the standard
trace theorem for Sobolev spaces. O

In analogy with the theory of strictly elliptic equations in a sector domain
such as 2, the regularity of a solution to (3.1) will depend on the size of the
angle forming the domain. More precisely, smaller angles yield higher regu-
larity. According to Lemma 2.1 we are free to choose the angle § arbitrarily
small, with the only price being paid with the blow-up of estimate (2.4).
This blow-up, however, can be controlled in the context of Equation (3.1)
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by taking € = £(d) to be sufficiently small, since whenever £(z) or its deriva-

tives appear in the coefficients of the operator L, they are always multiplied

by e. These considerations lead to existence and regularity for (3.1), and the

first step needed to establish such a result is the following basic estimate.

Define

2 —1
rYy

)

axq(r,0) =

and as in Lemma 2.1 let w € C*° throughout this section.

Lemma 3.2. Suppose that |w|c: <1 and let uw € HZL12)(Q) N C%(Q)
with w(r,0) = u(r,0) =0. If 6 = 6(A\) and € =€(0) are sufficiently small,
then

/ axy—oulu > C/ Ar 7w 7“7””2(4,0 sin Qu, + 7! cos 9u9)2
Q Q

for some constant C > 0 independent of A, 0, € and w.

Proof. Let 0 < rg < o and set Q,, = QN {(r,0) | ro <r < o}. Then for any
a € C*™(Q,,), integration by parts yields

/ aulu = / —a(Ku? + Auyug + Bu})
Q Q

0 0

+ ;/Q [(aK)rr + (ad),g + (aB)gg — (aC)y — (aD)glu”

70
+ / a(Kuu,vy + Auu,vs + Buugys)
o9,

1 _ _ _ _ _
+ 2/ [—(aK),v1 — (aA)grr — (aB)gre + aCry + G,DVQ]U2,
09,

where (v1,v2) denotes the unit outer normal to 9€,,. By choosing a = a) ,—2
and observing that

|(a>\,’7—2f)7“7“| + ‘(GA,’Y—QZ)TGI + |(a>\,7—2€)r| + ‘(a)\ﬁ_QE)@‘
=O(r ), (ax,—2B)gp = 2Ar T cos? (1 + O(0 + A7 1)),

the desired result follows since all boundary terms vanish according to
Lemma 3.1 (after letting ro — 0). Note that € is chosen small depending
on 0, in order to control the blow-up (implied by estimate (2.4)) found in
the coeflicients of L. O
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This lemma is the main tool used to establish the basic existence result of
the next theorem. Let C°°(2) denote the space of C~ (€2) functions v satis-
fying v(r,0) = v(r,8) = 0. Given f € H™1(Q), we will refer to a function
u € HmL7)(Q) as a weak solution of (3.1) if

(3.2) (u, L*v) = (f,v) all wve C=(Q),

where (-,-) is the L?(2) inner product and L* is the formal adjoint of L.

Theorem 3.1. Suppose that g € C™, |w|cs <1 and f € H™M(Q). If
m<my—4 and § =0(m), € =e(m,d) are sufficiently small, then there
exists a weak solution u € H™L(Q) of (3.1).

Proof. Given v € C*(Q), let ¢ € Hm=72(Q) N C>~(Q) be the unique
solution of the ordinary differential equation (ODE):

(3.3) ZA )05 (A —2(5—1)05C) = v,
C(Ta 0) - C(n 5) - 07 87?((0, 0) = 07 O S S S m — 17
/ (3ﬁ8é§)2 < rg_zsc, 0<s<2m-—1, 0<1 < o0.

Here r¢ > 0 is assumed to be sufficiently small, and C' > 0 is a constant
depending on m, A, v and v. The proof that such a solution exists may be
found in Appendix A.

Our first goal is to establish an estimate of the form

(3.4) (Lg, 42/\ 2 (@x y—2(s— 1)850) >C ¢ many

The boundary conditions of (3.3) allow us to integrate by parts in a manner
similar to the proof of Lemma 3.2 to find

(3.5) (Lc, 4ZA 2 (@ ry—2(s-1) 05 <>>

_ZA <+L88C,7’CL)\,Y 2(s— 18C>

+Z)\ (Z( )as rA0LLC, ax (s 1>88<>

I<s
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Note that since all the coefficients of L vanish at r = o, except B, no
boundary terms at r = ¢ appear in the above formula. Furthermore since
T4a)w_2(s_1) = a)y—2(s+1) and 9;C € H@1y=2(=1)(Q), 0 < s < m — 2 (for
m — 1 < s < m the boundary behavior of 9:( given by (3.3) is also ade-
quate), Lemma 3.2 implies that

m

(36) Z(Laﬁgv )‘_Sr4a)\,772(371)81§<-)
s=0

> C/ Z )\—S[T—"H'?(S‘f'l)((p sin0(0:¢), + r~!cos 9(87?()9)2
0=
+ AT (920)7]
m—1 m
e / ST AT Gig)2 4 30 AT I (93¢)?
Q =0 s=0
> C ¢ Itmn

if 0 = §(A\) and € = ¢(9) are sufficiently small. Next, we calculate

L= Z() 03 RO C) e + 05T A(BL )
I<s

+ 057 'B(0L¢)g0 + 057 C(0LC)r + 057 D(0LC)e),

and observe that integrating by parts, again with the help of the boundary
conditions in (3.3), produces

(3.7)

(Z () aﬁlK<af«<>w4aAM(sUaﬁc)

I<s

(Z () 8f_lA(8f»C)r9,7"4%,7—2(5—1)554)
I<s

/ Zr (g

I<s
<, /
Q

+ 7’7”[(@{(0)2] ;

I<s

c. |
Q

+ r‘”“l(@ice)Q] :

I<s

AsCAoy

P02

(Z () ai—leioee,r4aA,7_2(s_l>ai<)

I<s
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<o [ Tk,

Q I<s

scs/
Q

+> 7"_7+2l(3f(e)2] :

I<s

o~

‘ (Z (7)o tc@to. 7«4%,7_2(5_1)65@*)
‘ (Z () af_lD(@l«C)e,7“4%,7—2(3—1)3%)

A Cok

Also observe that

3 (l) 050l I¢

I<s

ol ——— lz (1) Tt

s—4<I<s t<l
+ O A(D1C) 0 + 0 B0k + O TDL) + aitD(@t«C)e)} ,

so similar calculations yield

(Z <?> ai_lr481lﬂL<7 aA,’y—Q(s—l)aﬁC> '
I<s

scs/
0

Then the combination of (3.5) to (3.8) produces (3.4) for A = A(m) suffi-
ciently large and § = (), € = () sufficiently small.

We need one last estimate before proving existence. Since r%n €
HM07%2)(Q) whenever € H™17)(Q), we have

(3.8)

Do + Zr”*”(%)?] .

I<s I<s

(n,7'v)
B9 Artvlemeny = s 0L
nEH M1 (Q) | m H(m,lﬁ)

_ [(r* (X0 = 1)1, Q) (m,0,7+2) |
= sup
nEHm 1) () 17 [ m,1.7)

H n H(m,O,'y)” < H(m,O,'y)
neH 1.7 (Q) H n H(m,l,'y)
<C | Cllgmn) -

<C
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Here (-, ) (m,0,y+2) denotes the inner product on Hm07+2) (), and the norm
|+ l(=m,—1,y) comes from the dual space HE=19)(Q) of H™L7)(Q), which
may be obtained as the completion of L?(9) in this negative norm.

Now apply (3.4) to obtain

1S lmum IF L5740 [l (2, —1.4) 2 (€, L*"”4v)

= (L¢
= (Lc, 4ZA 2 (@xy—2(s—1)0} o)

N ¢
which when combined with (3.9) yields
(3.10) 1740 (=, -1 SC I L* T [l—n, 1) -

Consider the linear functional F : X — R where X = L*(r*C> (1)), given
by

F(L*r'v) = (f,r%).
According to (3.10) we have that F is bounded on the subspace X of
HEm=19)(Q) since

IFE o) = 1 0) < 1S lmamll 70 1)
< C I f lmamll 7% |1, -

Note that we use f € H™57)(Q) here (i.e., f has to have this particular
boundary behavior at r = 0). Thus, we can apply the Hahn—Banach the-
orem to obtain a bounded extension of F' (still denoted F') defined on all
of H="=17)(Q). It follows that there exists a unique u € H™17)(Q) such
that

F(n) = (uan) all n - H(-m,—l,’y) (Q)
Now restrict i back to X to obtain

(u, L*r%v) = (f,r'v) all ve C®().

Since every ¥ € C*°(9) can be written as o = rv for some v € C®(Q), u is
a weak solution of (3.1). O

If fe H™M(Q)NC™~4(Q), then the strict ellipticity of L on the
interior of ) shows that the solution given by Theorem 3.1 satisfies u €
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HmIN(Q) N C™—3(Q), since the coefficients of L will be in C™~* when
g € C™. In particular Lu = f pointwise on the interior of €2, so that

(3.11) —ugg = B [Kupr + Aty + Cup + Dug — f] in Q.

Since B = O(r?) as 7 — 0 and u € H™L)(Q) it follows that ugy €
Hm=20(Q). Let HI'(Q) := H™™)(Q) with norm || - [|(n). Then if f €
H'(£2) we may continue to differentiate the expression for ugy to eventually
obtain (by induction) that u € HJ'().

In order to determine the boundary values for u, integrate by parts in
expression (3.2) to obtain

0= / (Kvu,vy — (Kv)puvy + Avugry — (Av)uvy
o2

+ Bougry — (Bv)guve + Coury + Dvuws),

for all v € C°°(9Q). This implies that u(r,0) = u(r,d) =0, as B > 0. It also
shows that we cannot arbitrarily prescribe boundary values for u at r = o,
since all the coefficients of L (except B) vanish at r = o. However it is clear
that the boundary values at r = o are given explicitly in terms of f(o,0)
according to (3.11); although we will not have need of this fact. Moreover,
the boundary behavior at » = 0 is completely determined by the fact that
u € HT'(Q), so that if m > sp+1 and v > 2m then u will vanish to the
desired order sg at r = 0 by Lemma 3.1. We summarize all that we have
found with the following theorem, and also give an a priori estimate needed
for the Nash-Moser iteration of Section 5.

Theorem 3.2. Suppose that g € C™ and f € éoo(Q). If sp+1<m<
my —4, v >2m, |w|lcs <1 and § =d(m), € = e(m, ) are sufficiently small
then there exists a unique solution u € H'(€2) N C™==3(Q) of (3.1). Fur-
thermore, there exists a constant Cy, independent of § and € such that

I [y < Cmlll f llmr2ey + 1@ llmasll f l514+)
for each m < m, — 6.

Proof. The first half of this theorem follows from the discussion directly
above, and thus it only remains to establish the estimate. From Lemma 3.2
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we have that
/ r7“’+2()\u2 + ug) < C/ 7“7'7“3(]"2 + r72u3).
Q Q
Now differentiate Equation (3.1) to obtain
Lu, = fr - Frurr - Zrure — ETUQQ — 6,«%« — Eru@.
Solving for ugy as in (3.11) then yields

Liu, = F( ) -+ A(urg) —i—E(u,«)gg
+(C+K,—~B 'B,E)(u)r + (D+ A, —B "B, A)(u)e

=f,—(C,—B B,C)u, — (D, — B "B,D)uy.
Applying the proof of Lemma 3.2 to the above equation gives
C/ Ar= 72 + 77 (o sin Oy + 771 cos Oupg)?] < (an—etr, Liuy),
Q

from which we find that
[t ey <o [ o e v
Q Q

if A is sufficiently large. Eventually, with the help of |w|ce < 1 and (3.11),
we obtain

lull@sqr—2 <CIflEsqy—s) -

By repeatedly differentiating with respect to 7, we can continue this proce-
dure and apply the Gagliardo—Nirenberg inequalities (Lemma 5.2 below) in
the usual way to obtain

(3.12) / AN eI Gru) 4y T (Gug)?
Q

s<m s<m
< Conll £ fm0q6) A% | u Ifs5-—2)
< Conlll £ Iy HA% 1 f 1)

where

A = (| 72K |l + | 72 A |l + | 7B [l + | 7*C o + | 7D [l +1.
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To see how this works, we will show the calculation for one representative
term that appears on the right-hand side of the equation after differentiating;
the remaining terms may be treated similarly. Differentiate (3.1) s-times to
obtain

LsOiu = K(O:u)pr + A(O3u)rg + B(02u)ga
+(C+sK, —sB B, K)0u)y + (D + sA, — sB_ B, A)(0%u)g
=f - Y Crup)+ -+ .

Since Oju € H(2’1"Y*25)(Q) when s < m, — 6, the basic estimate yields
[z + (G
Q
= 0/ PO )2 4 (057 (Crup))2)
Q

Furthermore, observe that

5 Cou) = 3 <3 ; 1) 05118, ol

<s—1

and

a;s—l—lér — 3;?_1_[(7“_27“267«) — Z CtIT_Q_(S_l_l_tl)af,l (7267«),

t1<s—1—1
r‘7/2+5+3+[_2_(3_1_l_t1)]&ﬁur — Z Ct2 8? (,r—'y/2+t1+tz+2ur)’

tggl

for some constants Cy, and Cy,. Therefore we may apply Lemma 5.2(i), the
Sobolev embedding theorem, and |w|ce < 1 to find

| /2892 (Cry) |

< S Cun 180 (7T, )0 (/2 ) |
2§t1+t2§5—1
+ 30 o, 1 88 (2T, )0l (/2 2y, |

ti+t2<2

< CS(|7"2€7"’OO | ur ”(371,0,774) + | 7"267“ lls—1 |7"7’Y/2+4u7"00)
+Cs || u ll2,2,y-2)

< Cs([l u lls,00—2) +As |l v [l(3,37-2))s
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where | - | denotes the L°°(£2) norm. Note that the first term of the last
line above, may be absorbed into the left-hand side of (3.12) for large A(s).

The remaining derivatives of u involving higher orders of dy may be
estimated by differentiating (3.11) and using the above estimates. Since the
coefficients of L depend on the derivatives of w up to and including order 3
and the derivatives of £ (the coordinates of Lemma 2.1) up to and including
order 2, with the help of (2.4) we obtain

lullgna—2) < Cnlll [ llanqy + 11 @ [lmtsll £ 1l3,7))-

Lastly since f vanishes to all orders at r = 0, a little calculation shows that
[ <c. [ @rrriap
Q Q
from which the desired result follows. g
4. Linear theory in the hyperbolic regions

Here we shall study the question of existence and regularity for the Cauchy
problem associated with the operator L(w) of Lemma 2.1, in the hyperbolic
regions. In the previous section concerning the elliptic regions, after cutting-
off some of the coefficients away from the origin, we were able to invert L(w)
in the appropriate function spaces. However in the hyperbolic case, we will
not necessarily be able to make such an inversion, and as a result we must
consider a regularized version of L(w) as we explain below. For convenience
let (x,y) denote the coordinates (¢!, €2) of Lemma 2.1, so that a portion of
the given hyperbolic region €2, N B,(0), ¢ = 1,2, may be written as

Q={(z,y) | h(z) <y <o}

for some Lipschitz function h(z) satisfying h(0) =0 and |h(x) — |z||cr =
O(o). Then in these coordinates L(w) is given by

Lu = (Kug)y + uyy + Cugy + Duy,
with
K=kK, C=¢K+ (a®)20,£'0,®(w), D =E¢e%d,

in the notation of Lemma 2.1. Consider the Cauchy problem

(4.1)
Lu=f in Q, ulpo, =¢, uylon, =1, 0%u(0,0)=0, 0< o< ag,
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for some given data ¢, 1) and a large integer «g, where 92; denotes the
“bottom” portion of the boundary given by y = h(x). The “top” portion of
the boundary will be denoted 022, and is given by y = ¢. As in problem
(3.1) the solution is required to vanish to high order at the origin, in order to
satisfy certain compatibility conditions which arise when constructing solu-
tions to the nonlinear problem (2.1) (see Section 5). Of course, a necessary
condition to have such behavior is that ¢, ¥ and f must also vanish to a
corresponding high order at the origin.

Equation (4.1) is degenerate hyperbolic, and as such, solvability of the
Cauchy problem depends on the so-called Levi conditions. These are rela-
tions between the coefficients K and C, which if satisfies would guarantee
existence for the Cauchy problem (when y = h(x) is smooth and nonchar-
acteristic). A simple example of such a relation is the condition (see [14])

C < M\/|K| in Q,

for some constant M > 0. Unfortunately, the quantity 0,:®(w) present in
C prevents the validity of this inequality. However in the Nash iteration of
the next section, 0;1 ®(w) will be uniformly small. Therefore, it is natural
to consider the regularized Cauchy problem

Lou=f in Q, ulog, =¢, uyloa, =1,
(4.2) 0%u(0,0) =0, 0<|o| < ao,

where Lg differs from L in that K is replaced by Ky := K — 6 with 0 =
|®(w)|cr. There then exists a constant M > 0 such that

(4.3) C< MKy in Q.

However we cannot simply apply the results of [14] to obtain the desired
solution of (4.2), since the Cauchy surface y = h(z) is not smooth. We will
therefore prove existence by hand in what follows. Note that with regards to
the Nash iteration 6 is of quadratic error (see Section 5), so that the small
perturbation (4.2) will not affect convergence of this procedure.

It will be convenient to first establish an existence result for (4.2) with
homogeneous Cauchy data and with f vanishing to high order on all of 9€);.
To this end, we define H(™Y(Q) (Hém’l)(Q)) to be the closure of all C'*°(2)
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functions (which vanish to all orders at 9€2;) in the norm

2 = /Q S s @sotu)?,

0<s<m
0<t<l

where A > 0 is a large parameter. The L?(Q) inner product will as usual be
denoted by (-, -), and the formal adjoint of Lg by Lj. Also as in Lemma 2.1
w € C*° throughout this section.

Theorem 4.1. Suppose that g € C™, |w|cs <1 and f € H(gm’o)(Q). If
m < m, —6 and ¢ is sufficiently small, then there exists a weak solution
ug € Hém’l)(Q) of (4.2) with ¢, =0, for each 6 > 0. That is

(4.4) (ug, Lyv) = (f,v) all ve C™®(Q)
with v]gn, = ’Uy|8Q2 =0.

Proof. Set b(z,y) = F;l(x, y)e~™ and let ¢ be the unique solution of

D (=1)FINTE3(b05¢,) = v in Q,
s=0
(4.5) Cloo, = 03Gylon, =0, 0<s<m—1,

where v is as stated in the theorem. Note that for each y € (0,0), this
equation may be interpreted as an ODE in (,, and therefore the theory
of such equations guarantees the existence of a unique solution to (4.5).
Furthermore if the metric g € C™+ as in Lemma 2.1, then the coefficients of
(4.5) are in C™=~™=4, Thus as long as m < m, — 6, we have 93¢ € C2(Q)
for 0 <s<2m — 1.

We first note that the solution ¢ of (4.5) satisfies extra boundary condi-
tions, namely

(4.6) 90,Clag, =0,  s+t<m, 0<t<2

To see this let Op( be differentiation along the right portion of 9
(that is, the curve y = h(z), > 0), which we denote by 99Q;. Then since
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Clogr = Gylagsr = 0 we have

1 G
0=0r¢ = ———(Co + WClor = 2|yt
¢ m(c Cy)‘de m’&ﬂf
where b/ = dh/dz. Tt follows that
— — 1 / Cﬁl‘l’
0=0r¢ = W(C&:x + 1 Cay)loar = ﬁb@fa
1 n¢
0=0r¢ = W(é}:y + B Cyy)loar = 7\/$|agj-

Since |h(z) — |z||cr = O(0o) this shows (4.6) for m = 2, and continuing this
procedure establishes the full result on 9]. Also the same arguments hold
to yield (4.6) on 09, the left portion of 9€ (that is, the curve y = h(z),
x < 0).

We will now establish the basic estimate on which the existence proof is
based. More precisely, we will show that

(4.7) (LeC,Z(—l)S“Asﬁi@@@)) > C |l ¢ Emys
s=0

for some constant C > 0. Observe that the following calculations hold for
0 < s < m according to the boundary conditions (4.6):

(RoCa)er (~1)"H105(b33C,)) = /Q 0 (050,05 (KooC)

—— [ [50Ra 107 - nKooz,05]

_ / b5y 0y [Z (‘;) ALK gos 1 C]
0

=1
+/ 15?9(8;?1()2@,
o0 2
(G (1) 10:0056)) = = [ 1026036, + [ 105716050
1 S 2 s—1 S
= §by(a:n5y) + b0y CyyOr Gy
Q o0

- §EG P



672 Qing Han & Marcus Khuri

(CC, (~1)" M5 (b05,))
_ /Q b5C, 05 (TC)

-}

(D¢, (~1)"192(036,))
. /Q b3, 05(DC,)

== / [w@;gy)z + 095Gy ) <§) 8&D8;—lcy] :
Q

=1

bCOC, O + 0056, > (j) a;oa;“-lg] ,
=1

where (v1,12) denotes the unit outer normal to 9€2. Next observe that if
A > 0 is sufficiently large then

1 K _
by = —— ()\ + aye) e >0, —(bKp), = e >0,
Ky Ky
and in light of the Levi condition (4.3) as well as D = O(g) we have
—(by — 2bD)(bK ), — (byKg — bO)?
e

—2\y ? o . .
> —— [()\+ay9+0(5)> A\Ky+ 0K+ Kj)
K, Ky

e—2>\y 2 - _ 5
K9
> e_2)‘y,

as AKy + O(Fi) < 0 near 09 for large A. It follows that for large A depend-
ing on m,

(Lac, Z(—ms“xsaﬂba;cy))
s=0

—m

A _
> C | ¢ Iy t— 89(5K9(8;n+1€)2”2

+ 2b87xnileyagTCyV1 - b(a;ngy>2y2)’

where we have used a Poincaré type inequality to estimate || ¢ [|72(q). Note
that the boundary integral has the correct sign on 9€. We claim that it
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also has the correct sign on 0€2;. To see this we use the boundary condition
(4.6). That is, by (4.6) 07" 1¢y|aq, = 0 so if 9 is differentiation along 9Q; —
{(0,0)} then

0= 0rd" ¢, = — I ¢, + 11071y,
which yields
b, 0T Gyt = D(9C,) e > 0.

Moreover since 95'Clan, = 0 we have
0= 07" Clon, = 120" ¢ + 119Gy,

which yields
2
DR o(01C) 2 = bR (97, )21
2

It follows that the boundary integral on 92 is nonnegative, and hence (4.7)
holds.
We will need one last estimate before proving existence. Namely

|(n,)]
(4.8) Folmoy = sup 22—

— s (0, 2o (D)5 TTAT203 (005 ¢y)) |
neHL™ (©) 7 [l m.0)
<O7'C || ¢ Ml ma)s

which follows after integration by parts. Here || - [|(_y,,0) is the norm on the
dual space Hé_m’o)(Q) of Hém’o)(Q). This dual space may be obtained as
the completion of L?(Q) in the norm || - | (=m.0)-

To prove existence apply (4.7) to obtain
| ¢ Nmyll Lov [[(=m,—1) = (¢, Lgv) = (LoC, v)
= (LBC,Z(—USH)\Sﬁi@@i(y)) > C I ¢y
s=0
which together with (4.8) implies that

49) N vlcmy SOOI L llCmory  all vel®(Q),
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where C°(2) consists of all C°°() functions with v|ag, = vylaq, = 0. Con-
sider the linear functional F': X — R, where X = Ly;C>°(2), given by

F(Lgv) = (f,v).

According to (4.9) we have that F' is bounded on the subspace X of
H(_mv_l) 3
0 (Q) since

IELGO < N lmoll v =m0y SO CHF Nmoyll Lo l—m, -1y -

Note that the generalized Schwarz inequality (the first inequality in the
above sequence) holds because f € Hém’o) (), that is, f vanishes appropri-
ately on 0€2;. Thus we can apply the Hahn—Banach theorem to obtain a
bounded extension of F' defined on all of H(()_m’_l)(Q). It follows that there
exists ug € Hém’l)(ﬂ) such that

F(n) = (ug,m) all e Hy ™).
Now restrict 1 back to X to obtain
(ug, Liv) = (f,v) all v e C®(Q).

0

In order to obtain higher regularity for the solution given by Theorem
4.1, we will utilize the following standard lemma concerning the difference

quotient:
U(l’, Yy + q) — U(.T, y)

ul(z,y) = . :

Lemma 4.1. (i) Let u € HOD(Q) and Q' cC Q (that is, Q' is compactly
contained in Q). Then

| u? |2y < Il uy 2o

for all 0 < |g| < 3dist(€Y, 09).
(ii) If u e L*(Q) and || u? |2y < C for all 0 < |q| < §dist(€, 09),
then v € HOD(QY).

The Sobolev space of square integrable derivatives up to and including
order m will be denoted by H™(2) with norm || - |/, and the completion of
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C*°(2) functions which vanish to all orders at 9€2; in the norm || - ||, shall
be denoted by H{"(2).

Corollary 4.1. Under the hypotheses of Theorem 4.1, if f € HJ'(2) there
exists a unique solution ug € HJ* () of (4.2) with ¢,v =0, for each 6 > 0.

Proof. Let ug € Hém’l)(Q) be the weak solution given by Theorem 4.1, so
that (4.4) holds. If m < 1 then this corollary follows directly from Theorem
4.1, so assume that m > 2. We may integrate by parts to obtain

—(Oyup + Dug,vy) = (f — 0-(Kpdyug) — COpug + Dyup,v)

+ / (Cougry — vyugry — Kgvgugrs + Keviyugry)
o0

for all v € C*(£2), where (11, v3) is the unit outer normal to 9. Note that
since ug, d,ug € H () both ugl|aq and dyuglaq are meaningful in L2(09),
and in particular as ug, ,ug € H} () we have ug|ag, = Orugloq, = 0 in the
L?(0€) sense. Thus we may write

(T, vy) = (F,v) all vel>(Q),
where
Up = —yup — Dug, f=Ff—0.(K¢dyug) — COyug + Dyuy.
Furthermore
(ug, vy) = (f'v) all we (),

so that choosing a sequence v; € C2°(Q) with v; — —nuj in HOD(Q) for
some nonnegative n € C°(Q2), implies that

v/ |12 < |(F7, nug)| + | (@, nyug)| + |(@g, n(Duo))]
= a7
< vaf* I vag ||+ 11 v/mag |l \73%“3 I
+ || v [l vin(Dug)? || -

Then since wug, f € HOV(Q) and |Vn> <Cn, Lemma 4.1(i) yields
| /mug || < C for some constant C' independent of ¢, if |g| is sufficiently

small. Now Lemma 4.1(ii) shows that uy € Hl(fc’l)(Q), as ) was arbitrary.
Hence 85119 € L% (). It follows that the equation Lyug = f holdsin L3 (),

loc
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and since we can solve for agug, we can boot-strap in the usual way to obtain
Uy € HfZ}C(Q)

Next observe that the above restrictions on 7 may be relaxed if ¢ > 0,
that is in this case 7 is only required to vanish in a neighborhood of 0€2s.
Then the same procedure yields nug € H™(2) for all such 1. Furthermore
since Ly is strictly hyperbolic, we can use the regularity theory for such
operators to obtain estimates for ug near 9. It follows that ug € H™ ().

To show that ug € H{"(€2), it is enough to observe that

(4.10) 830, uglaq, =0, s+t<m-—1,

where the equality is interpreted in the L?(0);) sense when s+t = m — 1.
This follows from the fact that f satisfies (4.10), in the following way. First
note that as in the arguments used to establish (4.6), uglaq, = Ozuglan, =0
implies that dyuplaq, = 0. Furthermore using the notation of those argu-
ments we have

1

0= 8T<8$’U,9) = \/ﬁ(a§UQ + h’(?x@yue)lmf,
1

0= 0r(Oyue) = =5 (DaByuo H Oug) o -

However from Equation (4.2) we find that
(—003ug + Bug)|pr =0,

hence
@%ue\agj = aSUH‘an = 6&762,’“9‘891* =0.
The same arguments also apply to 0€);, so by differentiating Equation (4.2)

we can continue this procedure to obtain (4.10).
Lastly we note that since uglga, = |Vuglaq, = 0, (4.7) with m = 1 yields

1
(LeuaZ(—l)s+1/\_sf9§(baiayue)> > C | ug 11,0,

s=0
from which uniqueness follows. O

This corollary yields the existence of a regular solution to (4.2) when
¢ =1 =0 and f vanishes to high order on 9¢);. However, we are interested
in solving (4.2) in the general case when ¢, ¢» and f vanish to high order
at the origin but are otherwise arbitrary. The next lemma will enable us
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to obtain the general case from Corollary 4.1. Here and below H,' () will
denote the completion of C”°(Q) in the norm || - ||, and Hy (8Q;) will be
defined similarly with respect to the || - [ln.00, norm. Recall that C ()
consists of C°(Q2) functions which vanish in a neighborhood of the origin.

Lemma 4.2. Suppose that g € C™, |w|ce <1 and ¢ € F(;ZJFI(GQl), Y E

Fon(gﬁl), f € Hy(Q) with m < m, — 6. Then there exists a function ng €
+

an (2) such that nglaq, = ¢, Oynelon, = ¥ and 8?';(f — Long)|oa, = 0,0 <

t<m—1, with

170 lmv2 < Cn(ll £ llm + | @ lmvr00, + 1 ¢ [lm.o,
Hllw llmss (1 f ll2 + 11 ¢ llz00, + [ ¢ [l2.00,)-

Proof. We may assume that a unique solution ug € F(;LH(Q) of (4.2) exists,
since here we shall only use its boundary values which can be explicitly
determined in terms of ¢, ¥ and f, as 92y is noncharacteristic for Ly. Then
because ) is a Lipschitz domain, the linear restriction map H™"%(Q) —
H™*1(9€)) is bounded and onto (see [18]). By quotienting with the ker-
nel and applying the closed graph theorem, we obtain a bounded inverse
H™H(00Qy) — H™2(Q)/H" () with respect to the quotient norm. We
may then use this map to obtain an extension 79 of ug from 9y to 2 with
0%nplaq, = 0%uglaq, for all |a] < m+ 1, and

16 lm2 < Co Y 1| 0%ug 000, -
|a|<m+1

Applying the Gagliardo—Nirenberg inequalities (Lemma 5.2) to the expres-
sion for 0%ug|aq, in terms of ¢, ¥ and f yields the desired estimate.

We remark that an equivalent and perhaps more concrete way to obtain
the extension is as the unique weak solution 7y € FSHQ(Q) of the boundary
value problem:

m+2
Z(—l)sAsng =0 in Q, 8;179’391 = 8;u9]391, 0<s<m+1,
s=0

l=s

m+1—s
( Z (_1)layAl77€> = 07 O =S S |:Tn;1:| )
00,
m—+1—s
+ (-~
( > (—1)ZAZ?79> =0, 0<s< [(2)] : O
o0
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Now in order to solve (4.2) with ¢ € ﬁgnﬂ(@(h), Y € Hy (0Q1), and

f € Hy'(Q), we note that if 79 € ﬁSnJrQ(Q) is as in Lemma 4.2 and uy €
HIY(2) is given by Corollary 4.1 with fy = f — Leng € HJ*(Q), then ug =
Tg +1mg € Hy (Q) satisfies (4.2). Observe that in order for ug to have the
desired vanishing at the origin we require m > aqg + 2.

Our next task shall be to estimate ug independent of #, in a manner
suitable for application to the Nash iteration of the next section. A signifi-
cant difference between the following theorem and its analog for the elliptic
regions (Theorem 3.2), is that the loss of derivatives here depends on the
degree to which the Gaussian curvature vanishes at the origin.

Theorem 4.2. Suppose that g € C™, ¢,1p € C (1), f € C(Q) and
|w|gzv+a < 1 where N < my — 2 is the largest integer such that 0K (0,0) =
0 forallla|l < N. Ifag+2 <m < my — 6 and c = c(m) is sufficiently small,
then there exists a unique solution ug € Hy (Q) of (4.2) for each 6 > 0. Fur-
thermore, there exists a constant Cy, independent of € and 6 such that

| o lm < Con(ll £ llman + 1| @ lmsntr00, + 1| ¥ |lmsn00,
+ 1w [mense (I flInee + 1 @ Ives00, + 1| ¥ [IN12,00.))

for each m <m, — N — 8.

Proof. The existence of a solution uy € FS”*’G(Q) for each ¢ > 0 follows
directly from the discussion preceding the statement of this theorem. In
order to make estimates it will be advantageous to have a zeroth-order term
for Lgy. Therefore we set vg = e_%yzua and observe that

Lovg := 8z(f98xvg) + a;vg + COpvg + (2y + 5)8yv9
+(1+y*+yDg=e 3V f:= 7.

With the aim of treating the x-derivatives first, we differentiate the above
equation to find
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=3 (") Doy (o) + vozDor—u
s=1
= T+ 7" (v),
where
IV = (Kgvn)a + vyy + (C + mdyKg)va + (2y + D)v,
_ _ 1) .
+ (1 + 9%+ yD +md,C + m(m;)aﬁf(@) v

We first assume that m < N + 1. In this case let 7y be given by Lemma
4.2 such that T)g|agl = U@|agl, 8y779|591 = 8y’l)9|3Q1 and

(4.11) & (f — Long)|oq, =0, 0<t<m+N.

Note that this implies that ny € H81+N+3(Q),

la] < m + N + 2, and we have the estimate

0“Mglan, = 0%vglag, for all

(4.12)
Il 76 lmanvas < O f lmavst + | @ s Nvi2.00, + | ¥ lmsNi100,
Hlw [[myner (| fll2 + 1 @ 2,00, )

Furthermore, the function Ty := vy — 1y satisfies
L") 050 = 03" (F — Tome) + 1 (30).
As in the proof of Theorem 4.1, we set b = ?Q_Ie*)‘y and integrate by parts:

(4.13)
(—b8y8m59,f§m)8m59)
= / |: (ng) (o —HEQ)Q + (bxfe — mbO, Ky — b0)8?+11}98y8;n119:|

1
( by — 2y—|—D)> (0,0g)?
o\ 2
+/ L [b (1 + 9% 4+ yD + md,C + W@im)] (0MTg)?
2 y

1 _
—I—/ |: ng 8m+1 ) vy — bK98?+1v98y8£1v9V1:|
0N
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- /(99 [2b(8y8x Ug) v + ib

_ — m(m+1
X <1+y2+yD+m8xC—|—()

a§K9> (agwg)%g} .

The boundary integral along 9€2s is nonnegative, and according to the choice
of ny it vanishes along 0€2;. Moreover, the same calculations as in the proof
of Theorem 4.1 apply to the interior integral to yield

A 87T || + 11 /1010, 0750 || + | \Famve ||
< O(| VIVIO(F — Tong) || + | v/ToIF ™

We proceed to estimate each term on the right-hand side separately.
First note that since m < N + 1 and |w|gnv+4 < 1, we have

m—1
| v/Tol7™ o) 1% < Cm/Q > e Ko [(9500)° + (0,059)].
s=0

Next observe that since K vanishes (at most) to order N at the origin, there
exists a constant Cp > 0 such that [K| > Cy'(y — h(x))V*! in Q. Then in
light of (4.11), a little calculation shows that

mF_ T 2
IV - T I < € [ 2]

<o /Q 0N 1o (F — Tono)*

It follows that applying (4.12) and summing from 0 to m produces

m+1

(4.14) Z | 070 || +Z I V16l0,0570 | +Z I V1blo3e |

S Cu(ll Hm+N+1 +1 ¢ Hm+N+2,891 + 1Y g Ny1.00,
+ | w lmenez (L F ll2 + 1 @ ll2,00, + | ll2,00,))

if A is sufficiently large. From this inequality we may obtain an estimate
for the z-derivatives of vy (and hence for wuy), with the help of (4.12). In
addition, by solving for 85119 in Equation (4.2) all remaining derivatives up
to and including order m may also be estimated.



Local isometric embedding in R? 681

We now assume that m > N + 2. In order to isolate terms involving high-

order derivatives of w we break ?(m) into two parts. Let vés) = 0309 — 776(,8)
with n(gs) to be given below, then ?(m) — i + fé’") where
—-\m - m ST am—s
Mgy =— 3 <8> T O+ 2y
s=N+2
- > <m) 95(C + 0, K )0t luyg
s=N-+1 5
-3 (M) arma,a e
s=N+1 5
m m N+1 m ( )
sTyam—s,, sT7  (m—s+2
> (.;) 03 DO *vp — Y <S> K gn,

and

S
N
= <T) 0:(C + 0, Kg)ul"
s=2
(1 s (s N (M e (mes)
_Z; <S>a;Dayu9m )3 <S>a;m9m :

The functions nés) € ﬁé\ur:)’(Q), 0 < s < m, are defined recursively in the fol-
lowing way. For 0 < s < N 4+ 1 we set nés) =0ng, and if N +2 < s <m we

apply Lemma 4.2 to obtain nés) such that nés)\agl = 05vgla0, , Gynés)\agl =

ayaivg‘agl with

(4.15) 0,05 T + 75 () = T mS o0, =0, 0<t<N.
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Note that since fl mm(m 8_6’N+2)(Q) and 03vglaq, € F?*_S_7(891),

9y05vglon, € Hy" (891), we must have N +1<m, —s—8 for the
construction of 7798) to be valid. In this case the following estimate holds:

4.16) | 55 Ints < C O5F + 52 (ve) v + || s [|ns2.00,

+ 1 8,0200 w100, + | w i (| 5F + 72 (v) |12
+ [ B2vg 2,00, + || Dy0v0 l2.00,))

< ol 7o) Ivsr + | £ llsinvin + 1| @ llosnroo0,
0 srnsro0 + | w lsinsr (1 F 2+ 1 @ 200,
+ [ l2,00.)),

where we have used |w|cv+7 < 1 and the proof of Lemma 4.2 to estimate
8‘158;1)9’391, t=20,1.
Observe that vés), N + 2 < s < m, satisfies

L5u§) = 0T + 10 (w0) = T + 757 (vo).

Therefore (4.13) applies to yield

@17) A 08 |+ 1 VIloyes? | + 1| Vbl vﬁﬁ 1)
< (I VII@F + 7 (wa) = TS0 1 + 1 VOIS (wa) [1)-

We now proceed to estimate each term on the right-hand side of (4.17)
separately. First note that since |w|o~v+a < 1, we have

(418) || VI (we) 12 < € / Ze—kyrml D)2 4 (0,0)]

el / S e MR D) + 0

[=N+2

N+1

+ O / Ze MKy 7L [(8579)2 + (8,0L70)?).
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Next observe again that since |K| > Cy*(y — h(z))V*! in Q, (4.15) implies
that

(4.19) I VIbl@:F + 7§5><ve> 905 |12
an + f L( ) ( ) 2
< 0 / 1 )))N+01 ]

<o /Q [a;V“(a;f + 75 (0g) = T2,

Furthermore, applying the Gagliardo—Nirenberg inequalities (Lemma 5.2),
(4.12), (4.14), (4.16), and using |w|ce2~v+s < 1 produces

(4.20)

175 (w0) i1 < Col(IKless + [Clower + [Dlev=) || vo s
+ (I Ko llssnss + | C lsente + | D llstnr2)lvaloo)

N+1 s—1
l
+cs< ST e llanaz + D | n§>||N+z>

I=s_N I=N+2

S Cs(|| f lsenvt1 +e [l vo [[s+1 + [ @ [ls+n+2,00,
+ Y ls+nvt100, + | 0 [stn47 (] f vz
+ | ¢ IN+3,00, + | ¥ [IN+2,00.))-

It follows that we may combine (4.17) to (4.20) and utilize (4.12), (4.14), as
well as (4.16) to obtain

S ool I+ S IVl 1+ S0 VIR |
s=N+2 s=N+2 s=N+2

< Cnlll f llmsnsr +€ [ ug lmss + 11 ¢ lmanvr200, + ¥ [mivs100,
Fw llmsnver (I vz + 1 @ lIvts00, + 1 € [[IN42,00,)-

Since vés) = Ojvg — nés), with the help of (4.16) the above inequality yields
an estimate for the z-derivatives of ug. The remaining derivatives of uy may
be estimated in the usual way, by solving for 851@ from Equation (4.2).
Lastly taking ¢ = e(m) sufficiently small yields the desired result. O

Remark 4.1. In this section we have focused on the Cauchy problem in the
domains 0, N B,(0), o = 1,2. However analogous existence and regularity
results, requiring only slight modifications of the arguments above, hold for
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the Cauchy problem in the domains 2, N B,(0), ¢ = 3,4, when the Cauchy
data are prescribed on either the “upper” or “lower” parts of these domains
(that is, on one of the two differentiable components of the curve x = h(y)).

5. The Nash—Moser iteration

In this section we will carry out Nash—Moser-type iteration procedures to
obtain solutions of (2.1) in each of the elliptic, hyperbolic and mixed type
regions separately. The solutions will then be patched together by choosing
appropriate boundary values, to yield a solution on a full neighborhood of
the origin. As a consequence of Lemma 2.1, we can assume (by a judicious
choice of coordinates) that each elliptic region is given by

OF ={(¢1€) 10< € < (tand)¢', €| <o}, 1<k <n,
each hyperbolic region is given by

Q, ={" &))< <o}, o0=12,

or
QO ={(, ) |h(E) <€ <o}, 0=34

If 92 denotes the portion of the boundary consisting of the curves &2 =0
and &2 = (tan6)¢!, EQE, o = 1,2, denotes the portion of the boundary given
by £2 = h(¢Y), and 595, o0 = 3,4, denotes either the upper or lower part of
the boundary curve ¢! = h(£2), then we aim to solve

(5.1) O(w)=0 in Qf, wy |50+ = 0,
0wl (0,0) =0, la] < ap,

for each Kk = 1,..., kg, and

(52) @(w,)=0 in Q, W, 50> = ¢, dwy 50 =V, s
0%w, (0,0) =0, lo| < g,

for each p =1,..., 09, where J, denotes the outward normal derivative, aq

is a large integer and ¢, , ¢, will be specified below.

Both of problems (5.1) and (5.2) will require slight modifications of the
standard Nash—Moser procedure. This arises from the fact that instead of
solving the linearized equation at each iteration, the theories developed in
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Sections 3 and 4 require us to solve modified versions of the linearized
equation. However the error incurred at each step by these modifications
is of quadratic type and therefore does not prevent the procedure from con-
verging to a solution. Below we shall carry out the proof in full detail for
the hyperbolic regions, problem (5.2). Moreover, since the corresponding
iteration for problem (5.1) differs only slightly from that of (5.2), we shall
merely indicate the necessary changes required in this case.

5.1. Hyperbolic regions

In the hyperbolic regions, the linearization £(w) and the operator Ly(w) that
we invert in Section 4 differ by perturbation terms coming from Lemma
2.1 as well as a regularizing term involving 6 = |®(w)|c:. More precisely,
according to Lemma 2.1

(5.3) L(w)u = ea?*(w) Lo(w)u + 59&22(w)8§1u

+e(a®(w)) 1@ (w) (02 u — 9y log(a™ (w) /|g]) Dy ul,
where ¢ (z!,2%) are the coordinates constructed in Lemma 2.1. Further-
more, as with all Nash—Moser iterative schemes we will need smoothing
operators. Since the theory of Section 4 is based on the Sobolev spaces
ng’ the smoothing operators we use should respect these spaces. For con-

venience, in the remainder of this section the hyperbolic region in question
Q, will be denoted by , and the H,'(9) norm will be denoted

by | - {lm-

Lemma 5.1. Given p > 1 there exists a linear smoothing operator S, :
L2(Q) — Hy () such that for all l,m € Zso and u € Fé(Q),

) ISy flm < Crn || wlls, m <,

(i) | St llm < Cramp™ " [, 1< m,

(i) [ w—Sutt [lm < Cogmp™ " |1, m < L.

Furthermore, there exists a linear smoothing operator Sl; ( L2(Q) —

H>(Q) such that (i) to (iii) hold whenever u € HY(Q).
Proof. See Appendix B. O

The next lemma contains the so-called Gagliardo—Nirenberg inequalities,
which will be used frequently throughout this section.
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Lemma 5.2. Let u,v € C*(Q).

(i) If a and 8 are multi-indices such that |«| + |3| = m, then there exists
a constant C1 depending on m such that

| 9%ud’o || L2y < Crllulpe(@) | v lam(@) + || @ lam(@) [v]z=@)-

(i1) If aa,...,qq are multi-indices such that |ai|+ -+ |oy| =m, then
there exists a constant Co depending on | and m such that

0% ur - 0%y || 2o

l
< Co Y (ulpeqe) - sl gy - Tl oo @) | 5 (s
j=1

where me(Q) indicates the absence of [u;|p~(q)-

(iii) Let D C R! be compact and contain the origin, and let G € C>(D). If
u€ H™(Q,D)NL>*(Q, D), then there exists a constant Cs depending
on m such that

| Goullgm) < Cslulp=@)(|GO)|+ || w || gm(0))-

Proof. These estimates are standard consequences of the interpolation
inequalities, and may be found in, for instance, [19]. O

We now set up the underlying iterative procedure. Suppose that ¢, €
=y M(90) and W, € Hy " (99) for some mg > 0. Then according
to the proof of Lemma 4.2 there exists wg € ﬁgl*_m°+2(9) such that

(5.4) wolgﬂ = .9_7 61,’(1]0’59 = 'lbg

Now suppose that in addition to wg, functions w,ws,...,w, have been
defined on Q, and put v; = Sjw;, 0 <7 < n, where S; = S,;. Then define
Wnt+1 = Wn + U, where u, is the unique solution of

(55) Lgn (Un)un = fn in Q, Un|59 = ayun|5g = 07

given by Theorem 4.2, where 6,, = |®(v,,)|cr and f,, will be specified below.
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Let Qp(wn,u,) denote the quadratic error in the Taylor expansion of ®
at wy. Then according to (5.3) we have

(5.6) P (wn+1) = ©(wn) + L(wn)un + Qn(wn, un)
= ®(wy,) + £5,,a%%(v,) L, (vp)tn + €n,

where
en = (L(wy) — L(vp))un + (I — S;L)aQQ(vn)Lgn (o),

+ €0na22(vn)8§%’un + Qunlwn, upn) + (a??(vn)) 1@ (v,)[0%1
— O (log ‘122(7)71) V191) 0z un],

and £! are the coordinates of Lemma 2.1 with respect to vy,.

We now define f,. In order to solve (5.5) with the theory of Section 4,
we require f, € C (). Furthermore, we need the right-hand side of (5.6)
to tend to zero sufficiently fast, to make up for the error incurred at each

step by solving (5.5) instead of solving the unmodified linearized equation.
Therefore we set Eg = 0, E,, = Z?;Ol e;, and define

(5.7) fo = —[eS5a*2(v0)] 1 So® (wo),

fn = 15,0220, (Sn_1En_1 — SuEp + (Sn—1 — Sn)®(wp)).
It follows that

(5.8) O(wn1) = P(wo) + Y S;a>(vi) fi + En + en
=0
= (I = Sp)®(wo) + (I — Sp)En + en.

The following theorem contains the Moser estimate for solutions of (5.5),
upon which the whole iteration scheme is based.

Theorem 5.1. Suppose that g € C™* and N is as in Theorem 4.2. If
m < my — N =8, |vp|cev+s < 1 and e = e(m) is sufficiently small then there
exists a unique solution u, € Hy (Q) of (5.5) which satisfies the estimate

(5.9) [ tn lm< Con[l S Nty + 1 vn [t vl fo llvr2),

for some constant Cy, independent of € and 6,,.
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Proof. This will follow from Theorem 4.2 with ¢ = = 0. The only differ-
ence is that the Sobolev norms appearing in Theorem 4.2 are with respect
to the coordinates & (2!, 2?) of Lemma 2.1. In order to obtain the current
estimate from that of Theorem 4.2 we may utilize (2.4). Note that § (of
Lemma 2.1) is not chosen arbitrarily small in the hyperbolic regions, and so
it does not appear in the above estimate. O

In what follows, we will show that the right-hand side of (5.8) tends to
zero sufficiently fast to guarantee convergence of {w,}>% to a solution of
(5.2). Let p be a positive number that will be chosen as large as possible,
and set u=c¢e" 20, fin = p"*. Furthermore, note that ®(wgy) € Hy ™ ().
The convergence of {wn} > o will follow from the following eight statements,
valid for 0 < m < m, — N — 8 unless specified otherwise. These statements
shall be proven by induction on n, for some constants C1, . . ., Cs independent
of n and &, but dependent on m.

H Up1 ||m < Z_:um-i-N—i-Q p

S (T ifm+N+2-p<-1/2,
: w
n nm — ClgMZH_NJrQ_p 1fm+N+2—PZ 1/27
I || wn llovye < Cie, || v lavte < Cae,
Wai || wn = vn i < Cozpiit V77,
Cae ifm+N+2-p<—1/2,
Vi || v < N m < 00,
ni |l on flm < {C’gs,unerNHp fm+N+2-p>1/2

VIL,: H €n—1 Hm < 0453Mnm 1pa m < min(m* — N —10,m4 — mO)a
VIL,: H In ||m < 0552(1 + Hp_m),unmipa m < 00,

VIL: || @(wn) [lm + [| @(vn) [lm < 5M?+N+4ipa
m < min(m, — N — 10, m, — my).

Assume that the above eight statements hold for all nonnegative integers
less than or equal to n. The next four propositions will show that they also
hold for n + 1. The case n = 0 will be proven shortly thereafter.

Proposition 5.1. If3N+8<p<ms—6,0<m<m,—N—8 and ¢ is
sufficiently small, then 1,1, Iy, I, 4q, IVh41 and Vg hold.

Proof. 1,41: First note that by III,,

|Un|CQN+4 <C || Un, H2N+6 <CCse <1



Local isometric embedding in R? 689

for small e. Therefore if m < m, — N —8 we may apply Theorem 5.1 to
obtain a solution u, € H, () of (5.5) which satisfies estimate (5.9). When
m + 2N + 8 — p > 1/2 this may be combined with V,,, VII,, and p > 2N + 8
to obtain

[t [lm < Con(ll fo llman + [ on lmanvrll o llv2)
< C(Cs® (LA p? ™™ Yy +7

+ C3C5e> (1 + pP~N=2) i t2N+8=p ) N+2=p)

< 6Mm+N+2 p

for small e. Whenm + 2N + 8 — p < —1/2, the estimate || vy, ||m+ni6 < Cse
placed in the above calculation gives the desired result.
II,41: Since wy41 = Y1 u;, we have

| wnt1 [lm < Z | i [[m <5ZNm+N+2 L.

Hence, if m + N 4+ 2 — p < —1/2 then

H Wn+1 Hm §€Z( —1/2 < EZ 21 1/2 = (e,

and if m+ N +2— p > 1/2 then
N ) m+N+2—p
e o < 120 3 ()

Mn+1

<€’un+N+2 pz —1 1/2 < C 5ﬂm+N+2 P
=0

I11,,4;: By the largeness assumption on p we have 3N +8 — p < —1/2.
Therefore 11,41 and V,,41 (proven below) imply that

| w1 llov+e <Cre  and || vpy1 [lov+e < Cse.

IV,11: Since p<my,—6 we have (my—N—-8)+N+2—p>1/2.
Therefore Lemma 5.1 and 11,11 yield

| Wnt1 = Vns1 llm = | (I = Sns1)Wns1 [Im

«—N-8
< Cmﬂnerl(m ) H Wn+1 ||m*fN78
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m—(m.,—N—-8 m,—N—-8)+N+2—p
< Cmﬂn+1( )CIW;H :

L m+N+2—p
= CzE,un_H .

V41t From Lemma 5.1 and p < m, — 6 we have for all m > 0,

lvnsillm = [ Sntrwns1 [Im
<C Hwn+1\|pr73 ifm+N+2—-p<—1/2,
— ~¥m m+N+1—p .
Fopg1 lwnyillp-n—1 fm+N+2—p>1/2.
Vy+1 now follows from IT,,41. O

. / " 22
Write e, = ¢, + ¢, + ¢, , where

’

e, = (L(wyn) — L(vy))un,
e, =e(I —S,)a*(v,) Lo, (vn)un + €¢9na22(vn)3éun

+ 5(a22 (Un))ilq)(vn) [aglun — Oy (log a*? (vn) \/H)axlun]v

Proposition 5.2. If the hypotheses of Proposition 5.1 hold in addition to
n>0,p>2N+12, and 0 < m < min(m, — N — 10, m, — myg) then VI,
holds.

Proof. We will estimate e, , e, and e, separately. According to (2.3) we may
write

(L(wy) — L(vp))un, =€ Z AijOpigiun +¢€ Z A;Opithy,.

%,J %

Then Lemma 5.2(i) and (iii), I,,4+1, and IV,, show that
len llm < €Cma | | D1 Aij i+ 11 Ai lln | 1l e [
irj i

+ Z | Asj [l2 +Z 1A fl2 | Il un [lm+2
1,7 i

< ECm,Q(H Wn — Vn |lma2ll un |4 + || wn = vn (|4 un [[m+2)
< Cose Va0

< Cm7363,uzl_p.
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Note that we have used p > 2N + 10, as well as m < m, — N — 10 which
allows us to apply 1,41 and IV,,.
We now estimate e,. By Lemma 5.2(i) and (iii), I41, V,, and VIII,,

| 5971@22(7)71)852;“71 llm < €0nCrma] a® () [|m 852;7% 2
+ 11 a®(vn) ll2]| 2, llm)
< e0nCrms[(1+ || vn lm+2) || un [la
+ (14 o lla) 1| un llmea]
< PSP C (1 Coep Y HP )N
+ (1 4 Cye)epumtN+4=r]
< Cpre®up=?

if pis large and m+ N+4—p>1/2. f m+ N+4—p < —1/2 then we
may use the estimate || vy, [|m+2 < Cse to obtain the same outcome. Another
application of Lemma 5.2 gives

I €(a® () "' (V) D1t [lm < eCrmglll P(vn) [lm (14 || vn [l4) [ tn |4
+ | 2(vn) ll2 (14 [[ vn [lmt2) || un lla
+ [ @(vn) ll2 A+ [[ vn [[4) || un [[m+2]
< Cpoe®u ="

after noting that m < min(m, — N — 10, m, — myg) is required for VIII, to
be valid, and similar methods yield

[ 5(@22(11”))_1(1)(1)“)3961 (10ga22(vn) V090w un |lm < Cm,lﬂegﬂnm_p'

Moreover, if ] = p+ 2 < M — 2 and n > 0 then we may apply Lemma 5.1
and recall that © =& 2 to obtain

| eI - S;L)QZQ(Un)LGn (vn)un [Im
< eCnrlll I = S)a”(n) llmll fu ll2 + | (I = S,)a® () [l2]| fu [l2]
< eCmaalpn ™ (1 + | vn lp2)e® (4 =) pp?
+ i (1 | vn i) (4 ™™ ")
< Crsedp .

Therefore

len | < Cm1ae® ™.
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. 1"
We now estimate e, . We have

2

1
9
= Wn\Wn,Un) = 1—1t)=—=®(w, n .
¢ = Ot 1) /O( 1)@ + b )

Apply Lemma 5.2(i) and (ii), as well as the Sobolev Lemma to obtain

1
le < [ 5 1 Vgl + )00, 1
laf,|B1<2

1
< / Con15(|| V2@ (wn + tuy) ||2]] wn [|a]l wn [lmr2
0
+ || V2D (wn + tru) [l un [13) dt,

where @ = 0%(wy, + tu,) and B = 0°(w, + tu,). The notation V2® repre-
sents the collection of second partial derivatives with respect to the variables
@ and 3. Furthermore it is easy to see that |V2®(0)| = O(¢). Therefore using
Lemma 5.2(iii), I,4+1, and II,,, we have

"

I en llm < Cmsl(e + | wn lla + || un l|a) [| wn (|4l wn lm+2
+ (e + || wn [lmt2 + || wn llms2) || un l13]
< Cppare® ™=,

if p > 2N + 12. Combining the estimates of e,,, e, and e, yields the desired
result. O

According to the above proposition if p+ 1 < m, — mg (in addition to

the other required restrictions) then E,, € HPT1(Q) and the following esti-
mate holds, which will be utilized in the next proposition:

(5.10)

n—1 n—1
I Enllper < D Meillort < Cag® Y pi
=0 1=0

< Oy’ (Z uf) pt < Cye® (Z 2”) fin.
=0 =0

Proposition 5.3. If the hypotheses of Proposition 5.2 hold and p+1 <
myx — Mg, then VI, 11 holds for all 0 < m < oo.
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Proof. By (5.7) as well as Lemma 5.2(i) and (iii),

(5.11)
” Jnt1 Hm < 8_ICm(H SnEn — Spy1Eni1 + (Sn — Snt1)@(wo) [Im
+ || vns1 llm+2ll SnErn — Sny1Ent1 + (S — Snt1)@(wo) |l2)-

Next observe that (2.2) together with (5.14) below yields
(5.12) | ®(wo) llp+1 <C(e*+ [ wo [lp43) < Ce®.
Then (5.10) implies that for all m > p + 1,

(5.13) | SnEn — Snt1En+1 + (Sn — Spg1)@(wo) [Im
< O | B lpsr + 6™ 1 Bt i
) 1 (o) fps)
< O (L 1™ )iy

If m < p+ 1, then applying similar methods along with V1,41 to

H N Sn+1En+1 + (Sn - Sn+1)q)(w0) Hm
< || (I - Sn)En ||m + H (I - Sn+1)En Hm + || Sn+1€n ||m
+ || (£ = Sn)@(wo) [lm + [| (I = Snt1)@(wo) [Im.

produces the same estimate found in (5.13). Therefore plugging into (5.11)
produces

_ — — N+6—2
I fatt llm < Conl (14 p? ™)'l + 2 (14 P2 iy 0727
< Cne® (14 1"y

iftm+N+4—p>1/2. f m+ N+4—p<—-1/2 and m > 2, then using
| Un+1 ||m+2 < Cse in the estimate above gives the desired result. Moreover
if 0 < m < 2, then in place of (5.11) we use the estimate

” fn+1 Hm SE?lCm H SnErn — Sn—i—lEn—i-l + (Sn - Sn+1)(13(w0) Hm
combined with the above method to obtain the desired result. Lastly if

m+ N +4 — p =0, then replace || vp41 ||m42 in (5.11) by || vnt1 ||m+3 and
follow the above method. ]



694 Qing Han & Marcus Khuri

Proposition 5.4. If the hypotheses of Proposition 5.3 hold and p+ 1 =
min(m, — N — 10,m, — mg), then VIIL,41 holds for 0 <m < min(m, —
N — 10, m, — my).

Proof. By (5.8) and VI, 41 and m < p+ 1, we have

| @(wnt1) [lm < (I = Sp)@(wo) [lm + | (I = Sn)En llm + || €n lIm
< Con(py ™7 || @(wo) llp11
P B [l + Cag®un "),

Applying estimate (5.10) along with (5.12) and ep?~™ < /2 produces
| @(wni1) [lm Scmfgﬂpimﬂzr = 35Mn+1

if ¢ is sufficiently small. Lastly a similar estimate may be obtained for
D (vp41) by writing

| @(Vnt1) I < || (wnt1) [lm + [| @(Vn41) — Plwni1) |Im
<

sepn L+ e || vng1 — Wt lma2
(3

+ Coe?)p nm:1N+4 . O

IN

To complete the proof by induction we will now prove the case n = 0.
Here we will assume that the initial data are appropriately small:

(5.14) 195 . —mpr50 + 1 %5 . —mp a0 < Ce's 123,

Then according to (5.4), IIy, 111y, IV and Vj are trivial as long as ¢ is small
enough. Furthermore applying (5.12) and again taking & to be sufficiently
small yields VIIg and VIIIy. In addition by the proof of Proposition 5.1 we
obtain the following stronger version of Ij:

| uo || < Coc?, m<m,— N —8.
Now the proof of Proposition 5.2 may be appropriately modified to show
that VI is valid. This completes the proof by induction.

In view of the hypotheses of Propositions 5.1 to 5.4, we will choose

p =min(my, — N — 10,m, — mg) — 1.
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Since p > 3N + 9 we must then have
my > max(3N + 16,3N + mg + 10).

The following corollary yields a solution of (5.2) with ag=m, —
myg — N — 6.

Corollary 5.1. Ifmg > N + 10 then under the above assumptions w, — w

=M —Mo—

in H NHQ). Furthermore ®(wy) — 0 in CY(Q).

Proof. When mg > N + 10 we have p—1=m, —mg— 2. Then for m +
N+2<p-—1andi>j, I, implies that

i—1 i—1 i—1
lwi = wj o <Yt o <& pptNT27r<ey .
n=j n=j n=j

Hence, {w,}%, is Cauchy in Hy (Q) for all m < m, —mg — N — 4.
Lastly by the Sobolev Lemma and VIII,,

| (wn)coqe) < C || @(wn) [l2 <epp 7077

The desired conclusion follows since p > N + 6. ]

5.2. Elliptic regions

Here we shall set up the iteration procedure for problem (5.1). For conve-
nience we will denote the domain Q} by Q. Set wg = 0 and suppose that
functions wy,...,w, have been defined on Q. If S; =S, are smoothing
operators given by Lemma 5.1, then we put v; = S;w;, 0 < ¢ < n, and define
Wn+1 = Wy + Uy where u, is the solution of

(515) L(Un)un = fn n Q, Un|gﬂ = 07

given by Theorem 5.2 below, L(vy) is the operator of Lemma 2.1, and f,
will also be specified below. Let @y, (wy, u,) again denote the quadratic error
and L(wy,) the linearization of (5.1), then according to (5.3) (with 6, = 0)
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we have

= ®(wp) + £S,a2%(v,) L(vp ) tn + €,

with

en = (L(wy) — L(n))tn + (I = S,,)a??(v) L(vn ) tn + Qulw, uy)
+ 5(6122(“11))_1@(””)[6:%1“” — 0y (log GQQ(Un)\/@)axlun]-

Lastly we set Fg =0, E, = Z?;Ol ei, and define f,, according to (5.7).

It is clear that similar arguments as those used for the hyperbolic regions
will show that {w, }7°, converges to a solution of (5.1) if a Moser estimate
(like that found in Theorem 5.1) holds for the solution of (5.15). In order to
establish such an estimate using the theory of Section 3, we need to extend
the coefficients of L(vy,) outside of 2 and cut them off. For this purpose we

will use the following extension lemma.

Lemma 5.3 [18]. Let X be a bounded convex domain in R?, with Lipschitz
smooth boundary. Then there exists a linear operator Ex : L*>(X) — L?(R?)
such that:

(i) Ex(u)lx = u,
(i) Ex : H™(X) — H™(R?) continuously for each m € Z>y.

Theorem 5.2. Suppose that g € C™ . If m < g(my —8), |vp|ce <1 and
d =0(m), e = e(m, d) are sufficiently small, then there exists a solution u, €
Hy' () of (5.15) which satisfies the estimate

|t [l <6 Con ||| f llmr2ey + S @t o) Hon Il £all
i H<m+23+~

for some constant Cy, independent of § and € and where 2m <y < m, —
m — 6.

Proof. This will follow from Theorem 3.2. However we must first change to
the coordinates &% (z,y) of Lemma 2.1, and then change to polar coordinates
so that

Q={(r0)|0<r<o,0<6<d}.
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Set
Q' ={(r0)|0<r<o+1,0<6<d}

and let ¢ = ¢(r) be a smooth nonnegative cut-off function with ¢(r) =1
for 0 <r <o, and p(r) =0 for 0 +1 < r. If we cut-off the coefficients of
L(Equy) as in (3.1), we may use Theorem 3.2 to solve

L(Equy)u, = Eqf, in QY Un|z0: = 0,
with
[ un im0 < COmlll Eafa lmsory,or + [ Bovn lmisorll Eafn ll544,00)

for m < m, — 6 where v > 2m and || - || indicates that the norm is with
respect to these polar coordinates. By Lemma 5.3

H Eqfn Hm—l—Q—l—y,Q1 <Cn H In m—+2-4,0

| Equy, ||;n+6,(21 <Cp || vn ||;n+6,Q .
Therefore with the help of (2.4) and Lemma 5.2 it follows that

H Un Hm,ﬂ S(S_lcm(” fn Hm+2+%9 +

St oa i) lHon il fo

i+ jH<m-+23+~

1.0)-

The result is now obtained by noting that max(m + 2+ v,5 4+ ) < m, — 2
is required to apply (2.4). O

We may now apply arguments similar to those in the hyperbolic regions
to obtain a solution of (5.1). More precisely, the proofs of Propositions 5.1
to 5.4 yield the following restrictions on p, v, and m, in the elliptic regions:

p > 2y + 54, p+1=%(m.—14).

Choosing the largest possible value for « and noting that the hypothesis of
Theorem 5.2 requires 2m < v, implies that we must have m < 35 (m, — 185).
The following corollary produces a solution of (5.1) for oy = 1—12m* —18.

Corollary 5.2. If m, > 192 then w, — w in Fé—zm*—m

(Q) with
0l .16 < CE"

Furthermore ®(w,) — 0 in C°(9).
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Proof. The same arguments used for Corollary 5.1 apply. Moreover, we use
the analogue of II,, to obtain the estimate for w. O

5.3. Proof of Theorem 1.1

Here we shall construct a solution of (2.1) in a full neighborhood of the ori-
gin. First consider the case in which there are exactly two elliptic regions,
each bordering two hyperbolic regions. Then on each elliptic region ;" let

wl € ngm*ilﬁ(ﬁ;f) be the solution of (5.1) given by Corollary 5.2. On each
boundary of the hyperbolic regions 92, set ¢, =0, ¢, = —&,wl‘:(g) \59? €

F(?m*_ls(gﬁﬁ(g)) where Q:(g) is the bordering elliptic region, and note

that (5.14) is valid with mg = }3m. + 18. Then Corollary 5.1 yields a solu-

tion w, € an*_mo_N_4(Q;) of (5.2). Under the hypotheses of Corollar-
ies 5.1 and 5.2 we require m, > max(192,3N + mg + 10) or rather m, >
36(N + 10).

Suppose that Q borders on {2, . Then since the common boundary curve
T is noncharacteristic for (2.1) (according to our original choice of approxi-
mate solution zp), the functions w; and w, agree along with their deriva-
tives up to and including order 1—12m* — N — 24 along T. It follows that the
individual solutions {w,}72; and {w] }22, combine to form a Czme—N-24
solution of (2.1) on some neighborhood of the origin.

Now consider the general case in which elliptic and hyperbolic regions
are allowed to border regions of the same type. If an elliptic region bor-
ders another elliptic region, they may be combined to form a single ellip-
tic region which contains a single curve of degeneracy on the interior. By
appropriately regularizing the linearized equation in this combined region
to eliminate the interior degeneracy, we may apply the theory of Section 3
to obtain Theorem 5.2, and hence a solution of (5.1) in this combined
region. Therefore, we may assume that each elliptic region is bordered by
hyperbolic regions (unless no hyperbolic regions are present). On the other
hand, if two hyperbolic regions share a common boundary, for instance
2] and Qj, then Cauchy data may be prescribed appropriately on the
portion of J€}] which is shared with 0€}3, so that the solution on both
regions may be glued together. Moreover, Cauchy data may be arbitrar-
ily prescribed on the portion of 925 emanating from the origin and which
is not shared with 0§} . It follows that in the general case, the solutions
of the elliptic and hyperbolic regions may be patched together in the

usual way.
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6. Appendix A

The purpose of this appendix is to show existence for the ODE occurring in
the proof of Theorem 3.1:

(A1) Z)\_S(‘1)557?(%,7—2(3—1)85() =,
s=0
¢(r,0) =((r,0) =0, 0:¢(0,0) =0, 0<s<m-—1,
/ (9205¢)* < rg_zsC, 0<s<2m-—1, 0<I< o0,

where v € C®(), ¢ € HMm>7+2)(Q) N C*(Q), rg is sufficiently small, and
all other definitions/notation may be found in Section 3.

First note that 1~ (1, (A@> — 1)~1v) is a bounded linear functional on
H™07%2)(Q), and thus by the Riesz representation theorem there exists a
unique ¢ € H™07+2)(Q) such that

(1, Q) moqs) = (0, (A2 = 1)7lo) all e HMOT(Q),

where (-, ) (m,0,+2) denotes the inner product on HmO07+2) (). Tt follows
that ¢ is a weak solution of (A.1), and according to the basic regularity
theory for ODEs we have ( € C*°(Q). Furthermore, the desired boundary
behavior of the solution at § = 0, ¢ arises from the requirement that v(r,0) =
v(r,0) =0, and the vanishing at » = o is a result of the trace theorem
for Sobolev spaces.

Lastly we observe that since v vanishes in a neighborhood of r = 0, the
solution ( satisfies a version of the so-called Euler differential equation in
this domain. All solutions of this equation may be written down explicitly.
In particular, for r sufficiently small ¢ must be a linear combination of
2m functions of the form: 7*(logr)? where o € C and 3 € Zsq. However
according to Lemma 3.1

(A.2)
/ (O00? <7 2C 1 ¢ IPisigsy  5<m—1, 0<i<oo.

Therefore each term in the linear combination must satisfy
(A.3) r*(logr)? = 0(/?) as r—0.

The desired boundary behavior at » = 0 now follows from (A.2) and (A.3).
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7. Appendix B

The purpose of this section is to construct the smoothing operators S, of
Lemma 5.1. The construction will differ from the standard one for S;L (see
[16]), in that the smoothed functions are required to vanish identically at
the origin. This, of course, is only possible if the function being smoothed
already vanishes in an appropriate sense at the origin.

We first construct smoothing operators on the plane, and will later
restrict them back to the bounded domain 2. Fix ¥ € C2°(R?) such that
X = 1 on some neighborhood of the origin, and let

w@) = [ e

be its inverse Fourier Transform. Then ¥ is a Schwartz function and satisfies

/ x(x)dr =1, / x*x(z)dx =0, la| > 0.
R2 R?

Furthermore, let n € C°°(R?) be a radial function vanishing to all orders at
the origin, and satisfying

0 if 2] < 3.

1 if || > 1,
77(96)2{ =

For p > 1 we will write 0, () = n(uz), xu(z) = p?x(ur) and define smooth-
ing operators S, : L*(R?) — H; (R?) by

(Spu) () = 1 (@) (X * ) () = () /R X(u(z = y))uly) dy.

Here the space Fé(]l@) is the completion of C; (R?) in the Sobolev norm
| - ||z, where C (R?) denotes all C2°(R?) functions vanishing in a neighbor-
hood of the origin.

We now proceed to show statements (i) to (iii) of Lemma 5.1 with respect
to S,,. Note that it is sufficient to prove these for u € C; (R?) as this space
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of functions is dense in ﬁé(RQ). We begin with (i¢). Let

LS R
uly) = Y —0%u(@)(y — ) T =1

be a Taylor expansion of v with integral remainder. Then according to the
properties of y,

(B.1) (X u)(x) =u(z) + \p! )! 2 /R/

lal =l
x (1— t)|p|*1(y — 2)%0%u(x + t(y — x)) dt dy.

Suppose that | < |o| < m, and notice that
10°Sull< > 1 0%0ud (xuxu) || -
B+y=o

If |p| =1 —|y| > 0 we may apply (B.1) to find

| 90 (xp ) |2 = 2V / () () (xpe # 070)? ()
RQ

< 2l / (0P n)2 (i) (07)? ()
R2
+ CopUBIHII=0 gy 2

Under the current assumptions |G| # 0 which implies that supp Oﬂnﬂ C
{|z| < u~'}, so applying the Taylor expansion of 97u at x = 0 with |p| =
[ — || and recalling that u vanishes to all orders at the origin, yields

(B.2)

/ (0%0)* (u) (@ w)?(x) dx < C / (@0)2(2) de < Cap2 0 |7
R2 Bu_l(O)

Moreover the case |y| > [ may be treated by Young’s inequality:

| 90,0 (e w) | < o P [ (@175, 07w
R?

< Cop® ™ || u |7,
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where |7]| = [. Therefore (ii) follows once (i) is established, and (i) is estab-
lished by similar arguments which will be omitted here.
We now show (iii). Let |a] = m <[ and observe that

110%(u = Syu) | < [ 0°[(1 = nm)ul | + 1 0%[u(u — xp = w)] |
< Y (10°A =m0 u || + || 9710 (w = x5 w) ).
Bty=a

According to the standard construction [17],

| 9%1,07 (w — xp* ) || < Copl® | u—xp +u |}y
< Cgu\ﬁlulvl—l IR
= Csp™ | ||; -

Furthermore since supp 9°(1 —n,) C {|z| < ™'} we may apply the same
methods used to establish (B.2) to obtain

107(1 = 1,)87u | < Cop™ " || u |y -

It follows that (iii) holds.

The desired smoothing operators on ) may be obtained from ?H in the
following way. If €2 is a bounded convex Lipschitz domain, then Lemma 5.3
yields an extension operator E : H™(2) — H™(R?). We then define smooth-
ing operators S, : L2(Q) — Hy (Q) by S,u = (S,Eu)|q. As E is bounded,
it is clear that Lemma 5.1 will also hold for S,,.
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