POSITIVE MASS THEOREMS FOR ASYMPTOTICALLY FLAT AND
ASYMPTOTICALLY LOCALLY FLAT MANIFOLDS

MARCUS KHURI AND JIAN WANG

ABSTRACT. In dimensions n < 7, the mass of AF manifolds having nonnegative scalar curvature is
shown to be nonnegative if a sphere in the asymptotic end is trivial in H,_2(M), with zero mass
achieved only for the product R" ™! x S'. The same conclusions are obtained in dimension 4 for ALF
manifolds admitting an almost free S'-action. Moreover, the mass is shown to be bounded below by
a multiple of the degree of the S'-bundle at infinity.

1. INTRODUCTION

A landmark result in the study of scalar curvature and in mathematical relativity is the positive
mass theorem, proved originally for asymptotically Euclidean (AE) manifolds of nonnegative scalar
curvature by Schoen-Yau [29] and Witten [32]. This theorem has been successfully extended in the
asymptotically hyperbolic regime [9,31,33], as well as in the asymptotically locally hyperbolic [2] and
complex hyperbolic settings [6,20]. Motivated by considerations in quantum gravity, the result was
conjectured to hold for asymptotically locally Euclidean (ALE) manifolds, however counterexamples
where found by LeBrun [21]. Versions of the positive mass theorem in the ALE case for Kéhler
manifolds have been established by Hein-LeBrun [19], and under a spin structure matching condition
by Dahl [11]. More recently, with inspiration coming from the study of gravitational instantons,
Minerbe [27] has obtained versions of the theorem pertaining to the AF and ALF settings, and Liu-
Shi-Zhu [25] as well as Chen-Liu-Shi-Zhu [7] have proved incarnations for the AF and other cases.
See also the related results of Dai [12], and Barzegar-Chrusciel-Horzinger [4]. However, the AF and
ALF settings remain the least well understood.

The Euclidean Reissner-Nordstrom metrics on R? x S? are AF and scalar flat, but they can have
negative mass for certain choices of parameters. In [27, Theorem 0.1] Minerbe sought to explain
this phenomena by asserting that mass is nonnegative for ALF manifolds under the assumption
of nonnegative Ricci curvature, which Reissner-Nordstrom does not satisfy; note that Minerbe’s
definition of mass in this result is different than the standard one. In a different direction, Liu-
Shi-Zhu [25, Theorem 1.2] show that for AF manifolds of dimensions less than 8 the positive mass
theorem holds under an incompressible condition for the circle at infinity.

Definition 1.1. A complete Riemannian manifold (M", g) is called asymptotically flat (AF) if there
is a compact set K such that each component of M \ K is homeomorphic to (R*~1\ B"~1(0,1)) x S!
and on each end

|9 = g0l + 2|1V (g = go)| + [2*| V(g — go)| = O(|a| ™),

where go is the flat metric on R"™1 x S! and p > (n — 3)/2. On the end &, the sphere Iy, =
OB" 1(0,7) x {6} in € is called a sphere at £, where § € S, and r is large enough.
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Our first result is related to that of Liu-Shi-Zhu [25, Theorem 1.2], in that topological aspects of
the asymptotic end leads to positivity of mass. The proof is based on stable minimal hypersurfaces.

Theorem 1.2. Let (M",g) be an AF manifold and with non-negative scalar curvature, where 4 <
n < 7. If some sphere Iy, at € is trivial in Hy,_o(M™), then the mass is nonnegative. Moreover, the
mass vanishes if and only if (M™, g) is isometric to R"~! x St,

In another direction, Minerbe [27, Theorem 0.2] considered AF manifolds with nonnegative scalar
curvature and a matching condition for the spin structure at infinity, to establish a positive mass
theorem. The restriction to AF asymptotics does not allow for an application to examples such as
the (multi)-Taub-NUT geometries, which have nontrivial fibrations in the asymptotic end. To the
author’s knowledge, there are no known positive mass theorems in the literature for general ALF
manifolds with nonnegative scalar curvature. The two theorems below aim to fill this gap.

Let mp : X — R3\ B(0,1) be a principle S' bundle, and let Tj be the infinitesimal generator of
the S! action on X. The model metric h on X is given by

h =75 (grs) + 15,
where 79 is a 1-form with 79(7p) = 1. We further define

1

Deg(X)| = ——
IDes(¥)] = i

no A dno,

XlaB(0,R)

and observe that this is the modulus of the degree of the S'-bundle, and is independent of R.

Definition 1.3. Let (M* g,€) be a complete 4-manifold with asymptotic end £. The manifold
is called asymptotically locally flat (ALF) if £ is homeomorphic to X and admits the following
asymptotics

lg — Bl + |2[|V (g = )| + |2[*|V2(g — h)| = O(l=| ™),

where p > 1/2. Moreover we set |Deg(€)| := |Deg(X)].

Toric and S'-symmetries play an important role in the study of gravitational instantons [1]. There-
fore, it is natural to consider positive mass theorems in the ALF setting which assume such symme-
tries. We will restrict attention to the case in which the circle action has a finite number of fixed
points.

Definition 1.4. A S'-action on a complete ALF manifold (M?*, g, £) is called almost free if it satisfies
the following.

(1) S! acts on M* by isometrics.
(2) The S' action preserves the principle S' bundle X'
(3) There are finitely many points {pi,--- ,pr} such that S! acts on M*\ {p1,--- ,pi} freely.

O’Neill’s formula for the scalar curvature of Riemannian submersions shows that if the fibers are
flat, then the difference of the base and ambient scalar curvatures is weakly nonnegative. Based on
this observation, we are able to perform a reduction argument to the 3-dimensional asymptotically
Euclidean case in order to obtain mass positivity in the presence of an almost free action.

Theorem 1.5. Let (M*,g,€) be a complete ALF manifold with nonnegative scalar curvature. If it
admits an almost free S action, then the mass is nonnegative. Moreover, the mass vanishes if and
only if (M*,g) is isometric to R3 x St
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Generalizations that include positive lower bounds for the mass in terms of horizon area, charge,
and angular momentum are well-known in the AE setting, and are referred to as Penrose-type
inequalities. In the ALF regime we are able to prove a mass lower bound in terms of the degree of
the bundle at infinity. Although the constant obtained in the next result is not sharp, we anticipate
that with an optimal constant rigidity should be obtained only for the (multi)-Taub-NUT manifolds.

Theorem 1.6. Let (M*,g,£) be a complete ALF manifold with nonnegative scalar curvature and
mass m. If it admits an almost free S' action then

1
m > 2| Deg(€)]

2. PRELIMINARY: S'-INVARIANT FUNCTIONS AND ADM MASS

2.1. ALF 4-manifolds with an isometric S'-action. Let mp : X — R3\ B(0,1) be a principle
S! bundle and T be the infinitesimal generator of the S action on X. The model metric h on X is
defined as follows:

h = 5 (ggs) + 15,
where 79 is a connection 1-form with 79(7p) = 1. The curvature of the principal S'-bundle is

(2.1) dro = (m5)" (w)

where w is a closed 2-form on §? and 7}, := promg : X =% R3\ B(0, 1) 2L, S, Then, for any R > 1,
one obtains that

1 Ad 1/ "
(22) |SlHS2’ Mo Tlo = |82’ g2

X|aB(0,R)

It is a topological invariant, independent of R, called the degree of the bundle X.

Remark 2.1. The scalar curvature R does not vanish. It enjoys the following decay:

o (Deg(x))?

4 4rt
Example 2.2. Consider the Hopf fibration 7o : C?\ B(0,1) and the S'-action induced by complex
number’s multiplication. The 1-form 7q is the standard contact form on S? ¢ R*. The degree of the

bundle is equal to 1.
The metric h = 7*(grs) + 7@ is the model at infinity of Multi-Taub-NUT metrics.

(2.3) Ry =

In the following, we suppose that (M* g,€) is a complete ALF manifold with an almost free
St-action. Consider the infinitesimal generator T and the S'-invariant 1-form n with n(7) = 1. The
metric g can be written as follows:

B 1
g=ﬂ*(9)+Wn®n

where 7 : M — M/S! is the quotient map and (M, g) is the quotient space.

Proposition 2.3. Let (M*,g,&) be a complete ALF 4-manifold with almost free S'-action and T,
1 defined as above. Then, one has that

im — n A dn exists
R—o [SY[S?] Jasp.r)

and it is equal to |Deg(E)|.
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Proof. Recall that dny € 022’0‘ and n—ng € Cﬁ’a and dn —dng € Cffu where > 1/2. Then, one has

that

1 1
TSRITST] nAdn = s<iiaa no A dno + o(1)
ISUIS?] JaBp,r)) ISUIS?[ JaBp,r)

Notice that faB(p’R) no A dn = — faB(p’R) d(no Am) + faB(%R) nAdng = faB(%R) n A dng. The second
equality follows form Stokes’” Theorem. Namely, one has that
1 1
—_— NAd) = = no A dno + o(1)
ISY[S?| JoBp,r)) ISUIS?| JoBp,r)

The asymptotic behavior of 7 implies that W faB(p R))(n —no) Ad(n —mno) = o(1). Then, one
obtains that
1 1

S 77/\d77=(/ 770Ad77+/ 77/\d770—/ no A dno) + o(1)
ISUIS?| Jopp,r)) ISYIS?| " JoBp,R) 9B(p,R)) OB(p,R)

)
= — A dng + o(1
S Jomipm, ™0 0 )

0

2.2. S'-invariant functions. Let (M*, ) be a complete ALF manifold with an almost free S!-action
and T', n defined as above. The metric g is in the following form:

L 1
(2.4) g=m (g)+Wn®n

where 7 : M — M/S! is the quotient map and (M, g) is the quotient space.

In the following, we may assume that the Sl-act on (&, ¢lg) is free. That is to say, the quotient
space (€, g|g) is a smooth manifold and asymptotically Euclidean, where € := £/S!. Any S'-invariant
function f (i.e. f(z) = f(v-x) for any v € S') on M can be expressed as follows:

f=m(f)

where f is a function on the quotient space M.

Proposition 2.4. For any S'-invariant function f = 7*(f) on &, one has that
(2.5) Vo(f) =" (Vgf)
* r 1 r
(2.6) Ag(f) = 7" (Dgf + 5 Vglog(|nll*) - V3 f)
(2.7) / fdvol, = ]Sl\/_ fInldvolg
M M

The proof follows from (2.4).

Remark 2.5. Definition 1.3 implies that V;log(||n||?) € Cllf#. Moreover, if |||T|| — 1] < § on €&,
where ¢ is a small constant, one obtains

(2.8) IVafllze = IV AT IFlIE = IIFIIE

Let’s recall the weighted Schauder estimate on an asymptotic Euclidean end.
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Theorem 2.6. (Meyers [26] or Lee [23]) Let (X3, g) be an asymptotically Euclidean end. Suppose
Lu = f, where u is bounded smooth function and Lu = a@j@i’ju + b;0;u + cu is a linear elliptic
operator. If L satisfies that for some e € (0,1).

aij—0;; € CO b e O, ce O and f € Oyt
Then, there exist constants aso, Coo Such that
u— (aoo + C%o) € Cffe
We use Theorem 2.6 to get a Schaduder estimate for ALF manifolds.

Lemma 2.7. Let (M* g,E) be a complete ALF manifold. Suppose that an isometric S'-action
(E,9le) is free and three S'-invarinat functions u, f and c satisfy that

Agu+ c(x)u = f(x).

If u is bounded, ¢, f € C’gfg(f,'), for some € € (0,1) then there are two constants as, and by such that

b
u— (aoo—i—%o) € Cffe,

where € = min{p, e} and p > 1/2.

Proof. The quotient space € := £/S! is asymptotically Euclidean, where g|g satisfies that

gle — grs € C2(E).

One has that u = 7*(@), f = 7*(f),c = 7*(¢) where f,¢ € Cg_fg(g). Using (2.6) the differential
equation can be expressed as follows:

_)
Agu+g(b,Vgu) +cu=f

_>
where b = %Vg log(||n||?) € Cllfu € CH®. We apply Theorem 2.6 to find two constants, aeo and beg
such that
b _
i~ (a0 + =) € e (€)
Such an asymptotic estimate also holds for w. O

2.3. ADM mass. The ADM mass for an asymptotically Euclidean end is a geometric invariant,
independent of the choice of the coordinate at infinity and the model metric (See [3]). In this
subsection, our facus is on the ADM mass for ALF 4-manifolds.

Proposition 2.8. Let (M*,g,&) be a complete ALF 4-manifold. Then the ADM mass

1
4 . . _

is a geometric invariant, independent of h.

Remark that if (M™,g,&) is a complete AF manifold, the ADM mass is a geometric invariant,
independent of choice of h (See Theorem in [7]).
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Proof. We first show that the limit exists. Then, we prove that the limit is independent of the choice
of the model metric.

Step 1: The existence of the limit.
Let h = 74 (grs) + 13 be the model metric on £ and Tp the infinitesimal as above. There is an

orthogonal frame (X1, X2, X3,Tp) for h. We can express the scalar curvature R, under this frame:

1 o
(2.10) Ry = Faa(gab,b — Gbba) + O(r27%)
g 2
where a, b runs over all index {X7, X5, X3, Ty} Then, one has that for any R > R’

(2.11)
/ en(divi(g) — dira(g)) — / an(divi(g) — dira(g)) = / Da(gar — Gy dvoly
dBr OB

BR\BR/
1
- —10a(gabb — gbb,a)dvOly
Br\Bp |g|2

= / (Ry + O(r~*72))dvol,,
Br\Bp/
The last equation follows from Equation (2.11). Then, we can conclude that
limp_ oo W faBR xp(divy (g) — dtrp(g)) exists,
because R, € LY(€) and p > 1/2.

Step 2: The limit is independent of the choice of the model metric h.

Consider two metrics h = dz? + 13 and b/ = dz'? + nf} on X with different connections. From the
proof of Proposition 3.6 in [27], we have that the h-orthonormal frame field (X, X9, X3, Tp) defined
in Setp 1, is r~!-close to the h/-orthonormal frame field (X], X}, X5, T}). Further, we obtain that

*n(divi(g) — dtrp(g)) — *w (divie (9) — dtrp (9)) = O(r~?).
Hence, the limit is independent of the choice of the model metric h. O

Remark. Let (X, X2, X3,7p) be the h-orthonormal frame field on X defined in Step 1. Use the
same argument in the proof of Lemma 4.8 in [7] to get that

(9ijj — 9jji) *n dx* — lim e xpdg(To, To)

2.12 m(M*, ¢,&) = li
(212)  m(M.g.£) A TS S,

SR
R—oo [S?(|SY Jop,
where 7,5 € {1,2,3} and X; = %, gi; = 9(Xi, Xj).
Corollary 2.9. If (M*,g,&) admits an almost free S'-action, then

- - 2
(2.13) mADM(M4,g,5):mADM(M,§,5)+ lim T T(N) - v
R—oo [S?| Jop(R)

where the quotient map 7 : (M*,g) — (M/S',g) is a Riemannian immersion and N is the mean

curvature of each fiber 7=1(z) for z € M.

Notice that (£, §|g) is an asymptotically Euclidean end and the ADM mass is

1

m(M7 g, 5) = Rhl}})o @ /QB(p,R) *9R3 (divg]ng - dtr9R3 g)
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Proof. Let T and n be defined in Section 2.2. The metric g can be expressed as follows:

* (— 1 2
g=7(9) + 5"
|n|?

From Proposition 2.8, m(M*, g, €) is independent of the choice of h. We may assume that

h =" (ggs) + ng-

Let (X1, X2, X3) be a ggs-orthonormal frame field on £. Then, {X1, X2, X3,7p} is a h-orthonormal
frame field on &, where X; = 7.(X;). Notice that g(X;, X;) = §(X;, X;).
The first part of Equation (2.12) can rewritten in the following form:

. 1 A
m e (9ij.j — 9j54) *n da’ = lim —meas (9ij.g = Gija) *gga (dT*) Ao
Rvoo [S2[ISY Joppry 7 T Roo [S2[[SY] Jopgpry = 07 P T

= lim - (Gijj — Gjji) *gps (dT")
B(5,R)

= lim / xg o (divy . — dtrg g
2 aB(ﬁ,R) 9]1{3( Ir3 9r3 )
=m(M,g,&).
We directly compute that
1
g(T.T) = 9(To, Tp) € Cy;" and N = 2 dlogg(T.T)
where y1 > 1/2. The second part of Equation (2.12) is

1
xpdg(To, Tp) = — lim ——— xpdg(T,T)

— lim ————
Rroeo [S2[ST] Jop,, Roo [S?][8T] Jos,,

2
= lim ——— N
Rovoo [S21ST] Jop, "

2
= lim — 7« (N) - v
R—o0 |S?| Jop(Rr) ™)

3. ALMOST FREE ACTION AND LOCAL STRUCTURE OF SINGULARITIES OF M*/S!

In this section, we consider a complete ALF manifold (M*, g, £) admitting an almost free S'-action

and study the local singular point of the quotient space (M*/S!, g).

Theorem 3.1. Let (M*,g) be a complete manifold with an isometric S*-action. If S' acts on (M, g)
freely, expect finitely many points {p1,--- ,pr}, then (M/S',g) is a smooth manifold outside finitely
many points, p1, P2, - - Pr- Moreover, for each p;, there is a neighborhood U; such that

dlo, = (dr)” +12gp1 +o(r?),
where gp1 = iggz is the Fubini-Study metric on P'.

We first study the behavior of the S'-action near the fixed points and its relationship with the
quotient metric near singular points. Precisely, near any singular point, g can be expressed as follows:

glg, = (dr)? +r%gsz + o(r?)
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where (X2, g52) is the quotient space of (S?, gss) by an isometric and free S'-action A(t) (see Propo-
sition 3.3 and Remark 3.4). Then we show that the action A(¢) induces the so-called Hopf-fibration.

3.1. Metric structure near fixed points. Without loss of generalization, we assume that
p is the unique fixed point of the S'-action

That is to say, the quotient space M/S! is a smooth manifold outside p. The isometric S'-action is
associated with a group homomorphism S(¢) : St — Isom(M, g).

Proposition 3.2. If p is an isolated fived point of the isometric S'-action on (M?*,g), then one has
that

e the tangential map A(t) := dS(t)|, : T,M — T,M is an isometry for each t € S*;
e The action S(t) is a free S'-action on OB(p,r), for r > 0 small enough.

Notice that A(t) : S* € T,M — S* C T,M is also an isometric S'-action on S3.

Proposition 3.3. Let (M,g), S(t) and p be assumed as in Proposition 3.2. Then, one has that
o the space (0B(p,7), %Gloppn) C (M*/SY, 5g) converges to a metric space (52, gs2) in the
Gromov-Hausdorff topology;
o the space (X2, gs2) is isometric to the quotient space of (S, gss) by the action A(t)

Proof. For 79 < 3Inj,(p), the induced S'-action S(t) on B(0,79) C T,M is defined as follows: for
any v € B(0,7g)
expy(S(t)v) = S(t)(exp,(v))
It is an isometric S'-action, with respect to the metric exp}(g) on B(0, o).
In the following, we choose a sufficiently small constant ro such that 0 is the unique fixed point of

the action S(t) on B(0,79) C T,M. Then, one has that for any r < ro,

e S(t): dB(0,r) C T,M — dB(0,7) C T,M is a free action;

e it is an isometric action, with respect to the metric g,, := exp;(g)lap(,). (because the

metric expy(g) on B(0,70) is S(t)-invariant. )

For any r < rg, define a S'-action S,(t) on the space (S, L gpr) as follows:

~ 1 1
50(6) 48", 59n0) — (8%, 30r)

vo— 280

From the construction, this action enjoys the following properties:
(A) It is an isometric and free St-action; )
(B) lin% Sr(t) =dS(t)], = A(t) € Isom(T, M), since S(0) = 0.
r—
(C) for r < To, EB(ﬁa T)vg’B(f),T)) C (M/Sl’g) is the qUOtient space of (B(O,T), eXp;()(g)’B(O,T)) by
the action S(t). i
(D) for r < rg, (0B(p,r), r%g‘aB(ﬁﬂ")) is the quotient space of (S, r%gﬁp) by the action S, (t).
The item (D) follows from the item (C) and the definition of S,.(t).

The space (S?, r%gr,p) converges to (S?, gss) as r — 0 in C*-topology. Moreover, from the item (B),

one has that (S*, gy, S,(t)) converges to (S%, gss, A(t)) in equivariant Gromov-Hausdorff topology

(see Definition 3.3 in [15]).
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0
(837 T%gp,r) — (837983)
lgr(t)—action lA(t)—action
D(= - 0
(aB(pv T)’ 1%29‘63(13,7")) — (27 gZ)

From Lemma 3.4 in [15], the second line is the Gromov-Hausdorff convergence in the diagram. Then,
(X2, gs2) is isometric to the quotient space of S* by the action A(t). O

Remark 3.4. If A(?) acts on (S3, gss) freely, then the space (X2, gs:2) is a smooth manifold. Namely,
(0B(p,r), %2§|8B(ﬁ,r)> converges (¥, gs2) in the C1®-topology. The quotient metric g can be expressed
as follows:

(3.1) glo, = (dr)* +1%gs2 +o(r?)
In the following, it is sufficient to prove that A(t) is a free S'-action on (S3,ggs). Since A(t) :
T,M — T,M is an isometric S'-action, it can be written as follows:
A(t) = P!

where E € so(4). Use the normal coordinate and the Jordan decomposition for so(4) to rewrite E
as follows:

0 n9
—ng 0

The complex coordinate on T, M = C? allows us to rewrite A and E

B Z'nl _ einlt
R N I TOR L

Because the metric A(t) is of period 2, one has that n; € Z for i = 1, 2.

Theorem 3.5. Let (M, g), S(t), A(t) and k; be assumed as above. Then A(t) is a free action on
(S3, gss). Moreover, k; = 1 fori=1,2.

Remark 3.6. From Theorem 3.5 and Remark 3.4, (X2, gs;) is a smooth manifold. Moreover, one
has two cases

o if kiky = 1, then S® — ¥ is the circle bundle of O(1)-bundle over Pl
o if kiky = —1, then S* — ¥ is the circle bundle of O(—1)-bundle over P*.

To sum up, (¥, gs) is isometric to (P!, grg), where grg is the Fubini-Study metric on P!. That’s to
say,

g= (d?“)2 + r29p1 + 0(7’2).

For proving Theorem 3.1, it is sufficient to complete the proof of Theorem 3.5
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3.2. Link number. In order to prove Theorem 3.5, we begin with the link number and then talk
about its application for the S' action on (M4, g).

Definition 3.7. Let L = L1 I Ly C S? be a link with two components. The link number Ik(L1, Ls)
is defined as follows:

[Lo] = lk(Ly, Lo)[ma] € Hy(S?\ Ly),
where m; is a generator of the kernel of 71 (0B(L1,€)) — m(B(L1,¢€)) and B(Lq,e€) is the tubular
neighborhood of L in S3 \ Lo with radius e.

Lemma 3.8. Let L = Ly 11 Ly C S3 be a link with two components and L' = L 11 Ly be another
link, where L) is a subset of B(L;,€;). Then one has that

Lk( /17L/2) = deg(Pry, ’L’l) ) deg(PrL2|L’2) ~lk(L1, L),
where Pry, : B(Li,€;) — L; is the projection.
Proof. From the loop lemma (see Theorem 3.1 in [17]), we find an embedded disc D; bounded by
a meridian my of L;. We may assume that L) intersects D; transversally and each component of

B(L},€}) N Dy is a disc, where B(L},€}) C B(Ly,€1) is the tubular neighborhood of L] . Definition
of the degree of a map shows that

(3.2) [ma] = deg(Pr, [r;)[m] in Hy(B(La,€) \ IntB(L], €1)),
where m/ is a meridian of L}. The equality also holds in H;(S*\ L}).
Definition 3.7 gives that
(3.3) [Lo] = lk(Ly, Ly)[my] € Hy(S*\ Int B(L1,e€1)).
It also holds in H;(S®\ L}). Hence, one has that in H;(S®\ L))
[L5] = deg(Prr,|r,)[L2]

= deg(Prp,|r,)lk(L1, L2)[mi] from Equation (3.2)
= deg(Prr, |1, )lk(L1, L2) deg(Pry, \Lfl)[mll] from Equation (3.3).
Therefore, we can conclude that Ik(L}, Ly) = deg(Prp,|r) - deg(Prr,|ry) - tk(L1, La). O

Lemma 3.9. Let 7:S? = S? be a principal ST bundle. Then it is the Hopf fibration. Moreover, for
any two distinct points p,q € S?, the pre-image 7~ ({p, q}) is a link and its link number is +1.

Proof. From [8], the isomorphism classes of principal S'-bundles over S? are in one-one correspon-
dence with 71 (S0(2)).

Z=m(SO(2)) <+— {principle S'-bundle over S?}

n Pn

Namely, for any n € Z, there is a principle S'-bundle P, over S?. Using the clutching construction,
the total space of P, is homeomorphic to the lens space L(n, 1).

There is a ng € Z such that the principal bundle P, is isomorphic to 7 : S — S!. Namely,
L(ng,1) = S3, which implies that ng = +1. The principal bundle 7 : S* — S? is the so-called Hopf
fibration. Then, the link 7=1({p, ¢}) is a Hopf Link whose link number is +1. O

Corollary 3.10. Let S.(t) : S* € T,M — S* € T,M be a free S'-action defined in the proof of
Proposition 3.3. Then, one has that
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e the quotient space of S® by the action S'T(t) is homeomorphic to S?
e the quotient map S® — OB(p,r) by the actionS,(t) is a Hopf fibration.

Proof. Since S.(t) : S* — S? is a free S'-action, the quotient map S* — dB(p,r) by the action
S,(t) is a principal S'-bundle. The long exact sequence for fibration (see Theorem 4.41 in [18])
implies that mo(0B(p,r)) = Z and 71 (0B(p,r)) = {1}. That is to say, the quotient space 0B(p,r) is
homeomorphic to S?.

From Lemma 3.9, the quotient map is a Hopf fibration.

3.3. Proof Theorem 3.5. We now use the link number to complete the proof of Theorem 3.5.

Proof. As in Section 3.1, the matrix A(t) can be written as follows:

einlt 0
O

Choose two points v; = (1,0),v2 = (0,1) € S® := {(21,22) | |21]* + |22|?> = 1} € C? and consider two
circles C := {(21,0) | |z1] = 1} and Cy := {(0, 22) | |22| = 1}. Then, one has that

e for any t € St and i € {1,2}, A(t)C; = C;

e The union C; II Cy is a hopf link with (k(Cq,Cy) = 1.

Let S, : (83,7,%gr,p) — (S8, r%gnp) and A(t) be defined in Section 3.1. Since (83,%291,,7",3«(15))
converges to (S3, ggs, A(t)) in equivariant Gromov-Hausdorff sense, then for any e > 0, there is a
positive constant r;0 such that for any r < r; and v € S3,

[A() () = S (v) gy <€
That is to say, the orbit of S,.(t) including v; satisfies that
CZ/ = {S’T(t)vi | t e Sl} - B(Cl,ﬁ)

where B(Cj, €) is the tubular neighborhood of C; in (S3, gg3) with radius e. For i = 1,2, the degree
of PTC%‘C; : C! — C; is equal to n;, where Pr¢, : B(Cy,€) — C; is the projection map.

From Corollary 3.10, the union C] I C} is a Hopf link in S3, with (k(C,C5) = £1. Lemma 3.8
implies that
1k(C1, Cy) = deg(mcy | ) - deg(me, oy )IE(Ch, O) = nang

From Lemma 3.9, Ik(C7, C%) = £1, which implies that n; = +1. O

4. THE DENSITY OF ADM MASS FOR ALF 4-MANIFOLDS

Let X be the total space of a principal S' bundle 7y : X — R\ B(0,1). The model metric h on
X is defined as follows

h = 5 (grs) + 03

where 7 is a S! invariant one form.

Remark 4.1. The model metric h is not scalar-flat and its scalar curvature enjoy the decay Ry =
O(r=*). For any function f on R?\ B(0, 1), we have that

Anmo(f) = m5(Aps f)
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Then, Ap(m5(1 4 §=)) = 0. The scalar curvature of
1+ g)Qh

belongs to O(r~%) and its ADM mass is equal to m.
Definition 4.2. Let (M*, g, &) be a complete ALF 4-manifold. The end & is called Schwarzschild-like
ALF if it satisfies that

gle =1+ %)Qh—i-w

|w| + 7|0w| + 12|0%w| € O(r~9)
where g > 1

We now focus on the following mass density result.

Theorem 4.3. Let (M*,g,E) be a complete ALF 4-manifold with almost free S'-action and with

non-negative scalar curvature. For any € > 0, there is a complete ALF metric g’ satisfying that

e its scalar curvature is non-negative;
e it admits an almost free S'-action;
b ‘m(M4a976) - m(M4>g/76)| <e

4.1. Finding the conformal factor. Assume that (M*,g,&) is a complete ALF manifold with
almost free S'-action. the metric g on & is

. 1
gle =" (9¢) + e
where T is the infinitesimal generator of the isometric S'-action and 7 is a 1-form with n(X) =
9(T, X).
We may assume that the Sl-action is free on (€, g|e) and |T| is sufficiently close to 1 on £. The
quotient space € := £/S! is an asymptotically Euclidean end. One has that

Lemma 4.4. Let u: £ — R be a S'-invariant function. Then, there is a universal constant C such

that
(/ uBda) /3 < c/ V2
& £

The proof is the combination of the sobolev inequality on & = £/S! and the norm inequalities
(2.8).

In the following, we study the existence of the elliptic equation on a complete ALF manifold
(M*, g) with an almost free S'-action. Without the loss of the generalization, we may assume that
(M*, g) has a unique end £ and p is the unique fixed point of the S'-action.

Theorem 4.5. Let (M*,g,&) be a complete ALF manifold with almost free S'-action. Assume that
the isometric S'-action is free on €. If f is a S'-invariant function on M satisfying that
o f is supported in E;
3 .2
o (o lflHdo)t < b,
e fe L5 and f € L™
o fCO(r™).
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Then there is a positive S'-invariant function u satisfying that
(4.1) Agu— fu=0

where C' is a constant in Lemma 4.4 Moreover, u enjoys an asymptotic expression as follows:
A
u=1+=+0(r?),
T
1
where A = —g fM fu
Proof. Assume that there is an exhaustion {Uy} of M such that

e each U; is S'-invariant;
e OU; C €.
Step 1: On Uj;, the kernel of Ay — f with Dirichlet boundary is trivial.
Assume that a function w satisfies that
{ Ajw — fw =0

(4.2) w(z) = 0 on AU;

The integration by part implies that

Vwl|? = wad:L‘ =— fuw?dx
U; U,NnE

/!f!?dwg/ wbda)h

< 20(/ wSdz)

Lemma 4.4 implies that %(fg wldx)/3 < Je [Vw|?. Then, w =0 on € and Vw = 0 in U;. Namely,
w=0.
Remark that w is a function on £ with zero extension on &£ \ U;.

| A

Step 2 Existence of u.
From the Fredholm alternative (see Theorem 5.3 in [16]), the following PDE has a unique smooth
solution w; on Uj;

(4.3) { Agw; — fw; = fin U;

w; = 0, on OU;
Since ¢, U; and f are S'-invariant , the uniqueness of the solution deduces that w; is also S'-invariant.

We now study the uniform estimate for w;. Using the integration by part give that

/ |Vw;|* = / w? fdr — / w; fdx since f is supported in £

/'"ﬂmg/ wfdz)s + /|f|5dx2/ wldz)?
20(/ widz)3 + /|f|5dx /?dx)é

From Lemma 4.4, it follows that
(4.4) (/ wldz)s <2 / |f|3dx)s.
E

CJ\H
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Moreover, Nash-Moser iteration allows us to find a uniform L*°-estimate (See Appendix I):
lwillee < Co([[fllz2, [I£1] - C)

From Schauder estimate (see Theorem 6.2 in [16]), all differentials of wy enjoy a uniform estimate
on a compact set K: for any non-negative integer k,

max |VFw;| < C(K, k)
zeK

We conclude that there is a S'-invariant function w = lim w; satisfying that
1—00

. .

w is bounded

The function v = w + 1 is the required one.

Step 3: Asymptotic estimate.
Since f = O(r=*) € C’g’a, we directly apply Lemma 2.7 to (4.5) and get that

A 2
’w—(COO—F?)Eleu
The bound of LS-norm of w (from (4.4)) implies that c,, = 0. That to say,
A 2,a
’U,—(1+?) 601+‘LL
The constant A can be expressed as follows:

—8m2A = lim avu:/ Au:/ fu
R—00 /9B(0,R) M M

where the last equation follows from the differential equation Au = fu. Then,

Step 4: u is non-negative.
We argue by contradiction. Assume that S = {z € M | u(z) < 0} is non-empty. Since lim wu(z) =
1 on £ and M has a unique end, the closure of S is compact. Then, we have that e
{ Au—fu=0in S
uw=0onadS
The integration by part implies that [ |Vu| = — [ fu?. We have two cases, S NInt & = () and

S NIntE # 0.

Case (I) If SNInt€ = @, then f =0 on S. Namely, Vu = 0 in S. It implies that u = 0in S, a
contradiction.

Case (II) If S NInt€ # 0, we have that [, |Va|? = — [ fa*, where @ is a function on € with
zero-extension of u|g on £\ S. Using the argue in Step 1 of the existence, we have that @ = 0. That
is to say, u = 0 on SN &, a contradiction.

We can conclude that S is empty. That’s to say, u > 0. We complete the proof of the claim.
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If there is a point 9 € M with u(zg) = 0, Harnack’s inequality and the non-negativity of u
deduces that u(z) = 0, which leads to a contradiction with the asymptotic behavior of u.
We can conclude that u is a positive function. ]

4.2. Proof for Theorem 4.3. Let (M* g,€) be a complete ALF manifold with almost free S!-

action and with non-negative scalar curvature. We may assume that the isometric S'-action on & is
free. On the end &, the metric g can be written as

— 1 m

gle =01+ or

where w = o(r~1) is Sl-invariant tensor and m = mapn (M*?, g, ). Proposition 2.8 shows that

/ «{divy(w) — dTep(w)} = o(1)
9B(R.0)

)2h + w,

Step 1 Construct a family of metrics on M* with Schwarzschild-like ALF end

For any s > sg, there is a S'-invariant cut-off function ¢ on £ satisfying that

o ¢ =0in {x | r(x) > 4s}

o ¢ps=1for {z|r(z) <25} UM*\ &

o [VFos| < 128 for k=0,1,2,3
Such a cut-off function can be constructed from the cut-off function on the asymptotically Euclidean
end € := £/S! via the pull-back of the Riemannian submersion 7 : & — &.

Consider a family of new metrics g, on M with almost free S'-actions.
myo

—)*h w

6T> + ¢S

For any s > sg, it has Schwarzschild-like ALF end its ADM mass is always equal to m. The scalar
curvature Ry, may be negative on {x | r(z) > 2s}.

gs:(1+

Remark 4.6. The metric g5 enjoys the following properties.

B g in M\ EU{z | r(z) < 2s}
95 = (1+ 292k inr(z) > 4s
The scalar curvature Ry, has that
o |Ry| Sr?Hon2s<r(zx)<4s
o Ry S %4 on r(x) > 4s
e R, is negative in {z | r(x) > 2s} and Ry, is non-negative in M \ €U {z | r(x) < 2s}
e R, € L™ Ry, €L5.
Step 2 Conformal deformation.
Let 15 be a Sl-invariant function on (M, g,) satisfying that
e 0<y<1;
e 1, is supported in {z | r(z) > s}
e s =11in {z | r(z) > 2s}.
In the following, we first use Theorem 4.5 to solve the following PDE and then get the asymptotic
behavior of the solution.

Ag us — %wngsus =0
u(x) = 1 as r(x) = oo



16 KHURI AND WANG

Choose s large enough. Then, we have that

Ch Co -3 _3 1.3
PR 32</ —i—/ SCis 24 Chs™ 2H < (—)2
/ ’ o ‘ y>4s T 76 s<r(z)<4s T3+%“ (20)

Moreover, 9sR,, is a S'-invariant function supported in £ and it belongs to both L*™ and Ls.
Theorem 4.5 allows us to find a positive S'-invariant solution with the asymptotic behavior at £

A
(4.6) Us — (1 + 7’) € Cl—f—u
where A = —Siﬁ Je s Ry, us

Remark 4.7. From (4.4), we have that |[u — 1|76y < C||t)s gsH . The L3 estimate follows

that
6 6 6
Jloral= [ Rt [ R,
s<r(xz)<4s r(z)>4s

6 6
(4.7) S/ Oy _ +/ 026
s<r(z)<as TGS Jr@)>as rhs

<s2h 4573 =o(1)

where p > %
Lemma 4.8. A= —L [y Ry us =0(1) as s — o0

Remark. Proposition 2.8 shows that that for £ = 1,2 and s large enough,

(4.8) /@k;@m@wwmmm:j@k;@m@—ﬁm@wwmmm

(4.9) lim «(divy (gs) — dtrp(gs)) =m
R—o0 r(z)=R

Proof. From Remark 4.7, we have that

[ wByu- /T(xpsws gs|—\/ 1Ry |

swtum@wswuw

SlesBy g, = o)

It is sufficient to show that | [ ¥R, | = o(1) as s — oc.
Notice that Ry, > 0 in {s < r(z) < 2s} and ¢ =1 in {r(z) > 2s}. We have two different cases:
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Case I: If fT(m)>s s Ry, is positive, we have that

’/ wngs’ —/ ¢ngs
r(z)>s r(z)>s

= / YRy, +/ R, since s =1on r(z) > 2s
s<r(z)<2s (z)>2s

< / Ry, +/ R,, because Ry, > 0on s <r(zx) <2s
s<r(z)<2s (z)>2s

<[ =,
r(z)>s

[ stitg) —deng)) —m+ [ o)
r(z)=s

r(z)>s
=m+o(l) —m+ O(s' 2+
=0(s'"*) +0o(1) = 0.

where p > 1/2
Case II: If fr(x)>s YRy, is negative, we have that

[ wal==[ e,
r(x)>s r(z)>s

= _/ s Ry, —/ Ry, since ¢ps =1 on r(z) > 2s
s<r(z)<2s r(x)>2s

< |/ R,,| because Ry, > 0on s <r(x) <2s
r(x)>2s

= |/T(m):28 *(divy (gs) — dtrp(gs)) —m| +/ O(r=2-2#)

r(z)>2s
=m+o(1) —m + O(s172)
= O(s'7?") + 0(1) — 0.

where p > 1/2

Step 3 Complete the proof. For sufficiently large s, the metric ¢’ is defined as follows:

g = ulgs.
Then, from Lemma 4.8, we have that m(M?,g,&) — m(M*,¢',E) = A/6 = o(1).
The scalar curvature Ry is
64y, us

Us

Ry = US_Q(RQS - )= “5_2Rgs(1 —¢s) 20

Because 1 — 1) is supported in M \ £ U {r(z) < 2s} and Ry, > 0 on M \ £U {r(xz) < 2s}, we have
that R, is non-negative. 0
5. PROOF FOR THEOREM 1.5

Let (M*%, g,€) be a complete ALF 4-manifold with an almost free S!-action, T’ be the infinitesimal
generator of the S!-action and 7 be a 1-form with n(X) = g(7, X). The metric g can expressed as
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follows:
. 1
(5.1) 9=7"9) + g’
7]
where the quotient map 7 : (M 4 g) — (M/S',g) is a Riemannian submersion. Moreover, the space
(M/S!,g,€&) is a smooth asymptotically Euclidean manifold outside finitely many points.

We begin with O’Neil formula for Riemannian submersion and then use it to study the positive
mass theorem on the quotient space (M/S!, g).

5.1. Riemannian Submersion and O’Neill formula. Let 7 : (X, g9) — (B, g) be a Riemannian
submersion. Assume that it is also a principal S'-bundle (i.e. for any b € B, the fiber 7=1(b) is an
embedded circle). For any z € X with b = w(z), We denote by

Ve the tangent subspace to 7—!(b) in Tx X

Ho the orthogonal complement to V, in T,X

VY :=U,V,;, the corresponding distribution of subspace V,

H :=U,H,, the corresponding distribution of subspace H,

Throughout this paper, U, V and W will be vertical vector field and X, Y, Z will be horizontal

vector fields.

Definition 5.1. Let 7w : X — B, H, V be assumed as above. We denote two operators:

A: HxH — V
(X,Y) — VxY
—

T: VxV H
U, v) — VyV

At the point € X, T is the second fundamental form of the fiber 7=!(7(x)). The mean curvature
of the fiber 7= (7(x)) is

N = Tl"v(T) eEH
Then, |m.(N)|? = [N|2. Moreover, if A = 0, then # is completely integrable.

Lemma 5.2 (see Corollary 9.37 in [5]). Let 7 : (X,g9) — (B, g) be a Riemannian submersion and
A, T and N be assumed as above. Then, the scalar curvature Ry is

(5.2) Ry(b) = Rg(z) + |A* + | T + |N|* — 2divg(m.(N))
Since V is 1-dimensional, then |N|? = |T|?.
We now apply O’Neill’s formula to the Riemannian submersion.

Proposition 5.3. Let (M*,¢,&) and (M, g,£) be assumed as in the begining of Section 5, where
M = M/S'. Assume that p is a fized point of the S'. Then, one has that
1
N(x) = - + O(1) near p
N(z) € C’llf# in &
R(z) = R(x) + |AP + [TI?| + IN|* — 2divg (. (N))
)

where > 1/2, r(x) = d(p,z), R and R are the scalar curvature of (M*,g) and (M, g), respectively.
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Remark. the expression in Equation (5.1) gives that
d 2
(5.3) N=- (|77|2) .
2In* {4
The form 7 enjoys that (1) |52 ~ r2 near p; (2) |2 — 1 € C2°

5.2. Conformal Laplacian on the quotient space. Let (M*, g, &) be an complete ALF manifold
which admits an almost free S'-action.In the following, for simplifying the proof of Theorem 1.5,
we may assume that there is a fixed point p. The quotient space (M, g) is smooth outside p. From
Proposition 3.1, g can be written near p, as follows:

1
(5.4) g= (dr)2 + ZTZQSz + 0(T2).

Consider a a complete ALF Schwarzschild-like 4-manifold (M4, g,&). The metric g on € can be
expressed as follows:

m
= (1 —
gle = (1+ o

lw| + r|ow| + r2|0%w| = O(r™9)
where ¢ > 1. The scalar curvature R, and the mean curvature N of the fiber satisfies that

m -3
N = @dr-l-O(?" )

)2h +w

1 m
(5.5) —_ N.v=""4o01
1S2| JoB(rp) 6 @)
ReCy,,

The quotient space (M, g) is an asymptotically Euclidean 3-manifold outside the singular point p.
The metric g on £ is expressed as follows:
m

gl = (1
gle =1+ o
|w| + r|0w| 4 r2|0%*w| € O(r9)

)2gR3 +w

Its AMD mass m(M, g, &) is 277” and its scalar curvature R belongs to C;fq.

Theorem 5.4. Let (M*,g,E) be a complete ALF Schwarzschild-like 4-manifold and (M, g,&) be
assumed as above. If the scalar curvature R of (M, g) is non-negative, then there is a function
function u on (M, g, E) satisfying that

Agu— tRu=0
(5.6) e
u(z) ~ Cr'/? near p

Moreover, u enjoys the following asymptotic behavior:
A 9
u—(l—i-?) eC’qu‘
-
where A = —7|5,1‘1|SQ| [ Vgul* + gRu*dvoly.

Notice that the metric ug belongs to W, N C°°(M \ p})

loc

In the following, we first study the positivity of the conformal Laplacian on (M, g) and then
combine with a metric deformation to prove Theorem 5.4.
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5.2.1. The positivity of the conformal Laplacian. In the following, we abuse the notion and write N
for m.(N).

Proposition 5.5. Let (M*,g,&) and (M, g,€&) be assumed as in Theorem 5.4. If the scalar curvature
of R(x) is non-negative, then for any bounded Lipschitz function ¢ on M which tends to zeros at oo,
one has that

1-
(5.7) / IV36|* + = Ro*dvoly > 0.
Ve 2
Proof. For any R > 0 and € > 0, we use (5.2) to obtain that

Vgol* + %R(p? > / Vo> + [N[*¢” — div(N)¢’
B )

/B (D, R)\B(P,€)

(. R)\B(p,e

- / V461 + N2 + 269(N, V)
B(p,R)\B(p,¢)

—/ (N-v)¢2+/ (N - v)¢?
OB(p,R) 9OB(p,e€)

:/yvg¢+N¢\2—/aB(R)(N.v)¢2+/ (N - v)¢?
b,

O0B(p,e)
> e [ e
dB(p,R) OB(pse)

The asymptotic behavior of N shows the boundary estimates as follows:

N - 2| < max 2/ N| < max 2. 0(1) = 0 as R — o0
| 33(17»3)( W= OB(p,R) i 8B(15,R)‘ < 9B(p,R) 9" oh)
| (N'”)¢2|§C IN|<Ce—0ase—0
aB(ﬁve) 83([376)

where the first inequality follows from (5.5) Taking the limit as R — oo and € — 0, we get the
inequality (5.7). O

5.2.2. Conformal Deformation. We need only (5.7) to finish the proof and the modification of g will
afford us technical convenience. We use a conformal change to remove the singular point p. Such a
conformal deformation also appears in the article of Scheon-Yau [30]

Let v be a positive smooth function on M satisfying the following

Near p, ¢’ is expressed as follows:

1
(5.8) g =r*((dr)* + 17“4982 + 0(r?))
If we set p = %7"2, we then have that

g' = (dp)* + p°gsz + O(p?).
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for p near zero. It follows from our construction that the metric ¢’ is uniformly equivalent to a
smooth metric in a neighborhood of p. The scalar curvature Ry is

LIS
(4

Lemma 5.6. For any bounded Lipschitz function ¢ on M which tends to zero at oo, then one has
that

(5.9) Ry = v ~4(R

1
/ Vg ol2 + <Ry ¢*dvoly >0
v 8
The inequality is equivalent to the following inequality;
1_
| Va0l + Rlo) ol > 0
Proof. For any Lipschitz function ¢ on M, one has that

Vg ol2 =~ 4V50|2 and dvoly = 1p*dvol;
where ¢’ = ¢*g. We directly compute that

1 1_
/M Vol + gRg/ngdvolg/ = /M [Vgol20* + gR(mz))2 — Yd* Agihduoly

1_
= [ I9g0[20% + SR + [V30136* + 20603(V0. Vgu)duol

8
. o9 . 2 09
— lim V2 p— — lim Yip—
R—o0 OB(p,R) ov e—0 OB (p,e) ov

= /M Vadlgy”® + éf?(w)? + [Vl 20” + 2¢63(V o, Vi) dvolg

= [ 1Valo0)l3 + SR(6w ) dvols
M
>0

The third equality follows from the behavior of ) and ¢ (¢ = r1/2 near p and ¢ tends to zero at 00).
The last inequality comes from Lemma 5.5. O

We use the same argument in [29] and Lemma 5.6 to prove Theorem 5.4.

Proof. Let ¢’ be defined as above. We use Lemma 5.6 to find a positive function ¢ on M satisfying
that

e ¢ is a bounded Lipschitz function;
e Aydp—tRyp=0
e ¢ enjoys the following asymptotic behavior:

¢—(1+§) € Cr®
where A = —‘8—12| [ IVgo* + LRy > dvoly.
Notice that the asymptotic estimate follows from Lemma 2.6 and Ry € C’;fz (see (5.5)).
Choose the positive function u = ¢1) and use (5.9) to obtain that

1 -
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It has the asymptotic behavior on E (i.e. u — (1+ f) € CH#) Use the same argument of the proof
of Lemma 5.8 to have that

1 1
A= —@ / IVyd|* + 7R9r¢2dvolgr

= e /\V u|2—|— Ru2dvol7

Moreover, since ¢ is a bounded function and ¢ = rl/ 2 pear p, then u ~ Cr/2 near p for some
C. O

5.3. Completing the proof of Theorem 1.5. We first prove Theorem 1.5 for Schwarzschild-like
ALF manifolds and then give a complete proof for the general cases.

Proposition 5.7. Let (M*,g,€) be a complete ALF Schwarzschild-like manifold with an almost free
S-action. If the scalar curvature R is non-negative, then m > 0.

Proof. From Theorem 5.4, there is a Lipchitz function v on M such hat

A Ru=0
u—1at oo and u ~ Cr'/2 near p.

The function u has the asymptotic behavior.

A 1
=1+ —+0(—
u + . + (rq)
where A = —@ [ IVaul* + %R?ﬂ and ¢ > 1. Moreover, the new metric u*g belongs to W1 n
C=(MA\A{p}).

Claim: A < &}
Proof of the claim: Use (5.2) to compute that

1
—A= |S2 /|Vgu\2+8Ru2dvol

1
:|ST / Vgul? + *(R(w) + A2+ T+ |N|? — 2div(N))u*dvol;

1
/|Vgu|2 + u2|N|2 + ug(N Vau) + = (R(z) + |AI2 + \T\2|)u2dvolg

=87 g
2 / (V- gt [ (V-
— 11m ViU 111 ViU
2 2 2
Ly A
& / IVl + 5 Vo + SNuP + o [ () + AR+ [T
N -
8|S2| P /aB v
m
I Noy=-"
= 8\S2|leéo oser 24

We finish the proof of the claim.

We now use the claim to complete the proof.
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Consider the new metric u*g on M and its scalar curvature is zero outside p. The metric belongs
to Wheen C’OO(M \ {p}). A singular positive mass theorem (see [Theorem 1.3 [10]] or [22]) implies
that mADM(M u? g,€) > 0. From the above claim, one has that

- 2m
3

0 < mapm(M,u*q,€) = mapr(M,g,E) +8A <

Lm
3

=m

Remark 5.8. Precisely, the AMD mass is bounded below by —8A. That is to say,

2m

(5.10) ‘/ 8V ul? + Ru?

S
We now prove Theorem 1.5 for the general case.

Proof. Let (M*,g,&) be a complete ALF manifold with non-negative scalar curvature and with an
almost free S'-action. We will use the proof by contradiction.

Suppose that the ADM mass m(M?*, g, &) is negative. Theorem 9.6 allows us to find a complete
ALF metric ¢’ on M* satisfying that

(1) the scalar curvature R, is non-negative;

(2) there is an almost free S'-action;

(3) (£,9l¢) is a Schwarzschild-like ALF end;

(4)its ADM mass m(M*, ¢, €) is negative.

It leads to contradiction with Proposition 5.7 O

6. RIGIDITY FOR ALF MANIFOLD

In this section, we focus on the equality case of theorem 1.5. Due to a density argument in proving
Theorem 1.5 (see Theorem 9.6), the rigidity aspect could not be established in the same way as in the
asymptotically Euclidean case. We will study Harmonic functions from some coordinate functions
and use them to get the rigidity statement.

6.1. Harmonic functions on ALF 4-manifolds. We begin with a classical result for the equality
case and then use them to study harmonic functions.

Lemma 6.1. Let (M*, g) be assumed as in Theorem 1.5. If m(M* g,&) = 0, then (M*,g) is
Ricci-flat.

The proof is the same as the argument in [29].

In the following of this section, we suppose that (M?, g,&) is assumed as in Theorem 1.5 and
Ricci-flat. The quotient map 7 : £ — & is a submersion, where £ is asymptotically Euclidean.
Choose a coordinate (Z1,Z2,Z3) on £ and a function y which is supported in £ and tends to 1 at co.

For i = 1,2,3, there is a S'-invariant function u; satisfying that

Ag(ui) = Ag(m" (xT4))

The reason is as follows: From (2.6), one has that Agy(n*(yz;)) = O(r~'7#) € L3, ,, where §' > 3 —p
and g > 1/2. The uniqueness and solvability of the above PDE is ensured by Corollary 2 in [27].
Moreover, u; € Hg,. Since g and 7*(xZ;) are S'-invariant, the uniqueness of the solution shows that
u; is also S'-invariant.
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Remark 6.2. Choose §' = 5/2 — pu + €g, where ¢ is sufficient small. The function u; also satisfies
that

3
(6.1) u; = O ™) and Y r¥|0%u;| = O(r' ™)
k=1
where p/ = 1 — €9 > 1/2. See Lemma 6 in [27] and the proof in the proof of Proposition 4.14 in [7]
The function y; = 7*(x#;) — u; is a S'-invariant function satisfying that
(6.2) Agyi =0
We use these harmonic functions to show the following:

Lemma 6.3. Let (M, g,&) be assumed as in Theorem 1.5 and y; defined as above. If it is Ricci-flat,
then one has that

3
1
m(M,qg,E) =2/3 / Vaoyl?
(0.9.) =213 7] ], Ve

where a; = dy;
The proof is the same as the proof of Proposition 4.12 in [7]

Proof. Let T be the killing field generated by the S'-action and 1 the 1-form with n(X) = ¢(T, X).
The metric g can be written as follows

g—ﬂ*(9)+m1|2n®n
For simplifying the Computation we introduce some new notations
® gij= g(ayly gy;) and [n|* = g(T,T)
® 9T = g(ayiaT)
Remark. One has that
o Hlg = span{é,y1

® g, T = 0
e The metric g is rewritten in the following form.

, ayQ, ayg} and V|g = span{T'}

1
9 = gijdy; @ dy; + Wﬁ ®mn

Step 1: show g; ; — (6;; + c”) € C'1+ , where € > 0 is some positive constant.
Apply Bochner’s formula to the harmonic 1-form «; = dy; and obtain that

1 .

§A|dyi|2 = |Vdy;|* + Ric(dy;, dy;) = |Vdy;|?

(6.3) T

S Ag™ = g(Vdy;, Vdy;)

The asymptotic behaviors of 3; and g (see (6.1)) implies that Ag*/ € Cg ‘o,ss Where w > 1/2.
Since g%/ is S'-invariant, we apply Lemma 2.7 to the second equation in (6.3) and obtain that

.. C',‘ 27
¢ —(1- %)y e i,
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where €, = min{y, 2y’ — 1} is some positive constant, ¢; j is a constant. That is to say,
ci
—(1+ ”) cche

Step 2: complete the proof
Without the loss generalization, we may assume that ¢; ; = d; jc;. Namely,

3
(6.4) 9= Y (1+ )y @ dy: + 1 @0+ Cl,,
i=1
From Corollary 2.9, the ADM mass m(M?, g, &) can be expressed as follows

3

2 1
m==>» ¢— lim —— x,dg(T,T).
3 ; Roo |SY|S?] Jopp.r) *

Use the expression of g (see (6.4)) and T'(y;) = 0 (i.e. y; is S'-invariant ) to obtain that

Z?:l Ci\ Vi 1 69(T7 T) —2—¢€
=5 )ty g, TOUTTY)

where e = min{e, u + ¢/ — 1}. The, we obtain that

1 1 99(T.T) yi
—<iTs #g(dg(T,T)) = —
ISYIS?| Josp.r) * S1]S?| aB(p,R) Oy 7
IRREN
=B Joppy 22T 2 pi T

13
= —— G
32 ) o

Then, m = 1/332_ ¢;. We use Bochner’s formula (6.3)

3
3;@ =3 RHZ ’SlHSZ\ a,/ =3 H82’ / Z Alay|® = 3 \SH]S?\ Z |vazy

OB(z,R)

The last equation follows from Bochner’s formula for 1-form. O

6.2. Rigidity part of Theorem 1.5.

Proof. Let (M*,g,&) be assumed as in Theorem 1.5. If m(M*,g,&) = 0, then g is Ricci-flat (see
Lemma 6.1). From Lemma 6.3, one has that

3
> [ v
=1 M

That’s to say, dy; is parallel for each i. Then, ay := *(dy1 A dy2 A dys) is also parallel. The spanned
space, formed by four parallel forms {ai}?zl, is equal to /\1 T M. Then, the metric g is flat. We use
the same argument in the proof of Theorem 3 in [27] to show that the manifold (M*, g) is isometric
to St x R3. O
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7. DEGREE OF BUNDLE AND THE PROOF OF THEOREM 1.6

7.1. Killing form on ALF manifolds. Let (M*,g,€&) be a ALF manifold with an almost free
S'-action and 7 be assumed in Sections 2.1 and 2.2. The metric g can be expressed as follows

* (= 1 2
g=7"(9)+ ek
where g is the quotient metric on the quotient space M. From Proposition 2.3, one has that
1
ISYIS?] JoB(a,r)

The infinitesimal generator T' of the S'-action is a killing field We use the expression of ¢ and the
killing field T" to obtain that

(7.1) nAdn=|deg(€)[ + o(1)

Proposition 7.1. Let T and n be assumed in Section 2.1 and H, V, A, T and N be defined in
Section 5.1. Then, if x is not a fized point of the S'-action, then one has that at

dn dinl> _ dn]
72 A= gpp| TN = 5uE T T
H
2
|dn|? d|n|
(7.3) |A|2 + ’TP > W and |N|2 = |7-|2 = ‘ |n|2}
= ldn|*> | |d]n]|? _dn|
7.4 R>R+ + + 2divg(—
(74) 4|2 Inf? o | )

Equations (7.2) (7.3) follows from Definition 5.1 and the fact that 7" is the killing field. Equation
(7.4) comes from Equation (5.2).

Lemma 7.2. Let (X, g) be a complete 4-manifold and w a smooth 2-form on M with [ |w|* < co.

Then, one has
/ \w|2>/ w AW
M M

Proof. Any 2-form on M can be decomposed into the self-dual part and the anti-self-dual part.
Namely, w can be written as follows:

In the case of equality, w is self-dual.

w=w; +w_ € ATOA.

Moreover, [, wy Aw_ = 0. Then, we directly obtain that

/ wl? = / s |2 + o ?
M M

/w/\w:/ w+/\w+—|—w_/\w_:/ lwy]? — |w_|?.
M M M

We have that [, [w|* > [}, w A w. If the equality holds, then w_ = 0 (i.e. w is self-dual). O

(7.5)
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7.2. Proof of Theorem 1.6. Using Theorem 4.3, it is sufficient to prove Theorem 1.6 for Schwarzschild-
like ALF 4-manifolds.

We assume that (M*?,g,&) is a complete Schwarzschild-like ALF manifold with an almost free
Sl-action with non-negative scalar curvature R > 0. That is to say,

m
gle = L+ ) *h+w
lw| + r|0w| + r2|82w] =0(r %

where g > 1.
For simplifying the proof, we may assume £ is the unique end and p is the unique fixed point.
From Theorem 5.4, there is a function function u on (M, g, E') satisfying that

u(z) ~ Crl/? near p

From (5.10) and (7.4), one has that

2m _ 1 / 2 [dn|*  |d|n||? d|n|
5z 8|Vyul? + [R + + + 2divg (—)]u?
3718 Y A2 Inf? I
dnf? o, Ml 5
8|Vzul? + w2 — 42 5(V4|nl, Vu)
\S2|/ ST g T e LA

o w* 2 ol v
+ —2 lim T T e lim —
§7] Rovoo oB(5R) OV Tl 18 =0 Joppe Ov Il

2 o il s m
N AP
\S2|/ Vaul+ pt e 9 Valnls Vau) =5

The last equality follows from the asymptotic behavior at infinity and near p(i.e. Near p, |n| ~ r and
W ~Cr;Oné, n=14+2+0("") and u — 1.

In the following, we abuse the notation and write u for the function 7*(u) on M. We combine
with V|n| - Vu = g(Vg|n|, Vgu) and Equation (2.7) to obtain that

8!Vu\2 ldn|*> 5 [VInl*Pu?*  4(Vu-Vp|)u
(7.6) > =5 |S2’/ u? + -

|| 4\77\3 n3 |n]?

Lemma 7.3. Let n and u be assume as above. Then, one has that

’d77|2 1/ 2 U 2
2 deg(€) — < n||d
ST L A & =5, G ER)




28 KHURI AND WANG

Proof. We see that d(n A dn) = dn A dn. Then we use Lemma 7.2 and the integration by part to
estimate the term as follows:

/ dnl® / \dn!2u2+1/ |dn[*u?
Pt T8y WP T8y P
2,,2 2
21/ Idnlgu +1/ (d(n/\in))u
8 Ja Inl 8 Jur il
1/ |dn|?u? 1/ u?
== - = nAdnNd(—
o T )

u? u? )
+ lim —= - Adn— lim - Adn
OR—00 B(p,R) |77’3 =0 OB(p,€) ’77’3

1 1 ldn?u? 1 u?
= —|deg(& —i—/ —— [ nAdnpNd(—
A T T

The last equality follows from (7.1) and the asymptotic behavior of v and n (i.e. Near p, u> ~ Cr
and [n| ~7r;on &, u—1and |n| — 1).

We observe that d(‘ |3) = d(ln\?’/Q) = 2‘7”3/2 d(ln\S/Q) Then, we obtain that

jdnl® / jdn*u? 1 u’
> —|deg(& = - — ANdn Nd(—
| e = glaes@)+ 5 [ 5 | nnannacts)

Inf? In[?
1 |dn|?u? 2/ u
=—|d - = ANdnNd
S48+ g [, = 5 f, e 1 A )
1 |dn*u® 1 [ |dn*u?
> —|SY|S?%||d — —= /
> ISt des(@)| + 5 [ e - 5 S+ mlat )
1 U
> —|SY|S?| deg(€ —/ %|d 2
> g8 des®) — S [ i) )
O
We now use Lemma 7.3 to complete the proof of Theorem 1.6 as follows:
1 / 8|Vul? Idn!2u2+ VInllPu®  4(Vu- Vin|)u
[SH|S?| 4lnf? Inf? n[?
1 1 8IVUI2 VinlPPu® — 4(Vu - Vn)u
> —|deg&| + / + - /
sldesl g & l? P 147
1 !Vu\Q V]| [*u? (Vu-Vinhu _ 1
> —|degl| 4+ == / 8 —1/8) (1—9/327—4—38727deg5
8 S o T U T 2 gl

The last inequality comes from the fact that (4 —3/8)% —4(8 —1/8)(1 —9/32) < 0. We can conclude
that

m > édeg(é’).

8. STABLE MINIMAL HYPERSURFACES ON AF MANIFOLDS

In this section, we assume that (M".g) is a complete AF manifold and some sphere at infinity on
some end & vanishes in H,,_o(M). We split the coordinates on the AF end £ as (x,0) and define

e 'or=A{(z,0)]|z|] =R,0 =a}
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H* ={(z,0) | 0 = a} and HYp ={(z,0) |r <|z| <R, =a} C&
> = {(2,0) | 2| = r} and Ty, r, = {(2,0) |1 <[z[ <712} CE
Cr = {(z,0) | |z| = r} is homeomorphic to S*~2 x S!

Zy ={(z,0) | |z| <r} and Z,, = {(2,0) | |z —p| < r}.

Since I'y g vanishes in Hy,_o(M) for any R > 1, I', 1 bounds a compact hypersurface ¥, C M.

8.1. Construction of minimal hypersurfaces. Assume that (M",g) is a complete AF manifold,
where 4 < n < 7 and some sphere at infinity, on the end & C M, vanishes in H,_o(M). That
is to say, for any a € S!, the sphere 'y g C € vanishes in H,,_5(S), where R is sufficiently large.
Federer-Fleming theory [14] allows us to find a volume-minimizing hypersurface ¥, r with boundary

Lar
Vol(Xo,r) = 8211:1%1;1{ Vol(%).
Proposition 8.1. There is two positive constants C and ro satisfying that for r > rg and R > r,
Vol(XqrN(M\E)) <C,

8.1
8.1) Vol(XorNTy,) < Cr™!

Proof. We may assume that ¥, g intersects . transversally. Namely, 5’2 r=2arNCpisa(n—2)-
manifold.

Step 1: show that S;?fR is homological to I, in Hy—2(C,).

The hypersurface C, cuts ¥, g into two parts, Z’Q,R = Yo rNII>, and E/c;,R =Yor\ E’%R, where
0%, g = lar L S7. Consider a (n — 1)-current ¥, p — H*p on II,, with boundary

3(2&,1% - HffR) = Sra - Fa,r
The element [0(X], p — Hg] belongs to Hy—1(Il>,0C;). The boundary map in the long exact
sequence for relative homology is given as follows:
{0} = H, 1(II>,,C;) — Hp_2(Cy)
[ ’a,R - HﬁR] — Sy = Tay]

The excision property [18] gives the following isomorphism
H, 1(O>,,C,) =2 H, 1(R" '\ B(0,r) x $',0B(0,7) x SY) = H,, 1 (R"! x S', B(0,1) x S*) = {0}.
That is to say, one has
(8.2) [Syf — Loyl =01in Hy, o(Cy).

Step 2: Get the volume estimate.
From (8.2), there is a (n — 1) current W on C, with OW = —S% + Ty, and with m(W) < m(C,).
Consider a (n — 1) current

2067]% = 2;’]{ + W+ Hﬁr + 2oz71
with boundary I'y g, where ¥, 1 is a given (n-1)-current with boundary I', ; The mass-minimizing
property shows that
m(3g,g) < m(W) + vol(HY,) + m(Xa,)
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In addition, we have the following mass estimates
m(W) <m(C;) = C'r" 2,
( fz ) < C// n—1

m(Xa1) < maxm (1) < C”.
aeS?!

We complete the proof of this proposition. O

Corollary 8.2. Let X, g be assumed as above. There is two positive constants C' and ro such that
for any r > 1y and R > r, one has

vol(Xa,r N Zpy) < crn
where 1 min{d(p, K),d(p,Ta,r)} > r.
8.2. Convergence of minimal hypersurface.

Proposition 8.3. Let (M™,g) be a complete AF manifold, where 4 < n < 7. If some sphere at
infinity, on some end &, vanishes in Hy,_o(M), then there is a complete stable minimal hypersurface
Yoo. Furthermore, one has that for r > rg

vl \E) < C

8.3
(8:3) v0l(Xoo N Zpy) < Cr™h

where ro, C only depends on (M",g) and 3 min{d(p, K),d(p,Ta.r)} >

Proof. Let ¥, g be constructed in Section 2.1. First, we can conclude that ¥, g N K is non-empty.

If not, we have that L, p C € = R3\ B(0,1) x S. Then, we have that [[', g] vanishes in
H,—2(R3\ B(0,1) xS!), from 0%, g = 4 r. However, [[', g] is a generator of Ha(R3\ B(0,1) xS!)
7Z, a contradiction.

Choose a sequence {R;} going to infinity and choose «; as follows:

(8.4) Vol(2o, r;) = gélsnl Vol(Xq,r;)

The volume estimate in Proposition and the above intersection property implies that after passing
to a subsequence, 3, g; converges to X in the sense of current (or pointed Cc* topology). O

Remark 8.4. The choice of ¥, r; implies a stronger stability inequality as follows: if % = ¢jvj +X
on the end £, one has that

/ aj +/ Gi(X)>0
Yeo: R aEaijj

777
8.5 1 1
(59 4y = V6, + L Ro 6 — L (Rar + 1463
dj(X) =< (dwgajRjX)X —2¢08;(X) - VX +X,n >,
where v; is the unit normal vector of X, g, and Sj is the shape operator and 7; is the conormal in
by
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8.3. Projection map and non-zero degree map. We can clearly define the orthogonal projection
p:ls, CE— Hspi={z € R || > 7}
Lemma 8.5. The degree of the map p : Yoo N1l>, — H>, is F1.

Remark 8.6. The degree of p is equal to the intersection number of ¥, and {z'} x S!, for any
S HZ""

Proof. Let ¥4 g be a (n — 1)-current with boundary I'y g for R > r. As in Step 1 of the proof for
Proposition 8.1, consider the (n — 1)-current

(EaJ{ N HZT’) — HﬁR

whose boundary is a (n—2)-current on C,..The element [X, pNII>,)—H ] belongs to Hy,—1(Il>,, C).
The excision property shows that H,,_1(Ils,, C,) & H,_1(R""! x S; B"~1(0,7) x §') = {0}. That
is to say,

(86) [(ZQ’R N HZT') — H;")jR] =01in anl(Hzr, Cr)

Choose a pointz’ € H, p. The intersection number of C,y and [(Xq,zr NI>,) — HﬁfR] is equal zero,
where C,r = p~1(a/). It follows from the vanishing property (See (8.6)).

Additionally, C, intersects Hlp transversally at a unique point and their intersection number is
equal to £1. From the last paragraph, the intersection number of C;y and X, g NII>, is F1.

Since Y is the limit of ¥, g, in the sense of current as R; goes to infinity, then the intersection
number of Cpy and Yo NII>, is F1. O

Proposition 8.7. The map (X N1II>,) — m(I>,) is trivial for r > 1.

Proof. We argue it by contradiction. Suppose that the map 71 (Xoc N II>,) — 71 (IL,) is non-trivial.
Namely, there is a non-zero integer k and a circle C' C ¥oo N1II>, such that [C] = k[Cy] in m (II>,),
where C,» = p~1(2').Lemma 8.5 implies that the intersection number of C and Lo, N1I>, is Fk # 0.

It is sufficient to show that the intersection number of C' and ¥ N II>, is equal to zero, which
leads to a contradiction.

Let N(X00 NII>y, €) be the tubular neighborhood of ¥, NII>, with radius €, with € small enough.
It is homeomorphic to (Xoo NII>,) X [—€,€]. Choose a circle C" C (Xoo NII>,) X {€} such that C” is
homotopic to C' in II>,.

However, (Yoo NII>,) X {e} N (X NII>,) x {0} is empty. Namely, (Xoc NII>,) N C” is also empty.
Then, their intersection number is equal to zero. From the homotopy property in last paragraph,
we can conclude that the intersection number of C' and Y, is also equal to zero, which leads to a
contradiction. g

Corollary 8.8. Let (€, glg) be the universal cover of (£, g]g) cor the lifting of Yoo N I>, and
o H>T — II>, the cover map. Then, the restriction of m on Eoo .

T2 Yoo,r — Moo M II>y
s an tsometry. Moreover, we have that

vol(m Y (Zp.r) N Xeor) < CR™!
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9. ASYMPTOTIC BEHAVIOR OF MINIMAL HYPERSURFACES Yoo

In this section, we assume that (A", g,€) be a complete AF 4-manifold and some sphere I'y g C €
vanishes in H,,_o(M). Proposition 8.3 allows us to find a complete stable minimal hypersurfacce ¥
with volume estimates as in Corollary 8.2. In this section, we assume that g is Schwarzschild-like
metric on £ as follows:

m 4 n—1
9=+ 5m5)7 2 (3 (dz)* + (d6)*) + O(r ™)

=1

where 7 > n — 2
Then, we will show that each Y, has an asymptotically Euclidean end &’

Theorem 9.1. Let (M™,g) be a complete AF n-manifold and ¥~ be a complete stable minimal
hypersurface in Proposition 8.3. If g is a Schwarzschild-like metric, then Yo is a Schwarzschild
metric with one end & and mapy (Xoo,E') = mapyu(M™, g,E).

N

9.1. the universal cover of II>, or £. Consider the universal cover (£, g|z) of (£, gle) as follows:

(@, 0) = (1+ w2 (> (dei)? + (d6)) + O(r )

N R n—1
where 7 > n — 2, (x,0) € R"™! x R are the coordinate functions on £ and 72 = > (z;)?.
i=1
Consider the universal cover map « : & — & and the lifting Yoo of some end Yoo N E. The
hypersurface S is stable minimal with respect to the metric §. Corollary 8.8 shows that 7 : Soe —

Yoo N & is an isometry. We also have the volume estimate as following;:
vol(r 1 (Zp.r) N Xa0) < CR™L.
We use similar arguments in [24] to get that

Theorem 9.2. Let iggl and & be defined as above. Then, there is a positive constant R such that
Yoo N7 YIIsR) is a graph of function u over R"=*\ B"~1(0, R) and the function u satisfies that

c 3
w(T) — oo — W% C%y e forn >4,

u(x) — oo € C>* forn = 4.

(9.1)

Sketch of the proof
Step 1: Since 3 is stable minimal and it enjoys the volume estimate, the end Yoo C € has the
curvature decay

(9-2) |45 = Ol ™)

with respect to the metric gg, where (z, 6) € R"1\ B"1(0,1) xR are the coordinates on £. Moreover,
Yo also have the same curvature decay with respect to the metric g

Step 2: Let 4 be the flat metric on €. The decay of g — 6 is |z|7(™3). As in [[24], Lemma 4.10],
the difference of the norms defined by § and ) enjoys the same decay. That is to say, for any X is
any tangent vector, we have that

(9-3) 115 — X151 S lel ==X 5 < Ja| 70
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We use the formulas for the hypersurface Soo defined as a level set & = 0 for some smooth function
¢ with d€ # 0. It is standard [28] that the normal vector, the second fundamental form and the
mean curvature respect to a metric h on £ is given as follows:

Ny, = Vi€
Vi€
26(X,Y .
(9.4) Ap(X,Y) = M for X, Y € TY
|d€|n,
. 2¢Y. .
Hh _ HZ] (th)zﬂ

||
where II, = h™! — n;, ® n,. We now compute the difference of Ay and Aj. For any vectors X and
Y in Tf)oo, we have that

1 1 o RE
A; — AN(X,Y) = — — )9 XY Tk, XYY,
Mo = AT = Cagy ™ fagly Tjagl;
where f‘fj = O(|z|~™=2) is Ch symbol of §. Equation (9.3) shows that
1 1 d€|s; — |dE|«
b Ly el ) s g,
|d€lg  [dgls |d€lgldél;
Now we estimate
) D5 EXTYI
(45 = 45)(X,Y)| < Cla] ™ 3”%' + CT[[Xg]Y 5
k O

S |27 A (X, Y) + T XY | J2| =2 X g | 5,

" ldel
S [T A (Y (Ja| 70 o [ T D) X Y,
S Ja 707D (|| A4y (X, Y) ] + 1 X [g1Y 1),
< \:U|_("_2)|X|g]Y|g use Equation(9.2)

As a consequence, we have that

Hy = O(|2["2).

1
Step 3 Show that choosing R larger, we can write Yoo as the graph of a function u € C’é (RPN
Br(0))
We apply Allard’s regularity theorem in the form [[?], Theorem 23.1] with p = n and T' = {é =
0} =2 R*" 1. The L™ norm estimate is estimated by

( / H " dH ) ot < om0 < ¢,
Bp(w)ﬂfloo

where €, is the constant appearing in Allard’s theorem. Here we use [Hj| = O(|z|~(™=2)), which is
crucial.

Step 4 The strategy is to write H; = 0 as a prescribed curvature equation in Euclidean space and
to Bootstrap this decay rate.

We define &(z,0) = u(z) — 0, so that S = {€ = 0} and use Equation (9.4) to get a elliptic PDE
abut u whose all coefficient involve Vu and u. Adjusting the decay rate, we use the same argument
in [Proposition 4.6 and Proposition 4.13-Theorem 4.17, [24]] to complete the proof of Theorem 9.2.
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We now use Theorem 9.2 to complete the proof for Theorem 9.1.

Proof. Let v be the induced metric on ¥, and ¥ the lifting metric of y|gnx,, on Yoo. We use the
standard graphical coordinate y; associated x — (x,u(x)). The coordinate vector field are given by

0o _ 0 o
dyi Oz 0xi 9

From Theorem 9.2, we have that

V(Oyi> By;) = §(ys, Oy;)

R ou ou ou Ou
:g(aziaamj>+ oz (3%,3)

da; 02,90 %) + 55
i O
=1+ H%)i,j +C2 y+ C%—BC%—Q +C2 3C2 5+ Cr 3Ci_3

(99, 95)

(1 + ‘ ’n 3)61',1' + 0721—2
We can conclude that 7 is an Schwarzschild end and its AMD mass is equal to m. From Corollary
8.8, Yoo = Yo N E is isometric. Then, v is Schwarzschild and its ADM mass is m. O
Corollary 9.3. Let Yo be a stable minimal hypersurface. Then, we have that |As,__ | = O(|z|~"=2).

9.2. Stability of ¥,,. Let (M", g) be AF manifold assumed in Theorem 1.2 and ¥, a complete
stable minimal hypersurface constructed in Proposition 8.3. From Theorem 9.1, %! is an asymp-
totically Euclidean (n — 1)-manifold with a unique end. Use Remark 8.4 and Inequality (8.5) to get
a stronger stability inequality as follows

Theorem 9.4. For any constant a € R and any function u —a € Wﬁ, one has
2

1 1
(9.5) / 5 (Bar + [A]%)¢*dz g/ VoI + 5 Rey o7da.
The proof follows from the inequality (8.4) and the same argument of stronger stability in [13]
and [24].

Proposition 9.5. Let X7 be a complete stable minimal hypersurface with a unique Schwarzschild
end as in Theorem 9.1. If Ry > 0, then the ADM mass of Yo 1s nonnegative.

The volume estimate Vol(Xo N (M \ £)) < C implies that ¥ has a unique end. From Theorem
9.1, ¥ is a complete manifold with a unique Schwarzschild end

4
Proof. We seek a conformal factor w > 0, w — 1 at oo, so that w»-3¢gy_ is scalar flat. This is
equivalent to solving L(v) = —Ry,_, where v = w — 1, with w — 0 at oo.

The scalar curvature of X is O(|]z|™™) and integrable. It lies in L? | _ for any € € (0,1) and
p > 1, which we can fix p > n. We now claim that

2(n—2 1
L= —(:_3)A + §Rgm : Wif’?)_e — Lﬁ_l_e is invertible.
Suppose ¢ € Wn Py < satisfies L(¢) = 0. By the elliptic regularity and Sobolev embedding,

loc

peCl , NCX C I/Vn;3 . The inequality (9.5) shows that
2

1 —1 2(n — 2 1
/ L (Rar + 1AP)da + / 0= 942 < / 20 =2) 1942 4 Lpy g2,
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The right hand side is equal to | L(¢)pdz = 0, which follows from ¢ € Wfbg_e. That is to say,

1 (n—1)

—(Ry +AP)¢* + ~——=|V|*dz =0
L5t 1R+ S v
The non-negativity of Ry, implies that V¢ = 0. Namely, it vanishes identically, since ¢ € C} 5
By the standard Fredholm-type theorem in asymptotic analysis [[23], Theorem A.40, A4.2], L is
invertible.

Let v be the solution so obtained and set w = v+ 1. Using the fact that the conformal laplacian is
strictly positive for any smooth with compact support, it is an easy matter to verify that w > 0. By
4
the asymptotic analysis (see [23]), w — (1 + ‘IT%) € C?_,, .. The metric wn-3gs,__ is asymptotical
FEuclidean with scalar flat and its mass is

_4
mapym(wn=3g) = m(gs,,) + cnCoo

9.6
00 — migs.) - cn</

2(n —2)

2 1
"3 Vwl|? + §Rgoow2dw)

o0

4
The positive mass theorem [13] shows that m(w==3gs__) > 0 and the stronger stability (see Inequality
(9.5)) show that the integral part is also non-negative. We conclude that the ADM mass of Y is
non-negative. O

9.3. Proof of Theorem 1.2. We first recall the density of ADM mass on AF manifolds,

Proposition 9.6. [7] Let (M", g,E) be a complete AF n-manifold with non-negative scalar curvature.
For any € > 0, there is a complete metric ¢’ on M satisfying that

e the scalar curvature Ry is non-negative;
e the space (€,4'|e) is a Schwarzchild-like AF end;
o [mapnm(M,g,E) —mapm(M,g',E)| < e

We now complete the proof of Theorem 1.2

Proof. Suppose that the ADM mass of (M, ¢") is negative. From Proposition 9.6, we may assume
that the AF end &£ of (M, g) is Schwarzchild-like and m(M, g, ) < 0.

Let Y be a complete stable minimal hypersurface constructed in Section 2. Theorem 9.1 im-
plies that ¥, is asymptotically Euclidean with a unique Schwarzchild-like end and its ADM mass
m(Xeo, g5, ) is equal to the ADM mass m(M, g,€). Namely, m(X, gs_.) < 0.

Since Rj; > 0, Proposition 9.5 tells that m (X, gs.. ) > 0, which leads to a contradiction with
the last paragraph.

The rigidity result follows from the original proof of Schoen and Yau [29]. U

10. EXAMPLE
APPENDIX I: UNIFORM L°°-ESTIMATE FOR wj
Let (M*%, g,€) and f be assumed as in Theorem 4.5. The function w; satisfies that

Agwi - fwz == f in Ul
w; =0, on oU;
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From (4.4), it enjoys a uniform LS-estimate

1
([ 1wl < a1l 4.€)
&
We will use Nash-Moser iteration to get a uniform L°°-estimate.

Multiplying wf ~1 on the two sides of differential equation, we do the integration by part, where

p = 2.
4(p—1 2 1
( : )/’vwi2‘2:_/fwf_/fwf
p E £ £
p 1-2 2Pl
<l [ w? + 1170 [ 11t
E E
D 17% % p\ =t
< ufHLoo/gwi Nl HfHLz(/gwi) ;

1—2 2
< (I lzee + 11 o 111 72) max{1, [Jws][7, }
< (max{|| f[[2, 1} + 1) max{|| f|[ oo, 1} max{L, [[wi|Lr }
< Co(max{1, [Jwi[[7, })?

where Cp := (max{||f||z2,1} + 1) max{|| f||re, 1} + 2/Cp, and Cj is defined in Lemma 4.4. Remark
that || f||z2 can be bounded by || f||re and HfHLg From Lemma 4.4, it follows that

4(p—1) / 3py 1
—~ 7 5 < C(m 1, s p

p200 ( ng )3 — ( aX{ ||w1||]0})
The choice of Cy gives that

CCop? CoCp
. P <
(max{1, ||wg|[gs»})P < ip—1)

Let a, = max{1,||w;|| ;6.5 }. Then, we have that

(max{1, [[wi|[p})" < (max{1, [[wi[p})"

1 1
ant1 < ()55 (53 ) 7™ ap
ap < Cq

Since C3 := Hfzo(%)#(w)ﬁ is finite, then we have that

limsupa, < C3Cq

n—o0

Namely, ||w;|[ze(g) is uniformly bounded by || f]|Le, HfHL%
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