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ABSTRACT. Motivated by stationary vacuum solutions of the Einstein field equations, we study
singular harmonic maps from domains of 3-dimensional Euclidean space to the hyperbolic plane
having bounded hyperbolic distance to Kerr harmonic maps. In the degenerate case, we prove
that every such harmonic map admits a unique tangent harmonic map at the extreme black
hole horizon. The possible tangent maps are classified and shown to be shifted ‘extreme Kerr’
geodesics in the hyperbolic plane that depend on two parameters, one determined by angular
momentum and another by conical singularities. In addition, rates of convergence to the tangent
map are established. Similarly, expansions in the asymptotically flat end are presented. These
results, together with those of Li-Tian [27, 28] and Weinstein [41, 42], provide a complete
regularity theory for harmonic maps from R*\ z-axis to H? with prescribed singularities. Lastly,
the analysis is utilized to prove existence of the so called near horizon limit, and to compute
the associated near horizon geometries of extreme black holes.

1. INTRODUCTION

Stationary vacuum black hole solutions play a fundamental role in general relativity, in par-
ticular they are expected to serve as the final state of gravitational collapse for isolated systems.
It is therefore of paramount importance to classify these solutions and understand their prop-
erties. In this regard, the classical black hole uniqueness ‘no hair’ conjecture asserts that the
only 4-dimensional asymptotically flat solution of this type is the Kerr black hole. An important
milestone in this context is the Hawking rigidity theorem [21], which guarantees that a station-
ary vacuum spacetime possesses a rotational Killing field making it axisymmetric, under the
assumption of analyticity. More recent work by Alexakis, Tonescu, and Klainerman [3, 4, 5] has
made significant progress towards removing the analyticity hypothesis. It is with the axisym-
metry condition that harmonic maps make an entrance to this topic. In particular, the original
uniqueness result of Robinson [34] for a connected nondegenerate horizon relied on a divergence
identity, which through the observations of Bunting [10] and Mazur [30] could be explained
from the point of view of a harmonic map structure. In fact, it was earlier shown by Ernst
[18] and Carter [12] that the axisymmetric stationary vacuum Einstein equations reduce to an
axisymmetric singular harmonic map system from Euclidean 3-space R? to the hyperbolic plane
H2. See the article of Chrusciel-Costa [14] (as well as [15]) for further details on the uniqueness
result for a single black hole.

A significant open problem is whether the uniqueness theorem continues to hold if the horizon
connectedness hypothesis is dropped. During the 1990’s, upon a suggestion of Christodoulou
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to address this issue, Weinstein extensively studied the associated harmonic map problem in
[41, 42, 43, 44, 45], proving existence for every possible configuration of multiple nondegenerate
stationary vacuum black holes. With each such solution, the question of geometric reqularity
and analytic reqularity arises. Geometric regularity concerns the ability to smoothly extend the
spacetime metric across the axes, and is directly related to the potential presence of conical
singularities. On the other hand, analytic regularity concerns the differentiability properties of
the harmonic map up to the orbit space boundary after the singular part of the map has been
removed. This latter problem was addressed independently by Li-Tian [27, 28] and Weinstein
[42], who established regularity at the interior of axis rods; a similar analysis was performed by
Nguyen [32] for the Einstein-Maxwell equations. The study of conical singularities in multi-black
hole solutions was initiated over a century ago by Bach and Weyl in [7], where they proved that in
the static (non-rotating) case conical singularities must be present on the axes between horizons.
They further showed that the eccentricity of cone angles may be interpreted as the magnitude of
a force keeping the individual black holes in equilibrium. Much later, Bunting and Masood-ul-
Alam [11] completely resolved the static uniqueness problem for nondegenerate horizons with an
elegant argument using the positive mass theorem of Schoen-Yau [36] and Witten [47]; see [24]
for the degenerate case. In the general stationary setting, it is conjectured that each solution
with multiple horizons possesses a conical singularity on some finite axis rod joining two black
holes. This has been confirmed in special solutions with an involutive symmetry by Li-Tian
[26], or with small angular momentum [27]. Additionally, Weinstein [43] proved the conjecture
for rapidly counter-rotating black holes as well as for those that are sufficiently close, while
Neugebauer-Hennig [31] treated configurations with only two black holes.

The purpose of the present work is to complete the study of regularity and asymptotics for
singular harmonic maps arising from stationary vacuum spacetimes, by analyzing solutions in
all relevant regimes, namely in neighborhoods of the punctures, and in the asymptotically flat
end; neighborhoods of axis points and poles have been previously treated by Li-Tian [27, 28]
and Weinstein [42]. The notion of a puncture refers to the regime associated with a degenerate
horizon (extreme black hole), while a pole represents the intersection of an axis rod with a
nondegenerate horizon. In particular, we classify tangent maps at the punctures and establish
rates of convergence, while precise asymptotic expansions are obtained in the asymptotically flat
end. The analysis at punctures is further motivated by the mass-angular momentum inequality
studied by Chrusciel-Li-Weinstein [16], Dain [17], and Schoen-Zhou [37]; see [23] for the charged
case. This Penrose-type inequality is ultimately tied to the grand cosmic censorship conjecture
[33], and is open for the case of multiple horizons. In connection with this problem, Chrusciel-
Li-Weinstein [16, Remark 2.2] stated that it is of interest to investigate and determine the
regularity of solutions in the neighborhood of punctures. As further consequences of our results,
we establish existence of the so called near horizon limit and classify the associated near horizon
geometries of extreme horizon punctures, proving that they depend on two parameters. One
parameter represents the angular momentum of the black hole, while the other is shown to be
given explicitly in terms of the angle defects of adjacent axis rods.
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2. BACKGROUND AND STATEMENT OF RESULTS

Any solution of the asymptotically flat axisymmetric stationary vacuum Einstein equations
may be obtained by specifying a harmonic map from R3 \ I' to H? with prescribed singularities
along I', where I' denotes the z-axis in R® and H? represents the hyperbolic plane of curvature
—2. The Dirichlet energy density of the map in question takes the form

e(u,v) = |Vul* + e*|Vo|?,
and the corresponding harmonic map equations are given by
Au — 2e™| Vo> =0,

(2.1)
Av+4Vu -V =0.

The Laplacian A is with respect to the flat metric on R? parameterized in cylindrical coordinates
(p, z, @), while the hyperbolic metric is parameterized in horospherical coordinates

grs = dp® + d2% + p2d¢?,  gge = du® + M dv.

Due to the nature of the singularities on I', the total Dirichlet energy of these harmonic maps
is always infinite.

A special role in our analysis will be played by the extreme Kerr harmonic map. This map
may be expressed in polar coordinates (r,6), with § € [0, 7] and such that p = rsinf, z = r cos 6,
by

2m3(r + m) sin? 9)

1
uK:—lnsinH—iln((r—i-m)Q—l—mz-i- >

2.2
(22) m?* sin* 0 cos §

E )

where m > 0 is a parameter representing mass (or equivalently angular momentum divided by
mass) and ¥ = (r+m)? +m? cos? 0. Notice that since sin = 0 on I the function u is singular
there, however

v =m?cosO(3 — cos® ) +

up +Insinf  is smooth on R3.

Moreover, vg has a jump discontinuity at the origin, and in fact
_ 2 _ 2

(2.3) vK|F+ = 2m?~, UK‘D = —2m~,

where I'y =T'N{z >0} and I'_ =T'N{z < 0}. Although the Dirichlet energy of the extreme

Kerr harmonic map is infinite, it has a finite renormalized energy where the renormalized energy

density of a map (u,v) is defined as

¢ (U,v) = |VU|]? + *|Vo]?,

where U = u + In(rsin ). This type of behavior exhibited by the extreme Kerr map will serve
as a model for general solutions. Furthermore, the multi-extreme black hole family of axially
symmetric harmonic maps constructed by Chruéciel-Li-Weinstein [16] have bounded H?-distance
to extreme Kerr harmonic maps near each puncture, the point on I' where the v-component has
a jump discontinuity.

The first result concerns the asymptotics of harmonic maps, possessing prescribed singularities
modeled on extreme Kerr, near punctures. Without assuming axisymmetry, it is shown that a
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tangent map exists and rates of convergence to the tangent map are provided. In what follows,
By will denote the ball of unit radius centered at the origin in R®, while S? denotes the unit
sphere parameterized by the angles (0, ¢) with N and S representing the north and south poles,
Vs indicates covariant differentiation on the sphere, and H! will be the Sobolev space of square
integrable functions with square integrable derivatives.

Theorem 2.1. Let (u,v) € HL

loc

(B1\T) be a harmonic map from By \ T to H2. Suppose that
|lu+Insinf| <A in By \T,
¢/ (u+ In(rsin6),v) € L (B \ {0}),
with
(2.4) v=aonB NIy and v=—aonB NIT_ in the trace sense,

for some positive constants A and a. Then (u+Insinf,v) € C>*(By \ {0}) for any o € (0,1),
and there exists a harmonic map (u,v) from S*\ {N, S} — H? satisfying
(@ + Insin 6, 7) € C3(S?), 9(N) = a, v(S) = —a,
such that
(2.5) mae (1(r0,)! VEa (u(r) = @)] + e* =% (70,)! Vs (uo(r) = 9)]) < O,

for 1+ k <3, where C and [ are positive constants and u(r) = u(r,-), v(r) = v(r,-).

We note that the asserted C3“-regularity in the punctured ball follows from Li-Tian [27] and
Weinstein [41, 42]. The primary contribution of Theorem 2.1 is the existence and uniqueness of
the limit (@, ), along with the rate of convergence as stated in (2.5). It is an interesting point
that although axisymmetry is not assumed a priori for (u, v), the tangent map must always admit
the axial symmetry as is shown below. It should also be noted that we do not assume that the
renormalized energy is bounded up to the origin in this theorem, that is €’(u + In(r sin ), v) €
LY(B,) for some » > 0 is not a hypothesis, however the conclusions imply that this is so.
Moreover, observe that the weight () ~ dist(z,T')~* is sufficiently singular to guarantee that
the trace of v on I'yx makes sense. The next result classifies all the tangent harmonic maps in
the above theorem, and proves their integrability in the sense of Allard-Almgren [6].

Theorem 2.2. Let (4,9) € H. (S*\ {N,S}) be a harmonic map from S*\ {N,S} — H?
satisfying

|i+Insing| <A on S?,
(2.6) |Vs2 (@ + Insin 0) | 4 | Vg20]? € L} (S?),
9(N)=a and 9(S)=—a in the trace sense,

for some positive constants A and a. Then there exists a constant b € (—1,1) such that

1 1
(2.7) u(s) = 5 In % cosh(—2s + tanh™1b)| , o(s) = atanh(—2s + tanh ™1 b),
a
where s = %ln L‘rigzz is arclength parameterization in H?. Moreover, the kernel of the linearized

harmonic map at (6, v) is 1-dimensional, and is generated by (Opi, OpD).
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Interpretations may be given for the parameters defining the tangent map. Namely, a = 2.7 is
twice the angular momentum of the black hole, and as is described in detail below, the parameter
b encodes the difference of angle defects associated with ' and I'_. Additionally, the problem is
invariant under v — +v+ ¢ for any constant c¢. Thus, the boundary conditions a and —a in (2.6)
can be replaced with any two numbers whose difference is +2a. For any choice of parameters a
and b, the tangent map expression (2.7) represents a geodesic in hyperbolic space parameterized
by arclength, which is a translation of the tangent map of an extreme Kerr, and agrees with the
extreme Kerr geodesic when b = 0.

The proof of Theorem 2.1 may be described as follows. Once regularity is established for the
renormalization (u+Insin @, v), the theorem consists of studying an isolated singularity problem
for the renormalized map, which shares some common features with the tangent map problem
for harmonic maps, see for instance Adams-Simon [1], Gulliver-White [19], Hardt [20], Schoen-
Uhlenbeck [35], Simon [38, 39, 40], White [46]. In these works, a monotonicity formula with
respect to the energy density integrated on balls centered at singular points is crucial. However,
such a monotonicity formula is absent for the renormalized energy density in our setting. Never-
theless, due to the negative curvature of the target space H?, we instead can adapt the method
of Schoen-Uhlenbeck [35] and Li-Tian [27] to establish uniform bounds for derivatives of the
renormalized map, away from the isolated singular points. Then, after developing some impor-
tant weighted estimates, we adapt the method of Simon [38, 39, 40] for establishing asymptotics
of solutions to elliptic equations with gradient type structure. Due to the last conclusion of
Theorem 2.2, the integrability hypothesis of Allard-Almgren [6] (see also [40]) is satisfied within
the context of the current problem, which yields the rate 2 instead of the slower one |In7|~" for
some v > 0. Here the constant $ can be chosen optimally, depending on the second eigenvalue
of the linearized operator at (u,v) for maps from S? \ {N, S} — H? with prescribed singularity.

Having studied the asymptotics of solutions at punctures, we now establish expansions at
infinity. These will imply that the associated stationary vacuum spacetime is asymptotically
flat. The proof, however, is quite different from Theorem 2.1. More precisely, we show that
the harmonic map system essentially becomes decoupled as » — oo, allowing for a separate
analysis of each equation via eigenfunction expansions. Some related results were obtained by
Beig-Simon [9] (see also Weinstein [42, Proposition 5]) for stationary vacuum solutions of the
Einstein equations. In what follows, the complement of the closed ball in R? will be denoted by
.

Theorem 2.3. Let (u,v) € H} (B} \T) be a harmonic map from By \T to H2. Suppose that
lu+Inp|+|v| <A in BY\T,
¢'(u+np,v) € Lo (BY),
with
v=aonB{NTy and v=—aonB;NT_ in the trace sense,

for some positive constants A and a. Then (u+ Inp,v) € C3**(BY) for all a € (0,1) and

u(r) +1np —co —crr™! = Yir™? - 3/27”_3‘03(82) < Cr—378,

’U(T) - %“COSG(?’ — cos? ) — cor ™" sin® 9‘03(82) < Cr 1P,
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for some B € (0,1) where cg, c1, ca, C are constants and Y1, Yo are degree 1 and 2 spherical
harmonics, respectively. Moreover, corresponding asymptotics are valid for the r-derivatives of

(u,v).

We now discuss a geometric interpretation of the parameter b appearing in Theorem 2.2, as
well as an application of the asymptotic analysis at punctures. Consider the domain of outer
communication M* of a stationary axisymmetric 4-dimensional spacetime. Stationarity and
axisymmetry imply that the isometry group admits R x U(1) as a subgroup. Under reasonable
hypotheses [14], the orbit space M*/[R x U(1)] is homeomorphic to the right half plane {(p, z) |
p > 0}, and the spacetime metric may be expressed in Weyl-Papapetrou coordinates as

(2.8) g = —e?Vdr? + p’e Y (d¢ + wdr)? + e 2V (dp? + d2?),

where the U(1) symmetry is generated by 0y for ¢ € [0, 27) and the time translation symmetry is
generated by 0.. By setting u = U — In p, the vacuum Einstein equations [41] may be expressed
as the harmonic map equations for (u,v) : R\ T' — H2, and a set of quadrature equations all
given by

(2.9) Au—2e" Vo> =0, Av+4Vu-Vo =0,

(2.10) w, = 2petv,, w, = —2pe*v,,

(2.11) pHap,—2u,—p ) = u% —u? + e4u(v§ —v2),  p HNeaw — 2uy) = 2upus + 20,0,
Observe that the integrability conditions for (2.10) and (2.11) are equivalent to the harmonic
map equations (2.9). Moreover, the z-axis is decomposed into a sequence of intervals {I';};c7
for some index set Z, called rods. There are two types of rods, those on which |0,| vanishes
are designated as axis rods, while all others are referred to as horizon rods. It should be noted
that a horizon rod I';, may also be identified by the vanishing in norm of a Killing field, namely
Or + Q04 where Q) = —w|r, is a constant indicating the angular velocity of the horizon. The
intersection point of an axis rod with a horizon rod is called a pole, while the intersection point
of two axis rod closures is referred to as a puncture. These latter points represent the horizons
of extreme black holes. The rod structure for the extreme Kerr harmonic map given by (2.2)
consists of two semi-infinite axis rods, and a single puncture at the origin indicating a degenerate
horizon.

Theorems 2.1 and 2.3 address the asymptotics of harmonic maps at punctures and in the
asymptotically flat end, respectively. The question of regularity in the vicinity of axis points,
and of poles, was previously studied by Li-Tian and Weinstein. In this situation, the origin of
coordinates may be taken at the axis point or pole, with the nonnegative z-axis representing
an axis rod, and the nonpositive z-axis representing either another portion of the axis or the
horizon rod for the latter situation. Since blow-up of the harmonic map should then only occur
on both the nonnegative and nonpositive z-axis, or just the nonnegative z-axis, the harmonic
functions In p or In/r — z are used to renormalize the map, respectively. In contrast with the
case of punctures, the tangent map at axis points and poles is trivial. Li-Tian [27, Theorem
1.1], [28, Theorem 2.2] and Weinstein [41, Theorem 5], [42, Corollary 1] were able to obtain
C3® regularity in neighborhoods of axis points and C™® regularity in neighborhoods of poles
for the renormalized maps, using the small energy regularity approach. Moreover, they assumed



ASYMPTOTIC ANALYSIS OF SINGULAR HARMONIC MAPS 7

separate extra hypotheses, such as a minimizing property [27, 28] or axisymmetry and bounded
renormalized energy up to the origin [41, 42]. Theorem 2.1, 2.2, and 2.3, together with the cited
results due to Li-Tian [27, 28] and Weinstein [41, 42], provide a complete regularity theory for
harmonic maps from R3 \ I" to H? with prescribed singularities.

An important issue when constructing the spacetime metric g in (2.8) from a harmonic map, is
the possible presence of conical singularities along axis rods. A conical singularity at point (0, z¢)
on an axis rod I'; has an associated angle defect § € (—oo,2m) arising from the 2-dimensional
cone formed by the orbits of 04 over the line z = zy. More precisely

2 . 27 - Radius . [feo‘_U (0,20)

2.12 =lim—"——"—" —1lim%¥ = .
( ) ot — 0 pl—% Circumference pl—% pe U €

The existence of this limit as well as the fact that this quantity is constant along each axis rod,
follows from the interior axis regularity established by Li-Tian [27, 28] and Weinstein [41, 42];
specifically the constancy is a consequence of (2.11). We will denote the logarithmic angle defect

In (27?:9), on an axis rod I';, by b;. Moreover, the absence of a conical singularity corresponds

to a zero logarithmic angle defect. In this case, the metric is smoothly extendable across the
axis, which may be checked via a change to Cartesian coordinates. The conical singularity on
I'; is said to have an angle deficit if b; > 0, and an angle surplus if b; < 0. Physically, the
logarithmic angle defect’s sign determines the character of the force associated with the axis
rod, through the following formula computed in [41, pg. 921], namely

1
Force = 1 (e*bl — 1) .

We are able to give a precise relation between the tangent map parameter b, and the logarithmic
angle defects in the spacetime metric. It should be noted that the conical singularity difference
is independent of the angular momentum parameter in the tangent map.

Theorem 2.4. Let (u,v) be as in Theorem 2.1, and consider the associated stationary vacuum
spacetime (M*, g). If the two azis rods T4y and Ty lying directly to the north and south of the
puncture p; = 0 each have logarithmic angle defect biy1 and by, respectively, then

1+0b
b —bj=In{——.
I+1 l n(l—b>

Another concept associated with extreme black holes is that of the near horizon geometry
(NHG). These spacetimes arise through a limiting process in the vicinity of a degenerate black
hole (puncture), which infinitely magnifies the spacetime geometry at the horizon, see [25] for
a detailed review and [2] for the use of harmonic maps to construct these solutions. In the
physics literature, a rigorous justification of the so called near horizon limit that gives rise to
the NHG, is often not addressed. Here we show that this limit exists as a consequence of
the asymptotic analysis studied in this work, and compute the limit. More precisely, utilizing
polar coordinates centered at a puncture, the NHG metric is obtained from the scaling r = 7,
T =€ 17, ¢ = ¢+ Qe 7 by letting € — 0, where Q is the angular velocity of the black hole. A
relevant example is the extremal Kerr throat metric [8], which is derived from the extreme Kerr
solution.
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Theorem 2.5. Let (u,v) be as in Theorem 2.1, and consider the associated stationary vacuum
spacetime (M?*,g). Then the near horizon limit exists, and gives rise to the near horizon metric

o (14 cos?6+2bcosO | , 2a+/1 — b2sin? 0
ars +

(d& - 2d7’)2

ENH =T 2av/1 — b2 14 cos26 + 2bcos
V1 — b2 di?
+ GT(l + cos? 0 + 2bcos 6) (2 + d02) :
T

In particular, this agrees with the extremal Kerr throat metric when a = 27 and b = 0, where
J denotes angular momentum.

The paper is organized as follows. In Section 3, we prove regularity and uniform estimates
for the renormalized maps on a portion of the cylinder I x S?, where I is an interval. This is
inspired by Li-Tian [27] and Schoen-Uhlenbeck [35], with the primary goal consisting of certain
linear form estimates that are important for later applications. Section 4 is dedicated to the
proof of Theorem 2.2. The proof of Theorem 2.1 is presented in Section 5, by adapting the
method of Simon [38, 39|, while the proof of Theorem 2.3 is given in Section 6. Lastly, conical
singularities and near horizon geometries are studied, and Theorems 2.4 and 2.5 are established,
in Section 7.

Acknowledgements. The authors would like to thank YanYan Li for helpful discussions.

3. REGULARITY AND UNIFORM ESTIMATES ON THE CYLINDER

In this section, we discuss the regularity of harmonic maps away from the origin and derive
necessary estimates of the L>-norms of harmonic maps and their derivatives in terms of the L?-
norm of a specific combination of derivatives. The analysis here will be applied to study both the
convergence near black holes and in the asymptotically flat end of associated stationary vacuum
spacetimes. It should be pointed out that the results of this section do not require axisymmetry.

Let (r, ¢, 0) be spherical coordinate on R3 with r > 0, ¢ € [0,27), 6 € [0, 7], and set

t=—Inr.
Note that the flat metric may be expressed with respect to the two radial coordinates as
dr® +12gy = e 72 (dt? + go),
where
go = df? + sin® 0dp?
is the round metric on S?. We will denote the product metric on R x S? by

(3.1) g = dt* + go.

In order to write the harmonic map equations as a differential system on the cylinder, let V,
and A, be the gradient operator and Laplace-Beltrami operator with respect to the metric g,
that is

Vg = (at,vgo)a Ag - 8162 + AQO'
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By a straightforward computation, the harmonic map system (2.9) reduces to the following set
of equations on R x S?:
Agu — dyu — 2|V 0)? =0,
Agv — 0w +4Vgu - Vv =0,
where - represents the inner product given by g. Furthermore, by setting

(3.3) L=Ay— 0 =0} — 0 + Ay,

(3.2)

the system of equations (3.2) may be rewritten as
Lu — 2|V v|? =0,
Lv+4Vgu-Vgv = 0.

Let N be the north pole on S? and S = —N the south pole. We will consider the model
function Insinf on S?. Note that Insin@ is singular only at N and S. A simple computation
shows

L(lnsinf) = —1.
Let w € C°([-2,2] x S?\ {N, S}) be a positive function satisfying
(3.4) [Inw — Insin 0| o2 9)xs2) < A1,
for some constant A; > 1. We can take a larger A;, if necessary, to have
(3-5) L Inwl|cs(—22xs?) < A1

In the rest of the section, w is fixed to satisfy (3.4). The reason for carrying out the analysis with
a general singular function instead of restricting to the model, is that different models will be
needed when applying the results below to study expansions near horizons and in asymptotically
flat ends of stationary vacuum spacetimes.

In what follows we introduce a renormalized function ® given by

(3.6) u=®—-Inw,

and consider weak solutions of the renormalized harmonic map system
Lo — 2" Vo> = Llnw,
Lv+4Vgu-Vgv = 0.

It will be assumed that (®,v) € H'((—2,2) x S?) satisfies

(3.7)

(3.8) |®| <A on (-2,2) x $?,
2
(3.9) / / (V02 + w4|V,0]?) dvolydt < o,
-2 SQ
for some constant A > 1, and in trace sense
(3.10) v=aon (—2,2)x{N}, v=—aon (—2,2)x{S},

for some positive constant a. Here H' represents the Sobolev space of L? functions having
square integrable derivatives. Moreover, by referring to (®,v) as a weak solution this should be
understood in the distributional sense, see Li-Tian [27] for further details.
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Remark 3.1. Consider the Dirichlet problem
Lé =Llnw on (—-2,2) x $?,
£€=0 on{-2,2} xS
By (3.5), there exists a unique solution & € C%([-2,2] x S?) of (3.11) satisfying
€]l ((=2,2xs2) < CAx,

for some universal constant C' > 0. It may be checked that (® — &, v) then satisfies (3.7) with
a homogeneous right-hand side, and with a different w in (3.6). Therefore, in studying the
regularity of (®,v), it may be assumed without loss of generality that Llnw = 0.

(3.11)

We we begin with an energy estimate for the density
eg(®,v) = |V, 0 + |V v
Notice that in the proof below, only the first equation of (3.7) will be utilized.

Lemma 3.2. Let (®,v) € H'((—2,2) x S?) be a weak solution of (3.7) satisfying (3.8), (3.9),
and (3.10) for some positive constants A and a. Suppose that Llnw = 0. Then

5000A2
(P, <
/ /S2 eq(®,v) dvolg,dt < G-R2

Proof. Let n = n(t) € C?(—2,2) be a smooth cut-off function satisfying 0 <n < 1,
10
2—-R’

for any 0 < R < 2.

n=1 on(—R,R) and ||+ (2—R)n'|<

Using n? as a test function in the first equation of (3.7), we have

d 2 _4u 2
/ /S2 dt277 +dtn) 2n“e™ |V yv| }dvolgodt:()_

Since |®| < A, it follows that

2 1000A
2 4du 2
(3.12) /_2 /S277 e |V v|” dvolgy,dt < G_R)E

Next, using n?® as a test function in the first equation of (3.7), we have

d
/ at@at (®n?) + 12|V gy ®|* — fq>2
S2

il n? + 202 ®e* |V yu|? | dvoly,dt = 0,

and by the Cauchy inequality
1
0y D0 (dn?) > §|8t®\2772 — 492|0ym|2.

1 A2
/ / n?|V,®|% dvoly,dt < < 000 / / eV 4|2 dvol g dt.
S2

Combining the above inequality with (3.12) produces the desired result. O

Hence
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We now proceed to study the regularity and uniform estimates of (®,v). Li-Tian [27] proved
that (®,v) € C3° for any 0 < a < 1, if it is a local minimizer. The minimality was used only
in the proof of a monotonicity-type formula, which can be derived from a Caccioppoli-type (or
reverse Poincaré) inequality in our setting as Nguyen [32, pg. 424] pointed out. For any Py € S?,
we denote by Br(Py) the open geodesic ball centered at Py with radius R > 0, and set

Qr(to, Po) = (to — R, to + R) X Br(Pp).

The following Caccioppoli-type inequality may be viewed as corresponding to Lemma 4.1 of
Li-Tian [27].

Lemma 3.3. Let (®,v) € H'((—2,2) x S?) be a weak solution of (3.7) satisfying (3.8), (3.9),
and (3.10) for some positive constants A and a. Suppose that Llnw = 0, ¢ € [-A,A] is an
arbitrary constant, and ca = a if N € Bas(Py) while ca = —a if S € Bas(Py) otherwise cy is an
arbitrary constant. Then for any Qs(to, Po) C (—2,2) x S? with 0 < & < 1/2 it holds that

/ eq(®,v) dvoly < % (J® - c1? +w it — 02|2) dvoly,
Qs2(to,Po) 0 Qs(to,Po)\Qs/2(to, Po)

where C' is a positive constant depending only on A and A;.
Proof. Set g = e~ 2'g. A simple computation shows that
Vafl* = eV, fI, Agf =e™(Dgf = O1f) = LS,

for any f € C?(R x S?). Moreover, if LInw = 0 then (3.7) is equivalent to

Ag® — 2¢* Vg2 =0
(3.13) { g® =2 Vgul” =0,

Agv + 4V§U . V§U =0.

We now have that (®,v) is a weak solution of (3.13) on (—2,2) x S%.

Let n € C2(Qs(to, Py)) be a cutoff function with 0 < n < 1, n = 1 on Qg/2(to, Po), and
|OFn| + ]V’;Om < 1067% for k = 1,2. Note that the second equation of (3.13) can be written
in the divergence form div(e®Vzv) = 0. Then using n?e?"(
equation, and applying the Cauchy inequality produces

v — c2) as a test function in this

0= / e*Vav - Vi(n?(v — ca)) dvoly
Qs (to,Po)

= / (e4u|ng\27]2 +2n(v — )" Vv - Vgn) dvolg
Qs(to, o)

1
> = / |V gv|*n? dvoly — 4/ e*|Vgnl* (v — c2)? dvolj.
2 Qs (to,Po) Qs (t0,P0)\Qs/2(t0, o)

It follows that

(3.14) / M|V gv|*n? dvoly < i—g / e (v — ¢3)? dvolj.
Qs (to,Fo) Qs(t0,Po)\Qs/2(to,Po)
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Using n?(® — ¢;) as a test function in the first equation of (3.13) yields

/ Vy® - Vi(n*(® — c1)) dvoly
Qs(to,Po)

= —2/ MV 0P (@ — ¢1) dvoly
Qs(to,Po)

< 4A/ |V gu[*n? dvoly.
Qs(to,Po)

By the Cauchy inequality again, and (3.14), we conclude that

/ IV3®|%n? dvoly < 502 / (@ — c1)® + e™(v — 2)?) dvolj.
Qs (to,Fo) Qs(t0,Po)\Qs/2(to,Fo)

Now observe that |u + Inw| < A implies

/ (V5@ + e*|V5v[?)n? dvolg
Qs(to,Po)

¢ (@ —c1)? +w (v — c2)?) dvoly.

Qs (t0,Po)\Qs/2(to, o)

Since e~2! has positive upper and lower bounds on (—2,2) x S2, the gradients and the volume
forms can be changed from § = e~?!g to g. This gives the desired inequality. O

Theorem 3.4. Let (®,v) € H'((—2,2) x S?) be a weak solution of (3.7) satisfying (3.8), (3.9),
and (3.10) for some positive constants A and a. Then 0{"95(®,v) € C3((—2,2) x S?) for any
€ (0,1) and m 4+ n < 3. Moreover, for any 1 < R < 2 the following estimates hold

> 1107052, v) | cre(—r Ry xs2) < C
m+n<3

and

Z Z ’0987”% v— a)‘ < Cwt™  on (—R,R) x S,
=0 m,n<3

(3.15) ;

IR ‘aga?ag(v n a)‘ < Cw®  on (—R,R) x S2,

=0 m,n<3
where S% = {0 < 0 < w/2}, S2 = {n/2 < 0 < 7}, and C is a positive constant depending only
on A, A1,a,a, R.

Proof. By Remark 3.1, we can assume that Llnw = 0. Given Lemmas 3.2 and 3.3, the proof of
the desired result follows from the proof of Theorems 1.1 and 5.1 of Li-Tian [27]. Although not
stated here, it should be noted that (®,v) is in fact smooth in the ¢ and ¢ variables. Away from
the singular set of Inw, these results were established by Schoen-Uhlenbeck [35]. O

Theorem 3.4 gives the basic regularity and estimates of weak solutions (®,v) to the harmonic
map equations (3.7), up to a certain order. This, however, is not sufficient to adapt the method of
Simon [38] concerning analysis of asymptotics. For this purpose we will establish, in Proposition
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3.8 below, L>®-estimates for derivatives of (®,v) in terms of a linear form involving certain L2-
norms of derivatives, with constants depending on A and A; from (3.4). If 6 < 6 < 7w — ¢ for
some 0 > 0, such linear estimates follow from standard elliptic theory for linear equations with
smooth coefficients. Extra work is needed if # is close to 0 and 7, due to the singular behavior
of u. We will incorporate some ideas from Li-Tian [27].

Let us first make a simple but important observation. Note that the second equation of (3.7)
may be regarded as a linear equation for v. Indeed, upon introducing the corresponding linear
operator L = L + 4V u -V, , we have

Lh=Lh—4(Vylnw —Vy®) - Vgh,

according to (3.6). Notice that ® € C3((—2,2) x S?) for any a € (0,1) by Theorem 3.4, and
Vg Inw is singular at the north and south poles N, S. We begin with two preperatory lemmas.
The first rephrases Lemma 4.4 of [27] in our specific setting?.

Lemma 3.5. Let (®,v) € H'((—2,2) x S?) be a weak solution of (3.7) satisfying (3.8), (3.9),
and (3.10), and let f be continuous on (—2,2) x S% with

|f(t, ¢,0)] < K(sin@)“o‘ on (—2,2) x Si)

for some constants o € (0,1) and K > 0. Suppose that h € C%((—2,2) x S2) is a solution of
the equation

Lh+4Vyu-Voh=f on(—2,2) x S%,
and satisfies h =0 on (=2,2) x {N}. Then
(3.16) [h(t, ¢, 0)| < C(sind)* (K + [|hll oo (2 2)xs2))  on (=1,1) x §%,
where C is a positive constant depending only on o, Ay, and the Ct-norm of ® on (—2,2) x Si.

The proof of Lemma 3.5 is based on a barrier function argument. The coefficient 4 in the
gradient term is responsible for the constraint on the largest possible order of decay near the
north pole, as expressed in (3.16). We refer to Lemma 4.4 of [27] for further details.

Lemma 3.6. Let h € C%((—1,1) x S%) be a solution of
Lh+ (sin®)™'b- Vyh = (sin0) 2f  on (-1,1) x S%.
(i) Assume that b € L*((—1,1) x S%) and f € LP((—1,1) x S%) for some p > 3. Then for
any —1/2 <t <1/2 and P = (¢,0) € S with 0 < § < w/4 it holds that
P . o3
IVgh(t, P)| < C(sin0) " (Al oo t,p)) + (510 0) 7 | Fll Loy (e,py))

where § = % min{disty,(P,N),1/2} and C is a positive constant depending only on p and the
L>®-norm of b on (—1,1) x $2..

(ii) Assume that b, f € C*F((—=1,1) x S%) for some k > 0 and B € (0,1). Then for any
—1/2<t<1/2 and P = (¢,0) € S2 with 0 < 6 < /4 it holds that

|Vlgh(t, P)| < C’(sin t9)4(HhHLOO(Q(;(t,P)) + Hf”é*lc,ﬂ(Qa(tp)))a I = 17 v 7k + 27

IThe Apoo in (4.38) of [27] should be Vpoo, see their proof on page 20. In addition, Lemma 4.4 was misquoted
as Lemma 4.3 at the start of its proof.
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where § = £ min{disty, (P, N),1/2}, the notation |- Hz‘k,ﬁ(@;(t,P)) indicates scaled Holder norms,

; " ; k, _ 2
and C' is a positive constant depending only on k, 3, and the C*P-norm of b on (—1,1) x S%.

Proof. The first conclusion follows from the scaled W?2P estimates for linear elliptic equations,
and the second one follows from scaled Schauder estimates. O

The next result is a preliminary form of a portion of the estimates needed for the asymptotic
analysis relying on Simon’s method. Notice that the right-hand side of the estimates depend
on all derivatives of v. Ultimately, estimates which effectively only depend on ¢-derivatives are
needed for applications, and will be achieved subsequently.

Proposition 3.7. Let (®,v) € H'((—2,2) x S?) be a weak solution of (3.7) satisfying (3.8),
(3.9), and (3.10) for some positive constants A and a. Then for any 0 < a < 1,1 < Ry < Ry <
2, and l,m,n =0,1,2,3 the following estimates hold

‘8@8{”82(1} - CL)‘ < ngJrail||w72ngHL2((_R27R2)ng) on (—Rl, Rl) X Si,
\aga;”ag(v + a)‘ < CoP O WV 0 2 ramyxsy  on (—Ri, Ri) x S2,
where C' is a positive constant depending only on a,a, A, A1, R1, and Rs.

Proof. We give arguments only for Si, as the proof for S? is analogous. By Corollary 4.1 of
[27], we have the weighted Poincaré inequality

lw™2(v = @)l L2((— Ra,Re) x(S20{0<3/4})) < Clw >V gl L2((— Ry, Ro)x (S20{8<3/4}))

where C' is a positive constant depending only on A; and Rs. We now view the second equation
of (3.7) as a linear equation of v —a. Let Q CC (—Rg, Ra) x (SN {# <5/8}) and 0 < a < 1.
Then Theorem 3.4 above and Theorem 1 of [32] yield

Sup w™ BT (v — a)| < Cllw (v = a) || L2((= R, Ra)x (52n{0<3/4})):

where C'is a positive constant depending only on a, «, A, and 2. We point out that this estimate
is proved with a De Giorgi iteration. The difficulty arises from the singularity of the coefficient
V4u in the second equation of (3.7). We refer to the proof of Theorem 1 in [32] for further
details. The higher order estimates follow from Lemma 3.6. O

We are ready to establish the main estimate in this section. These pointwise bounds for the
radial derivatives will play a fundamental role in the asymptotic analysis near black holes.

Proposition 3.8. Let (®,v) € H'((—2,2) x S?) be a weak solution of (3.7) satisfying (3.8),
(3.9), and (3.10) for some positive constants A and a. Suppose that V4 0;Inw = 0 and
Oy(LInw) = 0. Then on [~1,1] x S? the following estimate holds

2 1/2
10,8] + |8rv] < C(/ / 0,82 + ¢(19p0 + [0 | V)] dvoly)
—92 SQ
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and for any o € (0,1), k =1,2,3, and j = 0,1,2,3 the higher order derivatives satisfy
k] i—3—a|gkvrj
0, V3, @] + 3=a1p! Vool

2 1/2
< 0(/_2 /SQ (10:®[2 + e (0pv]?) dvolgodt>

2 A ) 1/2
+ C||0; 1HW||CS((_2’2)Xs2)(/ /2 eV g, 0| d’uolgodt) ,
-2 JS
where C' is a positive constant depending only on a,a, A, and A;.

Proof. We will write (®¢,v;) = (0P, 0w) for brevity. Since d(LInw) = 0, differentiating
equations (3.7) with respect to ¢ produces

L& — 4™V v - Vv — 8e* |V v[2®; + 8¢ |V yv[?9; Inw = 0,

3.17
( ) Lvg +4Vgu - Vv + 4V P - Vyv — 4V, 0, Inw - Vv = 0.

For the last term in the first equation, write |V4v|? = |9v]? +|Vy,v|? and move the portion with
|Vgov\2 to the right-hand side. Moreover, note that in the last term of the second equation, the
portion involving Vg, v is absent since Vg,0; Inw = 0. Equations (3.17) may then be rewritten
as

L®; + byq - ngt 4+ b12®; + bizvs = by,

(3.18) Lvy + 4V gu - Vv + bar - Vg @y + baovy = 0,
where

by = —4e4uvgv, bio = —864ulvgv|2,

bis = 8¢ Pwd; Inw, by = —864“|Vgov|26t Inw,
and

bo1 = 4V v, boo = 7483 Inw.
By Theorem 3.4 and the conditions on w, we have
(3.19) |b11] < Cuwe?, |b1a] < Cuw?®, |b13] < Cuw®e?,
lbo| < Cw®|BrInwl|e®|Vyu],  |bar] < Cw?T,  |by| < C.

Step 1. Energy estimates. Fix a constant ¢; € (1,2) and a smooth cutoff function 7n(t) €
C?%(—2,2) with n = 1 on (—t1,t1). Take 7°®; as a test function for the first equation of (3.18).
By the Cauchy inequality and (3.19), for any € > 0 we have

2 2
/2 /S2 |V, ®¢|*n? dvoly,dt < 5/2 /S2 14V v 217? dvoly, dt
2
+ C(g)/ / (1@¢* + e*|ve|* + |0 Inw[?|V g v|?) dvoly,dt.
-2 SQ

We may write the second equation of (3.18) as

ef4udivg(e4uvgvt) — Oyvp + bo1 - Vg @y + bagvy = 0,
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and take n?e*“v; as a test function. Again, the Cauchy inequality and (3.19) imply

2 2
/ / M|V yu|*n? dvoly, dt < s/ / IV 4 ®¢|*n? dvoly, dt
-2 J82 -2 J82?
2
+ CO(e) / / e vg|? dvoly, dt.
-2 SQ
Choosing £ = 1/2 and summing the above two inequalities produces
t1
(3.20) / /Q(yvgcbtﬁ) + M|V vy|?) dvoly,dt < CZ2,
—t1 JS
where for brevity we have set
2 2, 4 2, 4 2 2 1/2
2= (/ /2 [1@: + ™ |ve|* + €*]0 Inw|*|V g, 0] ]dvolgodt)
-2 JS

Step 2. H?-estimates and C°-estimates. Observe that (3.18) and (3.19) yield
|L®,| < C(e|Vgui| + | @] + €2 |vg| + €20 Inw]|V 4ov]),
|Lvg| < C(e“|Vgue| + |V Pyr| + |vi]).

and by (3.20) it follows that

t1
/ / (|L®¢|? + |Lvy|?) dvol g dt < CZ2.
—t1 S2

Next, fix a constant ¢5 € (1,#;) and note that the interior H?-estimates then give

(@, v0) | 2 ([t 0] x52) < C (1P v1)
< CE.

‘LQ([—tl,tﬂXSz) + H (L(I)t7 L’Ut) HLZ([—tl,tl]XSQ))

Therefore, by the Sobolev embedding theorem we obtain

(3.21) max (|P] + |ve]) < CE.
[—t2,t2]xS?

This implies the first inequality in the proposition.
Step 3. By Step 2 and the Sobolev embedding theorem, we also have
(3.22) IV g0t £6 ([—ta,t5)x52) < CZ.
Now write the first equation of (3.18) as
L®; = (sinf)?f,
where
f= sin? 0(—b11 - Vgvp — b12®y — bizvy + bo).
Fix a constant ¢3 € (1,t2), let P = (¢,6) € S \{N}, and take § < to—t3 with § < distg, (P, N)/2.
Then for any ¢ € [—t3,t3], we find by Lemma 3.6 (i) with p = 6 that
o At
[V @i(t, P)| < C(sin )~ (|| @] oo (s 2,py) + (50 0) ™2 [ fll Lo e, P))) -
In addition, take any « € (0,1) and observe that (3.19) shows
] < Cw™(|Vgue| + | D] + |ve] + |(0s Inw)e* Vo)),
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so that (3.21) and (3.22) yield

1/l 2o (@s(t,py) < Cw™ (B + ([0 Inw)e®*V g0l oo (-t 0] x52) ) -
Therefore, by choosing a = 1/2 we obtain
(3.23) [Vg®:(t, P)| < Cw™ (B4 [|(0r Inw)e™ V gy 0| Loo ([ t,45]x52) ) -

In the following, o € (0,1) will again be arbitrary. By Proposition 3.7, for any ¢ € [—t2, 5]
we have

o] < Cw* w2V gl L2 ((—t) ]xs2)
< Cw ([[€2 00l L2(—ty 1) xs2) + 1€ Vol L2(t 1] x52)) -

Notice that the first term of the second line in this inequality is a part of =, and therefore
(3.24) or] < Cw™ (2 + |24V 10l 22 52))-
Similarly, for any ¢ € [—tg, t2] it holds that
(3.25) [V gov| < Cw?(E+ (€Y gyl £2(j—2,2)x52)) -
Using this in (3.23) then shows that
(3.26) ‘ng)t‘ < Cw_l (E + Hat IHWHLOO([_Q’2]XS2) H€2uvgovHL2([_27Q]XSQ)),

for any t € [—ts,t3]. We point out that the decay order 3 + a in (3.24) is optimal. However,
(3.24) is not the desired estimate due to the absence of 9; Inw with the L?-norm of eV, v.
Next, write the second equation of (3.18) as

Lug + AVgu - Vv = —byy - VB — bagvy.
By combining (3.26) with the estimate of bg; in (3.19), for any t € [—t3, t3] we get
(3.27) |ba1 - V@] < Cw' (24 ||0y Inwl| oo (2.91x2) €7 Vo vl L2 (2,21 x52) ) -
Also in this domain, (3.24) implies that

|b2zve| = 4|07 Inw|fve| < Cw™ (2 + |07 || Lo (,21x52) €7 Vgo vl L2 (—2,21x82) )

where C' is a constant depending only on A, A;, and «. Moreover, let ¢4 € (1,¢3) and note that
Lemma 3.5 together with (3.21) produces

(3.28) lve] < CwPT*(E+ |0 Inwll o ((—2,2)x52) 1€*“V vl £2((-2,2]x52))

for any t € [—t4,t4], where again C is a positive constant depending only on A, A;, and «.
Observe that (3.28), rather than (3.24), is the desired estimate for v;.
In order to estimate derivatives of v;, write the second equation of (3.18) as

Lug + 4V gu - Vo, = —(sin 0) 2(sin )2 (bay - V@4 + baovy).
Then (3.27) and (3.28) show that the right-hand side is controlled for ¢ € [—t4,t4] by
(sin 6)?[ba1 - V@ + bogvy| < Cw® (2 4 (|0 Inwllcn ((—2,2x82) 1€ Vo v | L2(1—2,2)x52)) -
We may now fix t5 € (1,%4) and apply the first part of Lemma 3.6 to obtain
(3.29) Vgui| < Cw? (2 + (|0 nw|| 1 (—2,2x52) 1€ Vo vl L2(2,2)x52))

for any t € [—t5,t5]. This gives the desired estimate for Vg4, v, but not dv;.



18 HAN, KHURI, WEINSTEIN, AND XIONG

In order to improve the derivative estimate for ®;, write the first equation of (3.18) as

Lo, = f, f="bo—0b11-Vgv — b12a®P — b13vy.
Combining (3.19), (3.25), (3.28), and (3.29) yields

| < C(E+ 10 Inwllor(-a,2xs2) 1€ Vol 12 ((—2,2)x52))

for any t € [~ts5,t5]. Fix tg € (1,t5), and observe that the interior W?P-estimates along with
(3.21) produce

Vg ®@4| < C (1Pt oo ([t 151 x52) + IF 1l Loo ((—t5,05)x52))
< C(E+ 10 nwllor(—2,2xs2) 1€ Vol L2 (- 2,2)x52))

for any t € [-1/2,1/2]. This is the desired estimate for V,®;; compare (3.30) with (3.26).

In summary, we have derived the desired estimates for 0;®, Ov, 0;Vg4v, and OV,P, as
expressed in (3.21), (3.28), (3.29), and (3.30), respectively. We point out that (3.29) does not
yield the appropriate estimate for 9?v. By a bootstrap argument using the second part of Lemma
3.6, one can establish the necessary estimates of higher order derivatives. We refer to Section 5
of Li-Tian [27] for more details concerning the bootstrap procedure. O

(3.30)

In a similar manner, we are able to estimate difference of two solutions.

Proposition 3.9. Let (®,v), (®,7) € H'((=2,2) x S?) be weak solutions of (3.7) satisfying
(3.8), (3.9), and (3.10) for some positive constants A and a. Then on [—1,1] x S?, for any
a € (0,1) and j, k =0,1,2,3, it holds that

OFVE (@ — @)| + w20V, (0~ D)

2 - 1/2
< C(/ |<I>—<I>|2+w74|v—6\2dv0lgods> ,

where C' is a positive constant depending only on a,a, A, and A;.
Proof. Set (wy,w2) = (& — P, v— 0) and u = ® — Inw. By (3.7), a simple subtraction yields
Lw; — 2™ |V o) + 2¢*|V,5)? = 0,
Lws +4Vgu - Vyv =4V - Vo = 0.
Furthermore, a straightforward computation produces

€4u’vgv|2 o e4ﬂ|V917|2 _ e4uvg(v +,(~)) X vgw2 + €4ﬂ’vgﬁ|2(64wl . 1)’

and
Vou-Vgv — VgV =Vgu-Vows + Vg - Vyws.
Therefore
Lwi — 2e*V (v + 7) - Vwy — 26|V, 5]? (™ — 1) =0,
(331) w1 € g(U U) ng € | g'U‘ (e )

Lwy +4Vgyu - Vyws + 4V 40 - Vywy = 0.

We note that the term involving e — 1 in the first equation can be viewed as a linear term in
wy. Hence, the equation (3.31) has a similar structure as (3.17), with the terms involving Inw
absent here. We may proceed similarly as in the proof of Proposition 3.8; details are omitted. [
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4. SINGULAR HARMONIC MAPS ON THE SPHERE

In this section, we will classify singular harmonic maps on the sphere as well as their Jacobi
fields. The harmonic map equations from open sets of S? to H? can be written as

4 2
(4.1) Agou — 2e™|Vg,v|* =0,
Agv +4Vgu-Vgv =0,

or equivalently,
div, (Vgou — 2¢* 0V gyv) = 0,
div, (€**V 4v) = 0.

Let a,A > 0 be constants and set w = sinf. It will be assumed that (u + Inw,v) € H(S?)
satisfies

(4.2) lu+lnw| <A on S2

(4.3) /Sz (IVgo(u + Inw)|® + w4 Vgv]?) dvoly, < oo,
and

(4.4) v(N)=a and ©(S)= —a in the trace sense.

Under the additional hypothesis of axisymmetry, meaning that the map is independent of the
coordinate ¢, by analyzing the system of ODE all such solutions are explicitly given and param-
eterized by two parameters a and b. When b = 0, this corresponds to the extreme Kerr near
horizon geometry map. In the case that the harmonic map arises from the near horizon limit of
a smooth axisymmetric stationary vacuum spacetime, this result is known to the physics com-
munity; see the survey article by Kunduri-Lucietti [25, Theorem 4.3] and the references therein.
Similarly, when the harmonic map is assumed to be axisymmetric, Chrusciel-Li-Weinstein [16,
Appendix B| obtain the same conclusion. Below, we will show that even without the symmetry
assumption, the same conclusion holds.

Proposition 4.1. Consider a weak solution of (4.1) with (u+Inw,v) € H*(S?) satisfying (4.2),
(4.3), and (4.4). Then, (u,v) = (uqp, Va,p) where

u b(@)z—lnsin&—lln 2av1 - b

@ 2 14cos26+2bcosf’
b+ bcos? O+ 2cosb

"1+ cos20 + 2bcosd’

vap(0) = a
for some constant b € (—1,1).

Proof. Set U = u + Inw, and observe that the map (U,v) may be viewed as t-independent on
(—2,2) x 2, so that it is a weak solution of (3.7) satisfying (3.8), (3.9), and (3.10). Therefore,
Theorem 3.4 implies that (U,v) € C3(S?).
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We first work under the additional hypothesis of axisymmetry. The harmonic map (u,v) is
now regular in S?\ {N, S}, and by assumption only depends on 6. For brevity, write / = d% and
note that the harmonic map equations become

[sin O(u’ — 2e*vv’)] = 0, [sin fe?*v']" = 0,

for 0 < 8 < w. This implies that

€1 du 1 C2

4.5 '~ 2etn = — =
( ) U e v sng’ sing’

for some constants ¢; and co. Inserting the second equation of (4.5) into the first produces

1
U = — 9((3080 + 2cov + ¢1).

S

Since U € C3(S?) we must have U’(0) = U’(w) = 0, so that

14 2ca+c; =0, —1—2ca+c; =0,
or rather ¢; = 0 and ¢z = —1/(2a). The first equation of (4.5) then yields
1
(4.6) 16_4“ + v =c3,

for some constant c3 > 0. Then solving for e**, and substituting the result into the second
equation of (4.5) shows that
/ L
4(c3 — UQ)U 2asinf

We may now integrate the above first order ODE to find

1 c3+v 1 1—cosf _ L. .
—1In —In—— = ¢4, which implies
83 c3—v 4a 1+ cosf c3— v

C3—|—’U<1—C089>2Z3 9
= cy,

1+ cosf 4

for some constants ¢4 and ¢4 > 0. Next, notice that by sending § — 0,7 we conclude that

c3 = a, and hence solving for v gives rise to

(1 +cosh)? — (1 — cosh)?

4.7 = .
(47) acﬁ(l—i—cos@)Q—i-(l—cos@)2

Now use (4.6) to compute

1
u=-—7 In[4(a® — v?)]

lln 4acy(1 4 cos@)(1 — cosf)
27 (1 +cos0)?+ (1 —cosh)?

(4.8) =—

I sin 0 11 4acy
= —Insinf — ~In .
2 (14 cosh)? + (1 — cosf)?

cifl
chrl

In order to treat the general case, we will show that any harmonic map satisfying the hypothe-
ses of this proposition must in fact be axisymmetric. Denote ¥ = (u,v), and let f : S> — S? be

a rotation of the ¢ angular variable. Then since f is an isometry of the sphere, we have that

Lastly, by setting b = the desired result follows, that is (u,v) = (ugp, Vap)-
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f*W:S?\ {N, S} — H? is also harmonic. It follows that the distance function w = dy2 (¥, f*¥)
is subharmonic [45, Lemma 2],

(4.9) Agw >0 onS?\{N,S}.

We now claim that the distance function vanishes at the north and south poles. For brevity
write f*W = (us,vs) and U, = u, + Inw, then using a basic formula [42, page 1192] for the
distance between points in the hyperbolic plane yields

cosh (2w) = cosh(2(u — uy)) + 262+ (y — p,)?
262(U+U*)

sint 6
According the Theorem 3.4, and the fact that the north and south poles are fixed points for the
rotation f, we have the expansions

=cosh(2(U — U,)) + (v—v,)%.

U,U. = cx + O(sin6), v,v, = £a + O(sin®"®0) asf —0,x,

for some constants o« € (0,1) and cy. The claim now follows, and since w is a continuous
function on a compact manifold it is uniformly bounded, that is

(4.10) w<C onS? w(N) =w(S) =0.

Properties (4.9) and (4.10) combine to show that w = 0. This may be verified by either
using the expansions for v, v, above and the fact that (U, v) and (Us,v.) are C3(S?) to conclude
that w € C2%(S?) which allows for an application of the strong maximum principle, or with an
adaptation of the argument in [44, Lemma 8]. It follows that ¥ = f*¥ on S?\ {IV, S}, and since
f was an arbitrary rotation the harmonic map must be axisymmetric. O

Remark 4.2. If we let s = %ln %jrgg:z, then the axisymmetric harmonic map equations (or

equivalently the geodesic equation in the hyperbolic plane) becomes

u// o 2€4u(2}/)2 _ 0’ U// + 4u/U/ — 0’
where / = 4 here. In the new arclength variable s, the expressions (4.7) and (4.8) may be
rewritten as
1 1
u=g In o cosh(—2s+ A)|, v = atanh(—2s 4+ \),
a

where A\ = Incy. Moreover, the constant b = tanh A is associated with translations in the
s-parameter.

We will now characterize Jacobi fields, or rather solutions of the homogeneous linearized
harmonic map equations from S? \ {N,S} to H2. In particular, it will be shown that any
solution admitting appropriate homogeneous Dirichlet boundary conditions at the north and
south poles, must arise as the first variation of a 1-parameter family of singular harmonic maps.
This fact is important, as it implies that the integrability condition of Allard-Almgren [6] is
satisfied, allowing for an improved rate of convergence to the tangent map.
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Let (uqp,vqp) be a solution of (4.1) as in Proposition 4.1, for some constants a > 0 and
b € (0,1). Consider, for any ¢ = (1, p2) with @1, 2 € C%(S?\ {N, S}), the equations

4 2 4
Tip = Dgop1 — 8 8 [V gyvg | “p1 — 4™ Vv Vigoip2,

(4.11) s 1 tu
Tap = e "tdivy, (e a’bv90902)) +4Vgovap - Vg1

The operator 7 = (71, 72) arises from the linearization of the harmonic map equation (4.1) at
the solution (ugp,vqp). Since (ugqp, vap) is independent of ¢, we have

1 1
(1.12) Fe il T
sin“

02 + Lapo,
sin? 6 ¢ ab2

where Ly p = (Lgp 1, Lap2) is the axisymmetric linearized harmonic map operator at (ug p, Vap),
given by

1

Lapap = Sng (sin 0p))" — Bet e o], 4 |Ppr — et ebu), b,
.

Lapop = @(Sm 05) + duy, 0 + 4vg 1,

with / = %. In (4.11), the coefficients of ¢ are regular, but the coefficients of ¢o have singu-

larities at N and S. Thus, additional requirements are to be imposed on @9 at N and S. In the
following, we will study

(4.13) Te=0 onS?\{N,S},
with
(4.14) p2(N) = ¢2(8) = 0.

We now demonstrate that the operator 7 is self-adjoint in appropriate L?-spaces. Denote by
L?(S?, e*ab) the subspace of L?(S?) consisting of functions f with the bounded norm

" 1/2
Hf||L2(S27e4“a,b) = (/§,2 e’ 'l’bf2 dvolgo> ,

and by H}(S?, e4ab) the closure of C2°(S?\ {IV, S}) under the norm

1/2
HfHHl(SQ,e““a’b) = (/S2 e4ua’b(|Vgof|2 + f2) d’UOlg0>

The inner products associated to these norms will be denoted with the braces (-,-). Introduce
the bilinear form

Ble,¢] = /S2 (Vg1 - Vgoth1 + €0V g 02 - Vot + 848 |V g vg | 0191
+ 4eM et h1 Vg Vap - Vgopa — 4eX0040oV g w4y, - V1) dvoly,,

for any ¢ = (p1,92),Y = (¢Y1,199) € HI(SQ) X HS(SQ,e‘l“'lab). If o1 € CZ(SQ) and g € C’CQ(S2 \
{N,S}), then

B[(pa 1” = _<71<P7 ¢1>L2(SQ) - <7§% ¢2>L2(S2,e4u“ab)'

Lemma 4.3. BJ,] is symmetric and nonnegative on H'(S?) x H}(S?, eta?).
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Proof. For brevity, we write V = Vg, and (u,v) = (ugp,vep). Then for any ¢ = (¢1,92) and
Y = (Y1,99) € HY(S?) x HE(S?,e*), the quadratic form becomes
Blp, ] = /2 (Vi1 - Vi + e*“Vipo - Vipy + 8e*| Vol o191
S

+4eMp1 Vo - Vipy — 4e™™po Vv - Vip1) dvoly,.

There are five terms in the integrand, and the first three are symmetric in ¢ and v, so consider
the last two terms. Set

Ip, 9] = e™1 Vv - Vg — "4 Vo - Voo,
and observe that a simple computation yields
e, 9] — I, @] = Vo - V(pathr) — €™V - V(p19ha).
Thus, integrating by parts and using div(e**Vv) = 0 produces

/ T, ) dvoly, = / I, ] dvolg,,
S2 S2

which yields By, ] = B[y, ¢].
Next, take a ¢ = (¢1,92) € HY(S?) x H}(S?, e?*) and set

Jle] = V1|2 + e |Vpo |2 + 8| Vo 20} + 4e 1V - Vg — 40y Vu - Vipr.
A straightforward computation yields
Il = Jilg] + Jalgl,
where
Jile] = V1 — 21 Vops|? + e |Vipy + 2V, + 2Vups|? + 4| Vop, — Vups|?,
and
Jolp] = —4eM oV - Vipy — 8¢t |Vul2p3 — 45| V|2 3.
Note that Ji[p] > 0. By using the first equation in (4.1), we have
Jolo] = —2eMVu - Vi — 8et|Vu|>p3 — 45| Vo> 3 = —2div(e?*Vup?),

and hence

/ Ja[] dvolg, = 0.
S2

As a consequence, we have Blp, ¢] > 0. O

For the nonnegativity of B, we proved that its integrand can be decomposed as a sum of
squares modulo a divergence term. This actually follows from the fact that the target space H?
is of negative curvature. Indeed, the proof above simply utilizes an explicit form of the standard
index form obtained from the Jacobi equation. We will say that ¢ € H'(S?) x Hg(S?, ettat) is
a weak solution of (4.13)-(4.14) if

Blp, 9] =0,
for all ¢ € H(S?) x Hg(S?, etuar).
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Proposition 4.4. Let (ugp, Vqp) be as in Proposition 4.1, for somea > 0 andb € (0,1). Suppose
that o € H'(S?) x H}(S?, etat) is a weak solution of (4.13)-(4.14). Then © = XN OpUap, Mpvap)
for some constant X.

Proof. In a manner similar to the proof of Proposition 3.8, we can prove that ¢ € C*%(S?) for
any a € (0,1), and
|(sin 6)7 =37V} o poo(s2y < C
for 7 =0,1,2,3 where C' is a positive constant depending on . In particular, this implies that
p2(N) = p2(5) = 0.
Next we claim that ¢ is axisymmetric, that is, independent of the variable ¢. To see this,
expand in a Fourier series

Nk

p(0,0) = &(0) + > [&n(0) cosme + () sinme],

1

for some functions &,,(8) = ({m,1(0),&m,2(0)) with m > 0 and 1,,(0) = (9m,1(0), nm,2(0)) with
m > 1. A straightforward computation produces

3
I

o0
g do
= o [ (€ )+ G+ ) S
sin
m=1
1 oo
+B§07§0 + 5 Z fm,{m +B[77m777m])
m=1
and thus Lemma 4.3 implies
o m
S /0 (Gma + mm1) + € (€ +m2)) 5o = 0
m=1

Furthermore, since ¢ is a weak solution we have that By, ¢] = 0. It follows that all &, and 7,
are identically zero for m > 1. Therefore ¢(0, ¢) = () is a function independent of ¢.
Now, ¢ € C?([0,7]) is a solution of the following boundary value problem:

La,b,lSO = La,b,290 =0 on [07 7T]7
©2(0) = p2(m) = 0.

Set px = (px1, Ps2) = (OpUap, Opva,p) and observe that L,y = 0. Moreover, a straightforward
computation yields

(4.15)

B ( b n cosf asint 0 )
L 2(1—0b%) 1+ cos?26+2bcos@’ (1+ cos?0 + 2bcosh)?

so that ¢,2(0) = @.a(m) = 0. Hence, ¢, satisfies the boundary value problem (4.15).
Let us examine (4.15). Notice that the second equation L 20 = 0 gives

(e*ad sin Bply)’ + dettad sin v, 01 = 0,
and a calculation produces

4ua,b . / =
e sin fvy, j, = 5
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Therefore
2
(4.16) ettat sin fply = e + cp,

for some constant cy. Substituting this into the first equation Lgp 140 = 0 shows that
2
0 = (sinfp}) — 8sin 064“‘1”’\1);{,]2@1 —4 (a(pl + c()) Vo
. I\ / . dugp, / 1 /
= (sinfp))" — 8, | sinfe™bv, , + P K20 degug p

. 4
= (sinfy}) — aU;,b‘Pl — 4000&71,-

In particular, we conclude that ¢; = —acy is a solution.
Now write ¥ = 1 + acg, and observe that this satisfies the homogenous equation

(4.17) (sin ') — %véyﬁ = 0.

We claim that ¢, is a solution of (4.17). To see this, one may simply compute the left-hand side
of (4.17) for 1» = ¢, to find it is zero. However, a quicker method is to compute the constant
co given by (4.16) for (ys1, p«2). In fact we have

. 2 . . 2
co = e*ab gin 0o — —ps1 = lim etab gin 0o — =1
a 0—0 a

1 b I
S0 a8 alith)
and the claim follows.
To find another linearly independent solution of (4.17), change variables to s(¢) = 1 In
and note that s’ = -. Then (4.17) becomes

sinf*

1—cosf
1+cos6?

d? 4
@w — (avfl’b sinﬁ)w =0 fors¢€ (—o0,00).

By the standard variation of parameters, another linearly independent solution is given by
C(8)ps1 where %C = |p41|72, or rather

0

C(s(0)) = / (1) 2 dr

sinT

2
up to an additive constant. Since |¢,1(0)|~! # 0, this solution blows-up as # — 0. Thus, any
C? solution of (4.17) on [0,7] is given by 1) = c1¢p.1, for some constant c;. As a consequence,

we have
P1 = —Coa + C1Px1-
Substituting the above expression into (4.16) yields

2 2c
4 . / 1
e b sin Oy = 5(—6061 +c1p41) + o = P
= crettab sin O, — ¢,
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and hence
0
P2 — C1Px2 = —co/ e Mab gin~l 7 dr + co,
0

for some constant co. By (4.15), w2 — c1¢42 is zero at 0 and 7w simultaneously, which implies
that c¢og = co = 0. Therefore, ¢1 = c1¢«1 and Y2 = c1P42. O

Proposition 4.4 asserts that zero is the least eigenvalue of T and that it is simple, under the
condition (4.14). In fact, it can be shown that there exists an orthonormal basis of L?(S?) x
L?(S?, e*ab) formed by the eigenfunctions of 7.

Remark 4.5. We note that (Oquap, 04vq,p) satisfies the equations in (4.15). A straightforward
computation produces

(Outia s, v ):<_i b+bc0829+20089)

atab) YaTab 2a’ 1+ cos260 + 2bcosf/’

showing that O0qvap(0) = 1 and Ogvgp(m) = —1. Thus, (OqUap, Ouvep) does not satisfy the
boundary conditions in (4.15).

Proof of Theorem 2.2. This result follows directly from Propositions 4.1 and 4.4. O

5. CONVERGENCE: TRANSLATION INVARIANT RENORMALIZATION

In this section we will study the asymptotic behaviors of harmonic maps near the prescribed
singularity. Throughout this section it will always be assumed that w is a positive smooth
function on S§? \ {N, S}, in particular independent of ¢, that satisfies
(5.1) Inw — Insin g € C1O(S?).

Consider weak solutions (®,v) € HL_(Ri x S?) of the renormalized harmonic map system
(5.2) L® — 2|V 0> = Lnw,
' Lv+4Vgu-Vgav = 0.

We are interested in the beahavior as t — oo, which in the realm of applications to stationary
vacuum spacetimes corresponds to the approach towards the degenerate black hole horizon. As
before we set u = ® — Inw. In addition, it is assumed that there are positive constants A and a
such that

(5.3) || <A onR, xS?

for any finite interval I C R4 we have

(5.4) /I/SQ(|vg<1>|2 + WV ,0|?) dvol gy dt < oo,
and in the trace sense

(5.5) v=aon Ry x {N}, v=—aon Ry x{S}.

Observe that since w is independent of ¢, the system (5.2) is translation invariant in ¢, and
Theorem 3.4 applies to yield regularity and uniform bounds for (®(¢),v(¢)) on the time interval
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[2,00). Our first goal is to establish a crucial identity involving the renormalized harmonic map
energy on the 2-sphere

1
(5.6) E(®,v) = ;5 /82(yvgo<1>|2 + |V ov? + 2(L Inw)®) dvoly, .

It should be noted that LInw = Ay,w, as w is independent of ¢. The following result may be
viewed as yielding a type of monotonicity formula.

Proposition 5.1. Letw satisfy (5.1) and (®,v) be a weak solution of (5.2) on Ry xS?, satisfying
(5.3), (5.4), and (5.5) for some positive constants A and a. Then

drl
215 10 + |00 (1) dvoly, — £(@(2),v(1))]
dtl2 Jg2
(5.7)
= [ (0P + ™00 (t) duo,,
S2
forallt e Ry.
Proof. Multiply the first equation of (5.2) by 9, to find
1 1
|0,®|? — §3t|8t<1>|2 + 5at|vg0<1>|2 + (L1nw)d,®
— divyy (0 V 4y @) + 2e10,®|V yv|? = 0.
Next, multiply the second equation of (5.2) by e*“d;v and use that d;u = 9;® to produce
1 1
e*|8yv]? — iat(€4u’3tv|2) + §5t(€4u\vgo7)’2)
— divg, (e vV gyv) — 20, ®|V v|? = 0.
Adding the two previous equations then yields
1
18,82 + e**| 80| — 5at(|at<1>|2 + eM0pw|?)

1
+§at(|vgoq>12 + e*|Vgov2 + 2(LInw)®)
— divyy (B PV gy ® + 0wV 4ov) = 0.
Finally, integrating this expression over S? produces the desired formula (5.7). ([l

As a consequence we find that the t-portion of the renormalized energy is globally finite, and
obtain an initial decay statement for the derivatives of the renormalized map.

Corollary 5.2. Let w satisfy (5.1) and (®,v) be a weak solution of (5.2) on Ry x S?, satisfying
(5.3), (5.4), and (5.5) for some positive constants A and a. Then

/ / (|8t<1>|2 + 64“|8tv|2) dvolg,dt < oo,
2 S2

and
lim max <\Véoaf (<I)(t, ), v(t, ))| + eQU(t,~)|a£€U(t’ )|) =0

t—oo §2

forallk=1,2,3 andl=0,1,2,3.
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Proof. By integrating (5.7) over (2,0) for any o > 2, using Theorem 3.4, and letting o — oo
produces the first conclusion. Since w is independent of ¢ and (5.2) is translation invariant in ¢,
the second conclusion then follows from Proposition 3.8 and the first conclusion. O

The next proposition shows a sequential convergence of energy to that of a renormalized
tangent map.

Proposition 5.3. Let w satisfy (5.1) and (®,v) be a weak solution of (5.2) on Ry xS?, satisfying
(5.3), (5.4), and (5.5) for some positive constants A and a. Then there is a sequence t; — oo as
i — 00, such that (®(t;),v(t;)) converges to some (®,v) in C3(S?), and

lim E(®(t;),v(t;)) = E(, D).
i—00

Moreover, (u,?) := (® — Inw, v) satisfies

(5.8) Agoji) - 264ﬂ7|Vg027\f =Lhhw,
Ay + 4Vt - Vg v =0,

on S?\ {N, S}, and

(5.9) o(N) = a, o(S) = —a.

Proof. Take an arbitrary o € (0,1). By Theorem 3.4, for any ¢ € (2,00) we have

[(@(t,-), v(t, Nlcsesz) < C,
for some constant C' independent of t. The Arzela-Ascoli theorem then implies the first con-
clusion of the proposition, as well as (5.9). By Corollary 5.2 and equation (5.2), it follows that
(® — Inw, v) satisfies (5.8). O
A priori, different sequences of times may lead to different limit energies. However, we show
that this in fact cannot happen with the following result.

Proposition 5.4. Letw satisfy (5.1) and (®,v) be a weak solution of (5.2) on Ry xS2, satisfying
(5.3), (5.4), and (5.5) for some positive constants A and a, and (®,v) be as in Proposition 5.3.
Then

E(®(t),v(t)) — E(P,v) ast— .
Moreover, for any t > 2 the following energy identity holds

E(®(t),v(t)) — E(®,v) = /tOO /S2 (|0:@)* + e*|0p[?) (s) dvolg,ds

1
+ 2/ (10:@* + e*[0p]?) (t) dvoly,.
SZ

(5.10)

Proof. By Proposition 5.1, for any 5 < t; < ty we have
E(®,v)(t1) — E(@,v)(t2)]

to
5/ /(\3@!2+€4“!3tv\2)(s)dvolgods
1 JS?

1 1
+ 2/ (10:@| + e*|0p[?) (t1) dvoly, + 2/ (10:@* + e*|0p[?) (t2) dvoly,.
S2 S2
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Then Corollary 5.2 implies that & (®(t),v(t)) converges as t — oo, and Proposition 5.3 ensures
that the limit is £(®,v). Furthermore, identity (5.10) may be obtained by integrating (5.7) over
(t,0), using Corollary 5.2, and letting o — co. O

Having shown that the renormalized energies converge upon approach to the singularity, our
next task will be to improve this by estimating the convergence rate; the fundamental estimate
needed for this purpose is referred to as the Lojasiewicz-Simon inequality. In order to achieve this
goal, we first introduce certain weighted Banach spaces. For any integer £ > 0 and « € (0, 1),
denote by CF(S?) the space of vector-valued functions ¢ = (@1, p2) € C*¥(S?) with the bounded
norm

oli= 3 {myx(oer] +mgs (44Tl 0a]) |

0<j<k
and denote by CF*(S2) the space of functions ¢ € C¥(S?) N C**(S?) with the bounded norm

* * k
ok = el + [ Vgyelloas?)-

Furthermore, let L?(S?,w™?) be the subspace of L?(S?) which consists of functions with the
bounded norm
Cuw 1/2
7122y = (w7 dvolyy)
and let H}(S?,w™*) be the closure of C°(S? \ {NV, S}) under the norm

B 1/2
s = ([, (TP + ) duolyy)

Consider a weak solution (®,v) of (5.2), and (®, ) be a solution of (5.8). For convenience,
we will write
w = (w1, w) = (®,0), W= (w1, W) = (&, 7).

Then equation (5.2) may be rewritten as

(5.11) Ofwy — Sywy — 2e™|yws|* + My (w) =0,
83102 — Oywa + 40pudrwy + Mao(w) = 0,

where

(5.12) My(w) = Agowy — 26|V gws|? — Llnw,

Ma(w) = Agywa + 4V g1 - V gyw.
Observe that the energy € of (5.6) becomes
1

(5.13) £w) =5 /2(\vgow1\2 MY w2 + 2(L Inw)wy ) dvol,,
S

and since @ = (®, ) is a solution of (5.8) we have that M(w) = (M (w), Mz (w)) = 0.

We will make use of two related weighted inner products, and for this reason we introduce the
following notation. Let h be a given positive function on S?\ {N, S}. For any ¢ = (¢1, p2),( =
(¢1,Go) € L2(S?) x L2(S%,w™) define

(@, Q) r2(s2,1xh) = /82 (181 + hpala) dvoly,,
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and
1/2
lellzagee 1 = ( /S (g dvly,)

Here 1 x A means that 1 is the weight for the first component, and h is the weight for the second
component. Below we will take either h = w™* or h = e**. Notice that with |u 4+ Inw| < A as
in (5.3), the L?(S?,1 x w™*)-norms are equivalent to the L?(S?,1 x ¢**)-norms, that is

—2A A
(5.14) e Mol sz 1xw-1) < N1@llnzs2,1xeiny < €M@l 22,1 xw-1)-

Although the weight h = w™* is independent of ¢ and seems simpler, in certain situations it is
more advantageous to use the weight h = e**, since it is directly related to equation (5.11). For
example, we may write (5.10) as

_ o 1
(5.15) E(w(t)) - E(w) = /t |9rw($) 1252 1 cetuy A + G100 (1) 722 1 xeu)-

This fundamental energy identity, as well as the next result concerning the Lojasiewicz-Simon
inequality, play essential roles in our study of the uniqueness of tangent maps.

Proposition 5.5. Let a € (0,1) and (®,v) € C3(S?) be a solution of (5.8)-(5.9). Then there
exist constants n > 0 and C' > 0, depending only on o and (®,v), such that

(5.16) [E(w) = E(@)[V? < CM(w)] 252 1-4)
for all w —w € C2*(S?) with |w — w3, <1
Proof. We first show that M = (M, Ms) is the Euler-Lagrange operator of £. To see this,

take any w —w € C2*(S2) and ¢ = (C1,(2) € HY(S?) x HL(S2,w™4), then the Fréchet derivative
of £ at w and applied to ( is given by

£'(w)[C] E(w + sC)

a ds 1s=0

- /2 [Vgowi - Vo1 4 (LInw)Cr + 26|V gowa|*¢1] dvolg,
S

+ /S2 MV yowa - V gy Ca dwoly,

S /s2 [M1(w)(1 + 64“./\/12(10)(2] dvolg,.

Therefore

E'w)[¢] = —(M(w), C) r2(s2,1 xetu),
and by the Cauchy-Schwarz inequality we obtain

€' (w)[c]] < CIMW) I L2(s2,1x0-4) €]l 22(52,1x0-1)-

Note that the constant C' depends on w1, since u = w; — Inw and the weight 1 x e** is replaced
by 1 x w? analogously to (5.14), however this dependence is removed with uniform control on
w — w as expressed in the hypotheses. Furthermore, observe that £ is an analytic functional on
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C2*(S?) and that w is a critical point, namely M(w) = 0. Hence, by the Lojasiewicz-Simon
gradient inequality there exist constants n > 0,9 € (0,1/2], and C > 0 such that

[E(w) = E@)'7 < CIM(w)]| 22 1x0-1)

for all w — @ € CP*(S?) with |w — wl[3 , < n. By Theorem 2.2 we must have ¢ = 1/2. For
details we refer to Theorem 3.1 of Simon [38], and also Theorem 3.10 of Chill [13]. O

We are now in a position to apply the method of Simon [38] to obtain convergence to the
tangent map. In the proof below we will adapt the arguments of [22].

Lemma 5.6. Let w satisfy (5.1), w = (®,v) be a weak solution of (5.2) in Ry x S? satisfying
(5.3), (5.4), and (5.5) for some positive constants A and a, let w = (®,v) € C3(S?) be a solution
of (5.8)-(5.9) as in Proposition 5.3. Then there exist positive constants 7y, 3, and Cyx depending
only on w and A, such that for any t. > 5 and o > t,+5 the following holds. If for allt € (t., 0]
the estimate

(5.17) lw(t) — ol L2(s2,100-1) <7
is valid, then
(5-18) w(t) = w(t) | L2s2, 1xu-1) < Coe™PEH)

for allt,t' € (t, + 1,0 — 1] with t <.

Proof. The proof consists of two steps. In the first step (5.18) will be established under a stronger
assumption than (5.17), and in the second step it will be shown that the stronger assumption
may be relaxed to the desired hypothesis. Moreover, the weight 1 x e** will be used in the first
step, while the weight 1 x w™* will be used in the second step. In what follows we will write
f! for the derivative of f with respect to t. As a preliminary observation, note that since w is
independent of ¢ we find for any t, <t <t <o — 1 that

t/
() = w(t)llz2(eaxas) = | /t ws)ds| Lo
o—1
< / IO -

Therefore it suffices to prove

o—1
(5.19) / e (8)]| 362 1wty ds < Cre P
t

for all t € (t. + 1,0 — 1], in order to obtain (5.18).
Step 1. Fix a constant « € (0,1), and let n > 0 be as in Proposition 5.5. We will assume that
for all t € (t«, 0] the estimate

(5.20) w(t) — wl3, <1

is valid, and then show that

(5.21) / [0 (8)]| 2 (52 1 xetuyds < Cre™PEE)
t
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for all t € (t«,o]. It should be pointed out that this inequality is slightly different from (5.19),
in particular due to the use of weight e** instead of w™?. For brevity, we will write

<'7'>* = <'7 '>L2(SQ,1><64“)7 H ’ ||* = || ’ HLQ(SQ,lxe““)'
The process to establish (5.21) begins with the definition of an entropy-type function

622 HO= [ s + efE) - @)+ MEuv) ' 0).]
for t > 0 and a positive constant ¢ to be fixed. Observe that (5.15) implies
(5.23) H(t) = —%Hw'(t)llf + (1 +e) [E(w(t) — E(w)] + e(M(w(t)), w' (1))

Furthermore, recall that ®(t) — 0 and >*(Y¢/(t) — 0 uniformly on S? as t — oo by Corollary
5.2, and that E(w(t)) — £(w) as t — oo by Proposition 5.4. Thus, H(t) — 0 as t — oo. For
simplicity of notation, we will suppress the dependence on ¢ below. Then a simple differentiation
of (5.22) produces

H' = — /|2 + [ — (M(w), w')e + (M(w), "),
+ (M (W), w) + A Ma(w), wh) 2(e)]

where M’(w) is the linearized operator of M at w, and the last term is given by the usual
L2-inner product on S? and arises from differentiating the weight e**. We now write

(5.24) H' = —||w'|[Z = el M(w)|[Z + ell1 + I + I3],
where
L = Mw),w" —w' + Mw)), Ib=(Mww, v, I3= 4(e4uu'M2(w),w§)L2(Sz).

To estimate I3, observe that since w is independent of ¢ we have v/ = ® and hence |u/| < C by
Theorem 3.4, so that

Iy < C(e™|Ma(w)|, [wh]) r2s2) < Clle* wh| 2g2)l€* Ma(w)| r2(s2)
< Cllw'[|+ M (w)]]+
Next, by (5.11) and the definition of the L?(S?,1 x e**)-inner product, we find

(5.25)

L = /S2 (2e™ [P M (w) — 4e*u'v' Ma(w)) dvoly,.
Furthermore, using Theorem 3.4 again yields e?“[v/| < C and |u/| < C, and hence
6260 D=0 [ (M) + e Ma(w)) deoly, < Cllu'lL M)
Lastly, in order to estimate Io note that (5.12) and w’ = 0 produce
My (w)w' = Agw) — 4V gows - V gowhy — 8e* |V yowal?,
M(w)w" = Agywh 4+ 4V gou” - Vgowa + 4V gou - V gy w5,

and write

Iy :/ J dvolg,
S2
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where
J = (Agyw) — 4eMV gows - V gowh — 864“u’\vgow2\2)fw’1
+et (Agowé +4Vgu' - Vgows +4Vgu - VQOWIQ)WIQ-
A straightforward computation gives
J = divg, (w) Vgwi + e4“w§Vgow'2) — | Vgowi |2 — |V jowh|?
— 4eM |V gows - V gowhy — 8e*u'w |V gowa|? + 4 whV jou' - V gows.
Moreover since v/ = w}, and €%*|V g, ws| < C by Theorem 3.4, we have
J < divg, (w) Vgwi + e4uw'2Vgow'2) — |V gow) > — €|V gowh|?
2 / / /12 2 / /
+ C (e wy ||V gows] + [wi[* + e[V gowi ).
In addition, with the help of Young’s inequality
. 1
J < divg, (w) Vgwi + e4uwévgow'2) - §(|Vgow'1]2 + 64“|Vgow'2|2)
+C(Junf* + e |wl?),
and hence

(5.27 B2 O [ (0 4+ eupl) ooy, < Ol

By substituting (5.25), (5.26), and (5.27) into (5.24), we obtain
H' < —|[w'[|? = el M(w)[[Z + eC ([l ||« M (w)[|: + [1w'[[3)-
Furthermore, by fixing e sufficiently small it follows that
1 € 2
(5.28) H < =o'l = SIM@w)E < —eo(flw'lls + [M(w)]l.)",

where ¢q is a positive constant. In particular H' < 0, and consequently H > 0 on (0, 00) since
H(t) —»0ast— 0.
We now seek a differential inequality for H, that will allow us to determine its rate of decay.
Observe that (5.23) implies
1 _
H < —§||w'||f +2|8(w) = E(@)] + [|M (w) ]| [[w']|«
< 2[E(w) — E()| + [M(w)]]?,

where we used Cauchy’s inequality. We now restore ¢, and recall that n > 0 is as in Proposition
5.5. The assumption (5.20) then yields, via Proposition 5.5, that

[E(w(t)) = E(@)['/? < C|M(w(D))]-
for all ¢t € (t., 0], and hence
(5.29) H(t) < C|IM(w(®)[|2 < C(lw' @) + [M(w(®))][2)-
Combining with (5.28) gives rise to
H(t) < C ([l @]l + [ M(w(@)]].)* < ~CH'(2),
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and thus

(5.30) CH'(t)+ H(t) <0.
Integrating this first-order differential inequality produces

(5.31) H(t) < Ce 2578 for all t € (ty, 0],

where 8 and C, are positive constants.
This decay for H may be translated into decay for w’ as follows. Observe that an alternate
combination of (5.28) and (5.29), for ¢ € (¢4, o], produces

—[H'2(1) = —%H_l/z(t)H’(t) =z c([lw' @)l + | Mw®)]+) = cllw @)l

Furthermore, integrating from ¢ to ¢ then yields
/ta [ (1) «ds < C(HY?(t) — HY?(0)) < CHY?(t).
Therefore, (5.31) may be applied to obtain
/0 | (£)||sds < Ce P4 for all t € (t., o).
t

This finishes the proof of (5.21).

Step 2. We now assume (5.17), and show how to choose 7 in order to achieve (5.20). Note
that both w = (®,v) and w = (®,v) satisfy equation (5.2). Therefore, by Proposition 3.9 and
(5.17) we have

t+1 5 1/2
) =0l < O( [ lule) = 0lxgerunds) <O

for all t € [t + 1,0 — 1]. We may then choose 7y such that Cy < 7, to find that (5.20) holds for
t € (t« + 1,0 — 1]. The desired estimate (5.19) now follows from Step 1. O

The hypotheses of the previous result can be weakened. More precisely, the assumption
(5.17) requires closeness to the tangent map on a time interval, however this may be reduced to
closeness at a single time.

Lemma 5.7. Let w satisfy (5.1), w = (®,v) be a weak solution of (5.2) in Ry x S? satisfying
(5.3), (5.4), and (5.5) for some positive constants A and a, let w = (®,7) € C3(S?) be a solution
of (5.8)-(5.9) as in Proposition 5.3. Then there exist positive constants &, 3, and C depending
only on w and A, such that the following holds. If for some t, > 5 the estimate

(5.32) lw(ts) = @l r2(s2,1 001 + [E(w(t)) — E@)[V* <
s valid, then
(5.33) () = w(t)| 252,101y < Ce™PEE)

forallo >t >t,+1.
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Proof. We will make use of the weight 1 xw™*, and in particular will write ||-||. = ||- | 22(s2,1x0-4)
for brevity. It should be emphasized that here, || - || represents a different norm from that in
the proof of Lemma 5.6, due to the choice of weight. First observe that if o >t > ¢, then

o) = w®lE = | [ weas] < @0 [ (s Eas

<(o-1 / ! () 2ds
< Mo —t)(E(w(ty)) — E(w)),

where in the last inequality we replaced the weight w™* by e** and used (5.15). Furthermore, if
in addition o — ¢ < T then

(5.34) lw(o) = w(®)]. < AVTIE(w(t.)) — E(@)|"?,
Let v, 8, and C, be as in Lemma 5.6. Choose T' > 5 such that

1
(5.35) Che PT < e
and then choose ¢ (depending on T) sufficiently small so that (5.32) implies
1

(5.36) EMTIE(w(ty)) — E(w)|V? < it
and

_ 1
(5.37) lw(ts) =@l < 27
By (5.34) and (5.36) we then have

1

(5.38) lw(o) —w®)ll < 37,

for all 0 >t > t, with 0 —t < T. In particular, if t € [t.,t. + T] then

leo(t) = w(t)] < =

4%
and hence with the help of (5.37) we obtain
_ _ 1 1 1
(59) ) =@l < fo(t) = w(to) |+ Jw(t) = @l < 17+ 17 = 37
We now claim that
3
(5.40) |lw(t) — ||, < 1 for any t > t,.

Notice that this shows that (5.17) holds for any ¢ > ¢., and therefore by (5.18) of Lemma 5.6
the desired estimate
lw(o) —w(t)]s < Ce 70,
isvalid for all o > ¢ > ¢, + 1.
It remains to establish (5.40), which will be accomplished by a contradiction argument. Set

t =sup{t >t | ||w(s) —w|« < 3v/4 for all s € [ts, ]},
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and note that according to (5.39) we have that ¢ is well-defined with ¢ > ¢, + T. If # < oo then

_ 3

) - . < 2

for all ¢ € [t,?], and by (5.38) we find

- 1

lw(®) = w®)ll < 37

for all t € [t,t 4+ T|. For ¢ in this same range it follows that

_ - - _ 1 3
lw(®) = @l < flw(t) —w)ll + wt) =Dl < 77+ v=7.

As a consequence, (5.17) holds for ¢ € [t.,t + T, and therefore we may apply (5.18) of Lemma
5.6 with t = t, + T and an arbitrary ¢’ € [t,t + T — 1], together with (5.35), to obtain

1
(5.41) |w(t') — w(ty +T)||s < Cee T < TRa
Using this and (5.39) with ¢ = ¢, + T produces
lw(t) = ol < lwt) = w(ts + T)lls + w(ts + ) — 0|l

1 1 3
<P TRYEQY
for any ¢’ € [t.,t + T — 1]. It follows that a contradiction is achieved with the definition of ¢.
We conclude that ¢ = co, and hence (5.40) is established. O

With all of the preparatory work now completed, we are ready establish the uniqueness of
limit points for the harmonic map upon approach to the prescribed singularity.

Theorem 5.8. Let w satisfy (5.1), and let w = (®,v) be a weak solution of (5.2) in Ry x S?
satisfying (5.3), (5.4), and (5.5) for some positive constants A and a. Then w(t) — w in
C3(S?) as t — oo, for some solution w = (®,v) € C3(S?) of (5.8)-(5.9), and there exist positive
constants B, C depending only on A, w such that
(@), v(8)) — (B,0)f3 < Ce?"

for all t € (0,00).
Proof. By Theorem 3.4 and Proposition 5.3, there exists a sequence of positive times t; — oo such
that w(t;) — w in C3(S?) and £(w(t;)) — E(w) as i — oo, for some solution w = (®,v) € C3(S?)
of (5.8), (5.9). Take t, = t; for a sufficiently large i such that (5.32) holds. It follows that (5.33)
is valid for all ¢ > t > t, + 1. Therefore w(t) converges to w in L?(S?,1 x w™*) as t — oo.
Moreover, by taking o — oo in (5.33) we find that

[w(t) — 0 2521 x0-1) < Ce P forall t > ¢, + 1.
As in Step 2 of the proof for Lemma 5.6, the weighted Holder norm may be estimated by

t+1 ) 1/2
) = ol < [ 0s) = 0l 1)
for all ¢ > t, + 2, and hence for ¢ in the same range we have
lw(t) — w5 < Ce AU,
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yielding the desired result. U

Proof of Theorem 2.1. Since €' (u+In(rsind),v) € Li, (B1\{0}), it may be verified that (®,v) =
(u + Insind,v) is a weak solution of (5.2) satisfying (5.3), (5.4), and (5.5). Then Theorem
2.1 follows from Proposition 3.9 and Theorem 5.8, by taking w = sinf and setting (®,0) =
(®,0). O

6. CONVERGENCE: LINEAR GROWTH RENORMALIZATION

The purpose of this section is to study asymptotics of the harmonic map at spatial infinity,
which corresponds to the asymptotically flat end of the associated stationary vacuum spacetime.

In terms of the notation established at the beginning of this work, the radial coordinate t = —Inr
will then be restricted to the range R_ = (—00,0), and we will use the renormalization function
(6.1) w=-e "sinf,

which in cylindrical coordinates is simply p. Notice that this renormalization function is not
independent of ¢, in contrast to the translation invariant renormalization used in the previous
section. Moreover, this dependence on ¢ will require additional care when applying the results
of Section 3. When the invariant renormalization function is needed below it will be denoted by
w = sind.

We will study the asymptotic behavior of solutions (®,v) € H

L (R_ xS?) to the renormalized
harmonic map system

L® — 2" Vo> = Llnw,

(6.2)
Lv+4Vgu - Vgv =0,

as t = —oo. Observe that with this renormalization we have LInw = 0. Here and hereafter, the
unrenormalized and renormalized harmonic map component functions v and ® will be related
by © = ® — Inw. Furthermore, it will be assumed that there are positive constants A and a such
that

(6.3) |®|+|v| <A inR_ xS?

for any finite interval I C R_ we have

(6.4) /I/SQ(|V9<I>|2 + WV ,0|?) dvol gy dt < oo,
and in the trace sense

(6.5) v=aonR_ x{N}, v=—aonR_ x{S},

where N and S represent the north and south poles of S?. The next result may be viewed as a
compilation of Theorem 3.4, Proposition 3.7, and Proposition 3.8 tailored to the current setting.

Proposition 6.1. Let (®,v) € H} (R_ x S?) be a weak solution of (6.2) satisfying (6.3), (6.4),
and (6.5) for some positive constants A and a. Then for any T' < —2, integers j,m = 0,1,2,3,

k =1,2,3, and parameter o € (0,1), the following estimates hold

|07 (®, €*" )| ca((r—1,741)x52) < C,
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V3,07 (v —a)| < CO* @2V ol 2 roarsoyxszy  on [T —1,T+1] x 8%,
|V] am )‘ < Cw3+a_jH(A_J_QVQU||L2((T_27T+2)><S2) on [T — 1,T + 1] X SQ_,
and

0FVI @]+ 2T =39V vl
s 2 4 2 1/2 2
< C / / (|0:®]* + ™|V gv| )dvolgodt> on [T —1,T+1] xS,
S2

for some positive constant C depending only on «, a, and A.
Proof. For t € (—2,2) consider the functions
(6.6) O(t,)=d(T+t,-), o) =eTv(T+t,-), alt,)=ot-)—Inw,-),
and observe that by (6.2) and LIlnw = 0 they satisfy the equations
Ld — 2"V, 0| = 0,
Lo+ 4Vgu - Vg0 = 0,

on (—2,2) x S2. Furthermore, boundary conditions (6.5) are satisfied with a replaced by 2’
We may then apply Theorem 3.4, Proposition 3.7, and Proposition 3.8 to obtain

07(®,0)|ca((—1,1)xs2) < C,

}ngoagn(@ - GQTG)} < C(&_J3+a_jH@_QV!]T}HLQ((,ZQ)XSQ) on [—1, 1] X S%r’
}Vgoc‘?{”(i} + €2TCL)} S C@3+a_jH@_ngi}”]}((,zg)xgz) on [—1, 1] X SZ_,

and
0V @] +wi 37 opVi B < C / / (10:®|? + |V 4|2 )dvolgodt>

n[-1,1]x§? for j,m =0,1,2,3, k =1,2,3, and a € (0,1). Note that the positive constant C
depends only on «, a, and A, and in order to satisfy the hypotheses of Proposition 3.8 we have
used the relations 0;Inw = —1 and Llnw = 0. The desired result now follows by translating
back to the original map (®,v). O

It is possible to use standard energy estimates to bound the weighted gradient of v, and
thereby improve some of the estimates for the twist potential.

Proposition 6.2. Let (®,v) € H (R_ xS?) be a weak solution of (6.2) satisfying (6.3), (6.4),
and (6.5) for some positive constants A and a. Then for any T < —3, integers j,m = 0,1,2,3,

and parameter a € (0,1), the following estimates hold
6.7) ‘VJ (v —a)| <C@*td on [T —1,T+1] x S2,
' V207" (v +a)| < Co¥™ 7 on [T —1,T+1] x §2,

for some positive constant C depending only on «, a, and A.
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Proof. Let ®(t,-) and @(t,-) be given as in (6.6) for T < —3 and t € (—3,3), and define
o(t,-) =v(T +t,-). Then
(6.8) divy(e*®V9)(t) = e T divy (™ TV u(T + 1)) =0 on (—3,3) x S?,

with 9(¢t, N) = a and 0(t,S) = —a. By applying Lemma 3.5 to 0, while using (6.3) as well as
the estimates for ® in Proposition 6.1, we obtain

|(0 —a)] < C*™™  on (

(04 a)| < C¥™™  on (

) x 82,

) x §2,

5
-3,
_5

2

ot nlo

9

where o € (0,1) is arbitrary and C' is a positive constant depending only on «, a, and A. We
may now use local energy estimates for (6.8), viewed as a linear equation of ¥ + a, to obtain
bounds for weighted derivatives of 0. More precisely, multiplying the equation by © 4+ a with an
appropriate cut-off function and integrating by parts produces

where S?t is a domain in the sphere that is slightly smaller than S%. It follows that

devgvHL2((T—2,T+2)xs2) <C,

and the desired result is then a consequence of Proposition 6.1. U

The asymptotic analysis of harmonic maps near spatial infinity will reduce to the asymptotic
behavior of two associated linear equations, which are studied in the next two results. The
fact that the analysis reduces to the study of two linear equations, indicates that the system
effectively decouples in this regime.

Lemma 6.3. Let ® € C?(R_ x S?) be a bounded solution of
Ld=f onR_xS?

where f € CO(R_ x S?) satisfies | f| < KePt for some positive constants 3 and K. If B is not an
integer, then there exist a constant co and degree | spherical harmonics Yy, for 1 =0,--- [5] —1,
such that for any o € (0,1) the following expansion holds

|®(t) — co — Yoe! —--- — Yw]_le[mt|cl,a(gz) < e,
where C' is a positive constant depending only on o, 8, K, and the L>®-norm of ® on R_ x S2.

Proof. This is based on a well-known argument, and thus we only outline the main points which
are included for completeness. Let {X,,}>_, be an orthonormal basis of eigenfunctions for
L%(S?), more precisely —A g X, = A\ Xy, with

MN=0<AM=X=X3=2< <= 0.

We may expand ® and f according to these spherical harmonics as

(I)(t) = Z (I)m(t)me f(t) = Z fm(t)me
m=0 m=0
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where the f,,(t) are uniformly bounded in ¢. Then, the equation L® = f becomes

o
(D1 — @, — M@y — e P f1) X = 0,

m=0
and hence
O~ —Npy®y —e Pl =0 onR_.

The two characteristic roots are given by

%(11 1+4>\m).

Moreover, since A, = i(i + 1) for some integer ¢ > 0, the corresponding characteristic roots are
in fact i + 1 and —i. We now discard the negative characteristic root, since the solution ® is
assumed to be bounded. In the homogeneous case when f = 0, we then have ®,,(t) = ¢;elT1?
for some constant ¢;. In conclusion, any bounded solution ® of L® = 0 can be expressed as

o0
O(t) =co+ » VeV,
1=0

where ¢y is a constant and Y; are spherical harmonics of degree ¢. The L°° version of the
expansion stated in this lemma now follows from standard ODE analysis. Finally, the Ch
expansion may be obtained by scaled interior Schauder estimates. ]

We now treat the asymptotic linear equation associated with the twist potential function v,
from the harmonic map system.

Lemma 6.4. Let £ € C3*(R_ x S?), a € (0,1) be a bounded solution of
O} + 30,6 + wtdiv(@ V&) = f  onR_ x %,
E(t,N)=¢(t,5)=0  forteR_,
where for some positive constants B and K the function f € CH*(R_ x S?) satisfies
(6.9) If| < KePtsin?0  on R_ x S2.
If B # 1 then
(6.10) €] < CePlsin®0  for B < 1,
€ — crel@?| < Cetsin®T0  for B> 1,

where c1, C' > 0, and v > 1 are constants depending only on «, 5, K, and the L>-norm of & on
R_ x S2. If additionally O,f satisfies (6.9), then 0y satisfies (6.10). Moreover if 3 =1, then &
may have a factor of t in the expansion at order €.

Proof. By Corollary 4.1 of [27] there exists a constant C' such that

(6.11) /S2 W@~ dvoly, < C/S2 |V gow|?@™* dvoly,,
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for all w € H&(SQ,Q_‘l). Then, for any 2 < p < oo, Hdélder’s inequality and the Sobolev
inequality on S? produce

2/3 1/3
/ lw|P@™* dvoly, < (/ w2@_6dvolg0) (/ w3p—4dv0lgo)
S2 S2 S2
/2
SC’(/ ]Vgow|2@74dvolgo)p ,
S2

where the constant C' depends only on p. This implies that Hol (S?,@=%) is compactly embedded
in L2(S?,0~*), where this latter space consists of L-functions on S? with respect to the measure
w—4dvol90. These observations may be used to show that the standard L?-theory for elliptic
equations in divergence form applies to the degenerate equation

w*divg, (@ *Vg4w) =h on S2
In particular, for any h € L?(S%,&w~*) there exists a unique solution w € H}(S?,&~*), and
I¥gntell e ooy < Cllbll 2z amy
for some universal constant C'. Moreover, for the eigenvalue problem
ot divg, (@ Vw) = —pw  on S?,

there exists a sequence of real eigenvalues pu1 < pe < --- converging to infinity, along with an
associated sequence of eigenfunctions {¢;}%°; that form an orthonormal basis of L?(S?,w~*).

Consider an eigenpair (u,w). We may apply a De Giorgi iteration as in the proof of [32,
Theorem 1] to obtain

Sup lw| < Cllwlr2(s2,5-4)-

It then follows from Lemma 3.5 that w € C3%(S?), for any a € (0,1), and
lw| < Cw*t®  on S?
where C' is a constant depending only on «, g, and the L®-norm of w. Note that w* €
H(S?, @) and
whdivg, (@ 1V ,0") = —dt.
Hence, 4 is an eigenvalue and w? is a corresponding eigenfunction. Since @* > 0 on §2\ {N, S},
we conclude that 4 is the smallest eigenvalue, that is pu; = 4.

Next, we will establish an L?-decay based on expansions in terms of the orthonormal basis
{pi}2,. Write

)= &Mei, )= fit)ei,
=1 i=1

and observe that
o

D () + 3E(t) — paa(t) + filt)) @i = 0,
i=1
so that

7 (t) + 3Ei(t) — paki(t) + fi(t) = 0.
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The two characteristic roots of this equation are

1
5(—3i 9+ 4p,).

In particular, these become 1 and —4 when ¢ = 1. By standard ODE analysis, we then have
€@ 12 (g2,0-0) < Ce™ i B < 1,
I€(t) — Clet@4HL2(S2,w*4) <ot if B> 1,

for some constants ¢, C, and ~v > 1.
The L?-decay may be transformed into pointwise decay in the following way. For any ¢ty < —1
and 7 € (—1,1) set

g( )= e Phog(tog+1,-) ifB<1,
7T eto (E(to +7,) — cgelo™™wh) if B> 1,

and
J?( )= e Pofto+1,.) if B <1,
DT e o pto 47, i8> 1L

Then [|£(7)]|p2s2 -1y < C, |f] < C@%, and
O (@ e’ 0:€) + divg, (Q_463TV90§~) =ty
Thus, a De Giorgi iteration as in [32, Theorem 1] produces

sup €] < C(I1€/@2 ] ro(1.1)xs2) + I1F /@2 oo ((—1.1)xs2)) < C.
(=1/2,1/2)xS?

We may then employ [27, Lemma 4.4], for any « € (0, 1), to obtain

sup (]5@‘3—‘1) <C.
(—1/4,1/4)xS?

This yields the desired result (6.10).
Finally, assume that 0, f satisfies (6.9), and observe that
O-(@ %70, 6,) + divg, (w_4e3TV90£~T) =0T S,
where §~T = 075 and ]77 = aff By the energy estimates for the equation of E, it is straightforward
to see that
"57/@2HL2((—3/4,3/4)xS2) <C.
Similarly, we have

sup (&8 ) < ¢
(—1/4,1/4)xS2

Therefore, 0:¢ satisfies (6.10). O

Remark 6.5. It should be noted that for any constant a € R, the function

(6.12) vo(0) = %a cos B(3 — cos® 0)
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appearing in the extreme Kerr harmonic map, satisfies the zero eigenvalue equation from the
proof of Lemma 6.4. However, since vy does not vanish at the poles it does not lie in the space
L%(S%,&w™%), and is thus not considered as a member of the orthonormal basis {;}52;.

Remark 6.6. We shall now compute some eigenvalues and eigenfunctions that are releveant to
the previous lemma. Consider

(6.13) Wtdivg, (@ *Vgw) = —dw  on S2\ {N,S}, we L*(S* oY),

and use the separation of variables ansatz w(6, ¢) = () cos(m(¢ — ¢o)) for m =0, 1,... where
¢o is a constant. Under this assumption equation (6.13) may rewritten as

1
sin® Gdie <sm30 ZZ) + Asin? 05 — m?n =0, neH=L*0,7],0?).
Making the substitutions x = cos @ and A = £(£ + 3) produces
(6.14) (1 =22 +22(1 — 2°) 0/ + (£(£ + 3)(1 — 2®) —m*)n = 0,

where 7/ = g—z. It is straightforward to check that n(x) = (1 —22) y(z) satisfies (6.14) if and only
if y(x) satisfies the general Legendre equation of degree £ 4+ 1 and order n = v/m? + 4, that is

(1 -2y —22(1—2*)y' + (L + 1)L +2)(1 —2%) —n?)y =0.

Thus we conclude that n(z) = (1 — z?)(a P2, (z) + bQ},,(x)), where P and Q},, are the
associated Legendre functions of the first and second kind respectively, and a, b are constants.
For applications to stationary vacuum black holes, the relevant harmonic maps are axisymmetric,
in which case we may restrict attention to m = 0. In this situation, n = 2 and Q% 1 has a simple
pole at the endpoint # = 1. It follows that (1 —22)QF, (1) # 0, and hence cannot be in H.
Similarly, if £ ¢ N then P€2+1 has a simple pole at the endpoint x = —1. We conclude that
A¢ = £({ + 3) are eigenvalues for each for £ € N, with eigenfunctions w(#) = sin® P2, (cos ).
Moreover, by Rodrigues’ formula

1— .’E2 d€+3

2 _ 2 /+1
Pra(z) = 2T+ 1) dat+3 1

(x )

and thus the eigenfunctions may be rewritten as

sin* 6

wg(é?) = mpy(cos 0),

where py is a polynomial of degree ¢ —1. Lastly, note that since s < A9 = 10, the decay constant
~ of Lemma 6.4 is not greater than 2.

We are ready to prove the main result in this section, which offers an asymptotic expansion
at infinity for the renoramlized harmonic map.

Theorem 6.7. Let (®,v) € HL_(R_ x S?) be a weak solution of (6.2) satisfying (6.3), (6.4),
and (6.5) for some positive constants A and a. Then there exist constants cg, c1, C and degree
0, 1, and 2 spherical harmonics Yy, Y1, and Yo respectively, such that for allt < —1 the following

expansions hold

(6.15) |B(t) — co — 'Yy — e2tY] — e3th\Cs(Sz) < Ce3+At,
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and
(6.16) v(t) — vo(0) — cre'@?|pagz) < Ce AL,

for some B € (0,1) and where vy is given by (6.12). Moreover, corresponding asymptotics are
valid for the t-derivatives of (®,v).

Proof. Write the first equation of (6.2) as L® = f, where
f=2e"V 2 = Mo et (|0w]* + |Vgv]?).
By the estimates for ® in Proposition 6.1, and the estimates for v in Proposition 6.2, we have
’f‘ < Ce4ta)f4w4+2a < Ce4t®2a < Ce4t

for any a € (0,1). Moreover, by Lemma 6.3 there exist constants cg, C, Yy and degree 1 and 2
spherical harmonics Y; and Y5 respectively, such that

|(I)(t) —cg— etY'O - thY'l o eSt}/Q|Cl,a(S2) < C€(3+ﬁ)t

for any o, 3 € (0,1) and all t < —1. In order to improve this estimate to involve C3-norms, we
note that
|vgof| < Ce4t@75a]4+2a < Ce4ta}2a71 < C64t

if a € (1/2,1). In fact, by choosing ¢ € (0, 1) sufficiently small depending on «, we find
v g y g
Vgofloo(sz) < Ce.
Hence the methods of Lemma 6.3 yield
|B(t) — co — 'Yy — e*Y] — e3tY2\03,g(§2) < CeBHA,

which gives (6.15). Furthermore, estimates of ¢-derivatives may be obtained in a similar manner.
For example we have

|0;®(t) — 'Yy — 2e%tY] — 363th\Cs,o(S2) < Ce3H0t,
along with an analogous estimate for 9?®. In particular, it follows that
(6.17) |0,®| + |07®| < Cet, Vo ®| + [V 0, ®| < Ce*.
Consider now the equation satisfied by v. Observe that
Lv +4Vu - Vv = 020 + 300 + Agyv — 4V In@ - Vv + 4V, 8 - Vo
= 020 + 30w + wdivy, (@ 1V gyv) + 4V, - V,u,
so that the second equation of (6.2) may be expressed as
v + 30w + widivy, (0 4V yv) = h,
where
h=-4V,® -V =—-4Vy® - Vg v —40,P0v.
By Remark 6.5, we have widivy, (0™4Vy,v9) = 0. Therefore, if £ = v — vy then
OFE 4 30,6 + @ divy, (@ 1V 4, 8) = h.
Notice that (6.7) gives
(6.18) IV go0| + |V g Orv| < C*te, |0 + |07v| < C3te,
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which together with (6.17) produces
’h‘ < C€2ta)2+a + Cet@3+a < Ceta)2+a,
and similarly
0:h| < Ceta® T,
We may now apply Lemma 6.4 to obtain
0| = [9,€] < Cela®te,

for any § € (0,1). Moreover, by using the above estimate of dyv instead of the one in (6.18), it
follows that
‘h‘ < Ce(1+6)t@2+a'

Applying Lemma 6.4 again prouces
’5 o Clet@4| < C€(1+B)t@3+a,

for some constants 3 € (0,1), ¢1, and C' > 0. The desired expansion (6.16) with C3-norms
now follows from Lemma 3.6. Similar arguments yield the corresponding estimates for the
t-derivatives. O

Proof of Theorem 2.3. The hypotheses guarantee the applicability of Theorems 3.4 and 6.7, from
which the desired result follows. O

7. NEAR HORIZON GEOMETRY AND CONICAL SINGULARITIES

In this section we will give an application of the asymptotic analysis presented in previous
sections to the classification of near horizon geometries, and will give a geometric interpretation
of the parameter b appearing in the expression of tangent maps at punctures. For the notation
and background, we refer to the last portion of Section 2.

7.1. Near horizon limit: proof of Theorem 2.5. Near horizon geometries (NHGs) arise
through a limiting process in the vicinity of a degenerate (extreme) black hole, which infinitely
magnifies the spacetime geometry at the horizon, see [25] for a detailed review. In the physics
literature, a rigorous justification of the so called near horizon limit that gives rise to the NHG, is
often not addressed. Here we will prove that this limit exists as a consequence of the asymptotic
analysis studied in this work.

Consider a puncture p; at the intersection of two axis rod closures I'; and I';, 1, lying to the
south and north of the puncture. We may introduce polar coordinates (r,6) centered at this
point, such that p = rsinf and z = r cos . As usual, write v = ® —Insinf so that U = &+ 1Inr,
then the spacetime metric becomes

d 2
(7.1) g = —r2e?%dr? + e 2 sin? O(do + wdr)? + e 222> <T2 + d02> .
r

The NHG metric is obtained from the scaling r = €7, 7 = € 17, ¢ = ¢+ Qe ' 7 by letting € — 0,
where 2 is the angular velocity of the black hole. Moreover, justification and computation of
this near horizon limit will follow from the expansion of the metric coefficients that is implied
by Theorems 2.1 and 2.2. To begin, observe that without loss of generality it may be assumed
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that v = £a on I'j41, I'; respectively, for some a > 0. Then for all sufficiently small r this result
yields
- 1 2av1 — b2
d(r,0) = ®(0) + O(P) = -1 O3
(r,6) (8) +O(r") 2n1+cos29+2bc089+ (%),
b+ bcos? 0 + 2cos b

"1+ cos20 + 2bcosf

(7.2)

o(r,0) =5(0) + O(r’) = a O(r?),

where § >0 and b € (—1,1).
It remains to calculate the expansions for & and w. Using the relations

9, = sin 09, + CO:Qag, 8, = cos 00, — gag,
together with (2.11), and the estimates
(7.3) 7|9,®| + |89(® — ®)| = O(F), (sin 0)~7/27|8,v| 4 (sin 0) /2|9y (v — 0)| = O(rP),

which follow from Proposition 3.9, we have
rora = rsin 00, + r cos 0,

2
p

=1 —sin? [(Dg — cot 0)? + e*v3] + O(r”)
= o),
where in the last equality we employed the expression for ® as well as (4.5) to find

B0 — _ sin (cos 6 + b)
0 T 1 ¥ cos2H+ 2bcos )’

= rsin&[2up+%+p(u?,—u§+e4uw —vg))} +7’COS9[2uz+p(2upuz+264“vpvz)]

2\ @i 2
duz2 _ sing —4® By _ a(l —b)sin® 6 5
= 0@7) = o).
e U@ Aa2 € + (/r' ) (1 +C0820 + 2bCOS 9)2 + (T )

Similar manipulations give rise to
dpax = — sin ) cos O + 2sin® 0B + sin O cos O (3 + e**73) + O(r?)

sin® f(cos 6 4 2b) 00,
1+ cos?26 + 2bcosf

= —sinfcosf —

It follows that
(7.4) a(r,0) =In(1+ cos® 0 + 2bcos 0) + o + O’y = a(h) + O(r?),
where oy is a constant of integration.
We will now compute the expansion of w. Observe that with the help of (2.10) and (7.3) we
have
rOpw = 7sin 00,w + r cos 00w
=rsinf (2pe4uvz) —rcosf (2pe4uvp)
= 272 sin fett [sin& (cos Ov, — Sifevg) — cosf (sin Ov, + Mv(;)]

T
5 148
R +O<‘.r12 >’

sin/2 ¢
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and similarly
Opw = 1 cos 00,w — rsin 0, w

=rcosf (2pe4uvz) + rsind (2pe4uvp)

= 272 sin Pt [cos 0 (Cos Ov, — Siﬂevg) + sin 6 (sin Ov, + @vg)]

= 272t Ur
sin> @
O(Tl-‘rlg)
It follows that
= 1+8 r P48
W e oI s o)
(7.5) W= e sin® 6§ * sinl/2 ¢ wo a + sinl/2 ¢

where (4.5) has been used in the last equality and wq is an integration constant that represents
the sign reversed angular velocity of the black hole, —{2. We may now apply the expansions
(7.2), (7.4), and (7.5) to take the near horizon limit in (7.1) and obtain the near horizon metric
292852, 28 2.(a7 . T 2\? | —2d+2a CEQ 2
gNg = —Te“TdT + e “Tsin“f(dp+ —dT) +e —- +db

a 7

2(1+00829+2b0080) _3 2av/1 — b2sin26

-7
20v1 — b2 1+ cos?6+ 2bcosb
av'1l — b2

dr?
2 2
+ 5 (1 + cos 9+2bcos€)(f2 +d9).

The integration constant of (7.4) has been chosen so that e?*0 = 1/4, which yields the near
horizon metric of the extreme Kerr black hole (extremal Kerr throat metric) [8] when a = 27
and b = 0, where J denotes angular momentum.

(d& + gd%) ’

7.2. Angle defect at punctures: proof of Theorem 2.4. We will now show that the pa-
rameter b € (—1,1), that appears in the tangent map and near horizon geometry of an extreme
black hole, completely determines the difference of logarithmic angle defects associated with
the two neighboring axis rods. Namely, consider the two axis rods I'; and I'j4; lying directly
to the south and north of the puncture p;, each having logarithmic angle defect b; and by,
respectively. According to (2.12) and (7.4) we find that

L (140 _ by — by
bi11 — b, = ;gl%) (a(r,0) —a(r,m)) =1In (1—b> & b=tanh <2 .
In particular, the case b = 0 corresponds to a ‘balanced horizon’, in that conical singularities on
both sides of the black hole may be relieved by choosing the constant ay in (7.4) appropriately.
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